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Abstract

Operator learning, the approximation of mappings between infinite-dimensional function spaces using
ideas from machine learning, has gained increasing research attention in recent years. Approximate opera-
tors, learned from data, hold promise to serve as efficient surrogate models for problems in computational
science and engineering, complementing traditional numerical methods. However, despite their empirical
success, our understanding of the underpinning mathematical theory is in large part still incomplete. In
this paper, we study the approximation of Lipschitz operators in expectation with respect to Gaussian
measures. We prove higher Gaussian Sobolev regularity of Lipschitz operators and establish lower and
upper bounds on the Hermite polynomial approximation error. We further consider the reconstruction
of Lipschitz operators from m arbitrary (adaptive) linear samples. A key finding is the tight character-
ization of the smallest achievable error for all possible (adaptive) sampling and reconstruction maps in
terms of m. It is shown that Hermite polynomial approximation is an optimal recovery strategy, but we
have the following curse of sample complexity: No method to approximate Lipschitz operators based on
finitely many samples can achieve algebraic convergence rates in m. On the positive side, we prove that
a sufficiently fast spectral decay of the covariance operator of the Gaussian measure guarantees conver-
gence rates which are arbitrarily close to any algebraic rate in the large data limit m — oo. Finally, we
focus on the recovery of Lipschitz operators from finitely many point samples. We consider Christoffel
sampling and weighted least-squares approximation, and present an algorithm which provably achieves
near-optimal sample complexity.

Keywords: operator learning, high-dimensional approximation, Lipschitz operators, Gaussian measures,
sample complexity, recovery
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1 Introduction

We study the approximation of generic Lipschitz operators which map between (infinite-)dimensional Hilbert
spaces. The approximation error is measured in expectation in L? with input samples drawn from a Gaussian
measure. We commence with a detailed literature review in Subsection [I.1] where we put our work in the
context of operator learning and motivate the Gaussian setting as a natural framework for analyzing Lipschitz
operators. We subsequently summarize our main contributions in Subsection [[.2]and give an overview of the
organization of the remainder of the paper.



1.1 Motivation and literature review

With the rise of machine learning, in particular deep learning, in computational science and engineering
(CSE), operator learning has emerged as a new paradigm for the data-driven approximation of mappings
between infinite-dimensional function spaces in the past years. Multiple deep learning architectures, typically
referred to as neural operators, such as DeepONet [56], FNO [53], non-local neural operators [43], and PCA-
Net [15], have been proposed and their efficiency has been demonstrated in various practical applications.
We refer to the recent reviews [42, [17] and references therein. Nevertheless, their empirical success has so
far not yet been supported to large extent by a general mathematical theory. A thorough understanding of
theoretical approximation guarantees, however, is important for a reliable deployment of operator learning
methods in CSE applications.

A typical starting point in the theoretical analysis are universal approximation results. They guarantee
the existence of a neural operator of certain type which approximates a target operator up to some arbitrarily
small error [18| [51} 41}, |50, |49]. Albeit being necessary for assessing the basic utility of a neural operator,
mere existence results are of limited use in practical applications, where instead questions about quantitative
approximation guarantees and explicit convergence rates are of greater importance.

To address the latter, two quantities are of key interest, which are based on different cost models: On
the one hand, the parametric complexity quantifies the convergence of the approximation error in terms of
the number of tunable parameters employed by the approximation method. In the context of (deep) neural
network (NN) approximations, this is often referred to as expression rates. On the other hand, the sample
complezity quantifies the convergence of the approximation error in terms of the number of samples used for
fitting the parameters to data. Previous research efforts majorly focused on deriving expression rates for NN
approximations of specific (classes of) operators whereas there has been comparably little work on sample
complexity estimates.

A well-studied class of operators in the field of operator learning is the set of holomorphic operators. They
arise, for example, as parameter-to-solution maps of parameterized partial differential equations (PDEs) in
various contexts, such as uncertainty quantification and control problems; see, e.g., [20] and 6, Chpt. 4]. It
has been shown that they can be learned with algebraic or (on finite-dimensional domains) even exponen-
tial parametric complexity with NNs [63] [37, 66]. Moreover, they can be approximated with near-optimal
algebraic sample complexity with least-squares and compressed sensing methods [8, 9, 5] |12] as well as with
NNs [10} 4, |3]. We mention in passing that algebraic NN expression rate estimates have also been derived
for classes of (non-holomorphic) operators which arise as solution operators of certain PDEs [25]. Moreover,
algebraic complexity estimates are also available for infinite-dimensional functionals (with one-dimensional
codomain) with mixed regularity [28].

Another important class of operators is given by Lipschitz operators, which arise, for example, in the
context of parametric elliptic variational inequalities as obstacle-to-solution operators in obstacle problems,
see, e.g., [65] and [35, Chpt. 4]. Recently, it was shown in [49] that bounded Lipschitz (and C*-Fréchet
differentiable) operators cannot be approximated with algebraic parametric complexity using PCA-Net.
More specifically, the number of real-valued PCA-Net parameters scales exponentially with the inverse of the
approximation error. This result, termed the curse of parametric complexity, can be interpreted as the infinite-
dimensional analogue to the classical curse of dimensionality in finite dimensions, see also [52]. It can be
seemingly overcome by neural operators which use hyper-expressive activation functions or non-standard NN
architectures [65]. In practical implementations, however, each real-valued parameter can only be represented
by a sequence of bits of finite length. In [48], the cost model of counting real-valued parameters was therefore
replaced by instead counting the number of bits used to encode each parameter to some finite accuracy.
The resulting cost-accuracy scaling law reveals a curse of parametric complexity that is independent of the
activation functions used in any NN approximation. It states that the number of bits required to encode each
NN parameter still scales exponentially with the inverse of the approximation error. Based on the theory of
widths, it was shown in 40| that bounded Lipschitz and C*-operators also exhibit a curse of data complexity.
That is, the error in expectation with respect to a Gaussian measure with at most algebraically decaying
PCA eigenvalues converges at most logarithmically in the number of samples for any learning algorithm
which is based on i.i.d. pointwise samples. In the present paper, we prove a curse of sample complexity which



generalizes this result to arbitrary (centered, nondegenerate) Gaussian measures. In addition, we prove that
for Gaussian measures with sufficiently fast spectral decay (of the covariance operator), convergence rates
which are arbitrarily close to any algebraic rate are possible, even for unbounded Lipschitz operators. We
mention in passing the work [55] for further results in the statistical theory of deep non-parametric estimation
of Lipschitz operators. Therein, however, the authors work with probability measures with compact support.
Consequently, their results are not directly applicable to Gaussian measures.

Gaussian measures are not only the typical choice of probability measure for measuring the approximation
error in expectation, they also allow to draw on results from infinite-dimensional analysis [16} [23] 24, |57].
In fact, the theory of Gaussian Sobolev spaces is key in our analysis as it is well-known that Lipschitz
functionals are Gaussian Sobolev functionals. This connection yields explicit control over approximation
bounds in terms of the spectral properties of the covariance operator of the underlying Gaussian measure.
The Gaussian setting has been considered previously to prove expression rates for NN approximations of
operators, see, e.g. [66] 29]. It can also be studied within the abstract framework developed in [34], see
Example 1 therein, to derive dimension-independent results for the approximation of high- and infinite-
dimensional function(al)s. Its connection to Lipschitz regularity, however, has, to the best of our knowledge,
not yet been made use of to derive sample complexity estimates for Lipschitz operators.

1.2 Contributions

Let X, be separable Hilbert spaces with dim(X) = co and let u be a Gaussian measure on X. Detailed
notation and further preliminaries are introduced in Section |2} Additional notions and technical results from
operator theory and infinite-dimensional analysis are discussed in the appendix. We now give an (informal)
overview of our main contributions, which are are four-fold:

1. In Section (3 ' we extend standard results from infinite-dimensional analysis and define the (weighted)
Gaussian Sobolev space W b(X V) by means of a sequence of positive real-valued weights b = (b;);en with
0 < b; <1. As our first maln contribution we show that this space contains the set Lip(X,)) of Lipschitz
operators which map from X to V:

Result 1 (Lipschitz operators are Gaussian Sobolev operators, cf. Thm. . If YV is finite- dzmenswnal
then Lip(X,Y) C W1 2()( V). If Y is infinite-dimensional and if b € (*(N), then Lip(X,)) C (X V).

In both cases, the space of bounded Lipschitz operators is continuously embedded in W;’i(.)(;y).

The sequence b is essential to treat the case dim()) = oo and it can be interpreted as a sequence of
parameters which control the degree of (weak) differentiability of the Sobolev operators. Result I 1]is crucial in
our subsequent analysis. Elements in W (X V) are characterized as operators whose polynomial expansion
coefficients with respect to the (mﬁmte—dlmensmnal) Hermite polynomials { Hy }er, with countable index set
T, are weighted ¢2-summable. The corresponding weights u = (ty)~er are given in terms of the (b-weighted)
PCA eigenvalues Ap; (of the covariance operator) of . As a result, we can study the approximation of a
Lipschitz operator by considering its Hermite polynomial s-term expansions.

2. In Section [d] we give upper and lower bounds for the convergence of these expansions in terms of the
PCA eigenvalues. In particular, we show the following curse of parametric complexity: No s-term Hermite
polynomial expansion can converge with an algebraic rate uniformly for all Lipschitz operators as s — oo.
This holds regardless of the decay rate of the eigenvalues. More specifically, let S C I be a finite index set
with at most s elements and let Fs denote the polynomial approximation of an operator F € VV1 2( V)
by Hermite polynomials H., with v € S. Moreover, let 7 : N — T" be a bijection such that (uﬂ(z))LeN is a
nonincreasing rearrangement of w. Our second main contribution is the following result:

Result 2 (Curse of parametric complexity, cf. Theorem Theorem Theorem |4.7). For every s € N,

inf Sup HF_ FSH . Sup F_FTr 1),...,w . = Ug 1) (11)
SCLISISH Il 1,1 ST 1= Prraycamen g vy = ey



where the suprema are taken either over the class of all Lipschitz operators or all Wu -opemtors Moreover,
Ur(s41) cannot decay algebraically fast as s — oo, regardless of the spectral properties of p. On the positive
side, the decay of Un(s41) can become arbitrarily close to any algebraic rate as s — oo if the PCA eigenvalues
Xb,i decay sufficiently fast (e.g. double-exponentially).

3. Up to this point, we study best polynomial approximation of Lipschitz operators. In Section [5] we
consider learning Lipschitz and wh —operators from finite samples. Using tools from information-based
complexity [61], we define the adaptlve m-width ©,,(K) of a set of operators K. It quantifies the best worst-
case error that can be achieved by uniformly learning operators in IC from m measurements L(F) € Y™
which are generated by an adaptive sampling operator £ and used as inputs for an arbitrary (nonlinear)
reconstruction map 7 : Y™ — Li(é\f ; V). More specifically,

O (K) := inf { sup [|[F = T(L(F)) g2 x,y) 1 £, T as above} .
FeKk ne

Our key result is its characterization in terms of the weights u, and roughly reads as follows (neglecting
some technical assumptions):

Result 3 (Characterization of the adaptive m-width, cf. Thm. Thm. Thm. 4.7). For any number
of samples m € N, we have
Gm(K:) = u‘rr(m+1)7

where IC is either the set of all Lipschitz or all W -opemtors of at most unit W -norm Again, Ug(m41)
cannot decay algebraically fast as m — oo, regardless of the spectral properties of,u But its decay can become
arbitrarily close to any algebraic rate in the large data limit m — oo if the PCA eigenvalues Ap; of 1 decay
sufficiently fast (e.g. double-exponentially).

This result tightly characterizes the sample complexity of learning Lipschitz operators and gives rise
to the following curse of sample complezity: No procedure (e.g., NNs, polynomial approximation, random
features, kernel methods, etc.) for uniformly learning Lipschitz operators with Sobolev norm at most one
can achieve algebraic convergence rates for the Li -approximation error. This holds for general (centered,
nondegenerate) Gaussian measures . In light of Result 3] ' note that Result 2] I shows that Hermite polynomial
approximation of Lipschitz or W —operators (with Sobolev norm at most one) is optimal among all possible
(adaptive) sampling and reconstruction maps.

4. Result [3] pertains to arbitrary linear samples and does not provide explicit algorithms. To address this
lack of constructiveness, we restrict the class of sampling maps in Section [6] and study the reconstruction of
operators F': X — Y from pointwise samples. In this case, each training datum has the form (X, F(X)) €
X x Y. Pointwise sampling is one of the most relevant sampling methods in practical applications because
it is nonintrusive. Using our results from Section El and Section [9) ' we present a sampling strategy and an
algorithm for constructing for any Lipschitz and Wu -operator F' a weighted least-squares approximant F
with provable near-optimal sample complexity. More specifically, we use Christoffel sampling |21] to define
a suitable sampling measure v on X from which we draw m independent samples in order to construct F
as a linear combination of at most s Hermite polynomials. We prove the following two results which provide
sample complexity bounds in probability:

Result 4 (Sample complexity for Sobolev operators, cf. Cor. E Let 0 < € < 1 denote the failure probability
and let F' € W1 2()( V). Suppose that m satisfies

m > cslog(s/e), (1.2)

where ¢ > 0 is a universal constant. Then, with v-probability at least 1 — e, Fis well-defined and

|77
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L2(X5) = ( Ve ) u"(erl)HF”W1 2(x.p) (1.3)



The sample complexity in is near-optimal, i.e., it is linear in s up to a log-factor. We present
an algorithm (Algorithm which achieves for m samples the optimal approximation error s (s41) (see
Result |3) up to constants, where s can be chosen near-optimally as m/(c-log(m/e)). Note that the constant
in has poor scaling in €. The next result shows that this can be avoided in the case of Lipschitz operators
as follows:

Result 5 (Sample complexity for Lipschitz operators, cf. Thm. . Let 0 < € < 1 denote the failure
probability and let F : X — Y be Lipschitz continuous with Lipschitz constant L > 0. Suppose that m
satisfies

™

m > Csu_?s+1) log(4s/e€), (1.4)

where C > 0 is a constant which only depends on ||F'(0)||y, and L. Then, with v-probability at least 1 — €, we
have

|7~ 7]

L2(X;Y) < V2un(at) (”F”Wiji(?f;y) * 1) ' (15)
The bound on the approximation error in (1.5 is independent of €, but the sample complexity in (1.4))
shows the additional factor ufﬁs 1) By Theorem K4.6| the latter grows only subalgebraically with respect to

™

s. In this sense, the resulting algorithm (Algorithm [2)) still has provable near-optimal sample complexity.

2 Preliminaries

First, we recall some standard notions and fix the notation which we use throughout the text. Further
notation will be introduced in the text as needed.

2.1 Basic notation

As usual, N denotes the set of all positive integers, Ny the set of all nonnegative integers, and R the real
numbers. We denote by (X, (-,-)y) and (Y, (-,),,) two separable Hilbert spaces with corresponding inner
products. For simplicity, we focus on real Hilbert spaces, but all results can be readily generalized to the
complex case as well. We use capital letters X € X and Y € Y (at times also H, K, Z) for elements of the
respective Hilbert spaces. Operators which map from X to ) are typically denoted by the capital letters F'
or (G. For functionals, i.e., in the case Y = R, we also use lower case letters at times. The set of all continuous
operators from X to ) is denoted by C'(X,)) and we write C(X) := C(X,R).

We equip the space X with a centered, nondegenerate Gaussian measure p with covariance operator
Q = [, X ® Xdu(X). We recall that Q : X — X is a positive-definite, self-adjoint, trace-class operator,
see, e.g., [23, Prop. 1.8]. As such, there exists an orthonormal eigenbasis (PCA basis) {¢;}ien of X and a
sequence of corresponding PCA eigenvalues XA = (\;);en. To be explicit, we have Q¢; = \;¢p; with \; > 0 for
every i € Nand ),y A; < oo. By rescaling, we may assume without loss of generality that » , .y A\; = 1. We
denote the standard Gaussian measure on R by 1 := A(0, 1), the standard Gaussian measures on R, n € N,
by pin = @, pt1, and the standard Gaussian measure on the space of sequences RN by pieg := Ry -

For N € N, we set [N] := {1,2,..., N} and [0c] := N. Sequences of real numbers with (possibly finite)
index set I are denoted by lower case bold letters = (z;);c; € R!. Sequences with elements in a Hilbert
space Z are denoted by bold capital letters Z = (Z;)icr € Z. We write 0 and 1 for the sequence of all
zeros and all ones, respectively. Algebraic operations on a sequence & € R! are defined componentwise: We
write /& := (\/;)icr and 1/x := (1/x;)ics, whenever these expressions make sense, and for a scalar ¢ € R,
we write cx = (cx;);cr for the scaled sequence. In a similar vein, inequalities of the form x < y between
sequences &,y € R! are understood componentwise, that is, z; < y; for every i € I. The expressions > y,
x < y, and > y are understood in a similar sense. Given an index subset J C I, we write ; for the
subsequence (z;);cs. We use standard notation

1 ifi=j
0i 5 1= e
0 ifi#j,



for the Dirac delta function, and for two sequences v,~’ € N, we set

o0
Oyt 1= H 5’71:77,2'
i=1

We denote the Euclidean norm and inner product on R™ by ||-||g. and (-, -)g., respectively, and the standard
basis vectors by e; := (J; j)je[n) for i € [n]. The symbol L™ denotes the Lebesgue measure on R". Finally,
we use the notation z < y for x,y € R if there exists a global constant C' > 0 independent of any parameters
such that x < Cy. We write z 2 y if y <z, and z ~ y if both x <y and x 2 v.

2.2 Sequence spaces

Let 1 < p < oo. Given an index set I, a sequence of positive weights w = (w;);c; > 0, and a Hilbert space
Z, we define the weighted sequence space (£, (I; Z) as the set of all Z-valued sequences Z = (Z;);c; whose
norm || Z|[;» ;.7 is finite, where

_ 1/ .
(X ierw; "IZil%) P if1<p<oo,
SUP; e {wfIIZiIIz} if p = oco.

||Z||efu(1;z) = {

We denote the closed unit ball in ¢2,(I; Z) by
B(I; 2) = {:c € 0,1 2) : |[@ll g 1.z < 1} .
If Z = R, we just write (¢4, (1), |||, (1)) and Bf, (1), and if w = 1, we write (¢ (1; Z), [||| (1, z)) and BP(I; Z).

2.3 The weighted space A}

Let b = (b;)ien be a sequence of positive weights with 0 < b < 1. By means of the PCA basis {¢; };en of X
we define the space

Xp = {X S Zbi_2|<X7¢i>X|2 < OO}'
iEN

Note that X is a Hilbert subspace of X with inner product

<X7Z>Xb :Zb;2<X7¢l>X <Zv¢i>X7 X7Z€Xba
i€N

which induces the norm

[ Xl =/ (X, X)y,, X €Xp.

b’

Moreover, it is easy to see that the family of vectors {n; };cn defined by
i == blfjs“ 1€ N, (21)

is an orthonormal basis of A}.

Remark 2.1. We highlight two important cases. If b = 1, we recover the full space X, that is, X3 = X. If
b = v/, we obtain the Cameron-Martin space H C X of 1 (see Appendix . Indeed, Theorem implies

X5=H.



2.4 Lebesgue-Bochner spaces and Hermite polynomials

We write L7 (&X;Y) for the Lebesgue-Bochner space of (equivalence classes of) strongly measurable operators
F : X — Y with finite Bochner norm

1Pz e = ([ ||F<X>|§,du<x>)l/2.

If Y = R, the Lebesgue-Bochner space Li(X ;R) coincides with the usual Lebesgue space and we write
Li(X;R) = Li(X). More information can be found, e.g., in |38, Chpt. 1].

Next, we introduce the (infinite-dimensional) Hermite polynomials. For n € Ny, we define the nth nor-
malized (probabilist’s) Hermite polynomial on R by

' o (_1)n 1‘2 dn 1‘2
H,:R—>R, H,(z):= 7 exp | 5 | oexp (- ).

The Hermite polynomials {H, },en form an orthonormal basis of Lil (R), see, e.g., [23, Prop. 9.4]. We
define the infinite-dimensional Hermite polynomials by products of the one-dimensional ones. To this end,
we introduce the set of all sequences of nonnegative integers with finite support

I:= {’y e NY = supp(v) < oo} ,

with the support of v defined by supp(y) := {i € N: v; # 0}. It is easy to see that I is countable. For v € T
and d € N, we set

d
Hyq:RY R, Hyg(@) =[] Hy (2:). (2.2)
i=1

Remark 2.2. Since «v € I has finite support and Hy = 1, each Hermite polynomial H 4 can also be seen as
a function H o with infinite dimensional input € RY (simply by ignoring all z; with i & supp(7)).

Finally, we define Hermite polynomials on the infinite-dimensional space X by means of the PCA basis
{#i}ien and the PCA eigenvalues A = (\;)ien:

Hyx:X 2R, Hya(X):= ﬁH 1- <<X\/‘i>>x> . (2.3)

As only finitely many factors in (2.3) are different from 1, every H.  is a smooth function on X with
polynomial growth at infinity, that is,

I~
Hya(X)] < O (141X )7 )

for some constant C' > 0. In particular, by the Fernique Theorem (Theorem , we have H, » € LZ (X)
for every v € I'. The Hermite polynomials H, x play a distinguished role in L7, (X ) in the following sense:

Theorem 2.3 ([23, Thm. 9.7]). The family {H~ x}~cr of infinite-dimensional Hermite polynomials is an
orthonormal basis of L2 (X).

Let us recall that
20y T2
L/L(X7y) - LM(X) ®y

with Hilbertian tensor product. By Theorem any F € Li(?( ; V) can be written as an unconditionally
Li(.?c' ; V)-convergent expansion in Hermite polynomials, also called the Wiener-Hermite Polynomial Chaos
(PC) expansion,

F =Y Y,Hyx, (2.4)

~erl



with Wiener-Hermite PC coefficients
Y, = / F(X)HyA(X)du(X) € V.
x
Moreover, Parseval’s identity holds, i.e.,

2 2
1PN ey = D 15115 (25)
~erl

3 Gaussian Sobolev and Lipschitz operators

Let b = (b;);en be a sequence of weights with 0 < b < 1. We sketch the definition of the weighted Gaussian
Sobolev space Wlﬁ (X;Y) and state its characterization as a weighted £?-sequence space. Details are provided

in Appendix We then prove that all Lipschitz operators from X to ) lie in W:i (X;Y) under some
sufficient conditions on b. The results in this section are the basis for the approximation theoretical analysis
carried out in the remainder of this paper.

3.1 The space Wl’f(é\f;y)

The definition of the space W (X Y) is based on the operator Dy, which denotes the Fréchet differential
operator along the space X (see Appendix [A)). We first define Dy, as an operator which maps from a set of
cylindrical boundedly differentiable operators ]-"C'I(X V) to the space L2 (X; HS(Xp,Y)), where HS(Xy, )
denotes the space of Hilbert-Schmidt operators from A to ) (see Appendix. The study of the Cameron-
Martin space H of u allows us to show that Dy, is closable in L?(X;)), see Proposition Details about
the closure and closability of operators are recalled in AppendlxlBil With this in hand, we make the following
definition:

Definition 3.1 (The Sobolev space W;;;‘j(x;y)) We define the space W b(X Y) as the domain of the
closure of the operator Dy, : FC}(X,Y) — L2 (X; HS(X,Y)) (still denoted by Dy,) in L2(X; ).

The space W b(X V) is a Hilbert space with the graph norm

1/2
||F||Ww<”>(/ POt + [ D3, F ||Hs<xby>du<x>) ,

which is induced by the inner product
(P, Gy iy /X (F(X), G(X))y du(X) + /X (D, F(X), DayG(X)) s 3 (X)),

As usual, we write W;S(X )= Wiz(X ;R) for the space of Sobolev functionals. A few remarks are in order.

Remark 3.2. Defining Gaussian Sobolev spaces as the domain of closure of a suitable differential operator
is standard and can be found, e.g., in [19, (23, 57} |62]. For an equivalent definition via the completion of
FCL(X,Y) under an appropriate Sobolev norm, we refer to [16, Chpt. 5].

Remark 3.3. Weighted Gaussian Sobolev spaces have been considered in the literature in the study of
continuous and compact Sobolev embeddings |67} 22, [19] by composing the differential operator with an
additional self-adjoint nonnegative operator. Recently, in [58], the authors defined weighted Gaussian Sobolev
spaces of functionals on ¢"(N), r > 1, by weighting the partial derivatives with elements of a weight sequence
b € (°°(N) and remarked that their construction unifies various definitions of Gaussian Sobolev spaces via
different choices of b. Our definition of W;Z(é\f ; V) is equivalent to the definition in |58] in the Hilbert space
case r = 2. However, our approach via the differential operator along the space A3 highlights the role of
the latter as the underlying differential structure of VVI%(X ; V). For b = VA, we obtain the same space as
defined in [16} 57, 24]. For b = 1, we obtain a smaller space as defined in [23].



Next, we use the Wiener-Hermite PC expansion (2.4]) of Li(X ; V)-operators to characterize the space
W:i (X;Y) by a weighted ¢2-space. To this end, we need the following definition:

Definition 3.4. The b-weighted PCA eigenvalues are given by

Ai
Ap = (Abi)ien, b= 2 (3.1)

The following theorem is an immediate consequence of Proposition which we prove in Appendix

Theorem 3.5 ({2-characterization of WJZS(X; V). The map

C05Y) = Whe(X:Y), Y = (Yy)yer = 3 YoHyx
yel

with the family of weights

—1/2
U= (Uy)yers Uy = ty(Ap) 1= (1 +3 ;})) : (3.2)

€N

is an isometric isomorphism. In particular, using the representation (2.4), we have

/ FH%)\CZ[L
X

The weights u. in (3.2) are key in our subsequent analysis. We make the following assumption:

2
, VF e W (X D).
y

2 -2
Iy 2 ey = D uy
~erl

Assumption 3.6 (Properties of b). We assume that b = (b;);en s a sequence of positive real numbers
with 0 < b < 1 such that the sequence of weighted PCA eigenvalues Ap = (Mpi)ien, defined in (3.1), is
nonincreasing. If dim()) = oo, we assume in addition that b € (2(N).

By Assumption @, we can order the weights u. in a nonincreasing way, that is, there exists a nonin-
creasing rearrangement m: N — I' of w such that

Up(1) = Up(2) = 70 > 0. (3.3)

The map 7 is unique up to permutations of weights of the same value. The additional requirement of
(2-summability of b in Assumption in the case where ) is infinite-dimensional will become clear by
Theorem [3.9] which we prove in Subsection [3.2] It implies that the set of Lipschitz operators is a subset of
W,a (X5 ).

Remark 3.7. Assumption implies that limsup,;_, . Ap,; < 00. Interestingly, this condition is equivalent to
the continuous embedding of W:i (X) in the Orlicz space LPlog? L(X, ) for p € [1,00), sce [58, Thm. 4.2].
The stronger condition lim; ,. Ap; = 0 is equivalent to the compact embedding of ng(é\,’ ) in Li(z’\f ),
see |22, and, more generally, in the Orlicz space L?log? L(X, i) for ¢ € [0, 1), see [58, Thm. 5.2].

3.2 Lipschitz operators

We now turn to Lipschitz continuous operators and recall their definition.

Definition 3.8 (Lipschitz operators). An operator F' : X — ) is called (L-)Lipschitz (continuous) if there
exists a constant L > 0 such that

|F(X) ~ F(Z)lly < LIX — Z|,. VX,Z€X.



The number L is called a Lipschitz constant of F. The smallest Lipschitz constant of F' is given by

|F(X)—F(Z)|
[FlLip(x,y) == sup >
X, Zex | X — Z||X
X4Z

We denote the space of all Lipschitz operators from X to ) by Lip(X,)) and write Lip(X) := Lip(X;R).
We further define the space of all bounded Lipschitz operators C%!(X;)) as the set of all Lipschitz operators
F € Lip(X,Y) with finite norm

1Fllos e,y = sup IFX)y + [FlLip(x,y)-

Note that C%1(X,)) is a strict subset of Lip(X,)) as operators in Lip(X,)) do not need to be bounded.

The next result, which is the main result of this section, motivates Gaussian Sobolev spaces as a natural
setting for the study of Lipschitz operators. We present a sketch of the proof, highlighting the main ideas.
A detailed proof is given in Appendix

Theorem 3.9 (Lipschitz operators are Gaussian Sobolev operators). Let b = (b;);en be a sequence of positive
numbers with 0 < b < 1.

(i) If Y is finite-dimensional, then Lip(X,)) C Wj:g(?(; V) and the embedding CO(X,Y) — W;:g(ﬁ(; Y)
1s continuous with

||F||Wj:§(x;y) <SVAmMY) - [[Fllorx,yy, VE € CONX,Y).

(i1) If YV is infinite-dimensional and if b € (*(N), then Lip(X,Y) C W%};i(x;y) and the embedding
CONX,Y) — Wj:g()(; Y) is continuous with

||F||W}}:§(X;y) < max {L Hb”zz(N)} IFllosxyy, YF €C™(X,Y).

Proof (Sketch). Let F € Lip(X,Y). In order to show that F' lies in W;ZE(X; Y), it suffices to find a sequence

(Fu)nen of operators which converge to F in L2 (X;Y) and which are uniformly bounded in Wig(X V)
(see Lemma . To this end, we construct a specific sequence of operators of the form F,, = V,, o T,, with
Vo :R® - Y and T, : X — R"™ which converge to F' in L;i(ﬂ(; Y) and, in fact, in W/i’i()(;y). As we will
show, the operator V,, inherits Lipschitz continuity of F. Hence, by Rademacher’s theorem, V;, is differentiable
L™-almost everywhere. We are now left with showing that Fj, is differentiable p-almost everywhere and that
there exists a constant C' > 0 such that

||DXbFn(X)||HS(Xb,)i) <C (3.4)

for all n € N and p-almost every X € X.
In case (i), let m := dim()) € N. We fix an orthonormal basis {t;}jc[m) of J and consider the (Lipschitz

continuous) coordinate functions v = (Vasthj)y + R" — R. Unwinding definitions, a straight-forward

calculation then leads to (3.4)) for any weight sequence 0 < b < 1. The resulting constant C' depends linearly
on /dim()). The same reasoning thus does not work in case (ii) where ) has infinite dimension. At this
point, we additionally require that b € £2(N). A slight modification of the argument in (i) then yields (3.4)
with a finite constant C' which depends linearly on min{1, [|b|,2x,} and is independent of the dimension of
Y. The continuous embedding of C%1(X,Y) in Wj’i(?ﬁ; Y) follows in both cases from (3.4]) and the fact that

F, = F in W3 (X; ). O
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Remark 3.10. In light of Theorem note that Assumption implies that Lip(X,)) C Wi:g(ék‘;y)
regardless of whether ) is finite- or infinite-dimensional. Moreover, it implies that the weighted PCA eigen-
values Ap ; decay more slowly than the unweighted A;. If V is finite-dimensional, we can choose b = 1, which
gives Ap = A. This is not possible if Y is infinite-dimensional. However, since A € ¢}(N), a valid choice for b
in any case is b = v/, which leads to Ap = 1 and thus to no decay of the Ap,i at all.

Remark 3.11. For functionals, i.e., in the case J = R, it is well-known that Lipschitz continuity im-
plies Gaussian Sobolev regularity. We refer to [23| Prop. 10.11] and [24) Prop. 3.18], where it is shown
that Lip(X) C Wl’z(X) and Lip(&X) C Wl’?F(X), respectively. One can define Gaussian Sobolev spaces

Wu P(X;Y) for any order 1 < p < oo and a proof analogous to the one of Theorem @ shows that they

contain Lip(X,Y) as a subset. For the case Y = R, we mention [16, Ex. 5.4.10(i)] and [57, Prop. 10.1.4].
However, only in the case p = 2 there is a simple characterization of the Gaussian Sobolev norm in terms of
Hermite polynomial coefficients, as given by Theorem

Finally, we introduce the following notation.

Definition 3.12 (Sobolev unit (Lipschitz) ball). We define the Sobolev unit ball
Bi(Wh2 (X)) = {F e W (X D) ¢ ||F |1z g < 1}
1,b ) : w,b 3 . W“:b(_)(;y) >~
and the Sobolev unit Lipschitz ball

B} (Lip(X, ) = { F € Lip(,3) : | Flly12(00) < 1}

4 Polynomial s-term approximation

The ¢2-characterization of Wl’Q(X Y) via Wiener-Hermite PC expansions (Theorem motivates studying

polynomial s-term approximations of W# —operators and quantifying the smallest achievable s-term error.
To this end, for any index set S C I', we define the space of Y-valued polynomials

Ps.y = Z Y’YH’Y)\ Y, ey
~YES

and the corresponding orthogonal Lz-projection

()s: Lp(X;Y) = Psy, Frs Foi=) (/ FHmAd:“> Hyx
X

~yeS

Next, let F' € W1 2(X V) and let S C T be finite with |S| < s. Setting Y, := [, FFHy adp, it follows from
Parseval’s 1dent1ty and Theorem [3.5| - that

2 - 2 9
IF = Bl gy = ;SIY—YIIyS(vIgg@u.,)ZU W51 = (e 2) 1Py (0D
Y

Let us recall from ) the nonincreasing rearrangement m : N — I' of u = (uy)yer. We set S = 7([s]) =
{m(1),...,m(s)} and conclude for K € {B1( jg(X V), B¥(Lip(X,)))} that

inf  sup [|[F— Fs||L2(X y) < bup |F = Fr

= Un(si1), VSEN. (4.2
SCT,|S|<s Fek e e A G M (42)

D2 ey < e (is))

Our first main result in this section shows that this chain of inequalities can, in fact, be improved to equality
and hence gives a tight characterization of the best polynomial s-term error. The proof is an immediate
consequence of Theorem which we prove in Section [5} in the special case V = Li(X V).

11



Theorem 4.1 (Best polynomial s-term error). For K € {Bl(Wijg(?{; V), BY(Lip(X,Y))} and every s € N,
we have

inf  sup ||F — Fs||, 2y = sup ||[F — F - .
scitd _ sup [IF = Fsllps (xv.y) = 80D [|F' = Fr(iapll 3 (xy) = o)

Motivated by Theorem we study in the rest of this section the decay of uy(s41) for s — oo. The
proofs are based on the relation of the set m([s]) to an anisotropic total degree index set. We discuss this
relation in Subsection Fi;fl and subsequently prove lower and upper bounds for uy(s41) in Subsections @

and (1.3

4.1 Relation to anisotropic total degree index sets

We first recall the notion of anisotropic total degree (TD) index sets and provide lower and upper size
bounds. We then identify a specific anisotropic TD index set to which we can relate 7([s]).

Definition 4.2 (Anisotropic TD index set). For d € N and a = (ay,...,aq) € R? a > 0, we define the
anisotropic TD index set in d dimensions with weight a by

d
AdTB = {VENBI : Zaiyi < 1}.

i=1

Lemma 4.3 (Lower and upper size bounds for anisotropic TD index sets). Letd € N and a = (a1, ...,aq4) €

RY with 0 < a; < --- < aq. We have
d
1
ATP| < — +1 4.3
!|_H(+) (4.3)

and if in addition min;e(q) a; < 1, then
d

1
— < |ATP]. .
i=1
Proof. The upper bound (4.3)) is Lemma 5.3 in |36, Lemma 5.3]. The lower bound (4.4]) is proved in [13]. We
refer to [33] for further discussion. O

For any € > 0, we now define the set

1 .1
S(E)::{7€F:u;2§1+52}:{7efzz)\b_ggz} (4.5)

as well as the quantity
d(e) :==min {l € N: A1 <&’} € NU{oo} (4.6)

with the convention min(@)) = co. By definition, S(¢) = w([|S(¢)[]), and if d(e) < oo, then S(¢) is isomorphic
to an anisotropic TD index set,
S(e) = AR o (4.7)

with weights a; :=&2/Ap 4, i € [d(¢)], under the isomorphism

{v €T :supp(y) C [d(E)]} = N3, = (71, vae))-

Observe that, by Assumption we have 0 < a; <ap < -+ < age).
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Remark 4.4 (Effective dimension). The number d(¢), defined in , can be interpreted as the effective
dimension of the approximation problem. For i > d(e) + 1, we have Ap; < &2. Hence, for very small
0 < & < 1, the variance of y in the ith coordinate direction essentially vanishes for ¢ > d(¢) 4+ 1 and therefore
N(0,X\p;) =~ &g, where N(0,\p;) denotes the one-dimensional Gaussian measure on R with mean 0 and
variance Ap; and d¢ is the Dirac delta measure centered at 0. Thus, measuring an operator F' on X with
respect to p essentially reduces to measuring F' in its first d(e) coordinates (with respect to the PCA basis
{¢i}ien) on R with respect to the Gaussian product measure ®;ifl) N(0, g ).

Remark 4.5 (Finiteness of d(¢)). Note that requiring d(e) < oo for every & > 0 together with Assumption [3.6
implies lim; o0 Ap; = 0. On the other hand, the limit condition lim;_, Ap; = 0 implies Assumption @
after a suitable reordering of the A, and the property d(e) < oo for every € > 0. In this context, we also
recall Remark

4.2 Lower bound

We now prove the second main result of this section which constitutes a lower bound for uz(s41). It states
that, regardless of the (unweighted) PCA eigenvalues A and choice of b, one cannot achieve an algebraic
decay for s — oo. In light of Remark we emphasize that we do not assume that lim; ,o Ap; = 0, but
only that the Ay, are nonincreasing (Assumption . In particular, the effective dimension d(¢) in
might be infinite for a given € > 0.

Theorem 4.6 (Impossibility of algebraic decay of ur(sy1)). For any p € N, there exists 5 € N, depending
on Ap1,- -+, Abpt+1,P, sSuch that

Up(s41) = Csiﬁ, Vs > s, (4.8)
with constant
1
C=cin M) = & (T2 ) (4.9)
= b,ly-+-sAbpy P =3 1 i . .

Proof. We fix some arbitrary 0 < ¢ < /Ap 1, whose exact value will be chosen later, and define for n € N,

;1
S(e,n) = {7 ENy: Y AZ- < 5 supp(7) © [n}}

€N

We make a couple of simple but important observations. First note that S(g) = S(e,d(g)), where S(e) and
d(e) are defined in and (4.6)), respectively. Second, we have S(e,n') C S(e,n) for every 1 < n’ < n.
Third, S(e,n) is isomorphic to the anisotropic TD index set AJ with weight @ = (a1, ..., a,), a; := €2 /Ao,
under the isomorphism

{y €Ny ssupp(y) C [n]} = Ng, v = (3, 7)-

Moreover, since we chose € < /Ap 1, we have min;cp, a; = £2/Ap1 < 1. We can thus combine the preceding
observations with the lower size bound (4.4) to conclude

A
€

d/
1S(e)| = IS(e,d(e))] > [Sear| > [] ‘;Z?, V1< d <d(e). (4.10)
=1

Analogous to the definition of d(g) in (4.6, we set

~ A
d(e) ::min{leN:lb_’F”ll<52}eN.

Note that d(e) is well-defined because Ap; < Ap1 for every i € N. Moreover, we have d(g) < d(e) as well as
d(e) > 00 ase— 0.
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Next, let us fix some arbitrary p € N. Then there exists 0 < & = &(Ap.1,- .-, Abpt+1,0) < min{y/Ap.1,1}

such that d() > p for every 0 < e < &. Since Mbi/(€%3) > 1 for every 1 < i < d(e), it follows from ([4.10) that

d()

)\bz )\bz _2 —
> > = P <
e)] H 2 H , Vo<e<e,
=1 i=1
with constant
-~ - P )\b
7
C=Cwa,- - dopp) =[5

i=1

We choose § = §(Ap.1;-- -, Abpt+1, D) € N sufficiently large such that s +1 > féé_Qp] for every s > 5. We fix
some arbitrary s > § and pick 0 < £ < & such that

CE2 =5 41.

Solving for &2 yields _
5'_/:'2 = g2(>\b,17 ey Ab,p7p7 S) = Cl/p(s + 1)—1/;0.

By our choice of €, we have |S(€)| > s+ 1. Since S(€) = 7(|S(£)]), we conclude w(s+1) € S(€) and therefore
2 > (L - > Lo _ Laumg e s Lawmg-m vy s s
Un(s+1) = | = T+ 5 =3 (s+1) 270, Vs 28,

where the second inequality holds because € < & < 1. This completes the proof. O

4.3 Upper bounds

We have now seen that ur(s41) cannot decay algebraically in for s — oo, regardless of the decay of the
b-weighted PCA eigenvalues \p ;. We now study the decay of tunr(s41) for three different characteristic decay
rates of these eigenvalues. In all three cases, we have lim;_,o, Ap; = 0 so that the effective dimension d(e) is
finite for every € > 0, see Remark In principle, the proof of the following result can be adapted to any
other spectral decay rate as well, as long as this limit condition is satisfied.

Theorem 4.7 (Specific decays of U (sy1)). Let a > 0.
(a) Algebraic spectral decay: Let A\p,; S i~ for every i € N. Then, for every d,n > 0, there exists
s =35(0,m) € N such that for every s > s,

Un(ar1) < (2(a + 1)) TTT log(s) 77D, (4.11)

(b) Exponential-algebraic spectral decay: Let \p; < e~ for every i € N. Then, for every n > 1, there
exists § = s(a,n) € N such that for every s > s,

1 1
TH1/a Jog(s) TT1/=

Un(s41) S e (1= (4.12)

(¢) Double exponential spectral decay: Let Ap; S e—e™ for every i € N. Then, for every §,n > 0, there
exists § = 5(c,0,m) € N such that for every s > s,

1

Un(ogp1) S e F(51086) T (4.13)
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Proof. All rates can be derived by suitably choosing the parameter € in the set S(g), defined in ). By .,
the upper size bound (4.3)) implies

d(e)
e)| < H ()"” +1)

where we used the fact that A\p; > €2 for i € [d(e)] by definition of d(e), see (4.6). For brevity, we write in
the following d = d(e).

Case (a). Let A\p; < Ci~® for every ¢ € N and some constant C' > 0. Plugging this into and using
the Stirling type estimate d? < e?d! as well as the inequality d—¢ < e'/¢ yields

d(e) d(e)

11 Ag‘” < - 1) g=2)4e) H Ab,is (4.14)

i=1

15| < (2e2)4c? H I~ = (207 H)Y(d) " < (20e72)derd gm0t < e/ e (20724, (4.15)
Let 0 < £ < 1. Then, by definition, d = min{l € N: (1+1)"® < &2} < ¢~%/®. We take the logarithm on both

sides in (4.15]) and deduce

log(|S(e)]) < ad + % + dlog(20e2) <

g + ae” 2/ 4 e7H > og(20e72).

Next, let 6,7 > 0 be arbitrary. There exists 0 < & = &(6,17) < 1 such that log(2Ce~2) < ne=2 for every
0 < e < &, which implies
log(|S:]) < S +ae 2/ 4 pe=2/2"2 < L 4 (a4 )P W<e<a (4.16)
e e

We set o
—+ (e =log(s)

and solve for €2, which yields

2 =¢e(s)? = (log(s) - %)_m (o + n)l/TlJrﬂ‘ (4.17)

We can now choose 5§ = 3(d,7n) € N sufficiently large such that the right-hand side in (4.17) is smaller than
€ and log(s)/2 > a/e for every s > 5. Then, (4.16) holds with € = £(s) and therefore

|SE(5)| <s, Vs>s.

Since S(g) = 7(|S(e)|), it follows ur(s41) & S(e) and consequently,
a1 )
Wy < (e 2+ )7 < els)” < (log(s) = &) (k)T

< log(s)_l/aﬁ@(a + n))ﬁ
for every s > 5.
Case (b). Let \p; < Ce™ ™" for every i € N and some constant C' > 0. With (4.14) we find
d .o
1S(e)] < (2672 dCdH i = (2e72)d 0 2aina (4.18)

Let 0 < ¢ <min{l, /Ap2}. We then have 2 < d = min{l € N: e~ (41" < £2} <log(e72)1/* < d+ 1. Taking
the logarithm on both sides in gives

d d—1
log(|S:]) < dlog(2Ce™?) — Zia < dlog(2Ce™?) — / t>dt
i=1 0
1 a+1
< -2\1/« -2\ -2\1/a _ .
log(e )"/ log(20=™?) — —— (log(e™)"/ — 2)
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Next, let 7 > 1 be arbitrary. There exists 0 < & = &(a, 1) < y/Ap,2 such that for every 0 < e < ¢,

log(e~2)V/* -2 >

1 — «
> iy owe ™)

and therefore

log(|S-]) < log(e~2)Y*log(2C0e™2) — log(e~2)1H /e < <1 — ) log(2Ce™2)t e (4.19)

_1 _ 1
n(a+1) n(a+1)

where C' = max{C,1}. We set

<1 — 77(0[14_1)) log(2C"e =21+« = Jog(s)

and solve for €2, which yields

1 1
TH1/a Jog(s) TT1/

2 =¢e(s)? =20"" (1-7tm) (4.20)

We can now choose s = 5(a,n) € N sufficiently large such that the right-hand side of (4.20)) is smaller than
g for every s > 5. Consequently, (4.19) holds with e = &(s), and therefore

|Se(s)| <5 Vs > 5.
Similar as in case (a), we conclude

1 a1
Ul(oy1) < (E(5) 2417 < o0re~ (1-5@rm) T log(9) TR
for every s > s. )

Case (c). Let \p; < Ce™"" for every i € N and some constant C' > 0. Plugging this into ([@.14) yields

[e%3

d d
15(e)] < (2= )4 [[ e = (2Ce )% 2™ (4.21)
i=1

a4

Let 0 < & < e~'/2. Then, by definition, d = min{l € N : e
the logarithm on both sides in (4.21]) gives

< %} <log(log(¢7?))/a < d + 1. Taking

d ) ea(d+1) -1
log(|S(e)) < dlog(20=™%) = ) e = dlog(20e™?) ~ ————
i—1 “
1 1
< —log(log(e™)) log(2Ce ) — ——— (log(c ™) ~ 1)
1 1
< = / _—2 ! —2
<= log(log(2C’e™%)) log(2C'e ™) + o

with ¢’ = max{C,1}. Next, let 4,7 > 0 be arbitrary. We argue similarly as in case (a). There exists
0 < &=2&(,6,n) < e /2 such that log(log(2C"e™2)) < Zlog(2C"e~2)? as well as 7L log(2C7e~2)1+% > 1
for every 0 < € < £. This implies

log(|5(e)]) < % log(20"e~2)1+0 ¢ % < glog@c/gﬂ)ua.

eOé_

We set
glog(QC'es*Q)lJ“S =log(s)
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and solve for €2, which yields
1

€2 = £(s)? = 20" (5 1o8(=) 7 (4.22)
We can now choose § = §(a, d,7n) > 0 sufficiently large such that the right hand-side of (4.22)) is smaller than
g2 for every s > 5. Hence, (4.21)) holds with € = £(s), and therefore

|Scsy| <5, Vs>,

We conclude )
1446

Ui—(s+1) <(e(s) 24+ 1) <e(s)? < 920" ¢~ (5 108(*)
for every s > 5. This completes the proof. O

Remark 4.8 (Asymptotics of the upper bounds).

(a) If A\p; S i decays at least algebraically, then (4.11]) shows that for fixed § > 0, ux(s41) decays at least
logarithmically of order m. In particular, taking the limit § — 0, we see that any logarithmic
decay rate of order smaller than «/2 can be attained asymptotically in the limit s — oo.

(b) If Ao S e~™ has at least exponential-algebraic decay, then ([#.12) yields a decay of U (s+1) Which is
faster than logarithmic for any n > 1. Taking the limit n — 1, we see that any decay slower than

1 1 1 1+i/a 1 1
_ _ ifi/a
exp 5 ( + a) Og(S)

can be attained asymptotically in the limit s — oo.

(c) If Ap; S e=¢"" decays at least double exponentially, then shows that u(s41) decays super-
logarithmically but still subalgebraically (in accordance with Theorem . However, for fixed ao > 0,
taking the limit § — 0 and suitably choosing 7, decay rates arbitrarily close to any algebraic order can
be attained asymptotically in the limit s — oo.

4.4 Discussion

Theorem@shows that ur(s41) decays subalgebraically in s. In particular, as p € N can be chosen arbitrarily
large, we conclude that the decay is slower than any algebraic decay rate for all sufficiently large s. In
combination with Theorem we deduce the following curse of parametric complexity: No s-term
Wiener-Hermite PC expansion can converge with an algebraic rate uniformly for all operators in the Sobolev
unit (Lipschitz) ball as s — oo. This holds regardless of the decay rate of the PCA eigenvalues.

Note that in this context, the parameters, that is, the polynomial coefficients in the truncated Wiener-
Hermite PC expansion, are elements of V. In [49], a related curse of (scalar) parametric complexity for
learning (bounded) Lipschitz operators with PCA-Net was proved. It relates the learnability of Lipschitz
operators by PCA-Nets to the size, i.e., the number of (scalar) neural network parameters, of the latter.
More specifically, it implies the following (informal) result:

Theorem 4.9 (Curse of (scalar) parametric complexity for PCA-Net, cf. [49, Thm. 9]). For any o > 0,
there exists a bounded Lipschitz operator F € C%Y(X,Y) and a constant c, > 0 such that

2 . —a
|1F— ‘I’”Lﬁ(x;y) > Cq (size(1))) (4.23)
for every PCA-Net U = Dy o) o Ex. Here, 1 : R¥* — R s a (ReLU) neural network and Ex : X — R

and Dy : RY> — Y are encoder and decoder maps, respectively, which are defined in terms of the empirical
PCA eigenvalues based on finitely many fized sample points.
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Remark 4.10. Inspection of the proof of |49, Thm. 9] shows that the empirical PCA eigenvalues used in the
definition of £y, Dy can be replaced by the exact PCA eigenvalues which puts Theorem in the setting
of the present paper.

We now argue that the curse of (Y-)parametric complexity described by Theorem and Theorem is
consistent with the curse of (scalar) parametric complexity described by Theorem 0 this end, suppose
that Hermite polynomial s-term approximations of Lipschitz operators in the Sobolev unit Lipschitz ball are
possible with some algebraic rate of order 5 > O:

Assumption 4.11. There exists 3 > 0 such that for all F € B?(Lip(X,))), there are constants C(F) > 0
and 5(F) € N such that

| F — Fr < CO(F)s™?, Vs> 3(F). (4.24)

s]) ||Lg(x;y)
We then have the following result:

Proposition 4.12. Suppose that Assumption is true. Then there exists v > 0 with the following
property: For all F € C%Y(X,)), there exist constants C = C(F) > 0 and € = €(F) > 0 such that for all
0 < e <€, there is a PCA-Net ¥ =Dy o1 o Ex such that

1E = Wil 5 gy <€ and size(y) < ceV/

It is easy to see that Proposition [£.12]leads to a contradiction to Theorem [£.9] hence implying Assump-
tionto be false. With the notion introduced in [49], it asserts that « is an algebraic convergence rate for
the class of C%1 (X, V)-operators. The proof is based on |66, Thm. 3.9] which provides expression rate bounds
for the approximation of multivariate Hermite polynomials by ReLU neural networks. As a preliminary step,
we make the following observation: Let S be a downward closed subset of N, that is, v € S implies 4/ € S
for every 4’ < ~. It is then easy to see by induction on the size of S that

< - < — 1. .
max [|¥llyy < 151 =1 and - max |supp(y)| < |5] -1 (4.25)

Proof of Proposition - Suppose that Assumptionis true. Let F' € C%1(X, ) and define the rescaled
operator F := T_lHFHco (v F, where 7 dim(Y) if Y is finite-dimensional and r := min{1, |[b[| 2, }
if Y is infinite-dimensional. Then, by Theorem we have F' € BY(Lip(X,))). Next, let 5 = 5(F) be the
constant in Assumptionand set € := min{5 P72, ¢=B/(B+1)} 50 that e#+1/F = min{s=(B+1/2 =11 Let
0 < € < € be arbitrary and choose s > 5 with sTP/2 e,

We proceed with several observations: First, recall from ) that the truncated Wiener-Hermite PC
expansion Fﬂ([s] is deﬁned via the Hermite polynomials Hr(1y.d,- - Hr(s),a, With d; := max{j : j €
supp(m(%))}. By Remark we can interpret each Hy(;) 4, as a function Hy () on RN. Second, observe
that the set m([s]) is a downward closed subset of Nij of size s. Hence, by (4.25), we have

max |||l <s—1 and max [supp(y)| <s—1, VseN.
yer([s) m([s])

With these facts in hand, we can now directly apply [66, Thm. 3.9] to conclude that there exists a ReL.U
neural network ¢ = (¥1,...,9,) : R — R® with d := max{dy,...,d,} and with each 1; depending solely on
the variables (z;);e[q such that

max || Hry,o0 = Will oy < €777 (4.26)
1€

Here, we interpret the ¢; as functionals on RN by ignoring all variables x; with i > d. Moreover, we have

size(1)) < s%log(s)log(e~ PH1)/8) < (1 + ;) e 14/B-1 (4.27)
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We now define the encoder and decoder maps

Ev:X 5 RYE Ex(X) = (<X\’/q;il>",..., <X\,/%>X)’

S

Dy:R* =Y, Dy(z):= /EH,,(Z.MdM)xi.
X

i=1

The corresponding (rescaled) PCA-Net ¥ := r||F||CO LX) (Dy oo €~X> satisfies

Fr(s) =Dy oo 5%‘

Lﬁ(?(;y))

+
L2(X;Y)

1P = Ul < r1Flghs o (|~ P
=: 7| F| o, 2y (1) + To(F)).
By Assumption we can bound T3 (F) by
Ti(F) < C(F)s P ~ C(F)e* < C(F)e,
where C(F) is the constant in (4.24)). For T»>(F), we find by and Parseval’s identity that

S

"“)’A‘WH iy oo = Will sy < PF/251/2 (Z
Yy

i=1

T5(F)

/ FHop sy adp
x

o\ 1/2
y)

S 6||F||L§()z;y) <e

Altogether, we conclude
IF =Wl 2 iy < € || Fll o, 1) (C(F) + 1)e

for some global constant C’ > 0. Upon rescaling € and € by the factor C”THFHE%,MX’),)(C(F) +1), the claim
follows in light of (4.27) with a = /(14 + f3). O

We have now seen that the approximation of Lipschitz operators by Wiener-Hermite PC expansions
cannot be done efficiently with algebraic convergence. On the other hand, we highlight that Theorem [£.7]
shows the connection between the decay of the eigenvalues \p ; and the decay of Uz (s41). It implies that the
curse of YV-parametric (and hence also scalar parametric) complexity can be overcome at least asymptotically
in the sense that decay rates arbitrarily close to any algebraic rate can be attained in the limit s — co. This,
however, requires the decay of the \p ; to be faster than exponential, see case (b) in Theorem As can be
seen by case (c) therein, a double-exponential decay is sufficient.

5 Optimal sampling and (adaptive) m-widths

Up to this point, we have studied the approximation of Wi:g— and Lipschitz operators by finite linear combi-
nations of Hermite polynomials. This is a certain type of what in the field of information-based complexity
is referred to as linear information [61, Chpt. 4.1.1]. In this section, we consider more general sampling and
reconstruction schemes based on adaptive information, that is, (nonlinear) reconstruction from m adaptively
chosen samples. We define adaptive sampling operators and the adaptive m-width and characterize the latter
in terms of the weights u,. We follow in parts ideas from [8] where recovery strategies based on adaptive
information were studied for holomorphic operators. It is known that adaptive methods can only be better
than nonadaptive methods by a factor of at most 2 and there are examples where adaptive methods perform
slightly better than nonadaptive ones. We refer to Theorem 2 in [60] and references therein. For this reason,
we consider adaptive sampling operators instead of nonadaptive ones. However, we will prove that for W
and Lipschitz operators, linear approximation based on nonadaptive 1nf0rmat10n is, in fact, optimal, see
Theorem [E.41
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5.1 Adaptive sampling operators

We subsequently introduce in detail scalar-valued and Hilbert-valued adaptive sampling operators and discuss
their definitions.

Definition 5.1 (Adaptive sampling operator; scalar-valued case). Let (V, ||-||,,) be a normed vector space
and m € N. A (scalar-valued) adaptive sampling operator is a map of the form

L1(F)
Lo(F;5 Ly(F))
L:VSR™ L(F)= ,

Lon(F: Lo(F), - Lon 1 (F))

where £1 : V — R is a bounded linear functional and £; : ¥ x R*~! — R is bounded and linear in its first
component for ¢ =2,...,m.

Trivially, any bounded linear map £ : ¥V — R™ is an adaptive sampling operator. Different choices for
V lead to important special cases. If V C Li(z’k‘) and Y, ... ~(™) ¢ ', then we may define a sampling
operator, generating (nonadaptive) linear information, by

L(F):= (/X FH,Y(I'))‘CZ[J,) - eR™, VFeV. (5.1)
i€lm

Ify=0C(X)and Xy,...,X,, €V, we can define a pointwise sampling operator, generating (nonadaptive)
standard information |61, Chpt. 4.1.1], by

L(F) = (F(X:);epn € R™, YF € O(X). (5.2)

i€[m
In both cases, the ’y(i) and the X; can, in principle, also be chosen adaptively based on previous measurements
J FH,Gydp and F(X;), respectively, for j € [i — 1].

Next, we generalize the definition to the Hilbert-valued case. For notational convenience, for any Y € ),
v = (0i)icim] € R™, and F € L2(X), we write Yv for the vector (Yv;)icim) € Y™ and YF for the map
X —»YF(X).

Definition 5.2 (Adaptive sampling operator; Hilbert-valued case). Let V C Li (X;Y) be a vector subspace
with norm ||-||,, and consider an operator

Ly (F)
Lo(F5 L1(F))
LV Y™, L(F) = ,

Lon(F3 L1(F), .., Lo 1 (F))

where £, : V — ) is a bounded linear operator and £; : V x Y*~! — Y is bounded and linear in its first
component for i = 2,...,m. Then L is a Hilbert-valued adaptive sampling operator if the following condition
holds: There exist Y,Y € Y\ {0}, a normed vector space V C LZ(X ), and a scalar-valued adaptive sampling

operator £ : V — R™ such that, if YF € V for some F € L?(X), then F € Vand L(YF) = YL(F).

This definition involves a technical assumption which links the Hilbert-valued case to the scalar-valued
case and which we will use to establish a lower bound for the adaptive m-width, see (5.4]). However, this
condition is not too strong. It holds, for example, in the case of adaptive pointwise sampling. Here, we choose
V =C(X,)) and define

L(F) = (F(X.));epm € Y™, VF €V,
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where the ith sample point X; is potentially chosen based on the previous measurements F(X1),..., F(X;_1).
We then have _ _
LYF)=YL(F), VFeY:=CX),VY €,

where £ : V — R™ is the adaptive pointwise sampling operator in (5.2)). As another example, we will see in
the proof of the upper bound of the adaptive m-width that the Hilbert-valued version of linear sampling, as
defined in (5.1)), is a Hilbert-valued sampling operator in the sense of Definition (under a mild condition
on V).

5.2 Adaptive m-widths and main result

We now formally define the adaptive m-width and state our main result.

Definition 5.3 (Adaptive m-width). Let (V, ||-[|,,) be a normed vector subspace of L?(X;Y) and let K C V
be a subset. The adaptive m-width of I in V is given by

0, (I V, L2(X;)))
: : 2 (5-3)
:= inf {}Srlépzc |1F' — T(E(F))”Li(x;y) :L:V — Y™ adaptive, T : Y™ — L#(X;y)} .

The adaptive m-width describes the smallest worst-case error that can be achieved when we reconstruct
all operators in a set L by a reconstruction map 7 from m samples that have been generated by an adap-
tive Hilbert-valued sampling operator £. It thus quantifies the error that can occur from optimally chosen
sampling and reconstruction maps. Note that in we allow for any (possibly nonlinear) reconstruction
maps. The choice of V, however, determines which sampling operators are allowed. If V = C(&X,)), we can
use pointwise sampling, whereas, if V = Li(X ; V), we cannot.

We consider two choices for I, namely K = Bl(W;:E(X; Y)) and K = B?(Lip(X,))), see Definition
Our lower bound pertains to arbitrary V. For the upper bound, we require the mild additional assumption
that V is continuously embedded in Lz (X;Y). Our main result in this section is the following characterization
of the adaptive m-width of the Sobolev unit (Lipschitz) ball in terms of the weights u.:

Theorem 5.4 (Tight characterization of the adaptive m-width). Let K € {Bl(Wi,’i (X;))), Bb(Lip(X,Y))}
and let m € N. We have the lower bound

where ™ : N = T' is a nonincreasing rearrangement of u = (U~ )~er, see (3.3). If, in addition, V is continu-
ously embedded in Li (X;Y), we have the matching upper bound
Om(K; V, L2(X;Y)) < inf sub 1" = Fsll 2 (x.v)

T SCT,|S|<m Fe (5.5)

< S |[F = Fiayommi} 12 i) < n(me):

5.3 Proof of Theorem [5.4]

The proof of the lower bound is based on the theory of Gelfand and Kolmogorov m-widths. We recall relevant
results in Subsection Further information can be found in |31, Chpt. 10]. Detailed proofs of the lower
and upper bound are then given in Subsection [5.3.2] and Subsection [5.3.3] respectively.

5.3.1 Results about widths

Let K be a subset of a normed vector space (Z, ||-||z) and let m € N. The Gelfand m-width of K is defined
by

d™(K, Z) = inf{ sup ||Z]|z : L™ subspace of & with codim(L™) < m} .
zeKNL™
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An equivalent characterization is given by
d™(K, Z) = inf sup ||Z]|z: A: Z — R™ linear ;.
ZeKnker(A)

We also recall the adaptive compressive m-width of KC,

ada

ek, Z) = inf{sup 1Z—-AT(Z))|z:T: Z—R™ adaptive, A : R™ — Z} )
zZek
and the Kolmogorov m-width of IC,
dm (K, Z) := inf { sup inf ||Z — K||; : Z,, subspace of Z with dim(Z,,) < m} .
KEK ZEZm

Next, we state some standard results which relate the various notions of m-widths to each other.

Theorem 5.5 (|31, Thm. 10.4]). If K is symmetric with respect to the origin, i.e., —K = K, then
d™(K,2) < Bl (K, 2).

In [68], Stesin gave an explicit characterization of the Kolmogorov m-width in (finite) sequence spaces.
For this, let us recall from Subsectionthe notation B2 (I; Z) to denote the unit ball in the sequence space
P(I; 2).

Theorem 5.6 (Stesin). Let N € N with N > m, 1 < q < p < 00, and w € RY be a vector of positive

weights. Then

1_1\ —1
P q

N—m pa

P q — P—q

dn(BL(IND), /(N = || max_ ;1 w/
L] =

In finite sequence spaces it is also possible to relate the Gelfand m-width and the Kolmogorov m-width:

Theorem 5.7 ([8, Thm. B.3]). For 1 < p,q < oo, let w € RY be a vector of positive weights and let
1 <p*, ¢* < oo be such that 1/p+1/p* =1 and 1/q+ 1/q* = 1. Then

dm (BP([N]), €4,([N])) = d™(B{,,(IN]), & ([N])).
Lemma 5.8 (|8, Lem. B.4]). Let w € RN be a vector of positive weights and 1 < p,q < co. Then
dm (BP([N]), €3, ([N])) = din(BY ,, ([N]), L1(IN])).

5.3.2 Lower bound

Since BY(Lip(X,)))) is a subset of Bl(W;ﬁ(X;y)), it suffices to prove the lower bound for the adaptive
m-width of K = B¥(Lip(X,))), that is,

O (BY (Lip(X, V)); V, LE(X; V) 2 tn(mt1), ¥m €N, (5.6)

This implies the same lower bound in the case K = Bl(W;}:Z (X;Y)). The proof consists of two main steps.
We first reduce the problem to a discrete one which involves the adaptive compressive m-width of the unit
ball in a space of suitably weighted finite sequences, see Lemma In the discrete setting, we can then
use Theorems and and Lemma to relate the adaptive compressive m-width to the Kolmogorov
m-width. In the second step, we apply Theorem [5.6] and combine it with a limiting argument to conclude
the claim.

For the next result, let us recall the notation (cu); with u = (uy)yer, ¢ € R, and I C T to denote the

scaled subsequence (Cty)~cr.
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Lemma 5.9 (Reduction to discrete problem). Let I C T be a finite index set. Then, for every constant
c € (0,1), we have
O (BY(Lip(X, V)); V, L (X5 V) = d™(BL,,), (1), (1))

(cu)r

The proof of this lemma is based on the construction of a suitable Lipschitz continuous operator. To this
end, let R > 0 and n € N, and consider the capped one-dimensional Hermite polynomials

H,(z) it —-R<z<R,
H, r(z):= 14 H,(R) ifx >R, (5.7)
H,(-R) ifx<—R.

For v € I" and d € N, we define

d
Hy Ra: R? - R, Hoy pa(x) = HH%,R(xi)v (5.8)
i=1
as well as
T 7 i <Xa ¢1>X
Hypx:X =R, Hyga(X):=][Hy.r ( : (5.9)
i=1 VA

Lemma 5.10 (Lipschitz continuity). For every R > 0 and every v € T, the functional f{/%R)\ X = R,
defined in (5.9), is Lipschitz continuous.

Proof. Fix R > 0 and « € T with supp(vy) C [d] for some d € N. We define the scaling functional

S)"d X — Rd7 S)"d(X) = ( s
VA i€[d]
and note that ﬁﬂ,’g’)‘ = }tf%R’d 05,4, with ftf%R,d given by (5.8). As S 4 is Lipschitz continuous, it suffices

to show that H, g 4 is Lipschitz continuous. This, in turn, follows by a simple induction argument over the
dimension d. O

By Lemma and Theorem we have ﬁ%R,A € Wjﬁ(?(;)i) for every R > 0. The next result

establishes the connection between Hy g a and H, x in the limit R — oo. For its proof we introduce the
following notation: For € R?, d € N, and 1 < k < d, we write xp = (T1,...,28) € RF. We also recall
the complementary error function erfc : R — R, x % [ e~t"dt, which grows faster than polynomially at
infinity, that is,

lim t™erfc(t) =0, Vm € N. (5.10)

t—o00
Lemma 5.11 (Convergence in W;E(X)) For every v € I', we have
- _ : 1,2
Jim Hypa=Hyx in W5 ().

Proof. Let v € T with supp(y) C [d], d € N. We first consider convergence in L?(X). By Fubini’s theorem
and a change of variables, one has

oo™ )

12(x)  Jpa

lim Hypa=Hyq inL2 (R?), VdeN. (5.11)

R—o0

~ 2
| Horn = Hoy | Hyral®@) = Hya(@)| dpta(a).

It thus suffices to show that
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For this, we use induction over d and start with d = 1. For n € Ny, we compute

[ )~ @ i@ = [ 1R B e+ [ 1)~ ) i)

— 00

< (Hn(—R)? + Ho(R)?) erfc (\%) + 2/[ H,(z)*dp (z)

—R,R]°
= Tl(R) —+ TQ(R),

where we used the notation [-R, R]¢ := R\ [~ R, R]. By (5.10)), we have limp_,o 71 (R) = 0. Since H,, €
L2 (R), the second term T5(R) converges to zero as R — oo by the dominated convergence theorem. Now,
let d > 1 and suppose that (| - 5.11)) holds for any 1 < d’ < d. Without loss of generality, we may assume R > 1.
Then, by Fubini’s theorem, we have

/Rd ‘ﬁ’v,R,d(iﬂ) - H.,,d(:zc)‘2 dpa()

<2/ /.
+2//%

= -‘r tQ(R)

Hy g, 5(®p 1) Hyy m(2a) — Hya—1,r(@p 1) vd(md)‘ dprg—1(xg—11)dp (2q)

v,d—1,R(Ta—1)) Hyy (wa) — Hyyy ) (Tpa-1y) wd(wd)‘ dpg—1(xa—1))dp (Tq)

The term #;(R) can be bounded from above by

uuasa<mp/
R>1JRa-1

By induction hypothesis for d’ = d — 1, the term ﬁ77d_17R converges in L? (R?=1) as R — oo. Hence, the
supremum over R > 1 of the first integral on the right-hand side is finite. Applying the induction hypotheses
for d = 1, we conclude that the second integral over R converges to zero as R — oo. A similar argument
shows that limpg_, o t2(R) = 0. This completes the proof of (5.11] .

Next, we con51der convergence of Vy, Hy g in L? (X Xb) For this, we recall the basis {n; }ien of Xp,
defined in , and the d-dimensional Hermlte polynomlals H, 4, defined in . Note that the capped
Hermite polynomlals Hm R, as defined in , are absolutely continuous along each compact subinterval in
R. We can therefore apply Lemma We write ; = (X, ¢;) », ¢ € [d], and compute

~ 2 - 2
Hy q-1,r(T[a-1)) dﬂd1($[d—1])>/’HW,R(xd)—Hm(fEd) dpi(za).
R

-Hy ra(X) = bi)‘;l/28iﬁ7,R,d()\;1/2xla L )\;1/2%)

oA PoH, oA e, A ) i@ € [<R, R),
0 if z; € [~ R, R]°.

Moreover, aimH%pL,)\ = %H%A = 0 for ¢ > d. Consequently, we have

2

o}
HVXb ~, R — va ‘y)\ szxb) WRA )76777‘1{7’)\()() d‘LL(X)
- 1/2 2
:Z/R N POy (o, 20)| dpualw).
i=1 /RITIX[=R,R]exRI~

Since 0;H~y 4 € Li 4 (R9), the right-hand side converges to zero as R — oo by the dominated convergence
theorem. The proof is now complete. O
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Lemma 5.12 (Riesz basis). Let I C T be finite. Then, for every e > 0 there eists R > 0 such that for every
R > R we have

2

(1-e¢ ||33||e2 Zx'v 7R <1+ 5)”‘””?2(1)7 V& = (4)yer € R (5.12)

~el
L7.(X)

In particular, {H p.a}~er is a Riesz basis of span{H, g : v € I} for every R > R with Riesz constants
at worst 1 £e¢.

Proof. We first work in d = 1 dimension and compute for n, m € Ny,

<Hn,R,Hm,R>L2 oy = L @) )i @

:/R H, (x) Hin (z)dpa (2 / Hy(=R)Hp(— )du1(a:)+/:Hn(R) Hp(R)dps (z)
:/ H (@) o)y () Ho(—R) R)erfc(\%) b S H(R) Hy (R)enfc (\2)

= Ty(R) + To(R) + T5(R).

Note that H,H,, is a polynomial of order n + m. Hence, by (5.10), we deduce limp_, o T2(R) = 0 and
limg_, o T3(R) = 0. Moreover, by the dominated convergence theorem and orthonormality of the Hermite
polynomials, we have

lim 77 (R / H,( (x)dpr (x) = Onm-

R—o0

Altogether,
lim <ﬁn H,, > = On.m- 5.13
i R R 2@ , (5.13)

Now, let v,~” € T" with supp(y), supp(v’) C [d] for some d € N. Since

d
<H7’R’/\’H’Y"R’)‘>L3(X) = /]Rd H,Y’R,d(iL')H,y/,d’R(iL')d/J,d(a:) = 1_[1/]RH%’R(xi)HA/;’R(xi)dul(CL‘Z‘),

we conclude by (5.13)) that
lim <.H:7’R’)\7 H’YI7R7A>Li(X) = 5%,7'.

R—o0

Next, let us fix some arbitrary & > 0. Then there exists R > 0 such that for every R > R, we have

<e.

Since I C T is finite, we obtain for any & = (24)~er € RY,

2

vaﬁ%}{)\ —sz7x7< 'yRAaﬁ'y’,R,A>L2 +Z < ¥R "/R>\>L2(X)

;
el Lz VS ver
<e <l+e

2 2 2
<ellellpgy + A+l < (el + 1+l
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Similarly, we have

2

= 2 2 2
> vy n > —ellzlp gy + (1= lelli > (— [+ 1 =)zl
~el 12(%)
As £ > 0 was arbitrary, the claim follows. O

We are now ready to reduce the adaptive m-width to the Gelfand m-width in a discrete setting.

Proof of Lemma[5.9 Let £ :V — Y™ be an adaptive bamphng operator as in Definition [5.2] Then there
exist Y,Y € Y\ {0} and a normed vector space V C L2 (X) such that, if YF € V for some F € L2(X),

then F € V and LYF) = Yﬁ( ), where L:V — R™ is a scalar-valued adaptive sampling operator as in
Definition Next, let I C T be a finite subset and let us fix ¢ € (0,1) and € > 0. By Lemma and
Lemma [5.12} there exists R > 0 sufficiently large such that (5.12)) holds and

_ l—c
HH,,,R,)\ - H.MH — 7 vyer (5.14)

Wia(x) ~

We fix some arbitrary sequence @ = (2. )~er € R with ||z||, (1) < ¢ and define Fg, F' € VV1 2(./'\’ Y) by
wr

Fr:= Zx,, ~.rx and F = |YH Zw., YA
y

th =

Note that HF||W1 2(x) = H$||e2 )y < cby Theoremﬂ, and therefore, by (5.14)),

1-c —1/2
HFR*FHW12 (X)) <Z|33’1| HH'VRA*H'YAHW”(X) < T|I| Z|x'y| <l-c
~el ~yel
Thus, by the triangle inequality, ||FRHW1 2(y,y) < 1. By Lemma and since [ is finite, the operator Fr

is Lipschitz continuous and we conclude F R € Bb(Llp(X Y)).

By Lemma [5.12] the family of functionals {HA, R A}'yEI is a Riesz basis of F := span{H.y A Y €1}
Hence, there exists a unique biorthogonal dual basis {H%R,)\}A,ef such that <H,7 RA,H ' RA) = Oy for
every v,v’ € I. The orthogonal projection onto F is defined by

Pr:L2(X) > F, Prg:= <ﬁ> Hy pa
7 L, (X) Fg ; 9, Hvy r 2 L2y TR

Let {1/)J }jen be an orthonormal basis of Y. For G € L2(X;Y), we write g; := (G, ¥j)y € L2(X) and find

by (5.12)) that
WMWM=ZM@WZZWM@WEZWﬂZ
j=1 j=1 j=1 ~yel
(1—¢) Z Z

~el j=1

L >
<91 ¥, R\ L2(%)
2

<g]a '7R>\> (1_5)2 /X‘Gﬁ"/»R»)\dﬂ y

L3(x)

We now define the scalar-valued adaptive sampling operator

—_ . I m
Zr:R" >R N

(1]

r(2) =

z RA
IIYIIyZ H

~el



We need to show that it is well-defined, that is, ||Y||5,1 dover zwf[%R,,\ € V for every z € R’. Since
Bb(Lip(X,))) C V, it suffices to observe that Y||Y||3_,1 D omer z,,fL,,R,)\ is Lipschitz continuous as an op-
erator from X to ) and it therefore lies in V. Next, let 7 : Y™ — Li(z’\f ;Y) be an arbitrary reconstruction
map. We define 7 : R™ — Lﬁ(x;y) by

T:R™ = LA(X;Y), T(z):=T(xz),
and observe that _ B
T(L(FRr)) =T (YEr(z)) = T(ZEr(x)).

We now set G := Fr — T (L(Fg)) in (5.15). We use the estimate [|Z][,, > ||Y||§1\<Z7 Y)y|, which holds for
every Z € Y by the Cauchy-Schwarz inequality, and compute

2

1FRr = TRz ey = (L =€) D

/X (Fr — T(L(FR))) Hoy radi

~yerl y
v _ R 2
=(1-¢) Z xviHYHy - /XT(ER(JJ))H.,,R,AdN
~yel Y
2
_ Y L
> (- LIV (o — [ TER@) iy nadi Y )
~el y oI Y
] N R 2
> (1 - 5) Z Ly — ||Y|| / <T(ER(w))7Y>y H’Y’R)\dﬂ’
vel yIx

Finally, we define the (scalar-valued) reconstruction map

1 - ~
AR SR An(z) = (g [ (T Foadn)
VT Jx y

and conclude , ,
| Fr — T(E(FR))HLg(X;y) > (1—¢)|z— AR(ER(w))||e2(1)'

We have thus shown that for any pair (£,7) of a Hilbert-valued adaptive sampling operator and a
reconstruction map, the error ||[Fr —T(L(Fg))|lz2(x,y) can be bounded from below by the error (1 —
2(x;

e)llx — Ar(Er(@))l| g2y for some pair (Eg, Ag) of a scalar-valued adaptive sampling operator and a (scalar-
valued) reconstruction map. Consequently,

O (B2 (Lip(X,Y)); V, L%(X; V)

= inf{ sup |F — T(L(F))HLﬁ(X;y) 2LV — Y™ adaptive, T : Y™ — Li(?(;y)}

FeBY(Lip(X,)))

> (1—&)%inf sup  [|@ — AE(@)) |2y R — R™ adaptive, A : R™ — R’

xer!
Iellz, (ny<e
= (1 - &) ?Ef(eBy, (1), (1) = (1 — &) P Bl (B, (1), (1))
As e > 0 was arbitrary, we can take the limit ¢ — 0. The claim now follows by Theorem O

Finally, we can prove the desired lower bound for the adaptive m-width.
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Proof of (5.6). Let N € N with N > m, let I = «([N]) = {w(1),...,w(N)} C T be the index set
corresponding to the N largest entries of u, and fix ¢ € (0,1). By Theorem and Lemma we have

A" (B2, (1), (D)) = dn(BAI), £y, (1) = (B, (1), (1)) = ¢+ dun (B2, (D), (1)) (5.16)
For every p > 2 and r = r(p) := 1/2 — 1/p, Hélder’s inequality implies N~"B% (I) C Bz (I). Consequently,
Ao (B2, (1), (D)) > dyn (N7 BE, (1), (1)) = N~ dy (BL, (1), (1), (5.17)

Applying Theorem [5.6] with ¢ = 2 yields

N—m %7%
2 2
A (BY, (D, (D) = | | max | > uf
i Aig j=1

Since (U (s))ien is nonincreasing, it follows with ¢ = ¢(p) := 1% € (2,00) that

33 1/q
N-—m , \? 7 N
dm(Bgl (I)>£2(I)) = il,.v.glj\i,r,lmel Z uiz;_g = Z Ui(g) > Ug(m+1)-
i Ay Jj=1 j=m-+1

We combine this estimate with , , and Lemma and conclude
Un(mt1) < € "N"Op (BY (Lip(X,V)); V, L2(X; ).
Taking the limit p — 27 yields » — 07 and therefore
Un(ma1) < ¢ O (BY(Lip(X,V)); V, L2 (X; V).

As ¢ € (0,1) was arbitrary, we can take the limit ¢ — 17, and the claim finally follows. O

5.3.3 Upper bound

We now prove the upper bound for the adaptive m-width, that is,

@m(IC;V,Li(X;y)) < inf sup ||[F'— Fs||,,

> 2 (x-
SCI,|S|<m pec “(X’y)

(5.18)

< sup 1F = Fixay, . mtm | 2 (i) S Ueimetn)

for K € {B; (W;S(X, Y)), BY(Lip(X, Y))}. For this, we assume that V is continuously embedded in LZ (X; D).

Proof of (5.18)). The second and third inequality hold by (4.2]), so we only need to prove the first inequality.
We fix m € Nand S = {’7(1), . ,'y(n)} C I' with n < m. We define the adaptive sampling operator

FH, (i)/\d,u, 1f1§z§n
L: m ,CZF = fX RANG ’
[antds (F) {0 ifn+1<i<m,

and the reconstruction map
TV = L(X;Y), T(Y):=)Y YiHpsa
i=1

Since V is continuously embedded in Li(X ;Y), it is easy to see that £ is a well-defined bounded linear
operator. We need to show that it satisfies the conditions in Definition It suffices to show that there
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exists Y € Y\ {0}, a normed vector space V C L2(X), and a scalar-valued adaptive sampling operator

L:V — Y™ such that, if YF € V for some F € L2(X), then F € V and L(YF) = YL(F). To this end, we
choose some Y € Y with [|Y||;, = 1 and define the space

V:={FeL?X):YFeV}.

It can be readily checked that this defines a normed vector space with norm given by [[F||5; := [[Y F,, for
any F € V. Moreover, as V is continuously embedded in LZ(X ; V), there exists a constant C' > 0 such that

1M L2 20y = IV Fll 2 ) < CIYElly = ClFll, YEF €V,

where in the first step we used the fact that [|Y|,, = 1. This shows that V is continuously embedded in
L2(X). We now define the operator

. . FHywady if1<i<
F:Vorm, E(F) = JeTHyoadn ifl<isn,
0 fn+1<i<m.

Note that £ is linear and by the continuous embedding of Vin Li(X ), it is also bounded. In particular,

Lis a scalar-valued adaptive sampling operator. Moreover, by construction, if YF € V, then I’ € V and
L(YF) = YL(F). Hence, L is indeed an adaptive (Hilbert-valued) sampling operator as in Definition
Consequently,

VT2 (% _
O (K V, L, (X5 Y)) < sup 1 = TCEED ] L2 (2e.9) = sup 1 = Fsll 2 (xv.p)-

As S was arbitrary, we can now take the infimum over all subsets S C T' with |S| < m and conclude the
claim. O

5.4 Discussion

Note that Theorem [5.4] shows that linear Hermite polynomial approximation based on the index set S =
{m(1),...,w(m)} is optimal among all possible recovery strategies which are based on linear (adaptive)
information for the uniform approximation of W;:g— and Lipschitz operators with Sobolev norm at most one.

Moreover, Theorem in combination with Theorem yields the following curse of sample com-
plexity: No strategy based on finitely many (potentially adaptively chosen) linear samples for the uniform
recovery of all operators in the Sobolev unit (Lipschitz) ball can achieve algebraic convergence rates. This
holds regardless of the decay rate of the PCA eigenvalues of the covariance operator of the underlying Gaus-
stan measure.

As already mentioned in the introduction, a related result was previously shown in [40] by means of
the so-called sampling nonlinear m-width s, (K) L2(X) of a set I C Li (X). The latter is based on standard
information. More specifically, compared to the definition of the adaptive m-width in , the sampling
operator dx : K — Y™ with X = (X3,...,X,,) € X™ is given by point evaluation at fixed sample points
X1,y Xm, that is, 0x (F) = (F(X1),...,F(Xyn)) € Y™ for every F € K, and one defines

sm(K) Lz (x) := Inf {;u% 1 = TOx (FD)llpzx) : X € X T Y™ = Li(X)} -
= M
Observe that Theorem 2.12 in [40] implies the following result, which was termed the curse of data complezity:

Theorem 5.13. Let p be a centered Gaussian measure with at most algebraically decreasing (unweighted)
PCA eigenvalues \; 2 i~ of the covariance operator for some o > 0. Then there exists a constant C' > 0
such that

S (Lip(X)) 12 (x) = Clog(m)~@+3) vm e N.
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Our findings in the present section generalize this result in several directions. First, the adaptive m-
width covers recovery based on general linear (adaptive) information, not just standard information. Second,
its tight characterization by Theorem pertains to general centered, nondegenerate Gaussian measures.
In addition, we again highlight that Theorem [4.7] provides upper bounds for the adaptive m-width of the
Sobolev unit (Lipschitz) ball in terms of the decay of the PCA eigenvalues Ay ;. In particular, the curse of
sample complexity described above can be overcome asymptotically in the sense that in the large data limit
m — oo, the adaptive m-width can decay with rates which are arbitrarily close to any algebraic rate if the
decay of the Ap; is double-exponential.

6 Constructive near-optimal pointwise sampling

Given an operator F' in the Sobolev unit (Lipschitz) ball, constructing the optimal (in the sense of Theo-
rem polynomial approximant Fy([s) requires access to the Wiener-Hermite PC coefficients / v FHryadp
for all ¢ € [s]. In practice, however, this data is typically not available. Instead, one often relies on nonintru-
sive measurements which generate random standard information, that is, evaluations of F' at points which
are (assumed to be) independently and identically distributed with respect to some probability measure. In
this section, based on our previous results, we derive algorithms to reconstruct Wi:g— and Lipschitz operators
from i.i.d. point samples with near-optimal sample complexity (up to logarithmic and subalgebraic factors)
in high probability. The key tool for this is Christoffel sampling, that is, we construct a sampling measure
based on the Christoffel function of the problem, which we independently draw samples from. Reconstruction
of the target operator is then done via a weighted least-squares fit. This strategy is due to [21] and it is
closely related to leverage score sampling in data science. See [1] for a review.

In Subsection standard results from least-squares approximation are recalled. We prove sample com-
plexity estimates in probability for Li—, W;:g—, and Lipschitz operators in Subsection and present our
algorithms in Subsection [6.3}

6.1 Least-squares: Preliminaries

We recall some important notions from (weighted) least-squares approximation, see also [6, Chpt. 5]. For a
set S C T of size |S| = s, we first recall from Section [4] the polynomial space

Poy =4 > YyHyx:Y, €Y CLAX;Y)
~YES

and the corresponding orthogonal Li—projection

(')S : Li(X,y) — Psy, F i Fg:= Z (/ FH%,\d,u> H%)‘.

~YES

We henceforth assume that we are given m distinct sample points Xi,...,X,, € X with m > s. Next, let
w: X — (0,00) be a positive weight function whose reciprocal is a probability density with respect to p,
ie, [, w(X)~tdu(X) = 1. The corresponding probability measure on X is given by

dv(X) == w(X) tdu(X).

As we will draw the sample points X; in X with respect to v, we call v the sampling measure. The weight
function w is also used to define the (weighted) discrete semi-norm

m

1
1 Wiac o = — D w(X)[F(X0)Ily,  YF € Li(X; ).
=1
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For fixed F € Li()( ;Y), it is well-defined p- and hence v-almost surely because the point evaluations
F(X1),...,F(X,,) are well-defined p-almost surely. In the scalar-valued case ) = R, the corresponding
(weighted) discrete stability constant of the space

Pg :=Pgr =span{Hyx:v € S} C LZ(X) (6.1)
is given by
o = a(Ps) i= i {Pllasse, 2 € Pss Il 30 =1} (6.2)
The (reciprocal) Christoffel function of Pg is defined as
Ps) =Y [Hyal”. (6.3)
~es
It yields an upper bound on the polynomial approximant Flg:

Lemma 6.1 (Bound on Fs). Let S CT be finite and F € L2, (X;Y). We have

IFs(Oly < 1Pl 13 ey VE(PS)(X) for prae. X € .

Proof. Suppose that ||F'|| ;- (x:y) > 0 Otherwise there is nothing to show. Let us write Y5 := fx FH,y xdp €
2 (x;
Y for v € I'. By Parseval’s identity, we have
2
Y5115

> +3 e

ves 1F Lz vy 38 1E WLz (i)

2
Y511

For brevity, we set a :=}__ ||Y.,H§,/||F||2LQ (x;)- We can now apply Jensen’s inequality to find
2 (X

2
||Y'yH2 ||F|‘L%(X;y) 211/2
IRl < 3 Wl (0l < [ (30 2 B2 s (0] +0-0) |
vy

~Y€eS ~Y€ES ||F-‘||L2 (X,y)
Y~ #0 Y~ #0 L

4
[|Y- H2 HFHLZ(X;y) 9 1/2
< < Z F 27 > YM 5 [Hya(X)] +a-02>
2 WPl 105

1/2
< 1P ( S IHACOR ) = 1l ey VRS

~ES

for p-a.e. X € X. O

Next, let F' € L? (X Y) be a given operator and let X7, ..., X,, € X be sample points such that the point
evaluations F(X1),..., F(X,,) € Y are well-defined. We then define an approximant F of F via a weighted
least-squares fit,

F=F(Xy,...,Xn )Eargmm—Zw DIP(X:) — F(X3)|I5. (6.4)
PePs.y M i—1

Note that for every fixed F' € LZ (X;Y), the loss function in and therefore each of its minimizers F (if
there are any) are well-defined p-almost surely and hence also v-almost surely since pointwise evaluations of
F are well-defined p- and v-almost surely.

The problem can be reformulated as an algebraic least-squares problem. To this end, we introduce
the weighted (normalized) measurement matrix and measurement vector

w(Xi) w(X;)
A= ( H,,j)\(Xi)) cCm*s, B = ( F(X) ecm,
vm (4,5)€[m]x[s] vm i€[m]
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and the associated bounded linear operator

Ty: Y= Y7 Y = ()i = [ Y AyY;
j=1

i€[m]
It is an easy exercise to check that is equivalent to
Y € argmin| Ty Z — Bl|ym, (6.5)
Zeys
where we use the notation |||y, = H'HEQ([m];y)- More precisely, any solution of yields the polynomial

coefficients of a solution F of (6.4) and vice versa. Lemma below shows that (6.5)), in fact, has a unique
solution if «, is positive.

Lifting to Hilbert spaces

The least-squares problems , are not quite standard, in that they involve operators and vectors,
respectively, which take values in a generic separable Hilbert space ). Fortunately, many of the theoretical
tools in the scalar-valued case can be “lifted” to Hilbert spaces, see [3, Sect. 6.2]. The next result is an
instance of this lifting concept:

Lemma 6.2. The Hilbert-valued algebraic least-squares problem (6.5) has a unique solution if and only if
the discrete stability constant cu,, defined in (6.2)), is positive.

Proof. We commence by fixing an orthonormal basis {9y }ren of V) and reduce the problem to the scalar-
valued case. By Parseval’s identity, we have

o 2
1.2 - BI%. =3 HAZU“) —p® HRm, VZ e Y, (6.6)
k=1

with z(F) .= (Z,9Yr)y € R® and bk .= (B, 1)y € R™, k € N. Consequently, Z € Y* is a minimizer of the
left-hand side in if and only if [|Az(®) — b(*) ||;<m is minimal for every k. The scalar-valued least-squares
problem

y(k) € argmin
zcRs

‘Az _ b(’“)’

RmM

always has a solution given by y*) = (y%k),...,ygk)) = ATB®) for every k € N, where AT denotes
the pseudoinverse of A. By standard least-squares theory, this solution is unique if and only if «, > 0,
see |6, