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Exercise 1. a) Find all solutions to

1
uGILI}li(I(l),l)f(U) = / (u2(l‘) - 1)2 dr s.t. |u(z)| <1a.e. in (0,1)
0

b) Find a Banach space where all solutions to a) have the same distance.

c¢) Show that the directional derivative f’(u)h exists for all u,h € L*(0,1). Is f Fréchet
differentiable in L*(0,1)? In the Banach space stated in b)?

(10 points)

Exercise 2. Let Q C R" n € {2,3}, be a bounded Lipschitz domain, yo € L?(f),
yy € L*(I') and 8 € L>®() as well as 0 < a € L>®(I) with [la]|zec(ry > 0 be given
functions, and A, Ag, Ar > 0 be positive real numbers. Moreover, let u,,u, € L(£2)
with u,(x) < up(z) a.e. be given, and define

Uad == {u € L*(Q): ug(z) < u(z) < up(z) a.e. in Q}.

State and prove the first order necessary and sufficient optimality conditions for the
problem

. A 2 A 2 2
min J(y,u) = 22|y — + ZE ||y — + Alju
e 0 o) (v, u) = FHY = vall 20 + Sy — yrllzar + Alullzzg,
—Ay = fu inQ
oy+ay = 0 onT,

where 0,y denotes the outward unit normal of y.
(10 points)

Exercise 3. Let 2 C R3 be a bounded Lipschitz domain and e € L?(f2) a given function,
and for the control space U = R let S: U — L?()) denote the control-to-state operator
for the state equation
—Ay = wue inf)
y = 0 onl.

Calculate S*z € R for given z € L*(Q).
(10 points)



