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This paper discusses the error and cost aspects of ill-posed integral equations when given discrete noisy
point evaluations on a fine grid. Standard solution methods usually employ discretization schemes that
are directly induced by the measurement points. Thus, they may scale unfavorably with the number of
evaluation points, which can result in computational inefficiency. To address this issue, we propose an
algorithm that achieves the same level of accuracy while significantly reducing computational costs. Our
approach involves an initial averaging procedure to sparsify the underlying grid. To keep the exposition
simple, we focus on regularization via the truncated singular value decomposition of one-dimensional
ill-posed integral equations that have sufficient smoothness. However, the approach can be generalized to
other popular regularization methods and more complicated two- and three-dimensional problems with
appropriate modifications.
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1. Introduction

This article discusses integral equations. Examples for their application include various types of
tomography, such as x-ray, electrical impedance, or magnetic resonance tomography in medical
contexts. In geophysical applications and the oil industry, seismic waves are used to detect underground
structures, resulting in an inverse problem. Additional examples are the determination of the implicit
volatility that drives stock prices in financial mathematics or the identification of the atmospheric state
required for weather predictions. In many cases, the desired object of determination is the distribution
of a physical parameter, such as density, conductivity, or volatility, for spatially extended objects
that are described by numerous variables. Therefore, the discretization of the integral equation often
results in a high number of measured data and degrees of freedom, making the cost of approximative
solution algorithms a significant factor. The integral equation must be solved for a function that is not
directly accessible but is measured in some way. Measurement models distinguishes between linear
information, where Fourier modes or similar functionals of the data are accessible, and point-wise
(standard) information, where only point evaluations of the data are available. This article focuses
on point-wise information. Finding an appropriate discretization scheme can be challenging and often
requires additional a priori information about the problem and the unknown solution. If the required
information is unavailable, a common approach is to use the measurement grid as the discretization
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grid. The main idea of this article is to decrease the size of such an initially given fine discretization by
averaging. Averaging data is a common engineering practice with many applications, see [21]. It has
been successfully applied in the closely related field of numerical differentiation by finite differences, as
shown in [1]. Numerical differentiation is often a good starting point for understanding new approaches
to inverse problems, as it captures essential features and challenges while being analytically simple, see
[11]. We first introduce our new numerical method for such a model differentiation problem. Unlike
[1], we address the problem directly within the framework of regularization theory, which enables the
use of various regularization schemes and generalizes to integral equations. Additionally, we focus in
this article solely on the one-dimensional case. This allows us to present the fundamental concepts and
specific properties of our method in a clear and concise manner, without the complications that arise
from a higher-dimensional setting. However, as we will discuss in the final section of this article, our
approach can be applied to a wider range of problems.

This paper is structured as follows: Section 2 describes the general problem, while Section 3
introduces our novel approach and presents the main results. Specifically, we demonstrate that the
optimal error rate can be achieved with significantly reduced cost complexity. We first illustrate this
property using a simple example, for which we explicitly know the singular value decomposition
of the discretized integral operator. Then, the method is extended to more general settings where
additionally quadrature methods are employed to compute the approximations. The subject of adaptive
regularization is also discussed. Section 4 presents numerical experiments, while Section 5 provides an
outlook on how to generalize the results in various ways. The proofs of our findings are presented in
detail in the appendix.

2. The setting

We will first formulate and analyze our approach for the exemplary integral equation

Kf=g, 2.1
where
1
8 = (KN = [ ks )ar, 2
with the integral kernel
K(x,y) :==min (x(1 —y),y(1 —x)). (2.3)

The rule (2.2) defines a compact operator K : L>(0,1) — L?(0,1). Obviously, this operator K is not
surjective, since g = Kf is differentiable for any f € L>(0,1). We furthermore assume that the exact
g is corrupted by (irregular) measurement noise. More precisely, we deal with the associated inverse
problem of reconstructing f € L*(0, 1) from noisy point evaluations of g. These m € N evaluations are
taken on a set of points &, € (0,1),/ =1,...,m, and are given by

(&)1, = (8(&m) +62)))" eR™, 2.4)

where ¢ = K f is the exact (unknown) data, 6 > 0 is the noise level and Z; are i.i.d random variables that
are unbiased (E[Z;] = 0) with unit variance E[Z?] = 1. Moreover, the continuity of k implies that K f is
continuous for all f € LZ(O, 1), which justifies the use of point evaluations. For simplicity, we assume
that the evaluation points are uniformly distributed for this example, i.e., &, :=1/(m+ 1), and thus
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form a uniform grid. The central task is now to solve the equation (2.1) from the noisy point evaluations
of g. This can be formulated as follows:

Given noisy measurements g,‘?, € R™, find (approximate) f.

This is a classic example of an inverse problem. A characteristic challenge of inverse problems is that
they are often ill-posed in the Hadamard sense: A problem is said to be well-posed when it admits a
unique solution that is continuously dependent on the input data, and it is said to be ill-posed when it is
not well-posed. The above infinite dimensional equation (2.1) is ill-posed. While it can be shown that K
is injective, the domain of its inverse K~ is strictly less than L2 (0, 1) (since K is not surjective), which
implies that K —1 is not continuous on its domain. Since we have to solve (2.1) from noisy data, this
non-continuity of K~ ! implies that standard inversion methods are not feasible here, and we have to use
additional regularization. Furthermore, we need to discretize. To construct an approximation for f, we
proceed as follows: The measurement grid naturally induces a semi-discrete model of K, which we will
denote by Kj,,. It is defined as

Kn:L*(0,1) - R™ (2.5)
m

£ (D@ = ( [ KEmss) 26)

=1

This gives us the semi-discrete equation (with noisy measurements)

85 =Knf 2.7)

which we have to solve. Obviously, even though K is injective, the semi-discrete operator K, is not, i.e.
solving (2.7) in all of L?(0, 1) is not sufficient to uniquely specify the solution. A natural further choice
is to pick from the set of solutions of (2.7) the element of minimal norm. This is equivalent to restricting
the solution space to A4 (K,)* = Z(K) C L*(0,1). Note that for this specific setting, K, has full rank
and thus dim.#"(K,,)* = m. Now the ill-posedness of the infinite-dimensional operator K is inherited
by the semi-discrete operator K, in the sense that it is highly ill-conditioned. Thus, one has to resort
to regularization methods, such as Tikhonov regularization, Landweber iteration, or spectral cut-off
techniques. There is a large body of literature devoted to the treatment of the semi-discrete equation
(2.7), see [3, 4, 19, 24, 25], where various a priori and adaptive a posteriori regularization methods are
discussed.

In this paper, as a new contribution, we establish data compression as a means to reduce complexity,
where we exploit the random cancellation of the averaged initial data. We also propose a new analysis
of the discretization error, which is shown to be an improvement in certain cases, see Remark 1 below.
Finally, we give rigorous error bounds for an approach based on a design matrix containing only point
evaluations instead of integrals of the kernel k. In this article we concentrate on spectral cut-off, but our
results could be generalized to other methods as well, see Section 5 .

Spectral cut-off is based on the singular value decomposition of K, which we denote by
(VjmsUjm, Ojm) j<m. The singular values (0ju)j<m form a positive decreasing sequence Gi, > ...
Omm > 0 and the singular functions (v ) j<m and vectors (u») j<m are orthonormal bases in A" (K, )+
L%(0,1) and R"™, respectively. In addition, the following two relations hold:

>
C

*
Kmij = OjmUjm and Kmujm = OjmVjm,
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for all j = 1,...,m, where K : R™ — L2(0,1) is the adjoint operator implicitly given by the relation
(fsEKnA)20,1) = (Knf, A)mm, for f € L*(0,1) and A € R™. We emphasize here that, while every
compact operator between Hilbert spaces has a singular value decomposition, the concrete singular
values and vectors (or functions) for a particular setting are rarely known and usually have to be
somehow numerically approximated. The specific setting we consider in the first part of this paper
is exceptional in the sense that we can derive the singular value decomposition explicitly. In the second
part of this article we study more general integral equations in Section 3.2 where we have to rely on
numerical approximation methods.

Based on the singular value decomposition we now define an approximation to the unknown f via
spectral cut-off by

k (o0 4.
f]fm — Z (gm,;t-]m)Rm ij7 (28)
j=1 Jm

where k = 0,...,m is the truncation index which has to be chosen depending on the measurement gf,
and the noise level § > 0. To determine the singular value decomposition needed for f,fm we rely on a
result from [17]. There it was shown that the singular value decomposition of the semi-discrete operator
K 1 L2(0,1) — R™ is closely related to the eigenvalue decomposition of a representation matrix. In
fact, recall that we restricted the search space for the solution of (2.7) to .4 (K,,)*. This space is
finite-dimensional and has the form

JV(Km)l = {iaﬂ((élm,') g eR)= 1,...,m}. 2.9)
=1

The basis functions k(&;,,-) are exactly the Riesz representers of the bounded linear functionals
f = (Kf)(&m), since (Kf)(&m) = (f,&(Em,-)). Now, expressing the action of K, in the basis
{x(&m,-),l =1,...,m} yields

K <i alK(élmv )> =
=1

f K(éli’my) K(élm,y)dy
oy .. =Tho,

T\ (&) K (Emyy)dy

(ngE

[

with the matrix 7;,, € R™*™ where

Ty = ([ K(Em k(G @10

ij
T . .
and the vector a = (061 Otm) . Note that due to the special form of the kernel x we can explicitly
evaluate the entries of the matrix 7,,. Furthermore, 7, is symmetric by construction. The following
relationship between the eigenvalue decomposition of 7, and the singular value decomposition of K,
is shown in [17]:

Proposition 1 Let (lj,n,wjm);f’zl with Ay > ... > Ayun > 0 denote the eigenvalue decomposition of
T, ie T, = WmAmW,,{ , Where wjy, indicates the j-th column of W, and Ay, is diagonal with the j-th
diagonal entry Ajm. Then, for the singular value decomposition of K, it holds that

m

1
Ojm = \/ )ija Ujm = W jm, vjm(') = 0'7 Z(ij)lK(élma ')7

Jm =1
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where (Wjp); is the I-th component of the vector w j,.

