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Exercise sheet 2. To be handed in on 02.05.2018 (during the exercise session).
Let H : R* x R x R = R be a Hamiltonian and © C R? be an open domain. As usual, we
consider the (stationary) problem:

H(xz,u,Du) =0, Vze. (1)
with the ordinary assumptions here omitted.
Exercise 1. (Test functions are actually the usual one)

Show by a density argument that an equivalent definition of viscosity solution for (1) can be
given by using C°°(£) instead of C1(Q) as the ‘test function space’. [Hint: Friedrichs mollifier]
(4 Punkte)

Exercise 2. (Min/max and change of coordinates)

Prove one of the following. You can also prove both, gaining then extra points:

e It is false, in general, that if u, v are viscosity solutions of (1) the same is true for u A v,
u Vv (give a counterexample).

e Let u € C(Q) be a viscosity solution of (1), and let ® : R — R be a function in C*(R)
such that ®'(t) > 0. Then v = ®(u) is a viscosity solution of

H(z,¥(v(x)), ¥ (v(z))Dv(z)) = 0,Vz € Q
where U = ®~! denotes the inverse of ®.
(343 Punkte)
Exercise 3. (A sufficient condition)
Let A C R* be compact f: Q2 x A — R%and [ : Q x A — R. Suppose that for all z,y,a
[f(z,a) = f(y,a)| < Llz —yl,  |(x,a) =Ly, a)| < w(|z—yl)

where the constant L and the modulus w are independent of a € A. Let H(x,p) =
supgea{—f(z,a) - p— £(x,a)}. Show that H satisfies:

|H (z,p) — H(y,p)| < wi(lz—yl(1+[pl)
(w1 : [0, +00[— [0, 4+00] is continuous nondecreasing with wi(0) = 0).
Why is this property important?
(4 Punkte)

For this last exercise we consider the time-dependent case reformulation of equation (1), whose
precise definition and notion of viscosity solution have been given in the lecture.

Exercise 4. (An example with time-dependency)
Check that both u;(t,z) = 0 and ug(t,z) = (¢t — |z|)* are viscosity supersolutions of
ur — |u'(z)] =0, (t,x) € (0,+0) x R
u(0,z) =0,z € R

Is uy a subsolution? [Hint: look at DT uz(1,0)]
(4 Punkte)



