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Abstract We present a theoretical framework for reproducing kernel based reconstruction methods
in certain generalized Besov spaces based on positive, essentially self-adjoint operators. An explicit
representation of the reproducing kernel is given in terms of an infinite series. We provide stability
estimates for the kernel, including inverse Bernstein-type estimates for kernel-based trial spaces,
and we give condition estimates for the interpolation matrix. Then, a deterministic error analysis
for regularized reconstruction schemes is presented by means of sampling inequalities. In particular,
we provide error bounds for a regularized reconstruction scheme based on a numerically feasible
approximation of the kernel. This allows us to derive explicit coupling relations between the series
truncation, the regularization parameters and the data set.
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1 Introduction

In this article, we develop an analysis for numerically feasible reproducing kernel based reconstruc-
tion methods in the general setting of metric measure spaces with heat kernel induced geometries;
see [10,17]. Such spaces are of practical importance in various machine learning applications. There,
high dimensional reconstruction problems in the Euclidean setting suffer from the so-called curse
of dimension; see [15,26]. One reason why reconstruction is, however, sometimes still feasible is
that the underlying metric structure of the data is highly non-Euclidean. Over the last years, there
has been large interest in exploiting this fact; see for instance [16,61]. Moreover, practical data
analysis and machine learning tasks are usually formulated in the setting of probability spaces, i.e.
measures spaces; see for instance [52]. A further analytical challenge for the numerical analysis of
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machine learning problems is the fact that the underlying domain, in which the data is contained,
might not be an easily recognizable (sub-)manifold of the ambient Euclidean space but might rather
have a discrete structure such as a graph or a tree; see [5,6], and see [14] for reproducing kernels
on Riemannian manifolds. The advantage of the general framework presented here, is that both,
continuous Riemannian manifolds and discrete structures can be treated simultaneously. One focus
of recent research in this direction has been on diffusion polynomials, see for instance [30]. More-
over, approximation problems in such spaces have also gained attention. Here, to the best of our
knowledge, most works have been devoted to wavelet-type approximation schemes, see [33], and
also [38] for the sphere and [8] for the torus.

Furthermore, many successful algorithms in machine learning make use of a reproducing kernel
Hilbert space structure, see [50]. A practical benefit of those methods is that they have an energy
optimization principle in the background with a solution which, though nominally the solution of an
infinite dimensional optimization problem, can be expressed in terms of finite linear combinations
of the kernel. The weights can usually be obtained by solving a finite dimensional optimization
problem whose dimension is linear in the number of data points. Therefore, it is desirable to have
reproducing kernels in this general framework available, see also [52].

To this end, generalized Besov spaces By 4(M; D) were introduced in [10], which are based on
an essentially self-adjoint operator D and its associated heat kernel defined on a rather general
metric measure space (M, p,u). This setting covers in particular uniformly elliptic operators in
divergence form, Laplace-Beltrami operators on Riemannian manifolds with non-negative Ricci
curvatures, heat kernels generated by Jacobi operators, but also Schrédinger-type operators, see
[19], and graph Laplacians if the graph satisfies a relative Faber-Krahn inequality, see [9] and also
[24]. The embedding properties derived in [10] show that the generalized Besov spaces By ,(M;D)
are indeed reproducing kernel Hilbert spaces for p = ¢ = 2 and ¢ > 0 large enough. For those
spaces, we derive an explicit multi-scale representation of the associated reproducing kernel, see
Theorem 2, i.e.,

K (z,y):=> 072787 (2,y), (1)
=0

where b > 1 is a fixed parameter, o > 0 determines the smoothness, and S (49) are integral kernels to
an operator defined via smooth functional calculus in terms of the operator D, see Sections 2 and 3
for the precise definitions. We show how the analysis from [18,41,42] for kernel-based approximation
with kernels given in series form can be extended to this setting, and we show improved results
using properties of kernels of the specific multiscale form (1).

Then, our main focus lies on the error analysis of reconstruction processes of the following
form. Given data yn = f(zn), vn € Xy C M, generated by an unknown function f € BS (M;D)
we consider minimizers of the regression functional

N
Tyiaixn (9) = Y (9(zn) —yn)* + allgliBg , vy (2)

n=1

with a regularization parameter a > 0. It is well known that the minimizer lies in

Lxy = SpaH{K(U)(l‘lv')a ) K(U)(xNv )} ®)

N
The main technical difficulty here is that the kernel K(7) of (3) is usually not available in closed
form, and hence, further numerical approximations have to be incorporated to obtain a numerically
feasible approximation. In particular, we make use of the multi-scale representation (1) and address
both, a careful truncation of the infinite series and the numerical errors in the approximative
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computation of the spectral projections. Thus, we first consider in the spirit of [18] the error made
when, instead of Ly, from (3), one uses

L
= span{K(U’L) (z1,)y -+, K@D (zn,+)} with K@D (x,y) = ZbiQUZS’(Z;U)(w,y), (4)
£=0

L%
In view of the Mairhuber-Curtis theorem [12,31], the truncation parameter L has to be coupled
to the point set Xy in order to maintain unisolvency. To this end, we derive an explicit lower
bound on L depending on X, which guarantees the existence of a quasi-optimal interplant from
L%N at X for arbitrary data. The lower bound takes the form L > ln(cq;(jlv) with the separation
distance ¢x, := inf; 2, exy p(¥n,zm) and a generic constant ¢ > 0. Furthermore, in practical
applications the mere truncation (4) of the kernel is not yet sufficient since, in general, the eigen-
functions and eigenvectors of D which enter the definition of §%?) are not analytically available
and must be approximated properly. Therefore, we take into account also the numerical error made
by approximating these eigenfunctions with prescribed accuracy.

Subsequently, the discretization error is addressed by means of sampling inequalities for func-
tions from generalized Besov spaces By ,(M; D). Such inequalities have been studied over the last
years for classical Sobolev spaces, see e.g. [2—4,18,29,40,45,47,55,59] and have proven to be useful
for the error analysis of stable and consistent approximation schemes, including spline smoothing
and support vector regression algorithms, see [45,46,59]. A typical example takes the form

—d
I £l Loo (Msdpy < C (hg(Nj\ngHBqu(M;D) + ||f|XNHe<x>(XN)) ; (5)

where o > d/p, and Xy = {z1,...,2y} C M is a discrete point set with sufficiently small fill
distance hx, ar := sup,eprinfy exyp(2,2n) < ho, compare also Theorem 6. Here, d stands for a
parameter of the metric measure space M which generalizes the notion of dimension, see Section
2. Such inequalities can be used to obtain approximation error bounds for a large class of recon-
struction methods in the following way, see [45] and the references given there: Suppose that a
reconstruction process assigns to any function f sampled at the discrete points Xy an approxi-
mation Rf for which a stability property ||f — Rf”Bg,q(M;D) < C||f||3quy(M;D) and a consistency
property max, cx, |f(zn) — Rf(zn)| < G(f) holds. Then, by (5) applied to the residual f — Rf
we obtain the error estimate

o—d
1 = R leoo sy < C (W01 sz, arimy + GUS) ) -

Thus applied to a numerically feasible approximation of Jy..;x,, we obtain an upper bound on
the approximation error which is explicit in the problem parameters and hence suggests coupling
conditions of the parameters to ensure asymptotic convergence.

As a side product of our analysis, we derive two important stability properties, namely inverse
Bernstein-type inequalities for £Lx, , and lower bounds on the smallest eigenvalues A, of interpo-
lation matrices based on K (7). Precisely, we show (see Proposition 7), that for all point sets Xy
with sufficiently small separation distance gx, , it holds

IfllBg ,m;0) < Cax 1 fll L2 (arsap) forall feLxy, (6)

and (see Proposition 8)

(o) 20+d
Amin (KXNyXN) > CQXN > (7)
where Kggj\), Xy = (K(”)(mn,xm)) < denotes the Gramian matrix. Proving Bernstein esti-
’ Tn,Tm EXN

mates of the form (6) for kernel-based trial spaces has been an active area of research during the
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last years (see, e.g., [21,32,34,36,37,44,48,56]). If combined with sampling inequalities of the form
(5), such inverse estimates can be used to prove stability of reconstruction schemes (see [45]). We
point out that we obtain inverse estimates for a variety of domains, including such with boundaries.
In our case, the kernel depends explicitly on the domain, while often the kernel is defined on the
whole space, and inverse estimates are proven for subdomains.

On the other hand, eigenvalue estimates of the form (7) can be used to get upper and lower bounds
on the covering numbers which are frequently used in learning theory [11,62].

The remainder of this paper is organized as follows: In Section 2, we introduce the necessary
technical framework of metric measure spaces and heat kernels. In Section 3, we show how certain
generalized Besov spaces carry the additional structure of a reproducing kernel Hilbert space and
we characterize their kernels as infinite series (see Theorem 2). In Section 4, we present sampling
inequalities for Besov spaces. Here we discuss two approaches. First, to derive bounds on arbitrary
LP(M; dp)-norms of Besov functions also on measure spaces with infinite mass, we consider maximal
d-nets as sampling points (see Theorem 3). Second, for the special case of finite volume measure
spaces, we derive bounds on the strongest L°°(M;du)-norm for more general data sets, see Theorem
6. In Section 5, the truncation of the kernel series expansion (1) is discussed. We derive an explicit
lower bound for the truncation parameter L depending on the point set X which guarantees the
existence of a quasi-optimal interpolant to arbitrary given data at X, see Theorem 7. The essential
step in the proof is the derivation of a Riesz basis involving the integral kernels (%) see Lemma
7. Subsection 5.2 is devoted to the proof of two stability properties of kernel-based approximation.
Here we show inverse Bernstein-type estimates for Lx, as defined in (3), see Proposition 7, and
derive bounds on the condition of the interpolation matrix based on the kernel K (), see Proposition
8. Finally, in section 6, we analyze a regularized reconstruction method using a numerically feasible
approximation of the kernel function. Here, besides the discretization error, we take into account the
series truncation error and the error that stems from the numerical approximation of the spectrum
of D, see Theorem 9.

2 Notation and auxiliary results

In the sequel we denote by C and ¢ generic positive constants that may change from line to line and
from expression to expression. We denote by C°°(]0, 00)) the space of smooth functions [0, 00) — R,
and for R > 0 we denote by C°([0, R]) the subspace of C°°([0,00)) of functions with compact
support in [0, R].