Consequently, expressing the estimator f,fm in the basis {x(&,,,-),l = 1,...,m} and using
Proposition 1, we get
m k 1)
. EmsWjm )Rm
=Y, 0k(Em,)  with o =oy(k,m,8) =Y %(wm);. (2.11)
I=1 j=1 jm

We note that if A, > 0 for all j < m, then Proposition 1 actually holds for any continuous kernel k and
not just for our specific choice of (2.3). The first main contribution of this article is the derivation of a
precise bound for the error || f,fm — £l in particular regarding its dependence on the initial measurement
grid. This analysis relies critically on the fact that for our setting we have explicit representations of the
singular value decompositions of both K and K,,. Thus we deduce that the regularized approximation
(2.8) to the solution of the continuous integral equation (2.1) from noisy point evaluations (2.4) can
be constructed as follows: Determine the k leading eigenvalues and vectors of the matrix 7, from
(2.10) and use them to compute the coefficients of f,fm in the basis {k (&, <), I =1,...,m} via (2.11).
The concrete choice and the effect of the truncation index k will be discussed below. First, we will
analyze the accuracy of f,fm in (2.8). Then, in the next section, we will present our new modified
approach based on averaging, which achieves the same order of accuracy. The main advantage of our
new modified approach is that it is based on the matrix 7,,, in (2.10) for m, less than m, which reduces
the computational costs significantly.

We will now look at the accuracy of f,fm in more detail. First, our preliminary example with the
kernel (2.3) is particularly simple. Here we can not only compute the eigenvalue decomposition of
the continuous operator K*K (see [5], p.371/373), but also explicitly determine 7,, and the eigenvalue
decomposition of K K,,,, which allows us to compute the error || f,fm — f]| exactly. We take the following
result from [17]:

Lemma 2 The singular values and left singular vectors of K from (2.1) are

oj=(mj)  vjlx)=V2sin(jnx), jeN.

The singular values and left singular vectors of K, are

Ojm = ! 1—%sin2 (ﬂr)
" 4(m+1)3/2sin? (L)) 3 2(m+1)

2(m+1

and

Zsm (jm&m) K(Emyx)

jm =

Vjm(x) = CESE 1)

with j=1,....m

In order to derive explicit error bounds for f,fm for the given kernel (2.3), one must impose certain
smoothness conditions on f. Usually one assumes that f belongs to some unknown source set 2 , of
the form

Zip = {@(K'K)h = he 12(0,1), W] <p} = {2% ) (hovj)v; < he L2(0,1), [l Sp}
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and (1) := 13, where s, p > 0 are unknown parameters. For functions in Z;, we can indeed give
quantitative estimates for the approximation error. We do this in Section 3.1 and discuss their relation to
Sobolev smoothness. To determine the estimator f,fm, we must first choose the truncation index k < m.
The optimal choice for k minimizes the expected distance to f € Z,, and gives the error

5 2 & s 252 2
err@msp)i= i swp Bl — P = () 0O eah @

e Zsp

where A, denotes the discretization error ||f —P g 1 fll, and Py g 11 L2(0,1) — A (Ky)* is the
projection onto the ansatz space, see (2.9). Note here that the k that minimizes (2.12) depends on the
smoothness parameters s and p, which are usually unknown. Finally, note that the first term in (2.12) is
an universal optimal error bound. This means that no reconstruction method can yield a smaller error
over Z; , uniformly, at least if one ignores the multiplicative constant. This was proved for example
in [23], where an asymptotically statistically equivalent functional white noise model (with variance
8% /m) is considered. In this model one starts from noisy linear functionals of the exact data instead of
noisy point evaluations, which allows a discretization-free analysis.

The remainder of the article is structured as follows: In Section 3.1 we will introduce our new
method and show that it attains the same error rate (2.12). Then, in Section 3.2, the method is extended
to general integral equations, discretized by means of a quadrature rule. In Section 3.3 we discuss an
adaptive choice for determining the optimal k using only the noisy point evaluations and the noise level
0. The theoretical results are supported by numerical experiments in Section 4. Finally, the formal
proofs are given in the appendix.

3. Main results

In this section we introduce our approach in more detail and state the main error bounds. We first
consider the special case given in (2.3) and then extend to general Fredholm equations.

3.1. Results for the kernel with known spectral decomposition

For the kernel given in (2.3), we have the following simple relation between the abstract smoothness
defined by the source set .2, and the classical smoothness, see Proposition 3.9 in [17]: For f € Z;p,
if s > %, then f is differentiable and if s > %, then f is twice differentiable. Thus, to derive our main
error estimates, we assume in this section that

feZ, with s>3/4. 3.1)

Note at this point that this is a substantial prerequisite for f, which allows us to derive simple bounds
on the discretization error quantifying how well the unknown f can be approximated in .4 (K,,)".

The main idea of our method is that the initial discretization given by the m noisy point evaluations
may be unnecessarily fine relative to the data noise d and the unknown solution f. To this end, El| f,gm -

f]|? is split into three terms, first a data propagation error coming from the noise on the point evaluations,
then an approximation error of the projected unknown solution, and finally a discretization error. While
the first two terms depend, among other things, on the level of truncation k, the last term depends only
on the parameter of the discretization dimension m. Roughly speaking, if for the minimizing k the first
two terms dominate the last term, then we see that the initial discretization based on the design matrix
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of size m x m was unnecessarily large. Let us be more precise: With f, := Z;f’zl( f,Vjm)Vvjm denoting
the projection of f onto .4 (K,,)", the error decomposition is

m

%) k gmaujm) k
fk,m*f Z i Z faVJm Vim — Z (fanm)ijJFfm*f
j=

Ojm

ko (e8 — K, f.u oL
=3 M — Y (fovimim+ fu— 1, (3.2)
j=1 Gjm Jj=k+1

since (f,vjm) = (f, G/jnl Krtjm) = Gfml (K f,ujm). From orthogonality we have

k 1 m
ENR,—fIP1=8"Y —+ ¥ (frvim)*+ I fm—FI (3.3)
J=1%)m  j=k+1

and with the source condition (3.1) and Lemma 2 we obtain the explicit upper bound

Elf2, - £IP) < ( 52 4 k4p? +”f'”2> G

for the error, where C > 0 is a constant. This will be shown in the proof of Theorem 3 below. It will
moreover be shown there that essentially the right-hand side is also a lower bound in many cases, up to
a constant factor.

Remark 1 Note that if f is twice differentiable, which is the case for example when s > %, we can

11|12 2
replace % by Hf ”H , see [17]. An often used alternative decomposition of the error, applicable in
general situations, "see e. g. [24], is based on operator monotone functions [22]. Due to the Llpschltz
continuity of X, one can show that ||(m+ 1)~ (K’ K,,) — K*K|| < m~'. Then, for f = (K*K)2h, with
he L?(0,1) and ||h|| < p, s <2, the terms = Y1 (Fsvjm)Vim + fmn — [ in (3.2) are replaced by

m % K;;le % . N
,j%—l m+1 R,V im ij+(1 Pspdn(vlm ..... Vkm)) mr1 h—(K*K)2h |,

with the corresponding (quadratic) upper bound

2% *p? 42 (| (m+1) KK — KK ) || < 2k *p? +-m~*p.

In our case, the discretization error is of order m™2||f||* for % < s < 1, and of order m™*||f"||? for
% < s <2, which is clearly an improvement.

In our error bound (3.4) we can identify the variance, also called the data propagation error, and the
bias part, consisting of an approximation error and a discretization error. As k increases, the first term
increases while the second term decreases. As m increases, the first and third terms decrease.

As explained above, our approach is based on the observation that k only affects the first two terms
in the error decomposition. It is easy to see that the minimizing k roughly balances the first two terms
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(and thus satisfies kT4 < mé—p;). If the contribution of the third term (the discretization error) is much
smaller, then the initial discretization dimension m (for the design matrix), i.e. the number of point
evaluations, was unnecessarily high. Thus, there is hope to somehow reduce m without spoiling the
overall error rate. But directly reducing the parameter m (which would mean simply discarding some
of the measurements) increases the first and third terms (with the effect being more pronounced for the
third term).

Instead, our proposed strategy is based on averaging certain components of the measured data,
which can keep the size of the first two terms constant while decreasing m. The idea of averaging
point evaluations from a fine grid to obtain (approximations of) point evaluations on a coarser grid is
borrowed from the recent preprints [15, 18], where a combination of a data-driven regularization method
and an adaptive choice of the discretization dimension, called discretization-adaptive regularization
[14, 16], was numerically tested and performed well. In the present article we shed light on this observed
phenomenon and give a rigorous justification. The reasoning is that if not too many components are
averaged, then due to the smoothness of the uncorrupted data g, a reduction of the stochastic noise on
the point evaluations is obtained. Of course, this depends on the concrete relationship between &,m and
the unknown data g.

We explore this approach explicitly. To do so, we define for o € N, so that m, :=m/o € N, the
averaged data

o

1)
2, = (47:1(gm)<i—1>o+j) € R™o,
¢ i=1,....m,

Similarly, we define our averaged spectral cut-off estimator as

k (56 . m,
—0 (g Ujm, ) o _
Sm, = Z w"jma — Z ark(Emy,-)
j=1 JNto =1
with
k (75 .
— 8o s Wim, JRmo
o) = al(k7m75) = Z %(ijo)l.
JMo

J=1

We briefly mention here that the calculation of the averaged data grSn,, costs m operations (regardless of
the value of 0), since each entry of the initial data g,‘; is touched once. This is cheap compared to the
cost we face when we have to approximate 7,, and its eigenvalue decomposition for general kernels in
the next section. We define the minimax error of the averaged estimator as

. —6
min sup E[ ., —f]>.

ﬁ(5amms’p) =
k=0,....mo fe 77, ,

The following theorem tells us how much data we can average without spoiling the overall error rate.
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Theorem 3 For

1)82
Omsp = {OEN : 0§max< (er2),1>, mEN} 3.5
8, 0 o
and m, =m/0,0 € Oy, 5 5, there holds
c-err(0,m,s,p) <err(8,my,s,p) <C-err(d,m,s,p) (3.6)
with constants
16 PR 15m+8
= n = .
TR Gr 1) 16

Clearly, one is in particular interested in determing the largest number in O,,, 5 ,, which we call o,
for brevity. Note that finding this number is a problem in practice, since p is typically unknown. As
demonstrated and explained below in the numerical part in Section 4, an alternative reasonable choice

1
252\ 3
for 0, would be to replace (m:l) with ((mﬁ;ﬁzs )3 in (3.5). Here, to determine ||g’|| is an inverse

problem itself, but a fairly simple one.

3.2. Extension to general Fredholm integral equations

We now explain how our approach can be applied to various Fredholm integral equations. Consider the
general integral equation
Kf=g, (3.7

where
) = (KN = [ xe) s 39

The integral kernel k is assumed to be two times differentiable. The adjoint of K is given as (K*g)(y) =
fol k(x,y)g(x)dx. Again, discretization on a grid given by the points &y, ..., & yields a semi-discrete
operator, which we normalize this time. We then have

K, :L*(0,1) = R™ (3.9)
1 m
[EEN 2 (K ) = — /K s d
£ (m @) = o= ([ K@ row)
We emphasize that, in general, we now can no longer evaluate the integrals exactly. Instead, we use
midpoint collocation as a quadrature rule, i.e. we have weights g, = ... = ¢yum = m~' and knots

Eim =21, j=1,...,m. We define A,, € R"™™ by (A,),; = q,m;c(g,m,gjm) = Lic(&m,Ejm). This
method is taken from the popular open source toolbox [12] and is used in the numerical examples in the
following section.! The midpoint collocation method has degree of exactness one, which implies that
for any h € €2(]0, 1]), there holds

| JECEEWIENIE

Therefore, we make the following assumption about the smoothness of the integral kernel «k :

1 (|2
=24 m2

! Clearly, the results can be generalized to more general quadrature rules. In that case the normalization of K, should be adapted.
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Assumption 1 K, has full rank and x € ¢(]0,1]?) with

Ck := sup max |8)’C’8}’,‘,K(x,y)|. (3.10)
xy nn'<2
n+n'<2

Similarly to the design matrix 7, from the previous section, we set

1 m
(Sn)ijmr = (/ K (x, Enm) K (x, g,-m)dx> e R, (3.11)

ij=1
Then there holds

(A,Y;Am)ij - (Sm),‘j = % (;g’c(élmvéim)’((glmaéjm) - / K‘(x, gim)K(Jﬂ éjm)dx> =0 (}/;3) .

In light of the above results, we base our approximation on the discrete singular value decomposition
of A, € R™™ (which is effectively the eigenvalue decomposition of A;,Am =~ S,,), which we denote by
(z ima W jm, 6jm). Note that unlike in the previous section, where we could give closed form expressions
for the eigenvalues and eigenvectors of 7,, here we have to rely on numerical algorithms that only
approximate the singular value decomposition of A,,. Since there are algorithms that approximate the
singular value decomposition to machine precision, we will not distinguish between the exact singular
value decomposition of A,, and its numerically approximated counterpart. However, we will discuss the
computational cost of the numerical approximation in detail below. For &;,, > 0 we define

. Ry
in() 1= G LR )ix(Gom ) € L(0,1), (3.12)

which approximates the singular function v, of the semi-discrete operator (3.9) (for j small enough).
We mention here that, in contrast to the exact singular functions vj,, the functions ¥;, form an

orthonormal basis only approximately and for j small, see Lemma 6 below. We now use (3.12) to
denote our (discrete) spectral cutoff estimator for the unknown f as

k 5 .~

rd Em>sWim)Rm

Ro=Y M"jm, (3.13)
j=1 jm

under the condition that &, > 0 for j = 1,...,k. We later show that this condition is fulfilled for &
sufficiently small compared to m. Similar to the previous section, expressing the estimator f,fm in the
basis {k(&;, ), [ =1,...,m} yields

=5 m. . ~ ~ . (ggwwjm) ~
Row=Y ok(&m,)  with 8 :=ay(k,m,8) =Y =), (3.14)
=1 j=1 MCjm

Before analyzing the accuracy of the estimator fk‘sm we discuss its computational cost. If the k leading

singular values and vectors of A,, can be derived explicitly, the k quantities (g5, jm)Rm (mc?jzm), with
Jj=1,...,k, cost 2m+ 1 operations each, and the m coefficients &, with [ = 1,...,m, cost m(2k — 1)
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operations altogether. Next, we discuss the cost of computing the leading singular values and vectors
of A, numerically. Highly stable and accurate methods for doing this transform the matrix A,, first
into a tridiagonal matrix, then compute the full singular value decomposition of this matrix, and finally
keep only the leading k values and vectors, see e.g. [6]. These algorithms typically require &(m?)
operations and are therefore very expensive. Since we are only interested in the k leading values and
vectors, it is natural to consider methods that determine them directly. Typically, these methods are
much cheaper, but also less accurate. We discuss some of them in the following. If matrix-vector
multiplications can be computed quickly, Krylov subspace methods such as the Lanczos or Arnoldi
algorithm are commonly used. However, summarizing the computational costs with corresponding
accuracy guarantees is challenging because these methods are inherently numerically unstable. The
specific costs depend heavily on the matrix properties and the effort spent to stabilize the routines. For
more information, we refer to the survey article [10]. As a (usually overly optimistic) rule of thumb, the
typical cost of such methods is proportional to k<C™!* 4- mk?, where C™ !t denotes the cost of an exact
or at least approximate matrix-vector multiplication with the initial matrix A,,. Apart from the setting
with sparse matrix A,,, fast multipole expansions [7] or H (and H?) matrix arithmetic [9] can reduce
C™! to the order of log(m)m or even m. However, this requires the kernel to be asymptotically smooth.
Also, as mentioned above, additional work is required to stabilize the resulting methods, and exact
error guarantees are rare. Therefore, we focus our discussion on the use of provably stable two-step
procedures to determine the truncated spectral decomposition, see [10] and [20] for overviews. These
procedures work as follows: First, an approximate basis of size n < m for the range of A,, is computed

(n)

and used to determine a rank-n approximation of A,,, which we call A,
value decomposition of this approximation Aﬁ,'f) is computed by established methods [6] and the leading
k values and vectors are used to approximate &j, and W, for j = 1,...,k. To do this, the auxiliary
parameter n must be chosen much larger than the target rank k to ensure that the leading & singular values
and vectors of A,(,',l ) approximate the leading eigenvalues and vectors of A,, with sufficient accuracy, see
(3.15) below?. Several methods are available to perform the first step, e.g. based on rank-revealing QR
decompositions [8], random projections [27], or cross/skeleton approximations [2, 28]. Using rank-
revealing QR-pivoting or random projections for the first step requires roughly nm? operations. In
the case of the cross/skeleton approximation, this can be reduced to &(nm), but it requires that the

integral kernel be approximately smooth. The second step, the determination of the full singular value

. Second, the full singular

decomposition of Ag: ), costs &'(n*m) and thus the total cost is of the order of & (nCm —|—mn2), where
G, depends on the approximation approach and the regularity property of the specific kernel. Overall,
depending on the actual kernel k, the computational cost for (2.11) is somewhere between n’m and
nm?®. This brings us to the choice of n. Let w3y and &3""* denote the j-th singular value and right

singular vector of AY  and let f,f_ PPIY and aappm" € R™ be defined as in (3.14). Theorem 4.2 from
[13] shows that for k not too large

H T = 7t _v (”A—A()”> , (3.15)
|72 i

m

2 We emphasize that this is in sharp contrast to many classical settings where the goal is simply to find a near-optimal rank-k
approximation of A,,. Here typically n = k+ p where p is a small oversampling parameter.
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Furthermore, for the two-step procedure, the total approximation error is usually about®
Aw =AY || = € (VAm&, 1) - (3.16)

~ ~ 1
Thus the value n must be chosen such that at least 6,11, = & (szm (mn)’f). For example, suppose*

~ . . . . = . . ~ ~ _1
szm: Jj~¢ with ¢ > 1. Approximating f,fm up to the relative error € requires Gy41m = 8szm(nm) z,

L . 2 _ 2 1 4 4, 2 2 2 5y 1
which implies n ~ ka-Te ¢ Tma-T. Therefore, between ki-T¢ ¢ Tm "¢ 1 and ke-Te a-Tm™ " a1

operations are necessary to determine f,fm up to the relative error €. Note that the optimal choice
for k that minimizes the error || f,fm — f]| will depend on m, the noise level 0, and the regularity of the
exact solution. In the following we will again investigate the impact of using averaging to deduce a
modified spectral cut-off estimator with reduced computational cost. The cost reduction is due to the
fact that the modified estimator is based on A,,, with m, < m. This clearly improves the computational
cost discussed in the above paragraph, since the averaging itself costs only m operations.

As a next main result, we compute the error of our estimator. For this purpose, the following
auxiliary lemma estimates the difference between the first m singular values o; of the continuous
operator K and the singular values G}, of the quadrature matrix A,,.

Lemmad Let (6y) j<m be the singular values of (Aw)ij<m = ~ k(&m, Ejm)- Then, it holds that
C2

2 = K
|07 =Gl < 3.5

forj=1, .. m.

Before formulating the main results of this paper, we introduce two important auxiliary lemmata.
The first relates approximate eigenvectors, i.e. vectors v satisfying ||[K*Kv — Av|| ~ 0 for some A > 0,
to exact ones.

Lemma 5 Let K : 2 — Z be compact and positive semi-definite with orthonormal eigenbasis
(vi)ien and corresponding eigenvalues (A;)icn. Now suppose there are v e Z and A, € > 0 such that

|[Kv—Av|| < €. Then we have
€

in|A;, —A| < —. 3.17
min|4; |‘||VH 3.17)
Furthermore, let I := argminjey |A; — A| and define ¢ := min;g; |4; — A|. Denote by Pv = Pyyanyy, - icryv
the orthogonal projection of v onto the span of {v; : i € I'}. Then either I =N and Pv =v, or ¢ > 0 and

we have )

E
VI = (v Pv) > V][ = = (3.18)

Note that due to compactness the identity / = N holds only if K = 0, in which case c is not properly
defined since N\ / is empty then. The next lemma shows that the constructed functions ¥, in (3.12),
based on the (discrete) singular vectors of A,,, are indeed approximate eigenfunctions of the continuous

3 Depending on the decay and gaps of the spectrum, in some cases the first factor can be reduced to logarithmic terms.
4 In contrast to the previous section, there is no substantial dependence on m, since K,,, and A,, are normalized here.
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operator K*K, if j is not too large. In order to handle a possible multiplicativity of the eigenvalues of
K, we introduce the functions Yy : N — N defined as y_(j) =min{i > 1 : 0; = 0;} and y, (j) =
max{i > 1 : 0; = 0;} and define

N 2 2 2 2
¢j=min (05, ()= Oy, (1205 ()1~ Ty (7)) (3.19)
with the convention that 6y = . We define
M; = 1+Hj.lgg<(llf+(j)*wf(j)) (3.20)

as the maximal multiplicity of the singular values up to index 7, and define

2C2  10MC3
Jni=max< j>1: 1>max K K ) forall i<y, (3.21)
3cim?’ cioim?

as the index up to which the approximation is valid (note that the second argument in max is usually
dominating, unless 6; > 1). It is J,, = w4 (j’) for some j/, and clearly, since ¢; < 6 G\%,+(i)+1 < G]2
and by Lemma 4, for j < J,,, we have

C2 Ci
K - 52 >

_ 1
3m? )

2|9,

=2 2 2
in>07—|65,— 07| > 07—
We also have the following result:

Lemma 6 Recall that (Am)ij = %K(éima'éjm) and ﬁjm = WZ?Q(ij)lK(élmw)y where

(Zjm, Wjm, Gjm) is the singular value decomposition of A,,. Then, for alli,j < J,,

C2
‘(ijﬂ/im) - 61/| = W (3.22)
and, for PV, = Pspan{vwi N }vjm, i.e. the projection of Vjy onto the span of vy,_(jy, ..., Vy, (j)» we
have
~ 2 ~ ~ ~ 2 Clé(
171”2 (Wjms PTjin) 2 [[Vjim]|” = Fotm (3.23)

We are now ready to give a bound on the total error. Compared to the specific setting considered
in Section 3.1 the estimates become more delicate. This is due to the following reasons: First, we
allow multiple eigenvalues, second, the approximated singular functions (3.12) are only approximately
orthonormal, and third, we can only control the approximate singular functions corresponding to low
frequency eigenvalues (relative to the noise level §%). Thus we decompose the error slightly differently:

k

=5 k gmawjm RmM 5 k gmaW]m)R - - - -
Fm=F=Y, N Z —\f(, Fjm+ Y, (f+jm = PV jm)jm
j=1 jm j=1 Jm j=1

k

k
Z f7Pij ij_PV/m) Z(f,Pij)Pij I (3.24)
Jj=1 Jj=1
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We bound the different terms in the following theorem.

