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We have

Wh := {wh ∈ H1
0(ω) | ∇wh is continuous at all nodes of Th, wh|T ∈ P3,red ∀ T ∈ Th}

Θh := {θh ∈ (H1
0(ω))2 | θh|T ∈ (P2)

2 and θh · n ∈ P1(E) ∀ T ∈ Th, ∀E ∈ E(T)}

and want to minimize E overWh, where

E [w] =
Eδ3

24(1− ν2)

∫
ω

(
(w,11 + w,22)

2 + 2(1− ν)(w2
,12 − w,11w,22)

)
− δ f · w dx .

Using the Kirchhof condition ∇w = θ (i.e. θ = (θ1, θ2) ∈ R2) we want to solve

< E ′[w], φ > = 0 ∀φ ∈ Wh

⇐⇒ a
(

θ(w), θ(φ)
)
= δ( f , φ)L2(ω) ∀φ ∈ Wh

with

a
(

θ(w), θ(φ)
)
=
∫

ω
∇θ(w)TC[E, ν, δ]∇θ(φ)dx , C[E, ν, δ] :=

Eδ3

12(1− ν2)

1 ν 0
ν 1 0
0 0 1−ν

2


where we use the notation ∇θ(w) := [θ(w)1,1, θ(w)2,2, θ(w)1,2 + θ2,1]

T.

Now that we can evaluate ∇θ at quadrature points we are able to set up the stiffness
matrix A ∈ R3n,3n, where n := |Nh|, with Aij = a

(
θi, θj

)
for basis functions θi of Θh and

solve the linear system Aw̄ = f̄ .
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Note that w̄ ∈ R3n as we have three degrees of freedom at each
vertex xi ∈ Nh, namely w(xi), w,1(xi) and w,2(xi).

When assembling the corresponding FE operator, it is cru-
cial that the nine local degrees of freedom (cf. figure) are
mapped correctly to their global positions in A. As the func-
tion values w(xi) at each vertex xi ∈ Nh define naturally
the first n DOFs (i.e. w(xi) 7→ i), we recomment to ex-
tend the mapping by w,1(xi) 7→ n + i and w,2(xi) 7→ 2n +
i.



When solving Aw̄ = f̄ one might want to impose different types
of boundary conditions. Prescribing w(xi) = 0 for all xi ∈ Nh ∩ ∂ω is called simply
supported boundary condition, whereas we refer to a clamped boundary condition when
we additionally prescribe derivatives at each boundary vertex. The corresponding
boundary masks should make use of the local to global mapping described above.

As a first example we will consider a constant load on the right hand side, where

f
∣∣
T = |T|

3 [q, 0, 0, q, 0, 0, q, 0, 0]

on each triangle T, i.e. fi =
q
3 ∑T:xi∈T |T| for i = 1, . . . , n ( fi = 0 else) and f̄ = ( fi)i.

Tasks:

• Complete the configurator DKTPlateTriangMeshConfigurator<> for the Discrete
Kirchhoff Triangle by using the corresponding template in labsheetTemplates/lab-
sheet5/DKTFE.h. In particular, implement the local to global mapping described
above and set up boundary masks for clamped and simply supported boundary
conditions.

• Implement a FE operator to assemble A. Therefore derive from a suitable FE op-
erator provided in QuocMesh, e.g. aol::FELinMatrixWeightedStiffInterface<>,
such that you only have to evaluate the matrix argument C[E, ν, δ] at each quadra-
ture point.

• Complete the main program and test your DKT element with ω being a triangula-
tion of [0, 1]2 and constant loads on the right hand side.