2.1 Measurable metric spaces
Let us use the framework of [10], and briefly recall basic definitions and assumptions. Suppose
(M, p, ) is a metric measure space with the following properties:

(i) (M, p) is a locally compact separable metric space with distance p: M x M — [0, 00). Further-
more, u is a positive Radon measure with the volume doubling property, i.e., there is a constant
d > 0 such that

0<u(B(z,2r) <2 (B (z,r) <oco forallze M andr>0. (8)

Here B (z,r) :={y € M : p(z,y) < r} denotes the open ball with radius r around z, and the
constant d is a parameter of the space (M, p), which generalizes the notion of dimension.
(ii) The reverse doubling condition holds, i.e., there is a constant 8 > 0 such that

w(B (z,2r)) > 2% (B (2,7)) forallz € M and all 0 < r < diam M/3. (9)
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Note that in general 8 can be different from d. The reverse doubling condition follows from
(8) if M is connected (see [10, Proposition 2.2]).
(iii) The non-collapsing condition holds, i.e., there is a constant ¢ > 0 such that

inf p(B(x,1)) >c>0 forallze M. (10)
reM

It follows from (8) that for z, y € M and r > 0 (see [10, (2.2)])

d
0 (B (y.r) < 21 (1+M) w (B (zr)). (1)

r

If M is connected and p(M) < oo, then (8) implies (9) and (10), see [10]. We refer to [25] for a
discussion of the parameters and their connection to the Assoud dimension.
2.2 Heat kernels on metric measure spaces

We recall that a family (pt)+>0 of kernel functions p; : M x M — R is called heat kernel if for almost
all z,y € M, all s,t >0 and all f € L? (M;dp)

pe(x,y) 20, piz,y) =pi(y, @), /Mpt(:r,y)du(y) <1,
pesen) = [ i), Polim [ ple G = (0. (12

where we use the notation L?—lim; ,qa; = b if lims_q ||as — bllL2(a;apy = 0. As in [10], we impose
the following additional conditions on the heat kernel:

(i) Small time Gaussian upper bound: For all 0 <t <1 and z,y € M
exp (_cp2(:3,y))
Vi (B (@ v8) 1 (B (3. VA)

(ii) Hélder continuity with exponent agy > 0: For all 0 <t <1 and x,y,5 € M with p(y,9) < V4%,

lpe (z,y) | < C (13)

o°(z.y)
5 )\ exp | —cf=5
pe (@) = pe (@, 9)| < O (” (j’/;’)) ( ) (14)
Vi (B (2. VD) (B (v. VD))
(iii) Markov property: For all ¢t > 0
| mem duw =1 (15)
M
A heat kernel gives rise to a family of operators
f(z) ift=0,
Py : L* (M;dp) — L? (M;dp) ,  (Pf) (2) := :
Jar pe (@y) f (y) du(y) if t > 0.

As worked out in [20], the conditions on the heat kernel ensure that the family of operators { P:}+>0 is
a strongly continuous, symmetric Markovian semigroup in L? (M;dp). The associated infinitesimal
generator D is defined by

Df := L?~lim f=Pf
t—0 t
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Moreover, the domain DomD of D, i.e., the subspace of L? (M;du) for which the limit exists,
is a dense subspace of L? (M;du). By construction, D is a self-adjoint and positive definite op-
erator. Furthermore, there is a unique associated spectral resolution of the identity, denoted by
{Ex}re[0,00), such that Ey is a bounded linear operator L% (M;dp) — L2 (M;dy) for every A > 0,
and

o0 oo
Df:/ AdE, f for all feDomD:{f€L2(M;d,u) : / >‘2d(E>\f7f)L2(M;du) <oo}.
0 0
The spectral resolution can be used to define for continuous ¢ : R — [0, 00) the operator

t(D)f::/ooot()\)dIE,\f for all fe L*(M;dp) with /Ooot()\)gd(IE,\f,f)m(M;dm<oo.
(16)

Such operators are often integral operators. In [13, Theorem 6], it is shown that an operator
g: L' (M;du) — L°°(M;du) is bounded if and only if there is an integral kernel G : M x M — R
satisfying G € L™ (M x M) and

(gf)(z) = /M G(z,y)f(y) du(y) for almost every z € M.

From now on, we always consider a metric measure space (M, p, 1) with the above outlined proper-
ties, in particular (8), (9) and (10), and an essentially self-adjoint positive operator D on L*(M;du)
with corresponding heat kernel satisfying (13), (14) and (15). Throughout the remainder of this
paper, we employ the following notation.

Notation 1 We denote smooth functions [0,00) — [0,00) that are used to define operators via spectral
calculus by bold lowercase letters, and the corresponding (integral) kernels by the corresponding bold
uppercase letters. Thus, fort : R — R and § > 0 such that t(5v/D) given by (16) is bounded as operator
LY (M;dp) — L>®(M;du), we denote the associated integral kernel by Ty. Precisely, for 0 < 3§ < 1 and
a smooth function t : [0,00) — [0, 00), we set

t(6VD)u(z) =: /M Ts(z, y)u(y)du(y) for almost every x € M. (17)

Moreover we set T :=T.

We note that under the above assumptions the kernel T5(x,y) is real-valued, see [27, Sec. 2.5].

2.3 Smooth cut-off functions

Next, we will need several smooth cut-off functions with various properties that we collect in this
subsection. Our computations follow the lines of [10].

Definition 1 Let b>1,(>1,1>¢2>¢; >0 and ¢ > 0.
(a) We set

4
G (b,¢) := {t € C*([0,00);[0,00)) : %t(u)

=0 for all 1 <¢<¢, and suppt C [O,b}}. (18)
u=0

Elements of G(b, () are called smooth cut-off functions of order ¢ with support b.
We set

G() := () G(b.)- (19)

¢=1

A function t € G(b, () is called normalized if 0 <t < 1.
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(b) We define A(b, c1,c2) to consist of those normalized t € G(b) for which
(i) suppt C [0,b],
(ii) t=1 on [0,1],
(iif) ¢ > ¢1 > 0 on [0,6%/%], and
(iv) t < co on [bY/4 b].
(c) We define £(b, c) to consist of those normalized t € G(b) for which
(v) suppt C [b~',],
(vi) t>¢>0on [p=3/4p3/4).
(d) A pair (¢,p) € G(b) x G(b) is called a partition of unity if

t(u) + ip(bilu) =1 for all u € [0, 00). (20)
{=1

Remark 1 Let b > 1 and ¢ > 0. If (¢,p) € G(b) x G(b) is a partition of unity, then ¢£(0) = 1 and
p(0) =0.

We introduce some abbreviations that will be used for the rest of this paper. From now on, we
assume that b > 1 is fixed, and the generic constants ¢ and C' may depend on b without further
mentioning.

Notation 2 Forb>1 and t € C*°(]0,00)), we set

At(2) = () — t(b-), (21)
and, for £ € N
t (u) if £ =0,
At (u) = {At (b—fu) ife>1. (22)

Lemma 1 Let t € C*°([0,00)) with t(0) = 1. Then
L
S Agt(u) =t (b_Lu> for all u € [0,00) (23)
£=0

and (t, At) form a partition of unity.

Proof We compute the partial sums for L € N. By a telescopic sum argument, we have for every
u € [0, 00),

L
t(u) + > At(b u) = t(b""u) — £(0) =1 as L — oo.
=1

We collect some more properties of the cut-off functions that will be used later on.
Remark 2 Let b > 1.

(i) Suppose that 7 > 2d + 4 and t € G(b). By [10, Theorem 3.4 and (2.7)], t(6v/D) for 0 < § < 1
is an integral operator and there exist ¢ > 0 and ¢ > 0 such that, for every 0 < § < 1, the
associated integral kernel (compare (17)) satisfies

|T6 (iE,y) | <crp (B (33,5))_1 (1 + p(? y))d/zi‘r; (24)
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and, if p(z,2’) < 6, then with ay from (14) it holds

AN d/2—1
Ts ) - To(e )| < & (P2 (B @) (14 2L )
Let 1 < p < co. Then, by [10, Corollary 3.6], there is C > 0 such that for all 0 < § < 1 and all
f e LP(M;dp)
1E(6VD) fll Lo (arsapy < ClEILe (M) - (26)

(ii) Littlewood-Paley-type decomposition: Suppose further that (¢,p) € G (b) x G(b) is a partition
of unity. Then, by [10, Corollary 3.9] it holds for all f € L? (M;du) with 1 < p < co

F=t(VD)f+ > pb~VD)f. (27)
=1

(iii) Suppose that f, g € C°([0, R]) for some R > 0 and 0 < f < g. Then, by [10, (3.43)], it holds
for the associated integral kernels with 6 = 1 that

0< F(z,z) < G(z,z) for every x € M.

(iv) By [10, Lemma 3.19 (b)], there exists b > 1 such that for all » > max{1, 3/diam M} and all
xeM

O (B ™) <15 n) < Con (Bl ™)) (28)

where L b denotes the integral kernel associated to the operator 1 57"](\/5) with the cha-

T, un
racteristic function 1. The constants C; and C2 depend only on the parameters of the space.

The parameter b from Remark 2 (iv) will play a crucial role in our analysis, see also [27]. Therefore,
we present a lower bound on b in the Euclidean case M = R? in the appendix. In particular, it
turns out that b depends on the space dimension d and b(d) — 1 as d — oo.

2.4 Spectral spaces

Spectral spaces are usually defined as invariant sets under integral operators. Precisely, for 1 < p <
oo and a compact set K C [0,00), we define the associated spectral space Ef(, see [10, Definition
3.10],

b= {geLp(M;du) . t(VD)g =g for all t € C*° ([0,00)),t =1 on K}. (29)

We will need the following result proven in [10, Proposition 3.12].

Proposition 1 Let 1 <p<g<oo0. IfR>1, then Ef)o R C EE]O Rl and there is a constant C' > 0 such
that ’ ’

9l Lo arapy < CRUPDgl Lo aray  for allg € X o (30)
and
lg(x) = g(v)| < C(Rp(,y)) " lgll Lo (rsany  for all g € X5 gy and all z,y € M (31)
with oy from (14).

Remark 3 Note that Proposition 1 implies in particular that functions in Ef’o Rl for R > 1 and

1 < p < > have continuous representatives.
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3 Generalized Besov spaces as reproducing kernel Hilbert spaces

In this section, we recall the notion of generalized Besov spaces. Our main result is Proposition
4, in which we explicitly identify the reproducing kernels for such spaces and derive a multiscale
decomposition of it. To introduce Besov-type reproducing kernel Hilbert spaces, we define cut-off
functions controlling the spectral decay in the kernel expansion. Here, we restrict ourselves to the
case 0y := b~ ¢ with a fixed b > 1. We essentially follow the notion of Besov spaces based on spectral
decompositions as introduced in [10, Section 6] and [27, Section 6], which in turn build on [43,53,
54].

Now, we briefly recall the setting (see [10, Definition 6.1]) in the case p,q > 1 and as in [27],
allow for different normalizations of the support (b = 2 in the notation of [10]):

Definition 2 Let 0 > 0, 1 <p < oo, and 1 < g < oo. Suppose that ¢ € A(b,c1,c2), and 3 € £(b,c1)
for some 0 < ¢1 < ¢2 < 1. The Besov space By (M; D) is defined as

By (MiD)i= {f € LV (Msdu) + 1fllgg arimy < o}

equipped with the norm

[e’e] l/q
HfHBg,q(M;D) = <H¢(\/5)f‘ ZP(M‘d;L) + Z (bgend’(bZ\/'E)f|LP(M;du))q> .
’ =1

For B3 o(M; D) we denote the associated inner product by

300 (5™ V) (7 VDo)

(=1

(1985, 010 = ($(VD)f, $(VD)g)

L2(M;dp)
(32)

L2(M;dp)

The space B3 5 (M; D) and its topology do not depend on the specific choice of the functions ¢ and
¢ (see [10, Section 6]). As in [27, Proof of Proposition 6.5] we will use such cut-off functions ¢ and
4 for which additionally (¢?2,4?) build a partition of unity and ¢(u) = 1 for u € [0,1]. We now
build on [10] to show a relation between the Besov spaces and Bessel potential spaces (see Theorem

1).

