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Generalized interpolation, integration

1 Group exercises

G 1. (Integration in kernel spaces)

Let Ω be some set and ρ : Ω → [0,∞) a density function. Further let H be a Hilbert
space of real-valued functions on Ω with kernel k such that

∫
Ω

√
k(x, x)ρ(x)dx <∞.

a) Show that H consists of ρ-integrable functions and that the integration functional
Int(f) =

∫
Ω f(x)ρ(x)dx is continuous.

b) Determine the function h ∈ H that represents the integration functional Int.

G 2. (Representation of general bounded linear functionals)

Let k be a kernel and H its native Hilbert space. Let λ, µ ∈ H∗ be two continuous
functionals. Show that λ2k(·, y) ∈ H and

λ(f) = 〈f, λ2k(·, y)〉k for all f ∈ H.

Moreover, show that
〈λ, µ〉H∗ = λ1µ2k(x, y).

G 3. (Differentiable kernels)

Let Ω = [0, 1] and k(x, y) be a kernel on Ω2 which has continuous partial derivatives
∂xk, ∂yk. Assume that

lim
h1,h2→0

k(x+ h1, x+ h2)− k(x+ h1, x)− k(x, x+ h2) + k(x, x)

h1h2

exists.

a) Show that ∂xk(x0, ·) ∈ Nk for any x0 ∈ Ω. Hint: Consider the sequence fn(y) =
k(x0+hn,y)−k(x0,y)

hn
for hn → 0.

b) Show that any function g ∈ Nk has a first derivative g′ and g′(x0) = 〈g, ∂xk(x0, ·)〉.



2 Homework

H 1. (Worst-case integration error in kernel spaces)

Consider the same setting as in G1. For given points x1, . . . , xn ∈ Ω consider the qua-
drature rule Q(f) = 1

n

∑n
i=1 f(xi) for f ∈ H. The worst-case integration error of the

quadrature rule Q in H is defined to be

e(Q,H) := sup
f∈H,‖f‖k≤1

|Int(f)−Q(f)|.

a) Determine the function ξQ ∈ H that represents the integration error, that is, for
f ∈ H we have 〈ξQ, f〉k = Int(f)−Q(f). Then, show that e(Q,H) = ‖ξQ‖k.

b) Derive a formula for ‖ξQ‖2k which depends only on the kernel k and the integration
points x1, . . . , xn.

(5 Punkte)

H 2. (Generalized Interpolation)

Let H be a Hilbert space and λ1, . . . , λn ∈ H∗ be linearly independent, continuous func-
tionals with Riesz representers v1, . . . , vn (note: we do not require H to be a reproducing
kernel Hilbert space). Assume to be given y1, . . . , yn ∈ R and consider the generalized
interpolant

f̂ = argminf∈H:λj(f)=yj‖f‖.

Show that f̂ is uniquely determined and f̂ ∈ span{v1, . . . , vn}.
Hint 1: First show that there is an interpolant in span{v1, . . . , vn}, then show that this
interpolant has minimal norm. Finally, prove that the solution is unique.

Hint 2: In the end, the arguments are exactly the same as if the λi were function
evaluations.

(7 Punkte)

H 3. (Differentiable kernels (cont.))

Let Ω = [0, 1] and k be a kernel that has continuous partial derivatives ∂xα1∂yα2k for
α1, α2 ∈ N0 and α1, α2 ≤ r for some r ∈ N. The goal is to show that every f ∈ Nk has
all derivatives up to order r and

f (m)(x0) = 〈f, ∂xmk(x0, ·)〉k, m ∈ N0,m ≤ r, x0 ∈ Ω.

To this end, proceed as follows:

a) For r = 1, prove the statement by showing that the assumptions of G3 are fulfilled.
Hint: Fundamental theorem of calculus.

b) For r > 1, prove the statement by induction.

(8 Punkte)
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