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Exercise 1. (mass matrix recursion in 1D)

Consider a set of basis functions {φi(x)} that satisfies the recursion formula

φi(x) = (aix+ bi)φi−1(x) + ciφi−2(x) . (6.1)

Show that mass matrix entries Mij =
∫
g(x)φi(x)φj(x) dx satisfy

Mij =
ai
aj+1

Mi−1,j+1 −
aibj+1

aj+1
Mi−1,j −

aicj+1

aj+1
Mi−1,j−1 + biMi−1,j + ciMi−2,j . (6.2)

(5 points)

Exercise 2. (mass matrix implementation in 2D)

Let Ω = [0, 1]2 and φij(x, y) = ψi(x)ψj(y), 1 ≤ i, j ≤ p a tensorized basis set on Ω.
For some weight function G : Ω → R, we approximate mass matrix entries Mij,kl =∫

Ω φijφklG via tensorized numerical integration

Mij,kl ≈
∑
α,β

wαwβφij(xα, xβ)φkl(xα, xβ)G(xα, xβ) (6.3)

with weights w1, . . . , wp and nodes x1, . . . , xp. Derive an algorithm which computes the
matrix-vector multiplication y = Mu in O(p3).

(5 points)

Exercise 3. (Friedrich’s inequality)

Suppose Ω is an open and bounded domain. Show that for all u ∈ H1(Ω) one has

‖u− [u]‖L2(Ω) ≤ C diam(Ω) |u|H1(Ω) , (6.4)

where [u] = 1
|Ω|
∫

Ω u(x) dx.
Hint : Use the Bramble-Hilbert-Lemma.

(5 points)

Exercise 4. (First Lemma of Strang)

Let Ω be an open and bounded domain in R2 and consider the PDE

−∆u = f in Ω (6.5)

u = 0 on ∂Ω (6.6)

with f ∈ H1(Ω) and solution u ∈ H3(Ω). Moreover, let Th be a quasi-uniform, nonde-
generate triangulation of Ω with h = maxT∈T diam(T ). Define [f ](x) ∈ L2(Ω) as the
piecewise constant function

[f ]
∣∣
T

=
1

|T |

∫
T
f(y) dy . (6.7)
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Let Vh be the linear finite element space with respect to Th and replace f with [f ] in the
above PDE, i.e. we consider:
Find uh ∈ Vh s.t. for all vh ∈ Vh∫

Ω
∇uh(x) · ∇vh(x) dx =

∫
Ω

[f ](x)vh(x) dx . (6.8)

Show that ‖u− uh‖H1(Ω) ∈ O(h).

(5 points)
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