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Exercise 1. (2+1+1+2 = 6 points)

In this exercise we consider another important reference element, the hypercube [0, 1]d . �e
C++-based �nite element code deal.II, e.g., utilizes those type of reference elements.
On the reference interval [0, 1], we have de�ned the two functions

�1(x) ∶= x, �2(x) ∶= 1 − x,

which build a nodal basis of the polynomials of degree ≤ 1 on [0, 1].
For d ∈ {2, 3} we consider the reference cube Qref ∶= [0, 1]

d
⊂ ℝ

d . We call a function f∶ ℝ
d
→

ℝ a�ne multilinear, if it is a�ne linear with respect to each component.

a) Let (Qref) be the space of a�ne multilinear functions de�ned on Qref. Show that
(Qref) has dimension 2d , and �nd a basis for (Qref) which is nodal with respect to
the corners of Qref.
Hint: Use the structure of Qref, i.e. Qref = [0, 1] × ... × [0, 1] and construct the basis functions with
help of �1 and �2.

b) Characterize those setsQ ⊂ ℝ
d such that there is an invertible a�ne linear map B∶ ℝ

d
→

ℝ
d with Q = B(Qref).

Note: �is is a crucial di�erence compared to tetrahedral �nite elements: Every tetrahedron can
be identi�ed via an a�ne linear map with the reference tetrahedron.

c) Given points x1, ..., x2d ∈ ℝ
d , show that there exists a map B ∈ (Qref)

d , i.e. an a�ne
multilinear mapℝd → ℝ

d , that maps the corners ofQref (in prescribed order) to x1, ..., x2d .
Show that such B transforms edges of Qref into subsets of straight lines and the facets of
Qref into subsets of �at hyperplanes.

d) Let Ω ⊂ ℝ
d be a domain such that Ω = ⋃

NQ

i=1
Qi with invertible Bi ∈ (Qref)

d such that
Qi = Bi(Qref) for i = 1, ..., NQ and such that Qi ∩ Qj is either empty, a shared corner, a
shared edge or a shared facet of both Qi and Qj for all i, j = 1, ..., NQ . �e corners of the
Qi are denoted by xj , j = 1, ..., Nx .
Show that a function '∶ Ω→ ℝ such that '|Qi ◦Bi ∈(Qref) for all i = 1, ..., N is inH 1

(Ω)

and determine a nodal basis for the space of all such functions.
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Exercise 2. (3 + 2 + 3 = 8 points)

On the two-dimensional reference triangle Tref ⊂ ℝ
2,

Tref ∶= {(x1, x2) ∈ ℝ
2
∶ x1 + x2 ≤ 1, xi ≥ 0 ∀i = 1, 2},

we consider the space of polynomials of degree ≤ n, i.e.

Pn(Tref) ∶= span{x�1
1
x
�2

2
∶ �1 + �2 ≤ n},

and the point set

Z ∶=

{

z =
(

�1

n

,

�2

n )
∈ Tref∶ �1, �2 ∈ ℕ0

}

a) Show that there exists a nodal basis of Pn(Tref) with respect to the point set Z . Further,
show that for B ∈ ℝ

2×2 and p ∈ Pn(Tref) the function p◦B is a polynomial of degree ≤ n,
again.

b) Show that the values of some p ∈ Pn(Tref) on an edge of Tref are uniquely determined by
its values on those points of Z belonging to this edge or facet. Describe a global nodal
basis for an H 1-conforming �nite element space based on this reference element.

c) Is this global space even H 2-conforming?

Programming exercise 1. (3 + 3 = 6 points)

On a domain Ω ⊂ ℝ
2 we consider the problem

− div(a∇u) + cu = f on Ω,
u = 0 on ΓD ,

a)nu = g on ΓN ,
)nu = 0 on )Ω ⧵ (ΓN ∪ ΓD),

(1)

where ΓD and ΓN , ΓD ∩ ΓN = ∅, denote the parts of )Ω on which Dirichlet and Neumann
boundary conditions, respectively, are imposed. On the remaining part of the boundary natural
boundary conditions hold.
Make sure that you understand how to derive the following weak formulation for (1): Find
u ∈ H

1

ΓD
(Ω) such that

∫
Ω

(a∇u∇v + cuv) dx =
∫
Ω

f vdx +
∫
ΓN

gvds ∀v ∈ H
1

ΓD
(Ω).

