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Exercise 1. (Compatibility condition) (6 Points)

Let Q a bounded domain with Lipschitz boundary 02 and 77 denote the outward pointing
normal to 0€2. Show that there is no solution of

Au=f inQ, (la)
Vu-1i7=g on 0f (1b)
unless
/ fdx = / gds. (2)
Q o0
Exercise 2. (Explicit solution) (6 Points)

Let a,b positive real numbers, Find the harmonic function u(z,y) in the square D =
(0,a) x (0,b) satisfying the boundary conditions

uy =—a forx=0 uy =0 forz=a, (3a)

uy =b fory=0, uy =0 fory=>. (3b)

Hint: Note that the condition (2) holds. A shortcut is to guess that the solution might
be a quadratic polynomial in x and y.

Exercise 3. (d’Alembert’s formula) (6 Points)

a) Show that the general solution of u,, = 0 is
u(z,y) = F(z) + G(y) (4)
for arbitrary functions F, G.

b) Using the change of variables £ = x + ¢, n = x — ¢, show that w; — ug, = 0 if and
only if ug, = 0.

c) Let g and h be given real valued functions. Use a) and b) to show that the solution
of the initial value problem

Ut — Uze = 0, in R x (0, 00), (5)
u=g,us =h, onRx{t=0} (6)
is given by
1 1 T+t
u(e.y) = 5 lola+ )+ g — 0]+ 5 [ by (7
T—t



Exercise 4. (Partition of unity) (6 Points)

Let f € C%(R) and ¢ a continuous, positive and compactly supported function on R such
that

/ o(x)de = 1. (8)
R

Define ¢, (z) := np(nz) for n € N. Prove that li_>m (pn * f)(z) = f(z) for all x € R.



