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Theoretical exercise 1. (Estimate for the θ-scheme [ 5 points ])

Assume g ∈ C1([0, T ],R) and show that∣∣∣∣∫ 1

0
g(t)− [(1− θ)g(0) + θg(1)]

∣∣∣∣ ≤ max(θ, 1− θ)
∫ 1

0

∣∣g′(t)∣∣ dt.
Theoretical exercise 2. (Parabolic initial value problem [ 5 bonus points ])

Consider the equation

d

dt
(u(t), v)H + a(u(t), v) = 〈f(t), v〉 ∀v ∈ V

for almost all t ∈ (0, T ) and the initial condition u(0) = u0. Let us assume that f ∈
C([0, T ], V ) and u ∈ C1([0, T ], V ), and note that

(u′(t), u(t))H =
1

2

d

dt
(u(t), u(t))H ∀t ∈ (0, T ) .

Show that

‖u(t)‖H ≤ e−κt‖u0‖H +

∫ t

0
e−κ(t−s)‖f(s)‖Hds ∀t ∈ (0, T )

with κ = α/c2, where α > 0 is the coercivity constant of a(·, ·) and c satisfies ‖v‖H ≤
c‖v‖V for all v ∈ V .

Theoretical exercise 3. (Error estimate [ 5 bonus points ])

Show that

‖ũj − uj‖ ≤ etjL [‖ψ0(ũτ )‖+ τ0‖ψ1(ũτ )‖+ · · ·+ τj−1‖ψj(ũτ )‖]

for all ũτ ∈ Xτ and j = 0, 1, . . . ,m. Particularly, for j = m it holds that

‖ũτ − uτ‖Xτ ≤ eTL‖ψτ (ũτ )‖Yτ

for all ũτ ∈ Xτ . Check the Script “Introduction to Computational Mathematics” or the
book “Numerische Mathematik” by W. Zulehner for the used notation.


