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Exercise 1. (1+2+1+3+2=9 points)

Let Q ¢ R? be an open, bounded domain with Lipschitz boundary. The motion of an incom-
pressible viscous fluid with velocity field u: © — R? can be modeled with the following PDE
(“Stokes equation”):

Au+Vp=-f in Q,
divu =0 in Q, (1)

U= on 9Q.

Here, p: Q — R is the pressure density, f: © c R¢ is an external force and A denotes the
componentwise Laplacian Au : = (Auy, ..., Aug)’.

a) Assume that a strong solution (u, p) to (1) exists. Conclude that the boundary condition

Uy has to fulfill:
/ n-uyds=0,
o0

where n: 9Q — RY is the outer normal vector field.

From now on wie consider only homogenous Dirichlet boundary conditions, i.e. 4y = 0. Mo-
reover, since p is only determined up to a constant we additionally enforce

/p dx = 0.
Q
We introduce the spaces V = H}(Q)? and IT = {q € LX(Q): Jo qdx = 0} and the bilinear forms
a(u,v) := /trace[(Du)TDv] dx, uveV,
Q
b(v,q):=/qdivvdx, veV,qell,
Q

where Du = (Dju;);; € L*(Q)%¢ denotes the weak Jacobian matrix of u € V. Note that the
space I1 is equipped with the standard L?(Q)-norm and V is equipped with norm

d 12
Julf, = <;1||ui||§11(9>) o u=(u, . ug) €V
We formulate (1) in weak form as the following saddle point problem: Find (u, p) € V x I such
that it holds
a(u, v) + b(v, p) = F(v) voevV, @
b(u,q) =0 vq €11,

where F € V’ is defined by F(v) := [, f-vdx,ve V.



b) Show that the bilinear form a(:, -) is coercive on V.

c) The form b(-,-) induces an operator B’ : II — V’ via
{v, B'q)V,V/ 1= b(v, q) VvoeV,qell
What is the meaning of B as (weak) differential operator?

d) Prove that the saddle point formulation (2) fulfills the inf-sup-condition if and only if it
holds

Il = colValp1e  Yq eIl (3)

Remark: The latter condition, the so called Necas inequality, indeed holds in a bounded domain
with Lipschitz boundary. As the next exercise shows Lipschitz continuity of the boundary is
essential for this result and hence for existence of solutions to (2).

e) Consider Q = {(x,y) € R?: 0 < x < 1,0 < y < x?} and ¢(x,y) := x"2. Show that g
cannot not fulfill (3) .

Exercise 2. (3 + 3 = 5 points)

For a bounded Lipschitz domain Q c R¢ we introduce the space H(div, Q) as follows: A vector
field V € L*(Q)? has weak divergence w € Ll (@) if it holds:

/V-qudx=—/w<pdx Vo € G (Q).
Q Q
In the following we will write w = div V and define
H(div, Q) := {V e L¥(Q)?: divV € L}(Q)}

equipped with norm

d

Vi) = ZlVillx) * 1div Vo),
i=

— gl lH@w)

It turns out that H(div, Q) is a Hilbert space and coincides with C®(Q)4
For V = H(div,Q) and IT = L*(Q) we consider the saddle point problem: Find (o, u) € V x II
such that

/a-rdx+/udivrdx:0 Vr eV,
Q Q

/UdiVO’=—/f’de vouell
Q Q

a) Show that (4) admits a unique solution.

4)

Hint: For v € II choose w € C;°(Q) “close” to v and define 7 € H(div, Q) such that divz = w and

"T”LZ(Q)d = C||||W||L2(Q)d~

b) Prove that for the solution (o, u) € V x IT of (4) it evens holds u € H'(Q). Give the strong
formulation of the PDE corresponding to (4).



Exercise 3. (3 + 2 =5 points)

a) Let {Q;};-1, s be a partition of a domain Q into piecewise smooth subdomains Q;, i.e.
Qc ujlilﬁj and Q; n Qy = @ for j # j/. Show that every V € L*(Q)? such that Vi =
Vg, € C1(Q) for all j = 1,..., ] is an element of H(div, Q) if it holds naq, - Vi = naq, - V; on
8Qi n an.

b) Let 7}, be a triangulation of a polygonal domain Q c R?. We define
RT, := {9 € L*(Q)?*: ¢lr=ar+crx, ar€R%cr€R, VTeETy,
Ne - @|1,(xe) = ne - @|1,(xe) Vedgese=T nT},

where x, denotes the midpoint of an edge e of 7. Show that RT, is a subspace of
H(div, Q).

Recapitulation exercises

Exercise 4. (2 + 2 = 4 bonus points)

a) Consider the function
d 2
u: R* - R, x +— loglog —
|x[2

For which d € N, p € (1, ) does u € WP(B;(0)) hold?

b) Let p,q € [1,00], % = % + % and Q c R% Show that it holds uv € W (Q) if u € Wh(Q),

v € W4(Q), and give a formula for the weak derivatives of uv.
Exercise 5. (4 + 2 = 6 bonus points)
Let Q c R? be a domain with Lipschitz boundary and f € L*(9Q) be given. For € > 0 we consider
the following PDE in strong form:
-Au=0 on Q,

()
€-ohu+u=f on 9Q.

a) State the weak formulation of the PDE (5), including the spaces. Prove existence of a
unique solution to (5) and give an estimate of this solution in terms of f.

b) Assume that there is ¢ € H(Q) such that Au = 0 and u|sq = f in the sense of traces.
Show that u = u(e) stays bounded in H! as € — 0.

Merry Christmas and a Happy New Year!



