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1 Introduction

• K := {v ∈ V |χ ≤ v a.e. in Ω}

• a(v, w) :=
∫

Ω
∇v · ∇wdx for all v, w ∈ V

• ||| · ||| := a(·, ·)1/2

• F := (f, ·)L2(Ω)

• u ∈ K unique solution of F (v − u) ≤ a(u, v − u) for all v ∈ K

• ul ∈ K(Tl) unique solution of F (vl − ul) ≤ a(ul, vl − ul) for all vl ∈ Kl

2 Algorithm and Main Results

2.1 Adaptive Algorithm

• θη2
l ≤ η2

l (Ml) :=
∑
E∈Ml

η2
l (E) (bulk criterion)

2.2 Main Results

Theorem 2.1. The respective solutions ul and ul+m to the discrete problem

F (vl − ul) ≤ a(ul, vl − ul) for all vl ∈ Kl

with respect to the triangulation Tl and its re�nement Tl+m satisfy

E(ul)− E(ul+m) + |||ul+m − ul|||2 ≤ CdRelη2
l (Ml,l+m)

for some subsetMl,l+m of El with |Ml,l+m| � |Tl\Tl+m|

Theorem 2.2. Suppose (u, f) ∈ As for some s > 0 and θ < cEff/(CdRel+1). Then the output (Tl, Vl, ul)l∈N
of the adaptive algorithm of Section 2.1 satis�es

δl + γη2
l � |(u, f)|2As

(|Tl| − |T0|)−2s for all l = 1, 2, . . .

3 Proof of Discrete Reliability

3.1 ρ(z) := F (ϕ
(l)
z )− a(ul, ϕ

(l)
z ) ≤ 0 ≤ ul(z)− χ(z) for any z ∈ Nl(Ω)

3.2 Cl := {z ∈ Nl(Ω) : ul(z) = χ(z)}

3.3 LHS =
∑
z∈Nl

F ((e− ez)ϕ(l)
z ) +

∑
z∈Nl(Ω) ezρz − a(ul, e− el)
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3.4 −a(ul, e− el) � ηl(El\El+m)|||e|||

3.5 control of F ((e− ez)ϕ(l)
z ) + ezρz in the case z ∈ Cl with ul ≡ χ on ω

(l)
z

• (f, ϕ
(l)
z (e− ez))L2(ω

(l)
z )

+ ezρz � osc(f, ω(l)
z )|||e|||

ω
(l)
z

3.6
∑
z∈Nl(∂Ω)∩{χ<0} F ((e− ez)ϕ(l)

z ) � Oscl|||e|||

3.7 case ul 6= χ on ω
(l)
z for z ∈ Nl(Ω) (other case already discussed in 3.5)

• ‖hlf‖2
L2(ω

(l)
z )
�

∑
y∈Nl(ω

(l)
z )

(Osc2(f, ω
(l)
y ) + η2

l (El(y)))

3.8 Upper bound for F ((e− ez)ϕ(l)
z in 4 cases

3.9 We decomposite Nl(Ω) = Ul ∪ Il ∪Rl
� Ul := {z ∈ Nl(Ω) : Tl(z) = Tl+m(z)} (neighborhood unre�ned)

� Il := Nl(Ω)\(Ul ∪Rl) (intermdiate re�nement)

� Rl := {z ∈ Nl(Ω) : Tl(z) ⊂ Tl\Tl+m} (neighborhood totally re�ned)

• Now we have reduced patches ω∗z := ω
(l)
z \Ω‘ where Ω‘ :=

⋃
z∈Ul ω

(l)
z

3.10 min
g∈P1(ω

(l)
z )
‖vl− g‖L2(ω

(l)
z )
≈ ‖vl‖L2(ω

(l)
z )

where vl ∈ P1(Tl(z))∩C8ω
(l)
z ) with vl(z) = 0 ,0 ≤ vl on ω(l)

z

3.11 Search upper bound of ezρz in the remaining case ul 6= χ on ω
(l)
z while ul(z) = χ(z)

• ezρz � (ηl(El(z)) +
∑
y∈Nl(ω

(l)
z )

Osc(f, ω
(l)
y ))(|||e|||

ω
(l)
z

+ ηl(El(z)))

3.12 Ml,l+m := {E ∈ El(Ω) : ∃F ∈ El∃G ∈ El\El+m such that E ∩ F 6= ∅ 6= F ∩G}

• LHS � (ηl(Ml,l+m) +Oscl(Ml,l+m))(|||e|||+ ηl(Ml,l+m))

4 Optimal Convergence Rates

4.1 E�ciency of the Error Estimator

Lemma 4.1 (E�ciency). There exists some cEff = 1 with

cEffη
2
l ≤ δl +Osc2l

4.2 Contraction Property

Theorem 4.1. There exist constants γ > 0 and 0 < q < 1 such that

δl+1 + γη2
l+1 ≤ q(δl + γη2

l ) for all l = 0, 1, 2, . . .

Lemma 4.2. Let Tl+m be some re�nement of Tl with

δl+m +Osc2l+m ≤ q(δl +Osc2l )

for some 0 < q < 1. Then it holds

cEff (1− q)η2
l ≤ (1 + CdRel)η

2
l (Ml,l+m)

4.3 Optimality

• E(T0, N ;u, f) := infT ∈T(T0,N)minvT ∈K(T )(E(vT )− E(u) +Osc2T )

Lemma 4.3. Suppose that (u, f) ∈ K × L2(Ω) satis�es |(u, f)|As
< ∞ for some 0 < s < ∞ and suppose

that 0 < θ < cEff/(CdRel + 1) from Lemma 4.3 (here 4.2). Then,

|Ml|2 � |(u, f)|2/sAs
(δl +Osc2l )

−1/s for all l = 0, 1, 2, . . .
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