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Problem 1 (Three-scale material)
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Consider a material consisting of a nested periodic micro structure that can be described
by a vertical bar pattern on a scale ε > 0, where each of these vertical again consists of a
micro structure, which can be described by a horizontal bar pattern on a scale δ� ε. Let
0 < λ < ε and let the tensors a∗ and b∗ represent material properties on the cell εQ for
0 ≤ x1 −

⌊ x1
ε

⌋
≤ λ and λ < x1 −

⌊ x1
ε

⌋
≤ ε, respecively.

The properties of a∗ and b∗ are again determined by microstructures, i. e. there are micro
cells δQ{a,b} on εQ with bilinear forms a(., .) and b(., .) subject to

a(y1, y2) = a(y2) =

{
a1, 0 ≤ y2 −

⌊ y2
δ

⌋
≤ µ

a2, µ < y2 −
⌊ y2

δ

⌋
≤ δ

,

b(y1, y2) = b(y2) =

{
b1, 0 ≤ y2 −

⌊ y2
δ

⌋
≤ γ

b2, γ < y2 −
⌊ y2

δ

⌋
≤ δ

,

where 0 < µ, γ < δ.



Determine the effective tensors a∗ and b∗ and derive a formula for the overall effective
tensor c∗ corresponding to the bilinear form c(., .) subject to

c(x1, x2) = c(x1) =

{
a∗(y1, y2), 0 ≤ x1 −

⌊ x1
ε

⌋
≤ λ

b∗(y1, y2), λ < x1 −
⌊ x1

ε

⌋
≤ ε

.

Problem 2 (Overall computational costs)

Consider the error estimate

‖uH,h − u∗‖1,2,D ≤ C

(
errHMM +

(
h
ε

)2l

+ Hk

)
,

where errHMM ≤ cε. Derive the overall computational costs when solving the reconstruc-
tion and the H-problem using a CG-minimization.

Problem 3 (Corrector problem for vector fields)

Consider a family of vector fields uε : D → Rd, D ⊂ Rd, and the optimization problem

min
uε

∫
D

Wε(Duε)− f · uε dx , Wε(A) =
1
2

a(x,
x
ε
) A : A ,

where a(., .) is a scalar tensor and A : B = tr(ATB) = ∑ij AijBij. Under appropiate
assumptions uε ⇀ u∗ in H1,2(D, Rd), where u∗ solves

u∗ = arg min
u

∫
D

W∗(Du)− f · u dx , W∗(A) =
1
2

a∗ A : A .

Along the lines of Theorem 2.1, show that there are functions χkl : (x, y) 7→ χkl(x, y) that
solve the corrector problem

divy

(
a(Ekl +∇yχkl)

)
= 0 ,

where Ekl ∈ Rd,d with Ekl
ij = δikδjl and derive a formula for the effective tensor a∗.