Lemma 2 Let 0 > 0. Fiz ¢ and v that satisfy the assumptions of Definition 2, are such that (¢2, 1/:2)
form a partition of unity, and satisfy ¢(u) =1 for u € [0,1]. We set

¢:=b"¢, and P(u) = uP(u). (33)

Then ‘2’ and {[J satisfy the conditions of Definition 2 and it holds

NI

(UZU + 1) < éQ(U)+Zb2021’L2(b_ZU) — UQG + (bQG N u20‘)¢)2(u) < b20(u20 + 1) (34)
{=1

Jor all u € [0, 00).
Proof We check the conditions on ¢ first. We have supp ¢ = supp ¢ C [0,5], and d‘f:,, o(v) =
u=0

b L (u) = 0. Furthermore, if u € [0,b%*], then |p(u)| = b7¢p(u) > b7c > 0. Similarly for

u=0
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b: We have suppe = suppvp C [b~1,b]; and if u € [b73/47b3/4], then ’17:(11)| = up(u) > u’c >
b=37/%¢ > 0. To show (34), note first that, since (¢?2,?) is a partition of unity, there holds

ZbQJL{ZJ?(biéu) _ ZbQUE ((bizu)g’(,b(bieu))Q _ ZuQU’dJQ(biZu) — u20’(1 _ ¢2(u))’
(=1 (=1 (=1
which implies

(o]
~ -2, _
¢2(u) + ZbQUZw (b Zu) — UQO‘ + (bQJ N u20)¢2(u). (35)
{=1
To prove the upper bound in (34), observe that, for u € [0,00), we have
UZU + (bZU _ u2a)¢2(u) _ u20 + b20¢2(u) _ u20'¢2(u) S u20 + b2a’ S b20(1 + UQJ).

To show the lower bound, note that, for u < 1, we have

u20’ + (bQJ - u20)¢2(u) _ b20‘ Z (UZJ + 1)7

N[ =

while, for 1 < u, we have

u20’ + (bQJ 7 UQJ)(ﬁQ(U) > u20‘ > (UZD' + 1)

N[ =

This concludes the proof. ]

Lemma 2 immediately implies that the Besov spaces B3 o(M;D) are (norm-)equivalent to Bessel
potential spaces based on D. Moreover, we have the following result for the Hilbert space case

p=q=2.

Theorem 1 Let b > 1. Then there are constants ¢, C > 0 such that
(D7 +1d) fll 2 vy < W llsg om0y < CINDT +1d) flle(aryapy — for all f € B3 2(M;D).

Proof Consider more generally smooth cut-off functions s, t € G(b), and suppose that s < t holds
pointwise. Then we have ||s(\/5)f||L2(M;dm < Ht(\/ﬁ)f”L?(M;dp,) for all f € L?(M;du) since

1s(VD) FI2 arva) = /0 sV Pd(Ex . f)
< /0 O 2d(Ex £, £) = [E(VD) 22 rsae-

Hence the assertion follows by (34). 0

3.1 The reproducing kernel and its multiscale decomposition

We fix some cut-off functions that will be used throughout the remainder of this paper. First, we
keep ¢ and ) fixed that satisfy the assumptions of Lemma 2. (This corresponds to the choice of
the cut-off functions used in the proof of [27, Prop. 6.5].)
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Notation 3 We set
JAC [0,00) — [0, 00), k() (u) := (uQU + (bQU — uQU)qbQ(u))_l. (36)

Furthermore, for £ > 1, we set

g7 :10,00) = [0,00), g7 (w) 1= (u*7(1 = @7 (b)) +6°7 D (b)) T

and (recall Notation 2) we define
k(@) ¢>) (W)  ife=0,

(a') =
wy’ (u) : g(6) -A¢>) (w) ife>1,

(37)

and
st (u) := wég)(bflu). (38)

Lemma 3 We have wéo) = 'wgf) for all ¢ > 2. Furthermore, there is a ¢ > 0 such that for all £ > 1,
we have the lower bound

s(e;a)(u) >c foralluc [be, bz"%} ,

and in particular s69) > 1 . Moreover,

b6+ 3]

0o
2672058(5;0) — k(o’)_ (39)
£=0

Proof We note that b‘u € supp¢ C [0,b] implies that u € [0,6~“"1]. Recall also that for ¢ > 1,
supp w'©?) C supp Ag C [6=1,b]. Therefore, if £ > 2 and u € supp w9 then b'u > b2b~! = b, and
thus ¢(b'u) = 0. Hence, for all £ > 2,

w(” (u) = (627 (1 - 7 (b)) + 627707 (b)) T A (u) = u”2 Ag(u).

This shows in particular that w@g) = w(;) for all £ > 2.
It remains to consider s(?). We note that by definition there holds

p—20t g(t:0) (u) = b72a€w§0) (bféu) _ b*2069(€§”)(b*€u)Ag¢(u)
= (W*7(1 - ¢*(u) + b () "' Agp(u)= Ap(u)k'” (u). (40)
Consider u € [b*, 6" 7). First, we get with (34)
(w7 (1~ 2 () + 02797 () " > (77 (w7 + 1)) 7 2 b7 (2u%0) 1 > Ly
Second, we have
Avp(u) = (b~ u) — (0T lu) > ¢ if we bl bHE]. (42)
Putting (40), (41) and (42) together, we obtain

8@ (W) > S5 forallue [bf,b”ﬂ and all £> 1.

¢
2



12 M. Griebel, C. Rieger and B. Zwicknagl

Furthermore, note that ¢(u) — ¢(bu) > 0 for all u € RT since ¢p(u) = 1 > ¢(bu) if u < 1, and
¢(bu) = 0 if w > 1, and thus, s > c1 Finally, to show (39), we observe that by Lemma

1 since ¢(0) = 1, we have

e bt

Zb_zggs(e;a)(u) _ k(a)¢(u) + Zb—zoe ((b—zu)zU(l ~ $* () + b20(1—2)¢2(u))*1 Arb(u)

£=0 =1

=k w) > Arp(u) = k7 (u),

£=0

Next, we aim to show that the Besov spaces 185 o(M; D) are reproducing kernel Hilbert spaces if
the index o is sufficiently large. We recall that K(%) : M x M — R is called reproducing kernel for

92(M;D) if K9 (x,-) € B 5(M;D) for all 2 € M and f(z) = (f,K(”) (z, .))B" ) forallz € M
2,2 5

and all f € BS 5(M; D) holds. A necessary condition is that point evaluations are continuous linear
functionals on BS 5(M; D). Recall that, for classical Sobolev spaces W27 () on Lipschitz domains
2 c RY, the Sobolev embedding theorem guarantees continuous point evaluations if o > %, see
[1]. In our abstract setting, we do not have a natural meaning of dimensionality, but, as already
mentioned, the number d in (8) plays the role of space dimension. Moreover the parameter o > 0
resembles the smoothness parameter of classical Sobolev spaces. Roughly speaking, the larger o,
the smoother the respective kernel, and thus the smaller the reproducing kernel Hilbert space. Here
small is meant in terms of embeddings, see [10].

In the following proposition, we show that the reproducing kernel possesses a multilevel decompo-
sition which in the sequel will be used to approximate the kernel. This is in the spirit of [7,8,18,
35,41,42]. In the following, we shall use 59 and k(%) introduced in Notation 3. Recall that we
denote the associated integral kernels by S(4?) and K7, respectively.

Proposition 2 Let ¢ > d/2 and let b > 1. Then, the Besov space B3 5 (M; D) with cut-off functions ¢

and 17) from Lemma 2 is a reproducing kernel Hilbert space with kernel

K9 (2,y) =Y 67278 (2,) = K7 (2,y). (43)
=0

Proof By [10, Proposition 6.7], we have the same embedding properties as for usual Besov spaces,
namely By (M;D) C Bjlg,(M;D) if 1 < p < p1 <00,0<qg< g1 <00,0<0 <01 <0
and %—% = %—p%. In particular, for p = ¢ =2, p1 = ¢1 = oo and o1 :U—% > 0, we obtain
BS 5(M; D) C B3, 00(M; D). Furthermore, by [10, Proposition 6.4(b)], we have B3 o (M; D) C Lip o1
for 0 < o1 < ay with ay from (14), where, for L > 0, Lip L denotes the space of functions
[ for which [|f|poo(a1,du) + SUPz2y % is finite. Since we also have the trivial embedding
By 4(M;D) C By 4(M;D) if < o, we deduce that BS ,(M;D) C Lipo; for some 0 < o1 < ag.
Hence point evaluations are well-defined on BS 5(M; D). We show the reproducing property

(K (z,-), sy cupy = f(&)  forall ze€ M andall fe€B3s(M;D). (44)
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For that, we compute for f € BS 5(M; D) and = € M, using the notation introduced in (17)
(K(z,), F)Bg (D)

= ($WD)K P (@,), (VD). ) + i v (B0~ VDK (), (" VD)1,

(=1

- (/M‘is(y,-)K(”)(wvy) du(y),é(\/ﬁ)f) +

L2(M:dp)

L2(M;dp) L2(M;dp)

+ZW (/#1095 o) o) 67V )

L2(M;dp)

/K<°>(:cy / (VD) f(2)®(y, 2) du(z) duly)+

+Z 20 /M K () /M PO VD) F(2) Ty (y, 2) dpa(z) dps(y)

<K(")(x ), sz"f( \F)) ) . (45)

L2(M;dp)

— (K@@, (30/))"7)

L2(M;dp)
Next, recall at this point that S is as usual the integral kernel associated to the operator

569 (VD) = g9 (b=%/D) Ayp(v/D). If we denote the integral kernels associated to g4 (b=¢v/D)
and A;¢(v/D) by Gl(fjf) and A,P, respectively, we obtain

/M S (@) (4) duly) = 8“7 (VD) f(2) = 9“7 (VD) Ap(VD) f ()
=g(&”)(b_é\/5)/ A0B(z,y) f(y) du(y)
_ / Gz, 2) / A2 ) () duly) d(2),
M M

that is,
S (g, y) = / G’(z U) (z,2)ApD(2,y) du(z). (46)

Inserting this representation into (45), we obtain using (35)

(KOG 1), = (Zb%s“’)(x,y), <a><¢73>>2f+2b2"j<«z<bf’x/ﬁ»?f)
o L2(Msdp)

=0 j=1

Zb‘“ / G572, 2) (2, ) dp(2), <k<°'><ﬁ>>>-1f)

L2 (M;dp)

> S D) Al ) <k<”>(¢5>>‘1f>
L2 (M;dp)

S b0 (VD)) + b2 VD) A, ), (k“’)(@))‘lf)

L2 (M;dp)

£=0 £=0

k7 (VD) Ad(z, ), (k<0>(¢5))‘1f> = (Z Ay®P(z,-), f) = f(x), (47)
L2(M;du) L2(M;du)
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where the last step follows from Lemma 1 and Remark 2 (ii), see [10, Cor. 3.9]. The second equality
in (43) follows from (39). O

So far, we have identified the reproducing kernel K(?)(z,y) for the Hilbert space B3 5(M; D). In
the remaining sections, we shall focus on kernel-based approximation schemes based on these re-
producing kernels.

4 Sampling inequalities

In this section, we prove sampling inequalities. They provide a systemic tool for the deterministic
error analysis of stable and consistent processes for the reconstruction of functions f € By ,(M;D)
from given point values at discrete locations X C M, as outlined in the introduction. We will
present two approaches. First, we consider maximal §-nets as sampling points which allows in
special cases also for estimates if y(M) = oo (see Corollary 1). Then, we specialize to the case
of finite volume and derive estimates in the L°(M;du)-norm using a norming set approach. The
latter technique allows for more general scattered sampling points. Note that we derive sampling
inequalities for general spaces By ,(M;D) which can be continuously embedded into the space of
bounded continuous functions, while in the applications we focus on kernel-based methods, and
hence on Hilbert spaces BS 5(M; D).

