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Theoretical exercise 1. (Residual error estimator [5 points])

Let Ω ⊂ R2 be a bounded, open and connected domain with Lipschitz boundary and
cone condition. Let a(v, w) =

∫
Ω∇v ·∇w dx for v, w ∈ V = H1

0 (Ω) and let F be a linear
functional on V. Let Vh ⊂ V be a FE-subspace. It holds a(u, v) = F (v) for all v ∈ V
and a(uh, v) = F (v) for all v ∈ Vh. Show that

a(u− uh, v) =

nel∑
i=1

∫
τs

rhvdx+
1

2

∑
E∈τs\∂Ω

∫
E
Rhvds

 ∀ v ∈ V

where τs denotes one of the nel elements and E denotes an edge. Here, rh denotes the
residual on the corresponding element and Rh denotes the jump of the normal derivative
of uh.

Theoretical exercise 2. (Higher order elements [5 points])

Draw an example for an irregular mesh with one hanging node and give a condition on
the value of a finite element function on this node to keep the discretization conformal
(C0) for the case of

a) quadratic Lagrange elements and

b) cubic Lagrange elements.

Theoretical exercise 3. (2nd order PDE with jump at the boundary [5 points])

For Ω as in exercise 1 provide a residual error estimator for a second order elliptic PDE

−div(A(x)∇u(x)) + c(x)u(x) = f(x) on Ω

with Dirichlet zero boundary conditions where the 2 × 2-matrix A is constant on each
element.

Theoretical exercise 4. (Lamé-equation [5 points])

Let Ω be a domain as in exercise 1. Derive a residual error estimator for the stationary
Lamé equation

−µ~u− (λ+ µ) grad div~u = ~0

with Dirichlet zero boundary conditions on Γ1 ⊂ ∂Ω and constant Neumann boundary
condition with value c on Γ2 = ∂Ω \ Γ1. Use the weak formulation with a linear finite

element space Vh ⊂ V =
[
H1

0 (Ω)
]3

.


