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Exercise 35 4 Points

Let Ω ⊂ R2 be a bounded domain with polygonal boundary and Th be any triangula-
tion on Ω. Consider the Raviart-Thomas space RT0(Ω) given by

RT0(Ω) =
{

q ∈ L2(Ω) : for all T ∈ Th there exists a ∈ R2 , b ∈ R such that

q(x) = a + bx for all x ∈ T , [q]E · nE = 0 for all E ∈ Eh

}
.

Here, Eh is the set of all edges, nE denotes the outer normal of T and [q]E refers to the
jump along E ∈ Eh. Derive an explicit formula for the basis functions of RT0 using
the notation in Figure 1.
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Figure 1: Triangle with vertices and edge midpoints.



Exercise 36 6 Points

For n ∈N let Ω ⊂ Rn be a bounded domain with Lipschitz boundary. Consider the
bilinear forms associated with the Stokes equation

a : V ×V → R , a(u, v) =
∫

Ω

n

∑
i=1
∇ui · ∇vi dx ,

b : V ×W → R , b(v, q) = −
∫

Ω
(divv) · q dx ,

where V = H1
0(Ω, Rn) and W = {q ∈ L2(Ω, Rn) :

∫
Ω q dx = 0}. Furthermore, we

introduce

ã : V ×V → R , ã(u, v) = 2
∫

Ω

n

∑
i,j=1

eij(u)eij(v)dx

with eij(u) = 1
2(∂jui + ∂iuj). Prove that a(u, v) = ã(u, v) for all u, v ∈ { f ∈ V :

b( f , q) = 0 for all q ∈W}.

Exercise 37 4 Points

Let Ω ⊂ R2 be a bounded domain with polygonal boundary and Th a triangulation
on Ω. Let Vh = RT0(Ω, R2) (see exercise 35) and Wh ⊂ { f ∈ L2(Ω, R2) :

∫
Ω f dx = 0}

be any finite-dimensional function space. Furthermore, we set

b : Vh ×Wh → R , b(v, w) = −
∫

Ω
(divv) · w dx .

Show that (see exercise 33 for the definition of ‖ · ‖H(div))

inf
w∈Wh

sup
v∈Vh

|b(v, w)|
‖v‖H(div)‖w‖L2(Ω)

= 0

already implies that there exists w ∈Wh\{0} such that b(v, w) = 0 for all v ∈ Vh.



Exercise 38 6 Points

Let Ω ⊂ Rn be a polygonal domain, Th be triangulation of Ω, f ∈ L2(Ω, R2), and Ih
be the Lagrange interpolation operator w.r.t. the nodes of Th. To discretize the Stokes
equation (see exercise 36), we consider the finite element spaces

Vh = {vh ∈ C0(Ω, Rn) : vh ∈ P1(T) ∀T ∈ Th , vh
∣∣
∂Ω = 0} ,

Wh =

{
ph : Ω→ Rn : ph ∈ P0(T) ∀T ∈ Th ,

∫
Ω

ph dx = 0
}

.

Then we solve the saddle point problem

a(uh, vh) + b(vh, ph) = (Ih( f ), vh)0,2 ∀vh ∈ Vh ,
b(uh, qh) = 0 ∀qh ∈Wh .

(i.) Construct a basis of Wh.
(ii.) Show that solving the saddle point problem corresponds to solving a linear
system(

A B
BT 0

)(
U
P

)
=

(
F
0

)
. (1)

Derive the matrix representation of A and B.
(iii.) Prove that the sequence (U(k), P(k)) obtained with Algorithm 1 converges to the
solution (U, P) of (1) if THRESHOLD = 0.

Algorithm 1: Saddle point based algorithm.

Data: P(0), α ∈ (0, 2
‖BA−1BT‖ ), THRESHOLD ≥ 0

1 Set k := 1;
2 repeat
3 Solve AU(k) := F− BTP(k−1);
4 Set P(k) := P(k−1) + αBU(k);
5 Set k := k + 1;
6 until ‖P(k) − P(k−1)‖ ≤ THRESHOLD;


