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For this lab session, we want to compute the basis functions of the Discrete Kirchhoff
Triangle (DKT) for solving the variational form of the discrete Kirchhoff plate equation
given by

a(wh, φh) = a(θh(wh), ψh(φh)) = ( f , φh),

where

a(wh, φh) :=
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=: a(θh(wh), ψh(φh)), wh, φh ∈ Wh, θh, ψh ∈ Θh. (For details see lecture notes.)

The following conditions determine the DKT element:
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Figure 1: Left: Degrees of freedom of the P2 element. Right: Degrees of freedom of the
DKT element.
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Figure 2: Tangential direction (p2 − p1) and normal direction (p2 − p1)
⊥

(i) Wh := {wh ∈ H1
0(ω) | ∇wh is continuous at all nodes of Th, wh|T ∈ P3,red ∀ T ∈

Th},

(ii) Θh := {θh ∈ (H1
0(ω))2 | θh|T ∈ (P2)2 and θh · n ∈ P1(E) ∀ T ∈ Th, ∀E ∈ E(T)},

(iii) θh(wh)(pi) = ∇wh(pi), i = 1, 2, 3,

(iv) θh(wh)(pij)(pj − pi) = ∇wh(pij)(pj − pi), pij =
1
2 (pj + pi).

Here, pi =
(
xi yi

)T (i = 1, 2, 3) denotes a corner point of triangle T and xij := xj − xi as
well as yij := yj − yi.

Task: Derive the basis functions in the degrees of freedom vector

UT =
[
w1 wx1 wy1 w2 wx2 wy2 w3 wx3 wy3

]
,

i.e., determine vectors Hx and Hy such that

θh(wh)(ξ, η) =

(
Hx(ξ, η)TU
Hy(ξ, η)TU

)
.

Hint: To determine the rhs of condition (iv) consider an edge parametrized by a path
γ(s) := pi + s(pj − pi) and make yourself clear how wh(γ(s)) and d

ds wh(γ(s)) can be
expressed in terms of the U. Furthermore, consider θh(wh) · n and make yourself clear,
how this can be written in terms of ∇wh.


