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Exercise 1. (2+4 Points)

Let © a domain in R? with Lipschitz boundary I' := 0 and i denote the outward
pointing normal to I.

a) Consider the Poisson equation

—Au =0 1in (1)
u=0 onl. (2)
Show that every classical solution u € C?(Q) satisfies the weak formulation
/Vu~Vvdx:0 for all v € C§(Q). (3)
Q
b) Derive the weak formulation in H'(£2) for the equation
—Au+c(x)u=f in Q, (4)
Vu-f=g¢g onT. (5)

That is, determine a bilinear form a(-, -) and a linear functional F'(-) for the following
formulation: Find v € H'() such that

a(u,v) = F(v) for all v e HY(Q). (6)
Exercise 2. (34241 Points)
Consider the bilinear form a : H'(0,1) x H'(0,1) — R defined by

1
a(u,v) := / 2y’ da. (7)
0
a) Show that the problem of finding a minimum of
1 1
—a(u,u) —/ udx (8)
2 0
does not have a solution in H{(0,1).
b) Show that a(-,-) is not elliptic.
¢) Write down the associated classical differential equation.
Exercise 3. (6 Points)

Let ©Q be a bounded domain. With the help of Friedrichs’ inequality, show that the
constant function u = 1 is not contained in H}(2), and hence Hg () is a proper subspace
of HY().

Exercise 4. (6 Points)

Let Q C R% be a ball with center at the origin. Show that u(z) = ||z||® possesses a weak
derivative in L?() if 2s > 2 — d or if s = 0.



