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Problem 1

Consider a d-dimensional simplex T C RY, i.e.
d
T = T[X(),...,xd] = {Z/\ixi € IRd A >0, 2/\1 = 1},
i=0 i
with #(T) < hand p(T) > kh, and a (d — 1)-dimensional subsimplex F C 9T, i.e.

d
F:Fl:{z/\ixi GT:/\IIO}
i=0

1

for some I € {0,...,d}. Show that for u € H'?(T):
1 1
[l 20y < C(r) (B2 [ull 2y + h2 ([ V]| p2r))-

Remark: Perform a transformation onto the reference domain (cf. Thm 1.4, scaling
argument) and use that for bounded Lipschitz domains Q) C IR? there is a bounded linear
operator B : H'?(Q)) — LP(dQ)) with Bu = u on 9Q) for all u € H'?(Q)) N C°(Q}). Bis
called the trace operator.

Problem 2

Under the assumptions of problem 1, show that for u € H**12(T), k > 1:
1
Tl < COM | oragry

Here 7Z), denotes the interpolation operator on Py (T).



Problem 3

Let H be a Hilbert space with subspaces V;, C V C H. Consider coercive, bounded, bilin-
ear forms a(+,-) and ay(-, -) and bounded linear forms / and [;, on V and V},, respectively.
Furthermore, u and u;, denote weak solutions of

a(u,v) =1(v) forallveV

and
ah(uh,vh) = lh(vh) for all v, € V},.

Show that

1.
Hu—uhHHésugm infy,ev, (- Cllu —unllvligs = oullv +
g€

@, @) — an(un, o) | + [1(@n) = In(pn)l),
where ¢, € V for ¢ € H denotes the (weak) solution of the dual problem

a(v, ¢q) = (g,v)y forallv e V.

Problem 4

The local interpolation estimate of Theorem 1.4 reads
||Ll — Ihu“m,q,T < Ch(T)kJrlferd(%*%)|u|k+1’p/T forall u Hk+1,p(T)

for appropriate assumptions. For an admissible triangulation 7}, of some domain D C R?
the global interpolation estimate of Corollar 1.5 states

||u —IhuHm,p,D < Chk+1_’”|u|k+1,p,D forall u € Hk“'?’(D).

Is there a better global estimate (in terms of powers of h) for p > g?



