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Exercise 1. Prove:

(i) Let n(-) be a nonnegative, absolutely continuous function on [0,7], which satisfies for
a.e. 0 <t < T the differential inequality

1 (t) < w(®)n(t) + (1)

where w(t) and 9 (t) are nonnegative, integrable functions on [0, 7]. Then

n(t) < efff w(s)ds [T}(O) + /thj)(s)ds]

forall0 <t <T.

(ii) Let ¢(-) be a nonnegative, integrable function on [0, 7] which satisfies for a.e. 0 <t < T
the integral inequality

t
6(t) < Cs + / Ci(s)ds
0
for constants C7,Co > 0. Then
¢(t) < Ca(1 + Crte™)

for a.e. 0 <t < T. Hints: (i): consider 4 (n(s)e~ Jo «dry (ii): Use (i) to prove (ii).
(6 Punkte)

Exercise 2. Prove: Assuming
(i) f:R™x A — R™ is continuous such that
[f(z, ) <C [f(z,0) = fly, )| < Cle—yl, Ve,yeR"acA
(i) ¢ :R" > R
(W) <O [P2) =Py)| < Cle —yl, Yo,y € R
(iii) £:R" x A >R
U(z,a) <C, [l(z,a) =Lly,a) <Clr—y|, VYr,ycR" acA.

Then

T
Vi) = int Juole) = int, [ €pea(s),a(o)dt+ 0(0ea(T)) 1)

is bounded and Lipschitz continuous, i.e.
V(g )l <C, [V(y,s) =V s <Cls =5+ |y —y]), Vo,yeRL0<s,s <T

(As usual: y, +(s) is the unique solution of the state dynamics generated by x,t and f ) Hints:



e consider 2 trajectories z(s) 1= yu (s, ac), 2'(s) := yu ¢ (s, az) with different initial data
and where a. is an almost optimal control for the initial data (x,t),

e prove |2/'(t) — z(t)| < Clt — /| + |2’ — x|,
e prove |2/(s) — z(s)| < e“T(C|t — | + |2’ — x|) using Exercise 1),

e cstimate Jg;,t(ozg) - Jx',t’(aa)-
(6 Punkte)

Exercise 3. Given the initial data y(tg) = z¢. We define the function

t

) i= | n5), @) + V(a0 (01,0
to

where V' is the value function known from (1). Prove:

(i) h is nondecreasing for any control «,

(ii) h is constant if and only if the control « is optimal.
(4 Punkte)



