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Theoretical exercise 1. (Isoparametric finite elements [5 points])

Let K̂ := {(x̂1, x̂2) ∈ R2 : 0 ≤ x̂1, x̂2 ≤ 1} be the reference element with vertices
{(0, 0), (1, 0), (0, 1), (1, 1)} and nodal basis functions from the bilinear polynomial space
P̂ := span{1, x̂1, x̂2, x̂1x̂2}. Under what conditions on the isoparametric element τs is
the mapping Φs : K̂ → τs

a) affine-linear?

b) bijective?

Theoretical exercise 2. (Nodal basis functions [5 points])

Determine all nodal basis functions on the following reference elements:

a) Serendepity class
K̂ := {(x̂1, x̂2) ∈ R2 : 0 ≤ x̂1, x̂2 ≤ 1} with vertices

{(0, 0), (12 , 0), (1, 0), (1, 12), (1, 1), (12 , 1), (0, 1), (0, 12)}

and the polynomial space P̂ := span{1, x̂1, x̂2, x̂1x̂2, x̂21, x̂22, x̂21x̂2, x̂1x̂22}.

b) Tetrahedron
K̂ := {(x̂1, x̂2, x̂3) ∈ R3 : x̂1, x̂2, x̂3 ≥ 0,

∑3
i=1 x̂i ≤ 1} with vertices

{(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)}

and the polynomial space P̂ := span{1, x̂1, x̂2, x̂3}.

c) Hexahedron
K̂ := {(x̂1, x̂2, x̂3) ∈ R3 : 0 ≤ x̂1, x̂2, x̂3 ≤ 1} with vertices

{(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1), (1, 0, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)}

and the polynomial space P̂ := span{1, x̂1, x̂2, x̂3, x̂1x̂2, x̂1x̂3, x̂2x̂3, x̂1x̂2x̂3}.

Theoretical exercise 3. (Higher order triangle elements [5 points])

Let t ≥ 0. In a triangle T , there are s = 1 + 2 + · · ·+ (t+ 1) vertices z1, . . . , zs aligned on
lines according to Fig. 1. Prove that for every continuous function f on T , there exists
exactly one polynomial p of degree t with

p(zi) = f(zi) for i = 1, 2, . . . , s .
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Figure 1: Vertices of the nodal basis for linear, quadratic and cubic triangle elements
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