4.1 Sampling inequalities based on maximal §-nets

To describe appropriate sampling points, we use the notion of maximal nets (see [10, Definition
2.4]). Let § > 0. A discrete (possibly infinite) set X C M is called d-net on M if gx > §, where
= inf , 48
ax = nf _ p(enm) (48)
denotes the separation distance of X. A §-net X is called a maximal é-net on M if it cannot be
enlarged, i.e., if for every z € M \ X there is an z, € X such that p(zn,2) < §. Note, that in this
case
hx ar = sup inf p(z,zn) <, (49)
’ z€M Tn eX
where hx ps denotes the fill distance of X in M. We use the following result from [10, Proposition
2.5]. Under the assumptions on (M, u,p) outlined in Section 2, for every é > 0, there exists a
maximal §-net X5, which consists of at most countably many points. Furthermore, there exists a
family of pairwise disjoint, measurable sets Ay, ©n € X5, such that M = | Ap, and B(zn, g) C
Apn C B(xn,d).
It turns out that maximal nets are norming sets for the spectral spaces (29). Precisely, we have the
following result from [10, Theorem 4.2].

,€Xs

Theorem 2 Let 0 <y < 1 be such that, with the constants o and C1 from (14), there holds
1

C1 (2d+1) 2241 = 5 (50)

For R>b set 6 := % and consider a mazimal 6-net X5 C M with associated disjoint cover {An},, exs-

Then, for every fr € EﬁJ Rl with 1 < p < oo, we have
1/p
1
3 IRl Lo (i) < Z 1(An) | fr(zn)[” < 2([fRll Lo (at;ap) (51)
T, €Xs
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and for p = 0o, we get

1
5 IRl Lo () = sup |fr(zn)l < 201 fRll Lo (arap) - (52)
Tn

8
Our main contribution in this section is the following sampling inequality.

Theorem 3 Let (M) < oo and 0 < v < 1 be such that condition (50) holds. Let r,p € [1,00],
q € (0,00, and o > max {d (1/p— 1r),, d/r}, where (z)4 := max{z, 0} for x € R. Then there is a
constant ¢ > 0 with the following property: For every § € (0,7/b] and for every mazimal §-net Xs with
associated disjoint partition An of M, xn € X5, we have for all f € BY 4(M;D)

1/p

Ty <5a—d(1/7’—1/2‘7)+ + 5a_d/7~) 1£ll55 , arimy +2 > u(An) |f(@n)lP . (53)
zn€Xs

where we set (ZzneXa w(Ap) |f(xn)|p)l/p = Ssup,, cx, |f(zn)] if p = oo.

Proof We note that, by [10, Proposition 6.7], BF ,(M;D) C B%, oo (M; D) with 7 = o —d/r > 0, and
thus, by [10, Proposition 6.4(b)], every element of By ;(M;D) has a continuous representative, cf.
also the proof of Theorem 2. Therefore, the last term in (53) is well-defined. We proceed similarly
to the proof of classical sampling inequalities (see, e.g., [18,40,59]). Set R := v/§ > b. Let f €
B o(M;D) and fgr € E[%,R] be arbitrary. Then, for every maximal §-net X5 with associated partition
An, zn € X5, we have for p < co by (51) and with }_, v pu(An) = pu(M),

11 poariaey < 1F = Frllzoqarap + 15l Loaran

1/p
< = frllpooaraw +2 | D #(An) |fr(@a)l”
T €X5
1/p 1/p
< = frllroraw +2 | D #(An) [f(@n) = fr(zn)l” +2 D0 ulAn) |f @)l
n€Xs Tn€Xs
1/p
<Nf = frllLeaan + 2u(M) /P || — TRl oo (ayap) T2 Z 1(An) | f (zn) P : (54)
Tn€Xs
and similarly, using (52),
Il noe (Mydpy < BILf — fRIlLoo (M) + 2 sup |f (zn)]. (55)
Tn€Xs

We will show in Theorem 4 below that for every admissible p, r, ¢ and o, there is C' > 0 such that
for every f € B ,(M; D), we have

inf [|f = frllLr (Map) < CRd(l/r_l/p)+_a||fHB$q(M;D): (56)
REX[ R ’
which finishes the proof. O

Remark 4 Note that for p = oo, we obtain in Theorem 4 the anticipated optimal rate! §d/r=o,

L For p # oo, the convergence rate is d4/7~7 instead of the anticipated rate §4(1/r=1/P)+ =0 where ()4 =
max{xz,0} (cf. [59] for the case of classical Sobolev spaces). This is most likely due to the fact that we work with
the global estimates (51) and (52) instead of local estimates on a cover (see also [40,59]).
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Corollary 1 In the case p = oo, we can skip the assumption p(M) < oo in Theorem 8 and we get that
there is a constant ¢ > 0 with the following property: For every § € (0,7/b] and for every mazimal 6-net
X5 with associated disjoint partition An of M, xn € X5, we have for all f € BY 4(M;D)

d o .
G, AP o sup |f (). (57)

11l oo (arsapy < 87
Lo (Mdp) S

It remains to prove the best approximation error estimate (56). The following theorem generalizes
results from [10, Theorem 3.15].

Theorem 4 Let R > b > 1. Suppose that 1 < r,p < 00, 0 < g < oo and o > d(1/p— 1/r),, where
again (x)4+ = max{x,0}. If r < p, then there is a constant ¢ > 0 such that for every f € By ; (M;D)
. d(1/r— _
inf |If = gllpr(aryap) < R /=1 D=7 | £l g, (M;D) - (58)
9€X00, ) ne
If u(M) < oo, then for all 1 < p,r < co (not necessarily r < p), there is a constant such that for every
feBly(M;D)
. d(1/r—1 -
inf N = 9llpoarian < RV fllge i) - (59)
9<=(0,R]
Proof We follow the lines of the proof of [10, Theorem 3.15]. Here we employ different truncation
functions ¢ and 1, which yield an equivalent norm to the Besov norm corresponding to the re-
producing kernel K@), Precisely, let ¢ € A(b,c1,c2), and set 1 := A¢. Then ¢ and 9 satisfy the
assumptions of Definition 2, and (¢, 1)) form a partition of unity. Now choose Lg € N, such that
pLrtl < R < pLRT2 Note that this is possible since B > b. Then by Lemma 1, we have for all
f € LP(M;dp)

Lg
d(VD)f+> (b~ VD) f = ¢p(b” VD) f € I pniny € Zho -
/=1

Since ¥ (b~‘VD)f € Z‘fo per1py We have by (27) and (30)

inf |If = gllpr (arsan) <
gezﬁ),R] P(M;dp)

< > [ewvay]

Lgr
- (¢(\/5)f + Z«p(b—f@)f)

{=1

Lp(M;dp)

ST @) g VD) fll L (arsap

<
{=Lgr+1 Lr(Msdp) {=Lr+1
o0
= opLrtDAA/r=1/p) 7 ytd(1/r=1/p) Hw(b7<e+LR+1>\/5)f) '
= L7 (M;dp)

Note that, since ¢ > 0,

q q

v VD)

> 7|y (5" VD) |

Lr(Midp) —

oo
q > b1t
‘|f“3g,q(M;D) =z C; L (M;dp)

for every m € N. Thus, we can further estimate (recall that b*2+1 < R)

oo
inf (1S = 9ll o ardp < opLr+1)d(1/r=1/p) Zbfd(l/T*I/P)b*0(€+LR+1)Hf”B

2 J(M;D)
9€ (0, R) —0 !

oo
< pLr+1)(d(1/r—=1/p)=0) Hf”Bg‘q(M;D) be(d(l/rfl/m*ff) < CRA(/r=1/p)=c HfHBg)q(M;D) . (60)
£=0
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where the geometric series converges because of the condition o > d (1/r — 1/p). This concludes the
proof of (58).

If w(M) < oo and r > p, we proceed similarly to the proof of [10, Proposition 3.20]. We use Holder’s
inequality (1/p=1/r+ (r —p)/(pr)) to obtain for every £ € N

Hd)(b%\/ﬁ)f] < Hw(b*‘\/ﬁ) f( (M) (=P (#7)

LT (M;dp)
—£
=Cb "7 ||fHBg’q(M;D) )

and similarly for ¢. This estimate replaces the Nikloskii-type inequality (30) in (60), and the rest
of the proof follows as above. ]

Lr(M;dp)

4.2 L°°(M;du)-estimates for the case u(M) < oo

We now follow the lines of [59,18] and derive a generalized polynomial reproduction, where the
spectral spaces ZEBO) R] play the role of the classical polynomial spaces. To prove reproduction for-
mulas, we use norming sets (see [23,57]), and proceed along the lines of [57] (see also [58]). In the
case u(M) < oo, we will always work with finite discrete point sets Xy C M. To stress this fact,
we will indicate the number of points with a subscript N € N.

Propositign 3 There is a constant C > 0 such that for all finite sets Xy = {z1,...,zny} C M with
hxym <Cand all R < C/hxy wm, the sampling operator T : EF(?,R] —RY, f = (f(Xy)) is injective,
and | T < 2, where EﬁiR] and RXN are equipped with the sup-norms.

Proof Let f € X5 g with || f|| Lo (ar;du) = 1. Then, there exists x* € M such that |f(z*)] > 3/4. We

need to show that there exists z, € X with |f(zn)| > 1/2. By definition of the fill distance, there
exists zn € X such that p(zn,2") < hx, o. We get from (31) that

|f (@) = fzn)| < C(Rhxy M) < CC% < 1/4,
where ag is from (14) and the last inequality holds if C > 0 is chosen small enough. Therefore,
[f(@n)| 2 |f (@) = [f(2") = f(zn)| 2 3/4 = 1/4 =1/2.
This concludes the argument. O
Furthermore, we will use the following result, which is a special case of [58, Theorem 3.4].

Theorem 5 Suppose V' is a finite dimensional normed linear space and let {z1,...,zN} be such that

T:V >R, v (v(@1),...,v(zn))T is injective. Then, for every o € V* there exists a vector u € RY
N

such that ¢ (v) =

e unv(zn) for every v € V, and ||ullgn= < |||y«

-1
T ||T(V)—>V'
Combining Theorem 5 and Proposition 3 gives the following result.

Proposition 4 There is a constant C > 0 such that for all point sets Xy = {x1,..., 2Ny} C M with
hxy M < C, there exist an : M — R, n=1,..., N such that for R< C/hxy m

(i) ZTZLI an (x) fr (xn) = fr () for allx € M and all fg € E[(EiR]; and
(i) ZT]:]:I lan ()] <2 for allz € M.

With Proposition 4 at hand, we can proceed essentially verbatim along the lines of the proof of
Theorem 3 and obtain finally the following result.

Theorem 6 Let 1 < p<o0,0<qg< o0 ando >d/p. There are C, hg > 0 with the following property:
For every set Xy = {x1,...,2n} C M with hx n < ho, we have for all f € BS ,(M; D)

o—d/p
Il £l oo (A5 < C (hXN){\ngHngq(M;’D) + ||f|XN||£oo<XN)) :
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5 Truncation of the kernel

In this section, we derive several technical estimates concerning the approximation of the kernel
K@), Here, we closely follow [8]. The estimates are practically relevant, since linear combinations
of truncated kernels lie in finite dimensional spectral spaces. Elements of spectral spaces will take
the role of polynomials in classical analysis for Sobolev spaces on Euclidean domains. Furthermore,
from now on we assume sup,¢ s u(B(z,7)) < C(r) for all » > 0. Note that this is trivially true if
p(M) < oo.

Lemma 4 There is C > 0 such that for all N, £ € N, all Xy = {z1,..., 2Ny} C M, and alla1,...,an €
R,

N
|55 156
n=1

N
< C’H K (2, ‘
Lp(Msdy) — ;a" (@n,)

Le(M;dp)

Proof Recall from (40) that b~27s) (u) = Ay (u)k'?) (u). Hence,
b= 2708 (L 2) = App(VD)K' (-, 2) for all z € M.

