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Exercise 1. a) Find all solutions to

min
u∈L4(0,1)

f(u) :=

1∫
0

(
u2(x)− 1

)2
dx s.t. |u(x)| ≤ 1 a.e. in (0, 1)

b) Find a Banach space where all solutions to a) have the same distance.

c) Show that the directional derivative f ′(u)h exists for all u, h ∈ L4(0, 1). Is f Fréchet
differentiable in L4(0, 1)? In the Banach space stated in b)?

(10 points)

Exercise 2. Let Ω ⊂ Rn, n ∈ {2, 3}, be a bounded Lipschitz domain, yΩ ∈ L2(Ω),
yγ ∈ L2(Γ) and β ∈ L∞(Ω) as well as 0 ≤ α ∈ L∞(Γ) with ‖α‖L∞(Γ) > 0 be given
functions, and λ, λΩ, λΓ > 0 be positive real numbers. Moreover, let ua, ub ∈ L∞(Ω)
with ua(x) ≤ ub(x) a.e. be given, and define

Uad := {u ∈ L2(Ω): ua(x) ≤ u(x) ≤ ub(x) a.e. in Ω}.

State and prove the first order necessary and sufficient optimality conditions for the
problem

min
(u∈Uad),y∈H1(Ω)

J(y, u) = λΩ
2 ‖y − yd‖

2
L2Ω + λΓ

2 ‖y − yΓ‖2L2Γ + λ‖u‖2L2(Ω)

−∆y = βu in Ω
∂νy + αy = 0 on Γ,

where ∂νy denotes the outward unit normal of y.

(10 points)

Exercise 3. Let Ω ⊂ R3 be a bounded Lipschitz domain and e ∈ L2(Ω) a given function,
and for the control space U = R let S : U → L2(Ω) denote the control-to-state operator
for the state equation

−∆y = u e in Ω
y = 0 on Γ.

Calculate S∗z ∈ R for given z ∈ L2(Ω).

(10 points)


