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Exercise 7. (Converse of a generalized Céa lemma)
Let U,V be Hilbert spaces and a : U x V — R be a bilinear form fulfilling
1. Continuity
C>0NVueU:YveV: la(u,v)] < Cllullyllv]v -

2. inf — sup condition

a(u,v)

da >0 : inf sup ————— >a .
wet vev [ullullv]lv

3. and
VoeV:Juel: a(u,v) #0.

Further let f € V' be a linear functional from V’s dual and let u € U be a solution of
a(u,v) = f(v), YvoeV. (1)

If Uy, C U and V}, C V are finite dimensional subspaces, chosen such that 1.-3. also hold
when replacing U by Uy, and V' by V4, then for the finite dimensional solution up € Uy,
of

a(uh, Uh) = f(’l)h) R Vvh S Vh (2)

we have a generalized Céa lemma

C )
=il < (1) it u—wnlo
(6% wpeUR

Show the following converse result:
Let
L:U—=V, (Lu)(v) == a(u,v) .

Assume that Vf € V' and Vh there exist solutions u = L™1f € U of (1), and uy, of (2)
and further assume that

li =u:=L"1f.

figyun == L7'f
Then it holds that

inf inf sup M

> 0.
b unUn opevy, lunllullvnllv

Hint: Consider the linear and bounded operators (why?) Kj : V' — Uy, f — up and
use the uniform boundedness principle, i.e.

<Vf eV’ Slfle”th” < oo) = Sl;pHKhH <00 .
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(4 Points )

Exercise 8. (inf —sup condition and ellipticity)

Let V be a Hilbert space and a : V x V — R be a positive, symmetric, bilinear form.
Assume further that

1. a is continuous, i.e.

3C > 0 :Vu,v eV : la(u,v)| < Cllullv|lv|v -

2. a,V fulfill an inf — sup-condition

a(u,v)

Ja >0 inf sup ———— >a..
wev vev [[ullvvllv

Show that a is elliptic.
(3 Points )

Exercise 9. (P! assembly via reference element)

We revisit stiffness matrix assembly for the regular Lagrange P! triangle, i.e. linear
polynomials on triangles with interpolation conditions in the corner. Let ag, a1, as be the
corners of an arbitrary non-degenerate (a; linearly independent) 7" and ro = (0,0),r; =
(1,0),r2 = (0,1) the corners of the reference triangle T}.y.

a) Explicitly state the affine map Frp : T,y — T such that Fr(r;) = a;, i.e. explicitly
find By € R?*2, 21 € R? such that

Brri+x7r =a;
and give Fj?l.
b) The shape functions on T} are given by
po(z,y)=1—-x—y, e1(z,y) =z, pa(z,y) =y .

and hence the shape functions on T" are given by L; 7 = @; 0 Fi, L Compute L; 7 and
VL;r in global coordinates, i.e. expand L; 7, VL; 7.

c¢) Show that

1
/jﬂVLi’T . Vij = §| det B‘VQOZ . (BTB)_IVQOJ' 5

d) Show that the local stiffness matrix Kp for a single triangle with vertices

ao = (0, %0) , a1 = (z1,y1) , az = (x2,Y2)

can be computed via

1 oy — o w9 — 2 . 1 1 1 0 0
Kp = 5‘ det <y1 o s — y0> ‘GG G:=\|xg 21 22 1 0
Yo Y1 Y2 01

(5 Points )



Programming exercise 3. (Matrix assembly)

Please use a kind of standard editor to create regular .py files (see Virtual-
Studio Code, Sublime, Notepad++, Vim, ...) - no notebook files!

Using the Python knowledge and data structures established programming exercises
1) and 2) and mainly put exercise 9 into code.

a) Write a function to determine the free degrees of freedom, i.e. indices of vertices
with are not part of any edge on Dirichlet or Neumann boundary. Determine the free
nodes from the example mesh from programming exercise 1.

b) Write a function to assemble the local stiffness matrix Kp given the indices of the
vertices.

Hint: vstack can be used to add lines to a given matrix.

c) Write a function to loop over all triangles adding contributions to assemble the global
stiffness matrix K.

(4 Points )

Send to duesseldorf@ins.uni-bonn.de




