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Exercise 20. (Biharmonic equation)
(6 Points)

Let © C R? be a bounded Lipschitz domain. We consider the following PDE, the so
called biharmonic equation:

Au=f in Q,
on 0f),
Opu =20 on Of2.

Here, d,u = Vu - n denotes as usual the outer normal derivative of u on the boundary
0 of Q. With A2 = A o A we denote double application of the Laplacian, which is
defined in its strong form on C4(€2).

a) Derive the corresponding weak formulation of the biharmonic equation in the space

H2(Q) :={u € H*(Q) : u =0 and d,u = 0 on IN}.

b) Now we assume that (2 has a C?-boundary or that € is convex. In this case there is
some cq > 0 such that it holds |Jul|g2(q) < cal|Aul|2(q) for every u € HE (). Show
that the biharmonic equation admits a umque solution u € HZ() for any f € L*(Q)
and estimate the norm of u in terms of f.

Exercise 21. (1D Finite Elements)
(0 Points)

Let I = (0,1) be the unit interval. We divide I into n subintervals [z;, ;1] with z; = i/n,
i =0,...,n. Consider the piecewise linear nodal basis {11, ..., 1,1} which is uniquely
defined by ¢ (z;) =0 for k=1,...,n—1and j=0,...,n

The nodal basis sketched for n = 8:
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a) For the bilinear form a(u,v) = [;u/( x)dx, compute a(v;,v;) for 4,5 =
1,...,n—1



b) Consider the weak formulation of the 1D Poisson problem with homogeneous Dirichlet
boundary conditions:
Find u € H(I) s.t.

a(u,v) = /If(x)v(x) dz Vv e Hi(I)

for some f € L%(I). Define V,, = span{t,...,¢,_1} C HE(I). Use the Galerkin
method to discretize the weak formulation with V,, and state the discrete system of
equations in matrix form.

Exercise 22. (Transformation)
(0 Points)

Let z1, 22,23 € R? be the corners of an arbitrary non-degenerate triangle 7' and let
&1 =1(0,0), & = (0,1), &3 = (1,0) be the corners of the reference triangle Tyt

a) Compute the affine map Fr: Tyef — T such that Fp(&;) = z;, for i = 1,2,3, ie.
compute By € R**2, ¢p € R?, such that

BT£i+CT:Zi7 2217273
b) Show that it holds
1
T| = B |det Br|

c) With
301(5777):1_5_777 802(5777):£> 903(£777):77

we denote the nodal basis on the reference element T}ef. and with ¥; 7, 7 = 1,2, 3, we
refer to the corresponding nodal basis on 1" defined by

Yir =0 Fpt.
Show that the local stiffness matrix Ap € R3*3 with
A7 = /TV%,TV%,T dz dy
is given by

Ar; = |det By / Vol By By Vi, dé dn
T,

ref

Conclude that the local stiffness matrix Ar can be computed as
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1 1 1 1 0 0
Ar = B |det Br| cct, with C:= |21 2o 3 1 0],
Y1 Y2 Y3 0 1

where z1 = (21,y1), 22 = (x2,Y2), 23 = (x3,y3) are the coordinates of the vertices of
T.