Thus, by the triangle inequality and (26), we obtain

N N
Z anb72afs(f;0) (', xn) < Aﬂﬁ(ﬁ) Z CLnK(U) (., xn)
n=1 Lp(M;dp) n=1 Lp(M;dp)
N N
<2 sup |[p(0vD) Y anK 7 (;,xn) <20 (3 anK (-, an)
0<ost n=1 Le(M;dp) n=1 Lo (M;dp)
This concludes the argument. m]

Now, we use the following notation. For X = {z1,...,2xy} C M, z € M and k € Ny, we set

Ak(m) = B (=, (k+1)qXN)\B(x’quN)7 (61)

where ¢x, denotes the separation distance of Xy as defined in (48). We need a combinatorial
estimate that we briefly discuss. Note that in the special case of quasi-uniform point sets in RY,
there is a constant C' > 0 such that for all X C ]Rd, every k € N and every x € ]Rd, we have

#(Xn N Ag(z)) < Ok

In the general setting, we have by (8) and (11) for all X C M, every k € Ng, every z € M and
every xp € Xy N Ag(z)

(B, (k+2)axy)) < 2%k +2)0 (B(z,ax, /2) < 2% (k+2)* (1+ 20(z0, ) /ax,) 1 (B(wn,ax /2)
< 2%k + 2)% 1 (B(zn, qx 5 /2)) -
Furthermore, by definition of the separation distance gx,, , we have B(zn,qx, /2)NB(2m, gx 5 /2) =

0 if zn # xm € Xy. Thus, since B(zn,qx,/2) C B(z, (k+ 2)gx, ) for every zn € Ai(z), we have
the rough estimate

N(B('Tv (k+2)QXN)) > Z M(B(xTMQXN/Q))
Tn €EXNNAL ()

> 274 (k4 2) 2 (Ba, (k + 2)axy ) #(Xn N Ag(2)),
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which implies that
#(Xn N Ag) < 2%k +2)% (62)

In particular, there is some 7 > 2d + 4, which depends only on d such that there is a constant
C1 > 0 with

(oo}
ST# (XN NA(@)kYPTT <y forallz e M and all Xy C M. (63)
k=1

Next, we will need the following auxiliary lemma, which is in the spirit of [8, Proposition 4.2].

Lemma 5 Let b > 1, 7 > 2d + 4 be such that (63) holds, and let e € G(b). There are constants C,
C1 > 0 such that, for all X C M, all 6 < min{l, ¢x,} and all x € M, we have for the associated
integral kernel Es the estimates

S Es(zza)| < CIB(2,8) (axy /O, and
zn€EX N
p(z,mn)>qx

> IBs(xan)| < CIB(x,0) 7" (64)
znEX N
p(T,2n)<qx

The constant C' depends only on the parameters of the space, the constant cr from (24), and the constant

Cy from (63).

Proof We show the two inequalities separately. For all Xy C M, all x € M and all § < min{gx,, 1},
we have by (24), (63) and since d/2 —7<2d—7 <0

Yo Bs@a) | <CB@oT Y (L+p(wen) )T

Tp,€EXN TnE€XN
p(2,n) 2qx 5 plz.an)>ax

<CB@H)Y. Y (1+(k:qXN)/6)d/27T

k=1z,€Ax

_ d/2—T1 e _, _ _r
<CIB@ o) (axy/0) D # (XN AR S COLIB (@,0) 7 (axy /)T
k=1

To show the second assertion, we note first that by (62) with £k = 0 we have
#XNNB(z,qxy) <2°"  forall ze€ M andall Xy cC M. (65)

Thus, we obtain by (24) and (65)

d/2—

Y Bsa)|soaB@o Y (14 2Em) T
TpEXN Tn€XN
(%20 ) <qx 5 p(z,xn)<qx g

< Ou(B(2,6)) "' # (Xn N B(z,qxy)) < Cp (B (2,8) ",

which is exactly (64). O



20 M. Griebel, C. Rieger and B. Zwicknagl

For ge XP _ and Xy = {x1,...,2N} set

[0,R]
1/p
(Ziv—l lg (wn)l”) if 1 <p<oo,
HQHZP(XN) = - ) (66)

maxp—1, . n|g(zn)| if p=oo.
We will now, under suitable assumptions, derive explicit norm equivalence constants for || - ||¢»(x )
and || - || L»(ar;dp) oD Zﬁ) R]" The following lemma is in the spirit of [8, Theorem 4.3].
Lemma 6 Suppose that 1 <p < oo, R > 1, and let 7 > 2d 4+ 4 be such that (63) holds. Then there is
C > 0 such that, for all 6 <1, all g € E;[%AR/M and aoll X C M,

_ _\1/P )
) supyens (B (0,0) 77 (1 axu/0)*77) Vo ariay ¥ TSP <00,

191l oo (Azp0) if p=oo.
(67)

lgller(xy) < C(R

Proof We follow the lines of [8, Theorem 4.3]. Let e € C™ ([0,00)) with e|jg g = 1. Then g =
e(6v/D)g for all g € 2{6 R/8) and we thus get from Lemma 5

N
n=1
N

_ d/2—
< sup Z |Es(zn, I 9]l 1 (ar500) < € sup |B (y,0)] ! (1 + (ax /6)*? T) 9l Lt (at;dpe) -
yeEM yeM

N N
lgller ey = D lg @)l = 3 [e(6vD)g (an)

/M Es (zn,y) 9(y) du (y)'

n=1

Since Xy C M, we have ||gllge x5y < 19l oo (ar;q,)- The assertion then follows by Riesz-Thorin
interpolation. ]

Now we are in the position to show that the translates S(¢7) (-,zn) for points xn € Xy build
a weighted Riesz basis in LP (M;du). The following lemma is similar to a result from [22] which
holds for a less general class of compact metric measure spaces.
Lemma 7 Suppose that b > b3 with b > 1 from Remark 2 and let 1 < p,p’ < oo such that %—l— % =1.
There are constants ¢ ,¢,C > 0 and qo > 0 such that, for all N € N, all Xy C M with axy < qo, all
£ > logy, (c/q;(}v), alla=(a1,...,an)T € RN and all o > 0, there holds

’ N
1/p .
csup o (B (2,67°)) 7 | ans“?) () < Jlall )
zeM n=1 Lr(M;dp)
C . (B (a:n, Zf[)) i\f: §6o) ( ) (68)
< max —_— a ’ T ,
1=n=N gen p(B(z,b70)) VP | " ! LP(M;dy)

and similarly for p = co.

Proof We prove the two inequalities separately. Recall from (38) that s%7)(u) = w?) (b=%w).

Since wé”) = wl”) for all £ > 2 (see Lemma 3), we have by Lemma 5 with § = b~*

N
< llallgee (v sup > 18 (@, 20|

xe

N
> a8 ()
n=1

n=1

< lale sup (2 (207)) " (14 () 7). (09

Lo (M;dp)
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where C is independent of £. Furthermore, from (26) we get

<lalloy sup [ [87)(y.2)|duty)
LM (Msdp) veM I

N
> anS“ (- an)
n=1

= laller (n) 187 (VD) | oo 0y > oo sy < Cllaller (- (70)

Thus, combining (70) and (69), we obtain by Riesz-Thorin interpolation

i anSU7) (- 1) < sup p (B (x»b_e))il/p, <1 + (QXNbe)d(Qp,T/p,)) laller
n=1

Lo(Msdpy  CEM

_o\\ /P
<csup p (B (x,b )) lallep (vy-
xeM

This finishes the proof of the first inequality.
Since p(zn,Tm)>qx, for n # zm € Xy, we get with Lemma 5

<an (B (zmv)) " (axt) ()

N
> |87 (@)
n=1

n#m

Furthermore, Lemma 3 implies that s69) > e perasap, and we thus obtain from Remark 2 (note
that for go > 0 small enough, the assumptions are satisfied)

S(&U) (mM7xm) > Cl[bz)bus/ﬂ (wm7$m) :Cl[b"',b3/4~b@] ($m7$m)

—1
> Cl[ng").b[] (xm,xm) >Cu (B ($m7b_€)) . (72)
Inserting (72) into (71) yields for ¢ > log, (c’q%i)

N d/2—1

n=1

n#m

SN (g 2m) < %s“’?") (@ m) (73)

for some constant ¢’ > 0 independent of . We now proceed similarly to [8]. Consider the Gramian
matrix G := (5(55”) (:vmxm)) e RV*N  Note that G is a symmetric matrix and satisfies

n,m=1,....N
(see (73)) 201 [ (mm,mn)‘ < 1809 (21, 20 for all m = 1,... N. By (72) and (10) we have
n#m

-1
= 1 (4;0) > : ( ( —£ ))
A 1gH7111£NS (Tn,xn) > clél;lllélN w(B(zn,b ") > 0. (74)

Hence, it follows from [8, Proposition 6.1] that G is invertible, and

o~

<(1=1/2)0)71 for all 1 < p < oo. 75
EP(NMP(N)_(( /2)N) orall1<p<oo (75)
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We use (75) and (67) with R :=b and 6 := b to deduce for 1 < p < oo

N
> a7 zm)

n=1

lallp vy < G~ lew vy er ()

r(Xy)

ju (B (ycmbff)) T N .
< Cfg]\% 12}13'<XN (1 (B(:L’,b—é)))l/p (1 + (gxy0") 2 ) ;ans 9 (., @)

1 (57
<C NN )
ceN 1SnSN 11 (B (z,b-0)) 1/

N

Z anS(z;U)(~,mn)

n=1

Lp(M;dp)

The assertion follows similarly for p = co

Lp(M;dp)

0

Remark 5 Since by (10) and (8) we have p (B (y,r)) > erd for all y € M and all 0 < r < 7, we can

estimate the quantity on the right-hand side of (68) by

D)
sup max < C’bm/p max p (B (zn,b_z)) .

2eM1SnEN (1(B (z,b-0))) P 1<n<N

If additionally u (B (y,7)) < Cr? for all y € M and r > 0, then (68) reduces to

N
> a8 (am)

n=1

N

Z ans(f;a) (-, zn)

n=1

b~V < llallgp vy < cb v

Lr(M;dp)

Lp(M;dp)

Note that the condition £ > log;(c'qx, ) in Lemma 7 couples the truncation index L to the sampling
points X . Thus, we are in the position to analyze approximation schemes using the properly
truncated kernel. This is the first step towards a numerically feasible method for kernels that are

not given analytically but merely by an infinite series as in (1). Moreover, since the S'%

are

usually also not analytically given but must be approximated themselves, there is a second step
needed where a proper approximation of the truncated kernel is computed. This will be discussed
in Section 6. We now proceed along the general lines of [18,39]. We use the following short-hand

notation.

Notation 4 Foro >d/2, N, L € N, acRY, and Xy = {z1,...,oaN} C M set

N
Toaxy () == ZanK(”)(-,xn) Z Zb 2006(60) (L Y, and

n=1 n=1

N
H) )= 3 wasw = 2o (VD) K o),
n=1 n=1

where the last equation follows as in (47), i.e., using Lemma 1 in the last line, we have

Zb—Qaés(l o') Zb—20£ (¢; a')( —Ef)Azé( -’rn)

= ka D) A, ZAM) VD)K., z)
= ¢(b—L\F)K<J>(mn,~).

