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Theoretical exercise 1. (Frechet Derivatives [6 points])

Show that the function f is Frechet differentiable and calculate the Frechet derivatives
for the following cases.

a) Let X be a real Hilbert space:
Flu) = |lullk-

b) Let X be areal Hilbert space, A : X — X a linear, bounded and self-adjoint operator.
Let furthermore b € X, c € R:

flu) = %(u,A@X —(b,u)x +c.
c¢) Let X = CY([0,1]) and let L :[0,1] x R"® x R® — R be C*:
1
f(u) ::/0 L(t,u(t),u (t))dt.

Theoretical exercise 2. (Equivalence for constrained equation system [7 points])

Let A € R™*™ and b € R"™ be fixed. Prove that the following are equivalent:
(i) ATz = b has a solution z € R™ with = > 0.
(i) For all y € R™ with Ay > 0 it holds b7y > 0.

The vector inequalities are to be understood componentwise.

Theoretical exercise 3. (Duality for best approximation [7 points])

Let X be a real Banach space, let M C X be a linear subspace and let b € M be fixed.
Define M+ := {f € X* | f(u) =0Yu € M} and B(M*) :={f € M+ | ||f|| < 1}. Prove
that
sup f(b)=:D
feB(M*)

has a maximizer in B(M~) and D = inf,ep ||b — ul|.



