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Problem 1

Consider a d-dimensional simplex T ⊂ Rd, i.e.

T = T[x0, . . . , xd] =
{ d

∑
i=0

λixi ∈ Rd : λi ≥ 0, ∑
i

λi = 1
}

,

with h(T) ≤ h and ρ(T) ≥ κh, and a (d− 1)-dimensional subsimplex F ⊂ ∂T, i.e.

F = Fl =
{ d

∑
i=0

λixi ∈ T : λl = 0
}

for some l ∈ {0, . . . , d}. Show that for u ∈ H1,2(T):

‖u‖L2(F) ≤ C(κ)(h−
1
2 ‖u‖L2(T) + h

1
2 ‖∇u‖L2(T)).

Remark: Perform a transformation onto the reference domain (cf. Thm 1.4, scaling
argument) and use that for bounded Lipschitz domains Ω ⊂ Rd there is a bounded linear
operator B : H1,p(Ω) → Lp(∂Ω) with Bu = u on ∂Ω for all u ∈ H1,p(Ω) ∩ C0(Ω̄). B is
called the trace operator.

Problem 2

Under the assumptions of problem 1, show that for u ∈ Hk+1,2(T), k ≥ 1:

‖u− Ihu‖L2(F) ≤ C(κ)hk+ 1
2 ‖u‖Hk+1,2(T).

Here Ih denotes the interpolation operator on Pk(T).



Problem 3

Let H be a Hilbert space with subspaces Vh ⊂ V ⊂ H. Consider coercive, bounded, bilin-
ear forms a(·, ·) and ah(·, ·) and bounded linear forms l and lh on V and Vh, respectively.
Furthermore, u and uh denote weak solutions of

a(u, v) = l(v) for all v ∈ V

and
ah(uh, vh) = lh(vh) for all vh ∈ Vh .

Show that

‖u− uh‖H ≤ sup
g∈H

1
‖g‖H

infϕh∈Vh( C‖u− uh‖V‖ϕg − ϕh‖V +

|a(uh, ϕh)− ah(uh, ϕh)|+ |l(ϕh)− lh(ϕh)| ) ,

where ϕg ∈ V for g ∈ H denotes the (weak) solution of the dual problem

a(v, ϕg) = (g, v)H for all v ∈ V .

Problem 4

The local interpolation estimate of Theorem 1.4 reads

‖u− Ihu‖m,q,T ≤ Ch(T)k+1−m+d( 1
q−

1
p )|u|k+1,p,T for all u ∈ Hk+1,p(T)

for appropriate assumptions. For an admissible triangulation Th of some domain D ⊂ Rd

the global interpolation estimate of Corollar 1.5 states

‖u− Ihu‖m,p,D ≤ C hk+1−m|u|k+1,p,D for all u ∈ Hk+1,p(D) .

Is there a better global estimate (in terms of powers of h) for p > q?