Theorem 7 Under Assumption 1, for all k < J,, it holds that

JEIR, < 2 5 o
E|fon =112 < fovj
vm =y )
3
L (VG| e 20MC]
m?2 2 i<y (k) ciom

Let us comment on this result: We note that the structure of the error bound in Theorem 7 is different
from that in Theorem 3. In the latter case, by introducing a source condition on f (of sufficiently
high degree), the special setting allowed us to analyze the term ):’}’zk +1(f5vjm)Vvjm (since we explicitly
derived the singular functions of the semi-discrete operator), as well as the term ZT:1 (f,vim)Vim—f
(due to special properties of the approximation space spanned by the anchored kernel functions). In the
general setting of Theorem 7 this is not possible, and we base our analysis directly on the approximation
of the singular functions of the continuous operator by those of the semi-discrete operator. Since only
low-frequency singular vectors can be approximated with sufficient accuracy by the quadrature rule,
this gives the constraint k < J,,,. Note that the third term can be replaced with zero in case that there is a
spectral gap after oy, i.e. for W (k) = k. We now have the error for our estimator f,fm from (3.13) based

on the m initial measurements g,‘fl and the quadrature matrix A,, € R™*™. As in the previous section, we
identify a variance term, two approximation terms, and several terms due to discretization. Compared
to Theorem 3, however, the situation here is more delicate, since the discretization error now depends
on the truncation level k. This is due to the fact that now we have taken the error from the quadrature
rule into account. Nevertheless, we may still encounter the situation where the initial discretization was

too fine, in the sense that if we consider the k such that the (square root of the) varlance Yk i1 62

is balanced with the approximation error

3
. 20mG S|
i<y (k) CiOim
of smaller order’. Therefore, we again average the m initial measurements to obtain m, new

measurements, and base the estimator on the singular value decomposition (Zjm,,Wjm,,Gjm,) Of
Ap, € R0 and the ¥, from (3.12). So we consider the estimator

_ Uil = = _ k (gfna’wij)Rmo ~
fkmo = Z K(Emys)  where @y =ay(k,m,,8) =Y = —(Wjm,)1,  (3:25)
=1 j=1  MoGjm,

5> Note here that the restriction k < J,, might hinder the optimal (balancing) choice of k, in particular if M;, grows strongly.
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with averaged data
5 I\ (.5 "
g, =\ - € R™e,
8mo 0 ; (gm>o(j71)+i ,
Jj=1

As will be seen in the proofs, the main difference in the error analysis compared to the unaveraged
estimator fkm is the systematic data error introduced by averaging. In the special case with kernel
(2.3) treated in Section 3.1, this error was roughly ||g’||/m. Now we will obtain a faster decay of this
systematic component due to the additional smoothness assumptions for the kernel k and the special
geometry of the discretization grid. We have the following result:

Theorem 8 Foro e Nandm, = % € N, under Assumption 1, for all k < J,,, it holds that

18"l Ckllg" [l
12m2o; | 12y/6m3

(1+v2M) G || fl L V2GS g
)2
e ./:wk)(f’v]) ! g V3m} Z 1 ¢;07

20M;C3
M max Kufn
i<yi(k) CiOim

As above, the fifth term can be omitted in case that y. (k) = k. We compare our upper bound in
Theorem 8 for the averaged estimator with the upper bound in Theorem 7 for the non-averaged one.
First, we observe that for m,,k — oo there holds

lg"ll  Cxllg"[le-
12m3or -~ 12+/6m3

L V2GS y ! max 2OMCRISI

Vamd e 0'2 l<y/+() c;oym?

and if m, is not too small, we see that the upper bounds in Theorem 7 and Theorem 8 are asymptotically
the same. In principle, it should even be possible to obtain a stronger result here, comparable to Theorem
3. However, we leave this as future work, since clearly some additional restrictions are needed to obtain
an exact lower bound. Looking again at the example where 62 =j~4, we see that approximating f,fm to

1+

2 1
2 241 . .
a relatlve error of € > 0 is more expensive by a factor between o' ¢ T and 0" 7T than approximating

f km, to the same relative accuracy.
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3.3. Adaptivity

Finally, we consider the question of adaptivity, which concerns the concrete choice of the truncation
level k and the discretization dimension m,. Since properties of the unknown solution f, such as the
particular smoothness ¢, or the norm p of the source element, are usually unknown, strategies are
needed that depend only on the measurements g,‘z, and possibly on the noise level § > 0. Obviously,

.. . . . —6 . .
one is interested in adaptively finding k and m, such that the error ||f ,, — f|| reaches the infeasible

optimal choice argminy ||f,§m — f|l by at least a multiplicative factor, analogously for flimu and f,f_m.
A popular method to determine a regularization parameter in a data-driven manner is the discrepancy
principle. This principle follows the paradigm that the regularization parameter should be chosen such
that the residual norm of the candidate approximation is approximately of the same size as the data
error. In contrast to classical settings where the discretization dimension is fixed and usually only one
regularization parameter has to be chosen, here we need a strategy to determine both the truncation
level k and the dimension m,. In the following, we propose a modified discrepancy principle, which can
be seen as a multiscale method. For simplicity, we restrict ourselves to the case where m = a”* for some
a,n € N. The expected squared data error is

_ 5 - |? _ 2
E (125, ~ g ] = E 5, = | + 180, =50
Zl 2 Z;:]i(étm) _g(glmo)
. — 2 m, .
=&8E||| 118, = gmollzme = =787+ : . (3.26)
Zmu Rmo M _g(ém m ) R
o oo mo

and the residual norm is ||Ki, f1 ,, — gf,o ||rmo . First, note that for x(x,y) = min(x(1 —y),y(1 —x)) and
a uniform grid, we can compute the residual norm exactly as

mo

—0 s _$
HKnl()fk7m() - gm,; ||]%¥’"0 = Z (gm,; ) ujmo)ﬂz{mv .
j=k+1

It is monotonically decreasing in k and is zero for k = m,. The systematic error (the second term in
(3.26)) can be estimated as in (A.8) below, and we get

_ 2 o 2
- e < ——— .
[, = 8m o <~ ¢
Consequently, for x(x,y) = min(x(1 —y),y(1 —x)) discretized on a uniform grid, and fixed dimension

m, and parameter T > 1, we define the truncation level determined by the discrepancy principle as

S R . -6 =06 Hg/llz my o,
kdp(mg) ‘= minK k Z 0 : HKmek,ma —gmoHRmo S T T + 76 . (327)

0

This choice is intended to balance the residual norm and the (expected) data error. In the case of a
general kernel k (fulfilling Assumption 1) and the discretization by midpoint collocation we assume
that dim % (A,,,) = m,, which implies that (¥, ) ; forms an orthonormal basis of R™. Then we have

=6 k(80,5 W jm, JRmo
K =Y S T (Ko B, ),
( mofk.,m,,)i ]; \/m—oajma ( mg /mo);
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g o ijg RMo 1 G
mwn*o N Z(Wf’"o)‘/ (St 3)K(Simg - ¥)dy
oV jmy (S L |

j=1
and if we also estimate the integral by the midpoint collocation quadrature, we get

my

(83 Wjm Jrme 1 W ]
NN ;(ijo) m, SZ K(Eimy > Esmy ) K (Simy > Esmy)

k
)3
j=1

k

g Wimy JRmo 1 38
= Z S IR Y g )5 G o) = Y (B W oo (g )i
jmg 0 =1 J=1

j=1

with quadrature error

k
Kmofk mo Z gmo ijo R™o (W]mo)l

gmo ijo e ZH(ijg)t [/ K(&imy»¥) K (Eimy, y)dy — — Z K (&tmy s Ssm, ) K (éimoa‘gslng)] |

k

< omg> Mo JRTO

- ; mo62 =1 moe .=
CIZ( k (gm07iju)Rmo mg k mg

< Sy Y Wjm | < By W, e (Wjm, )
6m? J; myG3, t; Jmo/t 6m30km ; mor T t; st

_ CRVRIES, I
= 5
3m2 O'k2

Now, since (W i, ) j=1 1s an orthonormal basis in R™, we can estimate the residual norm as

Kmofk,mo - gmo

R™o
k s - k 2
Z gm(, ijo RmoWimy = &m, + Z Kmof k m,, Z gm,, ijg R™o (ijg)l
: Rmo i=1 1:1
v CkVklIgh, l[w
et ~ K 0 Rmo
Syl L @ Wi ) + =3 (3.28)
j=k+1 kMo
Finally, we define the discrepancy principle using
my m
kgp(mo) :=mind k>0 : ) (82, W jmy )V omo < T\/errgys(m y Mes2 \ (3.29)

j=k+1
where we estimate the systematic error either as in Section 3.1 for the special kernel (2.3) by

2
8
errfys(mo) = Hm” ,
(4
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or as in Section 3.2 for the general kernel and the discretization grid & im 1= —zé;l ,j=1,...,m, by
"2
8 o

2 ( 0) . ” ”

sys =

err =5 a3
which is usually a much better bound, see (A.21) below. Note that the discrepancy principle is well-
defined, even though, by (3.28), we approximate the residual norm accurately only for k not too large.
In any case, we emphasize that knowledge of & and either ||g’|| or ||g”||« is required here. Usually
these two quantities can be estimated from the initial data g&. Note that the determination of ||g’|| or
llg” || is itself an inverse problem, but a rather mild one. Obviously, it would be of interest to derive
a method that does not require this additional knowledge. We will comment on this issue in Section 5.
Our adaptive method iteratively applies the discrepancy principle on a scale of different discretization
levels m,, < m,, < ... <m, starting with a very coarse discretization, i.e. some m,, = a"® < m. For each
discretization level m,, the classical discrepancy principle (3.29) is applied. The method stops when the
truncation index determined by the discrepancy principle decreases for the first time. See Algorithm 1
below for the numerical implementation.

In the following section, we will apply the discrepancy principle to some examples and compare its
performance to that of the infeasible optimal choice kgpt (m) = argming<, || f,fm — f||. We indeed observe
that the discretization dimension where the discrepancy principle is maximal yields approximately the
optimal error.

4. Numerical Experiments

In this section we present the results of our numerical experiments. The initial number of point
evaluations is m = 4% = 4096 and for the reduced data we use m, € {4%,...,4%}. We perturb the
evaluations with i.i.d. Gaussian noise, but note that the results hold for any other centered i.i.d. white
noise with finite variance. We choose the noise level § implicitly via the signal-to-noise ratio (SNR),
which is defined as

gl lg]
SNR := = .
E[|e)—glP] VM

We will calculate the following quantities:

. . . —6 . . .
« The optimal truncation level kop := argming<y, || fx,,, — fIl Wwith the corresponding optimal

(relative) error eqp; := ming<y, Hf,imn — fII/IIf|l (Section 3.1 and 3.2).
» The data-driven truncation level kq, determined by Algorithm 1 with the corresponding (relative)

error eqp i= ||7,fdp,mo = fII/IIf|l, with parameter T = 1.5 in (3.29) (Section 3.3),

and similarly for f,imo. Here we take the average of 50 independent runs. We start with the integral
equation (2.2) with kernel k(x,y) = min(x(1 —y),y(1 —x)) from Section 3.1, for which we know the
exact singular value decomposition for both the continuous and the discretized case. In the following we
will denote it by deriv2 (because of its relation to the Poisson equation). We define the exact unknown

solution over the singular vectors and set f; := Z?: 1 s, (GJ-Z)V ; with D = 5000 and smoothness parameter

§i= l*éZi, i=0,1,2,and ¢(t) = £3. The noise is varied by the signal-to-noise ratio SNR € {83,82,8,1}.

Note that here all errors are computed exactly, for the formulas we refer to [17]. In view of Theorem
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3 it would be interesting to determine the optimal discretization level m,,, from (3.5), since for this
discretization level we expect roughly the same optimal error as for the initial dimension m. However,
even with simulated data, m,,, is difficult to obtain because the source element / (and hence its norm
p) for f is not unique. As an alternative, we compute here another reasonable a priori choice for the
optimal discretization dimension, which arises naturally in particular when considering the discrepancy
principle. We define it implicitly by balancing the two contributions of the data error, i.e., the variance
due to random noise on the measurements and the bias due to averaging, in

1112
_ g m
B[, —gn < 110 M52
(4

This way we get
1
"2 252\ 3
I L mo g2, o(m ) @.1)

me 0 &'l

apriori

and we set m, as the element in {49, ...,4?} which is closest to m2/0, where o is determined through

(4.1). In the following tables, we print the corresponding column number belonging to m,""*" in bold.
The results are shown in Tables 1 and 2 below. Each table consists of four blocks corresponding to the
four different SNRs. The five columns are indexed by the decreasing discretization dimension m,. The
four rows in each block show the values of the optimal error, the discretization error, and the respective
truncation levels. In addition, the column corresponding to the a priori choice m"*" mentioned above
is shown in bold. We observe that for small noise (i.e., large SNR), the optimal error grows as m,
decreases (i.e., as more and more measurements are averaged). However, for larger noise (smaller
SNR), the optimal error remains nearly constant for larger m,. Similarly, for larger noise, the optimal
truncation index remains almost constant for larger m,,. This confirms that for larger noise, the reduced
data gives the same accuracy. Moreover, we observe that if the discretization dimension m, is smaller
than malDrlorl (indicated in bold), the discretization error starts to dominate (i.e., the optimal error grows).
The error obtained by the discrepancy principle is larger, in some cases substantially, than the optimal
one. This is to be expected due to the rough upper bound on the data noise. Interestingly, we observe that
the a priori determined discretization level is similar to the one where the discrepancy principle gives
a maximum truncation level, which is mostly the level determined by Algorithm 1. These results hold
regardless of the smoothness of the solution f. For general integral equations we use the open source
software package ReguTools from [12]. Here we choose the two test problems gravity and heat. We
use the default parameters and example=2in gravity. These are discretizations of a gravity survey
problem and the inverse heat equation using midpoint quadrature collocation. For the dimension m,, we

get a system of linear equations A, x = b with (A, )ij = = K(&im,+Ejm, ), i, j = 1,...,m,, and solution
(Xmy)i = f(&im,),i =1,...,m,. The grid points are &;,, = 721”12’, i=1,...,m,. We choose the same

initial numbers of function evaluations and discretization dimensions as for the previous test problem
deriv2. However, unlike the example above, we do not have explicit formulas for the singular value
decompositions. Also, due to the fact that the integral kernels are more complicated, we can no longer
evaluate || f,fmoH exactly. Therefore, instead of constructing our approximation in L?(0,1) using the

-6
k (bm,,«anm)]Rma =

formula (3.25), we now solve the linear equations directly, i.e, we set f; ,, = i1 = ime
o jmo

S
~ ~ ~ . . .. —0
R™Mo (recall that (Zjm,, W jm,,Gjm,) is the singular value decomposition of A,,,). Hereby, bmu € R™Mo

with (b,, ) = IZI 1((Bm) (i=1ymg+t + OZ(i—1)my+1)s b = Axm € R™ and Zy, ..., Z,, are i.i.d. standard
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Gaussians. The total error is then computed as follows: First, we have ey ,,, := || flima — X, |[Rmo / /Mg,
which approximates the error between our approximation and the projected solution. The discretization
error is then approximated by e, := ||Pu,.pXm, — Xp||gp/v/D, where D = 2m = 8192 and Py, pXp,
interpolates and extrapolates X, = (f(&im,) - f (émumu))T € R™ linearly to R? as follows: Let A
be the interpolating linear spline on the grid points § =0, &1, 5 -, Emom, , E1 = 1 with A(&y) =A(&) =0
and A(&im,) = (xm, )i for i = 1,...m,. Then we set (P, pxm,)i = A(&ip) for i = 1,...,D. Thus e,
approximates the error between the projected solution and the exact one. Consequently, the total error

=6 —=0
I fxm, — fll2 = \/ka.mo — full®+ |l fin — f? is approximated by /e,imv +e2, . The choice of linear

/HZ

interpolation is reasonable since the integral kernels are smooth. Note that we use errfys(m(,) = Hgm
instead of the estimate errgys(mo) = |g"||2/(9 - 64m?). The reason is that in the implementation of
the problems from ReguTools, the right hand side is computed as an application of the quadrature

discretization to the coefficient vector of the exact solution. The exact solution is continuous, but

only piecewise smooth. Therefore, the latter estimate errg, (m,) := [|g”[|2./(9 - 64m3) falls below the
/12
modeling error and is replaced by the more conservative choice errgys(mo) = %. The numerical

results are shown in Table 3. They are very similar to the observations we made for deriv2.

Algorithm 1 Discrepancy principle + dimension reduction

Given noisy point evalutations gfn e R™ form=4d", witha,n € Nand N 3 ny < n;
Initialization
i=0and og =a"™, 041 =0;/a
Determine kgp(mgi) and kgp(moi )
Check stopping criterion
while k3 (m,,,,) > k§ (my;) do

if m,, , = m then

i =i+ 1 and end loop

end if

i=i+1;

Oiy1 = 0i/a;

Determine kgp (Mo, )
: end while s
. Final choice f &8 m,

R A A S ol S

_ e =
E A
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TABLE 1 deriv2 with rough solution (s = 1/8), left columns, and medium smooth solution (s =
3/8), right columns
m, | 49 43 44 43 42 | 48 43 44 43 42|
SNR = §° eopt | 7.0e-1 7.3e-1 8.0e-1 85e-1 89e-1]|3.7e-2 5.6-2 1.0e-1 1.7e-1 2.6e-1
eqp | 8.0e-1 8.3e-1 8.7e-1 9.le-1 9.4de-1|9.9e-2 1.4e-1 1.8e-1 2.5e-1 4.le-1
kopt | 65 56 23 10 4 20 14 8 4 2
kap 15 9 5 2 1 3 3 3 2 1
SNR = §° eopt | 7.6e-1 7.7e-1 79e-1 85e-1 89e-1|6.6e-2 7.0-2 1.0e-1 1.7e-1 2.6e-1
eqp | 8.6e-1 8.5e-1 8.7e-1 9.le-1 9.4e-1|1.8e-1 1.8e-1 1.8e-1 2.5e-1 4.le-1
kopt | 29 29 22 10 4 11 11 8 4 2
kdp 5 7 5 2 1 3 3 3 2 1
SNR =8 eop | 821 8.2e-1 8.2e-1 85e-1 89e-1|12-1 1.2-1 1.3e-1 1.8e-1 2.6e-1
eqp | 9.1e-1 9.0e-1 89e-1 9.le-1 9.de-1|4.1e-1 2.5e-1 2.5e-1 2.5e-1 4.le-1
kopt | 13 13 13 9 4 6 6 6 4 2
kip | 2 3 3 2 1 1 2 2 2 |
SNR=1 eop|8.7e-1 8.8e-1 8.7e-1 8.8e-1 9.0e-1|2.1e-1 2.1-1 2.1e-1 2.de-1 2.6e-1
eqp | 1.0e0 9.5e-1 9.4e-1 9.2e-1 9.4e-1| 1le0 4.le-1 4.le-1 4.le-1 4.le-l
kopt 5 5 5 5 4 3 3 3 3 2
kap 0 1 1 2 1 0 1 1 1 1
TABLE 2 deriv?2 with smooth solution (s =5/8)
my | 48 43 44 43 42|
SNR = 83 eopt | 6.0e-3 1.5-2 3.4e-2 T.de2 8.le-2
eqp | 3.9e-2 3.9e-2 T.4de-2 1.9e-1 1.9e-1
kop | 106 4 2 2
kip | 3 3 2 1 1
SNR = §° eopt | 1.4e-2 1.8-2 3.4e-2 T.4de2 8.le-2
eqp | 7.4e-2 T.de-2 T.de-2 19e-1 1.9e-1
kopt | 7 6 4 2 2
ki | 2 2 2 1 1
SNR =8 eqp |3.3e-2 3.3-2 4de-2 75e-2 8.le2
eqp | 1.9e-1 1.9e-1 7.7e-2 19e-1 1.9e-1
ko | 4 4 4 2 2
ke |1 | 2 1 1
SNR=1 eqp |84e2 832 83e-2 8.7e2 9.6e2
eqp | 1e0  1.9e-1 1.9e-1 1.9e-1 1.9e-1
k| 2 2 2 2 2
kap | O 1 | 1 |
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TABLE 3 gravity, left columns, and heat, right columns

my | 48 43 44 43 42 46 4 44 43 42
SNR = 83 eopt | 1.7e-2 1.7-2 2.0e-2 5.0e-2 1.9e-1|2.2e-2 2.7-2 8.6e-2 3.4e-1 9.2e-1
eqp | 6.1e-2 6.1e-2 6.2e-2 1.6e-1 2.8e-1|1.de-1 1.8e-1 3.le-1 6.5e-1 1.0e0
kopt | 11 11 11 11 9 32 32 31 17 3
kap 5 5 5 3 1 16 14 9 6 2
SNR = 8> eopt | 3.3e-2 3.3-2 3.5e-2 57e-2 19e-1|57e2 5.9e-2 1.0e-1 3.4e-1 9.2e-1
eqp | 1.2e-1 83e-2 1.2e-1 1.6e-1 2.8e-1|3.0e-1 2.6e-1 3.le-1 6.5e-1 1.0e0
kopt 9 9 9 9 8 24 24 24 17 3
kap 4 5 4 3 1 9 10 9 6 2
SNR =8 eop | 6.0e-2 6.0e-2 6.2e-2 7.7e-2 2.0e-1|1.5e-1 1.5-1 1.6e-1 3.5e-1 9.2e-1
eqp | 2.1e-1 2.1e-1 1.5e-1 1.6e-1 2.8e-1|6.8e-1 6.0e-1 4.0e-1 6.5e-1 1.0e0
kopt 6 6 6 6 6 16 16 17 16 3
kap 1 1 3 3 1 3 6 8 6 2
SNR=1 egp |1.3e-1 13-1 13e-1 13e-1 2.2e-1|3.5e-1 3.5e-1 3.6e-1 4.3-1 9.2e0
egp | 1le0  2.le-1 2.1e-1 2.2e-1 2.8e-1| 1.0e0 8.9e-1 7.5e-1 6.8e-1 1.0e0
kopt 4 4 4 4 4 10 10 10 10 3
kap 0 1 1 1 1 0 1 2 3 2

5. Concluding Remarks

In this paper, we introduced and analyzed a novel approach for solving ill-posed integral equations,
with a focus on reducing the necessary computational cost. We obtained rigorous error bounds, and
designed and implemented an adaptive method that performed promisingly and stably. Note that also in
further experiments, where we tested the setup with an asymmetric heavy-tailed distribution instead of
a Gaussian one, we observed no significant differences and obtained similar results.

We point out three important issues for further research: First, the important task of constructing
adaptive data-driven methods has only been touched upon briefly. In particular, it would be
advantageous to have a method that does not require knowledge of the noise level 6 and the norm
of g’. A possible candidate would be the (modified) heuristic discrepancy principle as introduced in
[18], for which good results have been demonstrated. We have already tested this method numerically.
While for fixed m, the achieved error was smaller than that of the discrepancy principle, it was not
possible to identify the optimal discretization dimension as the maximum. A possible reason could be
that the simple heuristic discrepancy principle is not suitable for the systematic error resulting from
the averaging of the true data, and further modification might be needed. Another promising approach
would be to integrate the averaging into the forward operator itself, as was already done in [15]. This
has the advantage that the data error of the averaged data no longer has a systematic error component,
since we now have to consider the error g,‘,zo —&,- Consequently, knowledge of ||g'|| or |[g”| is no
longer required. However, a rigorous analysis is more complicated, since the effect of the averaging
step on the approximation error must be treated carefully, i.e. the effect of the averaging of the operator
on the (discretized) singular value decomposition must be well controlled.

In this article, we deliberately focused on the one-dimensional situation only. This allowed us to
explain our new averaging method without too much technical detail, to derive precise error estimates,
and to demonstrate its superior numerical properties in a straightforward way. Of course, the next
step is to extend our method to the more practically relevant higher-dimensional problems that arise,
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for example, in imaging science. Moreover, note that instead of spectral cut-off, other regularization
methods could be used, such as standard ones (Tikhonov regularization or Landweber iteration) and in
particular more advanced techniques such as conjugate gradient or stochastic gradient descent. While
the analysis is straightforward for the specific kernel (2.3), it is much more difficult for the general
situation. The main problem is that semi-discrete singular functions belonging to high-frequency
components do not approximate the corresponding continuous ones. Here one has to consider the
analysis with bounds based on the explicit representations of the estimator. Another limitation is that
we considered a fixed design for the measurement points. In important scenarios, e.g. in the context
of inverse learning [26], it may be more appropriate to assume that the locations of the measurement
points are sampled from a distribution. Then the projection of the measurements onto the collocation
grid is more challenging. Here, simple binning of the points may not be the best approach, and weighted
averages should be used instead. In this case, a trade-off must be made between the better approximation
of the systematic component and the increased variance (compared to the mean) of the weighted mean.
Finally, it would be interesting to investigate higher order quadrature rules depending on the smoothness
of the kernel.

A. Appendix

In this section, we collect the proofs of our theoretical results.

A.1. Proofs of Section 3.1.

We begin with the proofs for Section 3.1.

Proof of Theorem 3 Note that .4 (K,,)* is spanned by linear splines on the grid defined by &1y, ..., &
As mentioned above, s > 3/4 implies that f is differentiable and we get the bound

5l

Ay = || fn— > ’
= fIS s

(A1)

see (3.12) in [17]. First, it suffices to restrict here to the case when o,, > 1, since ?lf-,mo and f,fm coincide
for o = 1. By definition this further implies (m 4 1)8% > p2. Thus
712 2 2 552
I P &K
(m+1)2 = (m+1)> ~— m+17" m+l

(A.2)

forallk=1,...,m, and
T
(m+1)2 = (041)%
for k = 0. Thus we see that the discretization error A,, is dominated by the other error contributions if
0, > 2. We now show that

K N
8 (k1) ‘”p2> (A3)

m—+1 m+

kS
¢ (52+(k+1)‘”p2) < sup E[f2,—fI? <c/<
f€EZsp
with
, 16

1
. /e g4 O
¢ = ppy C' =3z —|—2.
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For the variance term 82 Z’]?:l 6%, Lemma 2 and the elementary estimate 2x/7 < sin(x) <xforx < m/2
jm

gives

(A4)

where we also used that k < ¥*_, j* <k°. For the approximation error ¥ " i1 (fvm)?, we have by

(3.6) in [17] that
2

Z 3s+l p2 4 P
sup (fovim)” < —/— - <371 ,
JE€Zsp j=k+1 ! 24S ! (k+1)45 (k+1)%

which together with (3.3), (A.1), (A.2) and (A.4) gives the upper bound in (A.3). For the lower bound
we use the specific instance f = (,os(crszrl )PVis1- Since f — f,, is orthogonal to the range of Vi, ..., Vim,
we have

(AS)

k 1 m B
sup Ellf, —fIP>8Y —+ Y (Fvm) (A.6)

F€25p =1 Cjm  j=r

All that remains is to bound the second term from below. Due to the special choice of f and Proposition
3.8 from [17] we get, for k < m,

LN (m+1)02,, 16p?
Fovim)? = @u(0p,)*p? > (A7)
L T T

since s > 3 /4. In case of k =m we have Y7 | ( f,vjm)* = 0 and the preceding estimate does not hold.
However, since (m+ 1)8% > p? and s > 3/4, we obtain for k = m that

16 md 8 m 8 mp? m p?
E s 2 > 62 > 2 82 ° > o 52
sp Ellfonm = f17 2 5m+1 ~5m+1 +5(m+1)2 = \m+1 +(m+1)45

fe€Zsp

which shows the assertion (A.3).
Next, let 2 <o € Oy, 5. Clearly, the components of gfno are approximations of Kf = g on the
coarser grid with meshwidth 1/(m, + 1) instead of 1/(m + 1). More precisely,

2) 1y o o2ty NN PRCE 2
(gmy)i 0 J:Zl(g (é((zf])owtj)m) + 5Z(zfl)0+j) T 0 jzzlg (é((zfl)aﬂ)m) + \/EZ”

_ O T os _ )
where we defined Z; := %\/’51)” Note that Z;i/o and Z; have the same expectation and

variance. Furthermore, the Z; are independent and identically distributed. Consequently, the variance
of the measurement is reduced by a factor of 1/0. However, the bias has changed. Now, using the
Cauchy-Schwarz inequality, we obtain the upper bound

8(&im,)

G=18(S(i-1)orjym) <
[

LG o) G| < s [6(0) - (m)

te(é(i*l)o,ma‘:i,m>

Sl
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io)m 0] 5([n)m
<4/ / (g')*(r)dr. (A.8)
‘ /5((1 1)o)m (m+ 1) \/ é((i*l)ﬂ)m ) ( )

Consequently, for k =0, ...,m,, and using (A.4), we obtain

kR (2, — Km,,f,u,,m,)z

X

Jj=1 O-/m,,
2
s = 2
- & —g(Eim,) 7
:ZGT : s Ujm, +ZO'7]E U jm,
J=1"gm ):?7 5 m—1)o sm) j=1"jmy 7
M — o(Emm) Zon,
2
ﬂ —g(&im,) L4
-2 5 1
> kan ) : > Z 3
M g(Emm.) / o
Moy
ma io)ym 37[4/(582 37'[4](4 0 k52
S / () < ( || +)
0m+1 o+1)m O(mo"l‘l) my+1 \m+1 0

Using supyc 4, | llg’ |l < p together with (A.1) and (A.5) (where m is replaced by m,), the error gets

—0
sup Eka,m(, _f||2

fe€sp
kK E Ky fiu g
g Sup Z (m() ;nuf ]mo) + Sup Z f,vjma) _|_ Sup ||fmo f||2
FE€EZsp j=1 O-jma FE€Zsp j=k+1 fe€sp

3tk 3x+1 2 2
= sup ——||¢’ ||2+k do—1 P &t £ 2
mo+1\ ez, , m +1 2 (k+1) 2(m,+1)
2 52 35‘+1 pZ p2
3mtict k
4 (( 1) 2P+ +1>+24s—1 G+ 1% T 20m, 1102

2 2 s+1 2
<37t4k4< 50 Pk 0 >+3 P

IA

2(m+1 m+1 24=1 (k4 1)%°
For 0,, > 0 > 2, it holds that ﬁ p2 < +1 Consequently,
_s ) 15 405 52 3s+1 15 4 2
E - < —7n'k < — A9
f:qlip ka,mo f” =9 T m+1 + 24s—1 (k 4S =" T 1)45 ( )

For a lower bound we first restrict to k < m, and obtain, with g, gf,’% (averages of exact g,),

sup E”fkmu sz
f€Zsp
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52 k 1 k (s _ UL 2 my
_ 7ZT+ sup Z (gmg g;w Jmo) + Z (f,ij,,)zJF”f*fmo”z
O j=10)m,  f€25p \j=1 Cimo j=kt1
28 1 '"0 16 k> 16
> —Y 5+ sup (fsvjm,)? > =& +p?
0 le im, feﬁa;pjzkzll ’ 5 o(me+1) 7wt (k+1)%
8 k> 16
> 252 2
=5 (erl)J”o mAHD (k4 1)%
62 p2
> / k5
= ( m+1+(k+1)4S>
where we used o < m in the fourth step. For k = m,,, since Z’;’Zm,, 41( f,vjm0)2:0, we first have
-0 2 160, m 8 (o m ,  m
sup E — >—0"—2—=—(9d +4 .
fegfip 1 kmy = fII" 2 5 o(me+1) 5\ o(m,+1) o(my+1)

Because 0®> < (m+1)8%/p? and s > 3/4, it holds that

5 5 2 2
n, 2 nm,op 5 P 2 4
S > > +1)7%,
ot O Z it g D) ="y w12 2P (et 1)
and thus, for all k =0, ...,m,,
_ 52
sup BT, — 72 ¢ (-2 4o 1)), (a.10)
fE€Zsp m+
Finally, we have
52 p2 52 p2
i ElfS —fIP<C min (& P )< mi IS =
pin, S Bl =A< pin, (S e ) = i\ st T s

< g min  su E||76 f||2
- C/ k:()"""m”feﬂgp k,mg )

which implies that cerr(8,m,s,p) < ert(8,my,s,p), and where we have used (A.3) in the first and
(A.10) in the third step. Similarly,
2

min  sup E|[fS —f|>>¢ min (& J + P’ > < min (& & + P
_ c P hl P
=0 mfeﬁg km T k=0 \ m+1 (k+ 1)) T 2k=0,m, \ m+1 (k+1)%

yeees p

C/

. —6 2
—— min sup E —
= 1574 k:O""’m”fEﬁgp ”fk«,mo fH ’

implies err(8,m,,s,p) < Cerr(m,8,sp). Here, in the second step we employed the fact that

k/5 52 p2 5 52 >1<m5 52 p2 )

> md > _
PO S (g S e L ey S Py DE

for all m, < k' < m, since 0>p? < (m+1)8% and s > 3/4. Theorem 3 is finally proved. O
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A.2. Proofs of Section 3.2

To prove the main theorems, we need some auxiliary results. The corresponding lemmata were given
above, and before we give their proofs we state and prove a slight generalization of Proposition 1. Since
the kernel k is non-symmetric in general, we need the following semi-discrete model of K*, defined
similarly to K, in (2.5), but where the integration is with respect to the first argument:

Om:L*(0,1) - R™

1 1
fo R (E D@ = = ([ egnsen) A

Proposition 9  Assume that x fulfills Assumption 1. Let (G]’»m)']’?:1 be the singular values of the semi-
discrete operator Q,, from (A.11) and let pjy, be the eigenvalues of the normalized design matrix S,,
given in (3.11). Then it holds that Gjm =/Pjmforal j=1,..,m

Proof of Proposition 9. This follows directly from the fact that S,,,&¢ = Q,, 0}, & for all @ € R™. U
We now start to prove the lemmata.

Proof of Lemma 4. The proof is based on the Courant-Fischer principle, which states that for self-
adjoint compact positive semi-definite operators S,7 in Hilbert spaces there holds |4;(S) — 4;(T)| <
, where A;(+) is the i-th largest eigenvalue. We first apply this bound to KK* and Q},Q,,, where
Q. is from (A.11). It is well-known from [24] that

* * * C2
hel?(0,1)
Iall=1

For the readers convenience we give a short proof of this assertion. Let i € L*(0, 1), then we have

KK*h*Q:anmh: /h(z) </ ( Y ) ( 2,y dy* - Z K(- élm Z élm)) dz

and thus taking the L2 norm and using the Cauchy-Schwarz inequality yields

2
||KK*h—Q,t,th||2—/</h (/ (e YK G zcs,m>>dz> &

2
<Al /(/ K(z,y dy—fZK ém)K(&ém)) dzdx

R|[*4*CE
2428

22 (st (e | <

and the assertion (A.13) is proved. For w € R™ we have

(Smw — AL Apw),
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i/ ézm ‘gjm dxw;— ;) Z Z glm>6tm §Im7<§])n) wj

j=1l=

. Z wj </ 5’m) ( 5/’" Z K élmﬂslm (élmvgjm)>

and thus
[|Sim *A;{quH = sup ||SmW*Ar7;LAmW||
weR™ |lw||=1
2
m 1m lin
= s Y (Y ([ Gk Gy - Y (G G (GG
weR™ |lwl=1 \ i=1 \ " =1 mi3
2
(L 192 (ke Eim) K (X, Ejim)) oo
< sp (B (L ey IO G K S
weRm,HwH:]\izl i3 m
2 2
< sup lwj| < (A.13)
WER™ [w|= 16m2\fz 7= m o

By Proposition 9, we know that the singular values of the semi-discrete operator Q,, are the square
root of the eigenvalues of the matrix S,,, denoted by p;,,. Therefore, applying the Courant-Fischer
principle and (A.13), we deduce that

C2
Pjm = G| < 1ISm —AfAm|| < K2 forall j=1,....m
Furthermore, by (A.12) we also infer
2

|67 = Pjm| < [|IKK* — 0}, 0ml| < 6# forall j=1,..,m

With the triangle inequality we get
2 52| < Ck
J ~ Ojm| = 3m2’

and the proof of Lemma 4 is finished. O

Proof of Lemma 5. The proof of (3.17) is straightforward: We have
e2>||Kv—Av|* =| Z Ai(v,vi)vi — A Z’(v,vi)v,-H2 = Z(?L )2 (vvi)?
ieN ieN ieN
>m1n|k 7L|2Z vv)t =y H2m1n|), A%
ieN

For (3.18), it holds that

L 2
(.P) = <v,z<v,vi>v,») = Lo = IV = T ) = ol — L G i

i€l iel il iZl
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> |v]* - 22/1 —2)
il

1
> [|v]|* ~ 2L (Ai—4) (v,v,-)2:||v\|zfc—2|valv\|22||v||27—
ieN

Proof of Lemma 6. We start with the proof of (3.22). First,

(‘7jm7‘7im) = Wl,l/zm‘,](wjmﬁ(%m) / &lmvy) (51/m7y)dy
1 1 B 1 1
= WH/Z,I(WJM) < Z K glmvétm (51/,",5;,”)4-@ (ﬂlz>>
] <1fx<é »sw))(lf (G &) 5 >)
= 5jm6im =\ m& [ms Stm jm)l m = U'm> Stm ) \Wim

1 (Wi (Wi ) 1
+6jm6imz |(\;ﬁ)l Z |(\/n%lﬁ(mz>

I'=1
1 1 1 1 1
= chm ij)tO'zm(sz) + ?ﬁ <r}12) = 511 S = Vi <mZ) )

G]m sz = jm Oim jm Gtm

Since ||8,2(K(§,m,y) K(Em> )l < 4C% and Y| ‘(%)ll < 1, we can write the constant exactly in the

0 notation as 5 K . Together with the fact that 7, > o /2 for [ < J,,, we obtain

1 4C2 Cy
6'jm6,'m 24m? — 3GjGim2

| (Vs Bim) — 6| <

and (3.22). This brings us to the proof of (3.23). The upper bound is clear from the definition of P¥ .
For the lower bound we use Lemma 5. As a first step, we show that

s a2 s Ci
|| K* K jm — 63,5 || < 26;%2. (A.14)

Indeed,

K*Kﬁjmf/ K(y,- )/K(y,z)ﬁjm(z)dzdy

= /K(yv') l/ K(yaz)ﬁjm(z)dz’;lik‘(yvélm)ﬁjm(élm) der/K()’a %i yvélm ij ‘Slm)
=1 =1

= /K(yw) l/ K(y,Z)ij(Z)dz;li K (y, ézm)ﬁjm(ézm)] dy (A.15)
=1
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(ngE

+ ﬁ]’"(élm) [/ ( ) (ya élm yf - Z K él'ma él’rmélm) (A16)

I~
S
I
L

1 o
+W Z K(él’mv')K(él/mvélm)ﬁjm(élm)- (A.17)
1r=1

Now, for (A.17) we have

1
m?

”il (gl’mv) (‘gl/ma‘glm)vjm élm = 2 Z K él’mv élmaélm Gjm\/—z ijl ézmaélm)

LI'=1
1

m

||
Ms

(él’m» ) (él’mvélm Z]m 1= f/— i W]m I’K él/ma ): szmvjm( )

N\w

L

‘N
I

Next we bound (A.16) from above and obtain

Z éln’lv ‘glm)

< oz L in(Gm) WZ%r

To bound (A.15) we use for o € {0,1,2} that

LY 0K ) (W)

Sjmy/m zzzl

10T jimloo =

and thus

H/ v, l )V]m(Z)dZ— % i K (y, élm)‘;jm(glm)‘| dy
=1

< oS 2O DT Gy VG
=K 24m? = 66 = 6o

Since 0; < Ck we get

fc,( (+f) c

66m - 6o;m? 26,

KK~ o] <
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2 .
which shows (A.14). Now we use Lemma 5. By Lemma 4 we have that |G]2 — 6]2,” < fﬁ < %’, SO
c? — 61.2,"‘ ={y_(j), ..., W (j)} =:I;. Then by (3.18) of Lemma 5 with

J € argminjen
2
L2 X2 -2 2 2 =2 Ck Cj
min|o; —&6;,| > min|0; —0;|— |07 — 0. | > Ci——5 > = =:cC
'1_/'| i jm|_i€1j| i j| ‘ J jm‘— J 3m2 2

and
* ~2 ~ CIB(
|K* KV jim — 6V jm|| < 20,1 =:€

Y

see (A.14), we deduce that
cx

2 2. 4 6
. . - € _ 2 Adom _2 Ck
(Vg PVjim) 2 |Vjl” = =5 = [17jm ]| clj = [[¥jmll 20
4

Proof of Theorem 7. First, note that
(Kmf,ij)Rm _ (faK;,ij) _ (f,Z?’L](ij)zK(ézm,-)) _ ~
= = = (fVjm)-

VMG jm Gjom Gjm VG
We start to bound the different contributions of the decomposition (3.24). First, we analyze the first term,
the random contribution. By (3.21) and (3.22) we have ||#;,|* < 2, and since the noise is unbiased and

(&m,Wjm)Rm

(W jm, W jtm )Rm = O 7, We obtain

2 ~ ~
|y (&= m Pim)en & E(85 — gm Wjm)rn (85 — gm Wy )Rn |
L e, | | T X D (i )
=1 Jm Ji'=1 mj'm
x 8 P& 46% &1
= Y e (B ) B Pm) = — Y, o [l < T Y
j,j’zzl MGG Jmy Y j'm Jms Y j'm mj;cngm Jm m J:Zlcjz
Now, with Lemma 6, we have
C6

15 jm — PVl |* = (971> = 2(Fjins PV i) + [Pl |* = 1|7 1> = (Fjons PV o) .
70

So
2

k
Z(fa f)‘jm _ijm)ﬁjm
Jj=1
2 2 a
fv‘jjm_Pﬁjm) Hﬁjm” =+ Z (f7 ‘7jm_P‘7jm)(fv ‘7j/m_P‘7j/m)(‘7jm"7j/m)

k
= ).(
=1 Ji'=1

J
J£T
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2C%
||f||2 Z ”ij PijH ||ijH2+ Z I¢ Sy Vim— PV]m)(faV/m Py m)|30'-o'Km
J= 1171 J=
J#T
2 24 C2 N T jm — PPjm)| ’
< 2|1l ZHV/m—PV/mH Z—G‘
j=1 j=1 J

k 5
P v 2€, Z Vim— PV
< 2|1 2 ijm_PijHz KHf” ( [V jm jm||>

j=1 Oj

Cz6<||f| Z L 2GR (i I >2
— 2 6 2

3m =1 €j0;

Furthermore, using Cauchy-Schwarz, we get

k

2 2
k k
< <§ |(f,Pij)|‘7jm—Pij> < Y (£ Pom)* Y 19jm — Pl
=1

k
Z FsPVjm)(Vjm — PV jm)
j=1 j=1

>~

C6 k _
< KN (f,PVjm)?

4 . n
J=1 J=15j"]

3

and we can derive the bound

k k v () 2 ko ve()) v (J)
Y (fPjm)? Z( ) f,v,)(vj/,Pﬁ,m> Z f,v, Z v],Pv]m
j=1 j=1

J=1 :Wf(/ J=v_( J=w_(
ko v () , ,
<y Z f,v] 21Pojm? < 2041 £ (A.19)
J=1j=y_(
Finally,
k v (k) v, (k) o0
Z f7PVJm ijm f Z fﬂPij)Pij Z (f,Vj)Vj— Z (f,Vj)Vj
=1 =1 J=1 J=y (k)+1
v (k)
= Y, (f-PVju)PVjm,
j=k+1

and we set k' := y (k). Since k < J,,, also y (k) < J,, by definition of J,,. Note that Py, ..., P,

. . . - N 4
are not orthonormal in general, so we define the Gramian matrix Iy := ((Pjm, PPy,)) . 4, € RK K,

Jj'=1
From the orthonormality of the v; it follows that

(PVjims PP i) = (P¥jms PV ) Sy (jyye_ (1)

= (Vjms rm) Sy Gyw (i) T (PPjm = Vs V) Sy (iyyr (1) + (PPjms PV i = Vi) Sy (G (1)
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From (A.18) we deduce

4C3

| BTy PPt =V )18y (e () (PP jin = Tjms P |8y (e (1) < ot

By the Gerschgorin circle theorem and Lemma 6, for the eigenvalues ¥/, ..., Y of [y, it holds that

vy (i)
Y = 1 < |1 = (PFin, PTin) [+ Y |(PTim, PVjn)|
J=y-(0)
J#i
239 AMCy _ SMIC}
< |1 (Vmuvlm |+ Z VumV]m |+ > 7 (A.20)
c;oim C,G m
J=y-(i)
J#
3
where we have used that 2 < 36C3’fnz < 3GCK > in the last step. The choice of J,, guarantees that

the above estimate can further be bounded by 1/2 from above, which implies that all ¥ are positive.
Hence Ty is invertible and PV, ..., PPy, are linearly independent. Since k' = y. (k) it follows that
span(PVy, ..., PVy,,) = span(vy, ..., vir ). We now define

k/
Wi : RN = 12(0,1), = (04 ... o) =Y ;P
j=1
with adjoint
W' L12(0,1) 5 R¥ B (B, PP1y) oo (1, Pigy))”

Then 'y oo = Wy *Wp a and it is easy to check that Wy F,;lW,j is a bounded linear and normal projection,
therefore Wk/Fllek’i = Popan(Piy ... Piy,) = Fpan(v, )" Thus, it holds that

4 K )
Z (f, Pﬁjm)Pf;jm - Z (f, VJ)V] Wk/Wk/f Wk/Fk, Wk/f Wk/ (Ik/ — F}; )W,:;f,

j=1 j=1

with s : R¥ — R¥ being the identity matrix. Using (A.19) with / instead of f, we obtain the estimate

(h,P\‘;lm) k’
IWell = IWell =~ sup = sup Y (B, PVjn)? < \/2Mp.
heL?(0,1) h, Phir) . hel?(0,1) \ j=1
=1 ( R =1
Furthermore, (A.20) implies that
M
y,k, ciom> _ 10M;C3

| zk/ | - =

5M1C13< o C,‘Cfil’l’l2

1—
C,'G,‘m2
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. . . . . 10M;C
and since I is the identity matrix, ||l — T, || < maxjcp — follows Consequently,

K K

Z(fvpﬁ]m)Pﬁjm Z(fvvj)

Jj=1 Jj=1

20M;Cy || f
= |[We (ly — T DWW Il < My max &
<K’ c;O;m

It remains to bound Z’j‘./:k +1(f,PVjn) PV, With similar reasoning as in (A.19) we obtain

2

¥ ¥ ¥ ¥
Y (FPr )P < Y (F PO Y (1PTlP <4ME Y (Fv)*
j=k+1 j=k+1 j=k+1 j=y-(k)

Combining all the previous estimates, we end up with

1
coz

k 1 \[Cél f
Z 262 \flinl’; H

)y

Jj=1

20M,Cx || f||
+ M;max 72
i<k c;o;m

0

Proof of Theorem 8. As mentioned above, compared to the setting in Theorem 7, we need to carefully
analyze the contribution of the systematic component in the data propagation error. First, we show that

"2
< e
= 9.64m3

(A21)

|| my — &Mo

To prove (A.21), we check that the right-hand side g of (2.1) is twice differentiable. In fact, we have

2 2 2 2
&=Lk =L [xtenso = [ Loxtensoa

This is due to the dominated convergence theorem, since x is twice differentiable and | f| is integrable.
Thus, using the Cauchy-Schwarz inequality, we obtain

lg" [l < supll9Zk(x ) I£] < CxlIf -
X

Now we use the Taylor expansion around &;,,, with the exact Peano remainder term. This gives for
& € [E(o(i=1)41)m> Gim,) the identity

Z (i—1)o+t) m (&lm())

= —8(&im,) +

(g

(66m)+ ¢ G G-rm — &) + 2 (1 G )?)

SR

t=1
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Z ( ézma (i—D)o+t)m glmo) g”(ZC) (5( (i—1)o+t)m ézm,,) ) .

Next, we show that

1 o ,
> Zg (éi”'lo)( (i—1)o+t)m —&im,) =0. (A.22)
t=1

First,

1 o
Eim, = 5 Y Eoti-1)rem
t=1

200(i—1)+1)—1 2i—1 2—o0—1

S(i=Voym = Simy = 2m Tm T T om
fori=1,...,m/oandt = 1,...,0. Furthermore, we have
5((1 Do+t)m ’;zmo == (’;: (i—1)o+(o—t)) élmo)
fori=1,..m/oandt =1,...,|0/2], and additionally, if o is odd,
5((; Do+ )m = Gim, =
This shows (A.22). Consequently,
éig(é((z Do+tym) — 8 (Eim,) _iig ,On;l)

t=1

and we get

- 2 1y ||g”|2 v 2 ’
”gm,,_gmaH Z EZ (i—1)o+t)m (é"na = 64m4 22 Z 1)

i=1

"2 /1 5 N gl
- C >y —1 < B
oamtor™ 390"~V | = 5605

which shows (A.21). Now, for the data propagation error, we derive

2

i (ggzo 7g"’la7wjma)Rm -

E Vi
= jmo
j=1 \/”locjmo

2
|

E =06 W 2m
=y Bt e,

+ i E [(gmn - gmmwjmo)Rm] E [(gm(, gmoawzm(,)]Rm]

(Pjme s Vim, )
~ ~ Jme s Vimg,
e O-jmu O-im(, ‘
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2 - S+ i 10 )R (B, — 8, Wi, )
P gmo gmoawjmo Rm Z gm(, gmoawjm(, Rm gm{, 8mey s Wim, JR™
2 2,3 A & X
j=1 Gjm, 3m0 ij Ojjm, 0jOim, Oi
i#]j

4762 k 1 4 i (gma - gmo7wjmo)%R”1 + 2C12(
(;2 my % (52 3m3
J Jj=1 Jj 0

I
|
™

IN

k

_ » 2
(gm,, - gmgawjm(,)]Rm )
J

2
1 0;

k
2
) Z(gmo gmijmo)R"'

IN
|
8

+

j=19) MoS j=
202 (&1 . o
48% &1 4 5 2 PR |
< — 7+ m m 1

//”2 ||g//|2 k

487 & 1 llg 1
< — —_— —
-~ m ; 612 32 2%miof 33 25m8 ]ZI ]4

For the remaining error terms, we simply replace m with m, and obtain

2
= 18", Ckllg"llos
E Vi 2
7o 1] < e Sole ()
Ve (1+/2M;)Cy | i
K)Cx |l f GRS § 1
+2M; Z (f,Vj)2+ — K| \/»K” Z —
j=y-(k) o A=
20M;C;
+ M max 70 ’CK!fH .
i<k cio;myg
This completes the proof. O
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