(76)
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Lemma 8 Suppose that b > bY/3 . Let 20 > d/p’, 1 <p<oo, and 0 <~ < 1. Then there are constants
C, qo > 0 such that for all discrete sets Xy = {z1,...,zny} C M with separation distance qx, < qo,

all L > C'log,, (Cq)_ﬁlv) and all a € RN, we have

(L)
‘IU@;XN _Ia;a;XN‘ Lp(Midp) — H UaXNHLP(M sdp) * (77)
Proof By definition, we have
( N oo
L) _ —20l o(b;0) (.
‘IU'§3-§XN 7IU;a;XN’ Lo (M;dup) o Zlan Z b 5 ( ’mn)
n= {=L+1 Lp(M;dp)
< Z b 20/ Z S(Z o)
an (- zn) (78)
(=L+1 LP(M;dup)

If we choose C' > ¢, we have by Lemma 7, for all £ > L + 1

o\~ ~ /
< C sup p (B(%b é)) laller vy < Cutrr llalles(ny, — (79)
xeM

N
> a8 ()
n=1

LPp(M;dp)

where in the last step we used (10) and (8) which imply that p (B(x, bfz)) > Cb~*. Using (79) to

further estimate (78), we obtain

Choose now £ € N such that log(c'qy ! ) < 7 < 2log,(c'qx. ). Note that this is possible if o is small
enough. Then we obtain by Lemmata 7 and 4, and Remark 5

(oo}

<C Z ple/r'=20)¢ lallew vy < o L(2o=d/v) lallge vy - (80)

IU§3§XN o‘ X v

7@ ’

Lr(M;dp)

laller () < CHP sup ,u( (1: b“f)) nSE ()
e Lp (M;dp)
~ _ || N
< cplalr sup p (B (w7 bfé))b%'f Z anK(g)(.’ )
reM n=1 L (M;dp)

< CQ;((2U+d/p) HIG;a;XN ”LP(M;du) (81)

since p (B(z, cqx,)) < C. Using this to further estimate (80), we obtain

if L > 2‘7+5//p, log,(Cqx ") and if go > 0 is chosen small enough. O

< cuHlan =20} =Cosain) |7

(L)
ICT;a;XN - IU;a;XN

Lo (Mdp) aXNHLP(M;d/L) < HZ"’%a%XNHLP(M;du)’
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5.1 Interpolation with truncated kernel

We now focus on the Hilbert space B3 o(M; D) and suppose that ¢ > d/2. We are interested in the
analysis of reconstruction methods based on truncated kernels. To this end, for given data f(zx)
at some scattered locations =, € Xy = {z1,...,2n§} C M, we consider trial spaces of the form (cf.
also (4))

,Cgéi = span {¢(b_L\/5)K(U)(~,mn) D Tn € XN} =span{K ") (z1,.), ..., KO (a2, )}. (82)

Note that truncated kernels of the form ¢(b_L+1\/5)K (@) are in general only positive semi-definite,
so that the existence of an interpolant from EE(LA), to arbitrary given data is not obvious.

Remark 6 Note that K(“%) is the reproducing kernel of (E[O,bL], (- ~)B202(M.D)).

We follow the general lines of [18] and first derive a lower bound on the truncation index L (de-
pending on the point set Xy ) such that, for arbitrary values, there always exists an interpolant
from ng). The following lemma corresponds to [18, Proposition 3.3], but in contrast to the situ-
ation considered there, we do not exploit orthogonality properties here. We will use the notation

introduced in (76).

Lemma 9 Suppose that b > b*/3. There are constants C' > 0, go > 0 and k > 1 such that, for all N,
LeN, dl Xy ={z1,...,o8} C M with gx, < qo and L > logb(Cq);le), and for all a € RN, we have

N
Izl (Bg ,(rrDyy < K Z|2[20 oL , for z == Z andz, (83)
’ ) 2
(E[O,bL]) n=1
where again || - H(Bg)Q(M;D))' denotes the dual norm.
L . _
Proof By Riesz’ representation theorem, we have ||2lz; (rpy = ||IU;3;XNHB;2(M;D) and fur-
thermore ||z| 52 , = ‘I((IL; x ‘ . To estimate the Besov-norms, we employ a
(0,6L] (22 L) AN |IBg ,(M;D)
[0,6L]

smoothness shift in the spirit of [8]. Precisely, we have (see the proof of Proposition 2)

N oo )
Hzg;a;XNHZgZ‘(M;D) = > anam <k<a>(x/73)2m¢(.,xn), Zmd&(-,xm))
' L2 (M;dp)

n,m=1 =0 =0
2

(84)

oo N
KOWDNS ALY an®( )
=0 n=1

L2(M;dp)
Note that we have by (34)
1
2V2

and thus there are constants c,, Cy > 0 such that c,k(%/? (u) < (k{7 (u))'/? < C,k("/?) (u) for all
u € [0,00). Thus, we can further estimate the left hand side in (84)

(W +1) < () V2(w) <67(u” +1)  for all u € [0, 00),

e} N 2

KO D) Y80 anblen, )

£=0 n

= ||z, (85)

L2(M;dp)

2 2
HIO;a;XNHBg’Z(M;D) ~ /2§a§XN||L2(M;dM) )
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where the notation ~ indicates that the two norms are equivalent with norm equivalence constants
that depend only on o and the parameters of the space. Similarly,

|

Therefore, to prove (83), it suffices to show that there is a constant & > 1 such that

o;a; XN o/2;a;X N

7L ‘

(L) ‘

Bg ,(M:dp) ‘ L2(Mdp)

~ || (L)
L PR o7 e (&)
By Lemma 8, we have (note that 2¢/2 > d/2 and L > logb(c/q)_(]lv))
(L) (L)
1o 2 ”L2(M;du) = 'I"/Q‘a;XN _IU/Q;a;XN‘ L2(M;dp) ”/Q;a;XN‘ L2(M;dp)
(L)
=7 HI"/Z?“;XN HL““(M;du) + ‘ Iff/?;a;XN‘ L2 (Midp)
with v € (0,1) from (77), and thus with % := ﬁ
= || 7 (L)
”I"/Q;a;XN HL?(M;du) SR ‘ 10/2;a%XN‘ L2(Msdp)
i.e., we obtain (86). This concludes the proof. O

Following [18], we now invoke an abstract result from [37, Proposition 3.1].

Proposition 5 Let Y be a Banach space, V C Y a subspace, and Z' a finite-dimensional subspace of
the dual space Y'. If for every 2’ € Z' and some 4 > 1 independent of 2’

HZIHJ)/ S’?||ZI|V| yro (87)

then, for any y € Y there exists v = v(y) € V such that v(y) interpolates y on Z', that is, 2’ (y) =
2 (v(y)) for all 2 € Z'. In addition v(y) approzimates y in the sense that

v(y) —ylly < (1+27)disty (y,V),
where disty (y, V) := infyey [y —vl|y.
We now apply Proposition 5 with
Y=B32(M;D), V=23X%, and 2 :={0, : zn€ Xy} (88)
and use Lemma 9 to obtain the following result.

Theorem 7 Suppose that b > b3, There are go > 0 and ¢ > 0 such that, for every N, L € N,
XNy ={z1,...,zn} C M with gx, < go and L > logb(c/q;(}\]), and for every f € B3 o(M; D), there is
an fr, € Z[zo,bL] satisfying

flan) = fr(zn) for allzn € XN, and ||f = fLllgg,(mpy < (14 27) distpg , (ar;m) (S, E[%J;L])
(89)

Note that the result states that there always exists an interpolant which is also a quasi-optimal
approximant. We can then follow the lines of [18, Theorem 4.1] and obtain that under the as-
sumptions of Theorem 7, there exists a quasi-optimal interpolant from EE(LA), Precisely, we have the
following result.
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Proposition 6 Suppose that b > b*/3. There exists C > 0 with the following property: Let qo > 0 and
¢ > 0 be as in Theorem 7. Then, for every N, L € N, Xy = {z1,..., 28} C M with gx, < qo and
L > logb(c/q;(zlv), and for every f € B3 5(M;D) there is a = (a1,.. Lan)T e RY such that I};;La);XN
satisfies

75 (zn) = f(zn) forallzn, € Xy and Hf — 7P ‘

oa; X N oa; XN

<C - o
Bg,z(M;D) - ||f||B2,2(M,'D)

Proof The proof follows as in [18, Theorem 4.1], and we recall it only for completeness. By Theorem
7, there exists fr € 2[20 b such that (89) holds. In particular, we can view the data f(zn) as

generated by fr. Thus, since K9 is the reproducing kernel of E[QO,bL], there exists a kernel based
interpolant ) such that

o;a; XN

TH)  (@n) = fr(zn) = f(zn) for all 2, € Xy, and HfL e ‘

oa; XN oa; XN

< o (MD)-
Bg (D) = IfLllBg ,(m;D)

The assertion then follows by triangle inequality since ||f—I‘(7,La),XN lBg a0y < If = fLllBg ,(M;D) +

L L
Ifz _I,g;a);XNHBg)Q(M;D) and ||fz _I,(;;;;XN‘|B;2(M;D) < Ifelisg,msmy < I = frllsg, sy +

I/1IBg ,(r15D)-
[}

5.2 Stability of kernel based methods

In this section we give two important stability properties for the approximation with trial spaces
Lx, - Both results can be seen as corollaries to Lemma 8 but are, in our opinion, interesting in
their own. The first one is a Bernstein estimate on the finite dimensional trial space Lx, . Such
estimates are crucial to the analysis of various kinds of unsymmetric reconstruction methods (see,
e.g., [45]). We continue to use the notation introduced in (76).

Proposition 7 Suppose that b > b*/3. There are constants qgo > 0 and C' > 0 such that, for all discrete
point sets Xy = {z1,...,an} C M with gx,, < qo and all a € RN, we have

”Io;a;XN HB;Z(M;D) < Caxy, HIv;a;XN HLQ(M;dp,) :

Proof We choose L > logb(c’q)_(llv). From (34) and (86), it follows that

(L)
HIU?a?XNHB;?(M;D) ~ ||ZU/2§3§XNHL2(M;(1;L) <C ’ IO'/Q;a;XN‘ L2(Mdp)
~ ||1d+D7/?)z) ) . 90
H( + M oaix L2(M;dp) (90)
On 2[20 bL]> there is an inverse estimate from [10, Theorem 3.13]. Precisely, it holds
2 L 2
JaasD )] <O Uy for all £ € S (91)
Since IgL; Xy € 2[20 pr) We obtain, inserting (91) into (90)
oL (L) oL
Hza;a;XN Hng(M;D) < Cb ‘IU§3§XN‘ L2(M;idp) < Cb HI”?Q”XN HL2(M;du)
< COgx% HI”%a%XNHL2(M;du) :

This concludes the proof. a
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The second result concerns lower bounds on the smallest eigenvalue of Gramian matrices K gg}i Xy =

(K(U)(xn,mm)) . Such bounds are of importance in practical considerations since the
n,m=1,...,
condition number of the Gramian matrix is mainly controlled by the smallest eigenvalue. Hence

lower bounds on the smallest eigenvalue imply upper bounds on the condition number of the
Gramian Kgg]\), X~

Proposition 8 Let ¢ > d/2. There are constants qo > 0 and C > 0 such that for all sets Xy =
{z1,...,2N} C M with gx, < qo, we have

Nmin (K ) 2 Ca. (92)
If u(B(y,r)) < Cr? for ally € M and all r > 0, then

—d
Amin (Kgflz,XN) > cqggN . (93)

Proof We closely follow the lines of [8, Theorem 4.5]. Note that we get from (85) that we have for
alla e RY

a’ (Kggji,XN) a= HIU;a;XN HZ;Q(M;D) 20 HIU/Q;a;XN ||2Lz(M;dM) :

Then, by Lemmata 4 and 7 with p =2 and ¢ ~ log(c’q;(zlv), we have using Cr? < uB (y,r) < C

N
2 —20¢ (:(a/2)
||I‘7/2535XNHL2(M;dp) > Cbh %7 Zans 71 (2, )
n=1 L2(M;dp)
W (B(xn, b_g))
> |lal|? b2 sup max —~———— 2
= llallezey €M 1Sn<N 4y (B (2,b-))"/?
—¢ d d
> HaHEQ(N)b (27+d) >Cax allon) (94)
This concludes the proof since
. (o) _ : T (o) 204+d

The proof of (93) works analogously, using in (94) the bound

w (B(xn, b_e))
sup max

~ ptd/2
PEMISMEN (B (2, b)) /2
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5.3 Relation to complexity estimates in statistical learning theory

At this point, let us recall the concept of a covering number from statistical learning theory [11,
Definition 3.1].

