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Theoretical exercise 1. (Regularity of optimal control [6 points])

Let Q be a bounded Lipschitz domain and let yo € La($), uq, up € HY(Q) with u, < uy
almost everywhere and let 8 € C%1(Q). Consider the optimal control problem

min g1yl + Il
ver @ uers() 20 PIa@) T 1@
(with A > 0) such that

Ay = pfu in Q,
y = 0 on I

U < u <up a.e.onl.

Prove that for the optimal control @ it holds @ € H'(€2).

Theoretical exercise 2. (Box constraints and higher order projections [6 points])

For a bounded Lipschitz domain € let 7 be a quasi-uniform triangulation. Let U,q :=
{u € La(Q) | ug < u < up almost everywhere} and let Unq p, := {up € Up, | ug < up < upt
for ug,up € La(f2) and a discretized space Uj, C La(2). In constrast to the lecture let
now U}, be the space of piecewise linear functions on 7. Prove that

U € Unpq # Hpu € Uggp

by giving a counter-example (2 C R suffices). Here, II;, : La(Q2) — Uj is the Lo-
orthogonal projection on Uy,.

Theoretical exercise 3. (Projected gradient method for Poisson problems [5 points])

In the setting of Exercise 1 with § = 1 determine an as large as possible constant
Omax > 0 - in terms of the norms of the operators S and S* corresponding to the state
equation and the adjoint equation - such that the projected gradient method converges
for o € (0, 0max), i-e. calculate X and L from Theorem 2.28.