Here, H 1

ΓD
(Ω) denotes the subspace of H 1

(Ω) consisting of all functions with trace vanishing on
ΓD ⊂ )Ω.
To consider such a problem we have to add an array neumannedges to our description of
the mesh (so far given by the arrays coordinates, elements, dirichletboundary) that
contains rowwise the edges of the mesh belonging to the Neumann boundary ΓN encoded by
the numbers of start and end node of the edge (two columns). We assume that a, c, f and g are
given as functions that can be evaluated at the nodes of the triangulation.
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a) Modify your �nite element code from the last programming exercise such that it can be
applied to the model problem (1): In the local assembly routines assume that the data a, c
and f are constant on the respective element, i.e. work with

a|T ≡

1

3

(a(a0) + a(a1) + a(a2)) ,

c|T ≡

1

3

(c(a0) + c(a1) + c(a2)) ,

f |T ≡

1

3

(f (a0) + f (a1) + f (a2)) ,

where a0, a1, a2 denote the nodes of the element T .
For a Neumann edge E between two nodes a0 and a1, assume

g|E ≡

1

2

(g(a0) + g(a1))

for integration.

b) Test your implementation with the following problems on Ω = [0, 1]
2:

• Fix the parameter q ∈ ℝ:

−Δu = 2,

u = 0 on ΓD = {1} × [0, 1],
)nu = −(q + 1) on ΓN = {0} × [0, 1],

)nu = 0 on )Ω ⧵ (ΓD ∪ ΓN )

⎫
⎪
⎪
⎪
⎪
⎪

⎬
⎪
⎪
⎪
⎪
⎪
⎭

(2)

with exact solution u(x, y) = −(x − q)(x − 1).
•

− div(a∇u) + cu = f ,

u = 0 on ΓD = )Ω.

}

(3)

with exact solution u(x, y) = x(1 − x)y(1 − y) and

a(x, y) = exp(x + y),

c(x, y) = exp(x + y),

f (x, y) = exp(x + y) (y(1 − y) + x(1 + 5y − 3y
2
) + x

2
(y
2
− 3y − 1)) .

Please submit the programming exercise til November 21, before the lecture, directly to
your tutor via Email.
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Exercise 3. (3 + 3 = 6 bonus points)

Now, we consider a PDE with socalled inhomogeneous Dirichlet boundary conditions:

−Δu = f on Ω,
u = ℎ on )Ω.

)nu = 0 on ΓN ,
(4)

where ΓD ⊂ )Ω is nonempty and ΓN = )Ω ⧵ ΓD . �e inhomogeneous Dirichlet boundary condi-
tions are given by some function ℎ ∈ L2(ΓD).
We assume that the boundary condition can be ful�lled by an H

2-fuction, i.e. there is some
' ∈ H

2
(Ω) such that '|ΓD = ℎ (in the sense of traces).

a) (�eoretical part) Show that (4) admits a unique solution u ∈ H 1
(Ω) and estimate the

norm of u in terms of f and '.
Hint: Use the ansatz u = ' + û and derive an equation for û in H 1

ΓD
(Ω).

b) (Programming part) Modify your code of the programming exercise in such a way
that it can deal with inhomogeneous Dirichlet boundary conditions as well (replace the
second line of (1) by u = ℎ on ΓD). Test with

−Δu = 0 on [0, 1]2, u(x, y) = ℎ(x, y) = x
5
− 10x

3
y
2
+ 5xy

4 on ΓD = )[0, 1]2.

Hint: �e same ansatz as in a) applies on the discrete level as well.

The student council of mathematics will organize the Maths Party on 28/11 in
N8schicht. The presale will be held on Tue 26/11, Wed 27/11 and Thu 28/11 in the
mensa Poppelsdorf. Further information can be found on fsmath.uni-bonn.de.
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