Definition 3 Let M be a metric space and n > 0. The n-covering number N'(M,n) is defined as

n
N(M,n) =min{ n € NU{oo} : there exists Y, = {y1,...,yn} C M such that U (yj.m

(95)
For a reproducing kernel Hilbert space Hg (M), we denote the norm-balls by
Bi(R) :={f € Hk(M) : |fll, <R} (96)

and we denote the embedding jx : Hix (M) — C(M). There is a result [62, Theorem 1] which
holds for M being a compact metric space and p a Borel measure on it and which states that for

0o<n< &
5) (7)

In ( (JK(BK(R)) 77)) < #Ynln <8HKHL“(MXM> #¥n H Vata ©2(N)—>(N) 1

where Y, C M with n € N is such that

||PK:Yn||Lw(M) < % (98)

Here, the quantity

Picy, (€)= min o, —g ag ()3 (99)

is the so called power function [49]. If unique interpolation with the kernel is possible, the optimal
functions ay(x) can be computed and are given by the cardinal functions. Since the quantity (99)
measures the interpolation error, we can invoke our sampling inequality to obtain with Theorem
6, Hix = BI2(M;D) and K = K9

—d/2
| Py, Loy S Chy 9 - (100)
Also by (92), we have
Kyt Nk (K3, ) < Cay2o ™
H YoYallp vy oy = "min AT Yo Ya ) = 20V

We assume quasi-uniformity, i.e., there is a constant ¢ < 1 such that chy, ar < qy;, < hy, s holds.
Here, we use the notation a = b to indicate that there are constants ¢, C > 0 such that ca < b < Ca

and similarly for 2. For any quasi-uniform set of points Y, such that hU %2 & LR, we have
—1/2 —d/2 n
Y H < v / = 2R’
# n Yn,Y ZZ(N)—>K2(N) YnaM Yva 02(N)—£2(N) Yy, M 2R

using #Y,, = h;dM. Hence, we get

1/2

R’

— 2 —1 —1
” v S (#Yn) H Y.V,

L2(N)—£2(N)
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Inserting this into the bound (97), we arrive at?

In (N (jK(BK(R))m)) <hy?yIn (h;f“]ff d’) < <§>23ddln (5> . (101)

6 Regularized reconstruction

From now on, we assume that u(M) < co. Since in this case the spectral spaces E[o ) A€ equivalent
for all 1 < p < oo, we skip the parameter p. We consider the reconstruction of functions f €
B3 2(M;D), o > d/2, from given data yn ~ f(xn) at discrete points Xy = {z1,...,2x} C M. An
approximant Q(yw‘;X”) is given as a minimizer of the smoothing-type functional from (2), i.e.,

Jyaixn  Zopr) 2 R Jyaxy (9 Z 4+ O‘||9HB“2(M;’D) (102)

with a regularization parameter o > 0. For the ease of notation, we restrict ourselves to the case
of exact data

yn = f(zn) forallm=1,...N. (103)

In this section, we follow the general lines of [45,46,59] but take into account also the difficulty
that the (truncated) kernel might be available only approximately. If the given data is corrupted
by some additive noise, one can use the same machinery outlined below to derive error estimates
which are explicit in terms of the noise (see [46]). Also, we restrict ourselves to the spline-smoothing
regularization but point out that various kinds of additional regularization terms can be treated
analogously (see [46,45]). For some results in this direction using weak data we refer to [45].

We shall show by a representer theorem that for L large enough, a minimizer §&®X~) of (2) can
be computed by solving a finite linear system which is built of translates of the truncated kernel.
Furthermore, a deterministic error analysis will be derived by means of the sampling inequalities
proven in Section 4. We first shall consider the (special) case of exact spectral projections, the case
of numerically computed, approximated eigenfunctions of D will be dealt with afterwards.

We consider the spectral spaces Y pz; (see (29)) as reproducing kernel Hilbert spaces. Precisely,
we denote the ordered eigenvalues of D by 0 < A1 < X2 < ... and the associated orthonormal
eigenfunctions go,(f;), m=1,...,dimV,, £ = 1,2,..., where V; denotes the eigenspace to A\;. On

Y0,p2], We have the norm (recall that supp (b~ c b1, b7], see Definition 2)

L oo dim(V)
e/
1£11Bg ,vip) = SN i (V) Y | o) fe Xpry-
£=0 =0 i=1
For o > d/2, the reproducing kernel of g ;.) can be expressed as
0 dim(Ve)
K7 (z,y) Zb-ws“ Day) =Y (K)o VM) Z @ ).

£=0 £=0

We are now in the position to give a representer theorem and a priori error estimates for minimizers
of (2).

2 There are also lower bounds for the covering number cf. [11, Theorem 5.21].
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Theorem 8 Let o > d/2. There are constants ¢’, C, ho > 0 such that, for all X = {x1,..., 2y} C M
with hx y m < ho, all L € N with L > log,, (c’q}i) and all f € BS 5(M;D), there exists a minimizer

G XN of (2) with data (103) such that
XN e gpan{ K@) (21,), ..., KO (ay, )} (104)
Furthermore, there is the a priori estimate

~y;; X d/2
Hf_g(yya’ N)HL‘X’(Mdu) = ( g"N{WJ”f) 1 llsg ,ar:m) - (105)

Proof By Theorem 7, there exists fr, € 2oL such that

fr(zn) = f(zn) for all z, € Xy, and \|fL||BGQ(MD) <C||f||8"2(M;D)~

Thus, we can view the data yn = f(zn) = fL(2n) to be generated by a function f, € Xy ,z1. By a
classical representer theorem (see, e.g., [50]) applied to the reproducing kernel Hilbert space X ;z],
there is a solution §™*XN) ¢ span{K(@) (zy,-),..., K@) (zx,)} to the optimization problem
(102). We furthermore get the following stability and consistency estimates: First, we have

5 (Vi X —
. < Jyjoi X (Q(y “ N)) <Jyaxy (fL) =@ ||fLH?ng(M;D) <a Hf||?3;_2(M;D) )
Bg ,(M;D) . ,

which shows that

1f = 4% lgg , aripy < Ifllsg, arim) + 118%™ sz, aripy < 201 fllsg ,(army- (106)
Second, we get similarly
ot 2 ~ n
 max|(f - gy (@, ‘ Z‘f(xn ) = 45N (2,)| 7 < Jyaxy (g(y’”"XN))

< Jyiaixy (fL) =a ||fL||BgWQ(M;D) <o ||f||B‘2’12(M;D) .

Therefore, we obtain by Theorem 6 the estimate
_ A(YWGXN)H <o (pe-d2 H _ A(y;a;XN)‘
Hf g Loo(Msdp) Xy |[F =9

o_d
< c (h’XN?M + \/a) ‘|f‘|Bg72(M;D) .

_ Ay;asXN) H
83,2<M;D>+H(f g Ny eoo(XN>>

]

The fact that the solution to a possibly infinite optimization problem is contained in a finite-
dimensional linear space is usually called representer theorem. Thus (104) is indeed a representer
theorem and hence a minimizer of (2) can be computed by solving the linear system with y =
flxy €RY

(K&, +ald)e= (107)

for the coefficient vector & of g Xn)(.) = Eﬁ;l enK @) (. z,). Here, an entry of the Gramian

matrix Kgg L;(N e RV*N s given by

dlm(Ve)

oo
L L ¢ ¢
(KggN,;(N)nm =K ) (zn, Tm) Z k(a)(v A)) Z AV Z <p§ )(xn)wl(- )(azm).
’ £=0

i=1
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To set up this matrix, one needs to compute the values ;) )(:cl) and M.

Unfortunately, the eigenfunctions ap( ) and eigenvalues )y, of D are typically not available in

analytically closed form, but can only be numerically computed up to some error. We therefore
(o,L)

assume that there are level dependent errors €y > 0 such that a corrupted kernel Kz is at hand,
for which
o0
‘(Kéa,L) _ K(U’L))(l'ny itm) < Z (k(U)( /)\Z))_l¢ (b—L /)‘Z) E% dlm(Vg),
£=0
for all n,m =1,..., N, where some prescribed accuracy emax is respected, i.e.,
Z (B (V) e (0 E/Ne)e? dim(Vy) < ema. (108)

Thus, instead of working with the practically unavailable optimal system (107), we compute an
approximant

Z

gé)I;a;XN)(,) Z (5) éU’L)(~,:L’n) (109)

with coefficients & € RY given as solution of

(K“’Lg) +aId) &(©) = (K<"L> +Rg+a1d) —y  with [(R)nm|<emaxs  (110)

where (K0 Jnm o= K (2n, 2m) for n,m =1...N and with y = f|x, € RV. We obtain the
following deterministic error estimate for this approximant.

Theorem 9 There is a constant C > 0 such that, for all sets Xy = {z1,...,zy} C M, all L >
log;, (Cq)_(zlv), all @« > Nemax and every f € BS 5(M;D), we have for géy;“?XW given by (109) and
(110) with data y € R given by (103)

~(y;a5X d/2
Hf*géya N)HLOO(M_d#) < ( g(N J/w +\/>) HfHBUQ(M;D)

1~ NZ%a72 1
+ €max | Na +OW ﬁ|‘f|XNH€2(XN)' (111)

Proof In view of Theorem 8, it suffices to estimate the error Hg}(y;a;XN) — géy;“?XN) H For

Lo (Md

that, we proceed in two steps and first estimate the error in the coefficients and deduce su(bseqlgently
the error in the function values. We employ the following classical result of perturbation theory
(see, e.g., [60]). Suppose that the matrix A € RV*¥ has full rank, and let 4 € RY*¥ be such that
HA_1||Z2(N)—>€2(N) H6A|‘ZZ(N)—)K2(N) < 1. For a given vector b € RN \ {O} let the vectors z, oz € RN
be such that Az =b and (A+ §A)(z + 6z) = b. Then

—1
6zl e cny  NA™ ooy sz vy 19412 () 22y

< . 112)
Izl vy = 1= 1A 2 (a2 vy 10AlLe2 (ay ez (v (

We apply this result with A := KgaL;(N + ald, §A := Re, 6z = & — &° and z = &. If we denote by

Amax(A) and Amin(A4) the largest and smallest eigenvalues of a matrix A, respectively, then

—1

-1 1 _
< (K0, +01d) < <a l,

K(U L+ aId) < <
H XN, XN )\min(KggNl:;(N) + o

£2(N)—£2(N)
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Since furthermore || Re|lp2(ny—y2(ny < Nemax, the condition HA71||Z2(N)*>‘€2(N)H(SAHZQ(N)*)z?(N) <1
is satisfied if Nemax < o. Hence by (112) and the definition of &, we obtain

-1
~(e) - _ Nemax ~
& = T 10zllee(vy < 7= Nz =T Nemoa—T l1€[l g2y
]\/vf‘:maxai1 ( (o,L) -1 Ngmaxa72
e (K@, +ald) _Yemax® (113
- 1- meaxa_l XN XN f|XN Z2(XN) —1- N€max01_1 ||f|XN||£2(XN) ( )
We now turn to the approximants and note that by the triangle inequality
N
(305 (305X R R L
I I ) Sl TR PILCI "
n=1 Loo(M;dp)
N
+> e (K(U’L)(~,xn) _ K€<U>L>(.,xn)> (114)
n=1 Lo (M;dp)

We estimate the two terms of the right hand side of (114) separately. First, by Holder’s inequality
and (113) we have

N
Z (67(16) N én) KéU’L)('7ZUn)
n=1

Loe (Mdp)

~(e) ~
Cn” —Cn

N
(oL) H
< K, .
= SN ‘ e Chzn) Loo (Mdp) Z

n=1
3 _
N2emaxa ™2
1 — Nemaxa™!

) (g0, 2)

e _¢ ax ‘K
£2(N) 1<n<N

<VN <C

||f|XN||€2(XN)’ (115)

and second,

e

n (KE(U’L)(',wn) _ K(U’L)(-,:rn))

Loo (Mdp)

< < VN |l g2 €max

M=

lén| max ‘KéU’L)(nﬂ?n)—K(U’L)('yﬂcn)H

el 1<n<N Lo (M;dp) -
-1
L -
<VN H (Kng}(N + aId) x| cmax < VNa Yemax [ flxy iy - (116)
£2(XN)

Putting together (114), (115) and (116) we obtain

3 -2
A<y;a;XN>_A(y;a;XN)H <o NZemaxa ™ & -1
g g Loo(Midp) — 1 — Nemaxa™? +VNa™ emax ”ﬂXNH@Z(XN) ’

and the assertion then follows by Theorem 8 since

Hf_géy;a;XN)H <

_ A(Y§04§XN)H
Lo (Midp) +r-a

Ay XN) Ay X ) H
ge

Lo (Mjdp) Loo (Msdp)

This concludes the proof. a
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Note that Theorem 9 provides an error estimate which is explicit in the problem parameters emax
and «. We shall now outline how to choose these parameters in order to ensure asymptotic conver-
gence®.

Corollary 2 Suppose that the assumptions of Theorem 9 are valid and suppose additionally that for
N = o0 it holds that 1/V/N |f|xxllez(x ) = 1flL2(as;ap) - If one chooses

5(c—d/2
o= p2o—d/2 hX(Z,M/ ) 1f1Ig ,(m;D)
= max — s
XM N2 | fllzz )
then )
~(y;05XN) —d/2
) e S A Pasy

6.1 Relation to error analysis for statistical regression theory

Here, we closely follow [51], see also [28] for recent applications of spherical needlet kernels in
learning theory. The problem can be formulated as follows: We are given a probability measure P
on M x R where M C R" is supposed to be a compact set and try to recover a function f: M — R
from its sampled values (z;,y;) € M x R for 1 <4 < N and x; # «; for i # j. Moreover, we assume
K to be the reproducing kernel of BS 5(M;D) for o > d/2. We define the expressions [51, Eq.s 2.1
& 2.2]

N
1
aﬂ:/ (f(@) — ) dP(e,y), &)= 5 D (fai) —w)°,
M xR i—1
which are called least squares error and empirical error. We denote their respective minimizers by
1@ = [ vdllo)
R

N
Iy xy = arg _min __ &(f) = Zyiawi,
f€ix (Br (R)) o

with the cardinal functions a., as in the definition of the power function (99). The fact that f* is
indeed minimizing the least squares problem follows from [11, Prop. 1.8], where for any f: M — R
being square-integrable the decomposition

ﬂﬁ=A”ﬂ@fF@»%M@+dF%

with p being the marginal measure on M is shown. Furthermore, we define the target function from
[51]

fR = ar min E(f)= inf E(f
gfem ) f€BK(R) ()

with B (R) from (96). We point out here, that both functions f* and Z, x, are not at our disposal.
The first one is the unknown global solution and the second one is not available since we cannot

3 For practical consideration other parameter choices could be more useful. We do not give the details here,
but leave those considerations to the reader since we work in a very general framework and hence do not have a
model for the numerical costs for realizing emax. In many specific application estimate for these cots are available
and can be employed in an exhaustive cost-benefit discussion.
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evaluate the kernel directly. We therefore use the function f]éy;a;XN ) as an approximation for the

latter. The aim is to give an upper bound of the error
NN 2 *
/ (7*@) =3 @) dule) / (£ (@) = Zy,xx (@) dia(a)
M M
A(y505XN) 2
+ [ (6N @) - Ty xy (@) dpla). (117)
M

The latter error is already bounded in Corollary 2 if M and p satisfy all conditions given there.
The first term is the usual error in statistical learning theory. It is decomposed into the sampling
error and the approximation error, i.e.,

/M (f*(2) = T, xy (2))* dulz) = E(T, xy) — E(f*)
= (e@x) @) + |

R * 2
(@) -1 @) du(a)
M
where the first summand, i.e., the content of the first bracket is called sampling error and the
second term is called approximation error (see [51]). Under the assumption that there is a constant

V > 0 such that |f(z) — y| <V, we have the bound [51, Eq. (2.6)]

Prob { (£(Zyxy) ~ E(XT)1xy)) <0} 2 1= N (i (B (R), 5k ) exp (‘2&%%)

2d
R\ %4 R Nn
>1-— 24V — In [ 24V — -
~ eXp(( V??) n( Vn)>eXp( 288V2>

for all n > 0, were we used (101) in the last step. For the approximation error, we can use the
following result from interpolation theory, [51, Thm. 3.1]: We have that L?(M;du) is a dense
subspace of B3 ,(M;D) such that ||f|lr2arauy < cllfllBg,u;p)- For 0 < 0 < 1 we assume f €

(LQ(M;dM),B%Q(M;D))e}OO. Then we have [51, Thm. 3.1]

. __6_
el o) M = lzarany < B0 (12 (aaiapy. B, (0110

0,00

By the equivalence of the Besov spaces B3 o(M; D) to the Bessel potential spaces dom(Id +vD)?%°
and [10, Proposition 6.2 & Theorem 3.16] we get (LQ(M; dp),B;/Qe(M;D))G ~ BS .(M; D). The
,00

final error bounds for (117) now stem from an optimization with respect to R, see [51] for an
example of such calculations. For the sake of brevity, we do not give the lengthy computations
here.

7 Concluding remarks

We derived an explicit representation of the reproducing kernel for Besov spaces in the abstract
framework of metric measure spaces, see Proposition 2. As fundamental step towards a priori error
estimates for reconstruction schemes in such Besov spaces we proved sampling inequalities, see
Theorem 6. Such sampling inequalities quantify the observation that a reconstruction scheme with
small residuals has small global error as long as it is stable in the Besov space norm. In order to
design numerically feasible approximation schemes, we discussed the truncation of the infinite series
representation of the kernel in Theorem 7. We gave an explicit condition to couple the truncation
parameters to the discrete point set which guarantees well-posedness and quasi-optimality of the
reconstruction process. Furthermore, sampling inequalities lead also to a priori error estimates for
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regularized reconstruction schemes, see Theorem 9. The resulting error bounds are explicit in the
regularization parameters, the discretization error and the modeling error, and therefore allow for a
balancing these terms. Finally, we explained how the well-established machinery of error estimates
for statistical learning can be applied here.

Appendix

In this appendix, we give an explicit bound on the constant b of Remark 2 for the Euclidean space
R?, where we closely follow the lines of the proof of the statement in [10, Lemma 3.19]. We recall
the general strategy first, and then perform the necessary estimates in our setting. For measurable
sets 2 C RY, we set |£2] := p(£2). In this case, (8) and (9) hold with 8 =d, i.e.,

0 < |B(z,2t)] = 2¢|B(z,t)]  forall zecR?  andall ¢>0.

Furthermore,
_ (wt)¥/? 1 T
Bl = g gy o pe(e9) = s o (e =/ (40))
Consequently,
pila,a) = (amt) ™2 = LB Vi),

C24d0(d/2 4+ 1)
and in particular, if 1 denotes the characteristic function,
e

< N —2 = = -1 -1 .
1[077-](\/5)(511,$)76 pr—2(x, ) de(d/2+1)\B(x,T )| forall 7>0 (118)

It is shown in [10, Lemma 3.19] that for 7 > 0 and r € N, we can set 7v/t = 2" such that

2~ I od 2k okd
W c —2 C4Z€Xp(—2 )2 S 1[017-](1',$),
k>r
holds, where the constants c4 := m =: ec’ can be obtained from (118). Hence, to make the
lower bound positive, we need to choose r € N large enough such that
exp(—1) > > exp(—2%¥)2". (119)
k>r

Once we have an appropriate r € N at hand, we follow the argument in [10] and set (see [10, (3.44)])

27" 2\ oy (k+1)d
== |1- —2°)2 >0
T dr(dj2 1 1) D exp(=27) ’
k>r
and choose a ¢ > 0 large enough such that
0 < c32% — ¢y (120)

Then, following the proof of [10, Lemma 3.19], we may set b := 2°.

Lemma 10 If we choose r(d) € N as the smallest integer such that

7 din(2) +1
() 2 519 ln< 21n(2) ) ’

then (119) holds.
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Proof We determine r € N such that

exp(—2%2F)2k+Dd =k forall k>, (121)
since then
Z exp(—22k)2kd < Z exp(—k) = exp(—(r+1))/(1 — e_l) < 2exp(—(r+1))
k>r k>r
< 2exp(—2). (122)

To determine r := r(d) such that (121) holds, we set
hg(z) := —exp(2zIn(2)) + d(z + 1) In(2) + =.
Then hj(z) = —21In(2) exp(2z1n(2)) + dIn(2) + 1, and, since hy(z) — —oco as z — +oo, hg has a

unique global maximum at
1 (dn@)+1
" 2In(2) 21n(2) '

Note that hy(Z) > 0. Therefore, we look for r > Z such that hy(r) < 0, and then (121) follows. We
make the ansatz r =: sZ with s > 1, and use the abbreviation ag := dIn(2) and b := 21n(2). Then

N 1\° 1
hd(sm):_(“d: ) +§1m<“db+ )(ad—i—l)—l—ad. (123)

Ifd=1,...,10, it suffices to choose s = 6. If d > 10, we set

Fa(s) i= — (“d:1)5+ (“d:” (51n<“d:1) +b) > ha(si).

Now we set | & 2In(d/2)
+ 2In(d
s(d) :== max{Q, 2 — 1 } )

and estimate very roughly as follows: Since In(24t) < 24tl and b < 2241 we have

h(s) < — <adb+1>2 [— <ad:1>32+s+2

since by the choice of s,

<0,

ag+1 s+1 _ In(s+2)
> > > .
ln( 5 )_ln(d/?)_s_z_ po—
Note that for d > 10, s(d) is monotonically decreasing. Therefore, s(d) < s(10) < 7, and with
r(d) > 7z the assertion follows. O

We now turn to (121) and use r as obtained in Lemma 10. By (122), it suffices to choose £ > 0 such
that

gdf=r(d) (1 _ g) > e,

which holds for )
1[3—1In(e” —2)

> | 2
£> pi m(2) +r(d)

In particular ¢ — 0 as d — oo, and thus b — 1.
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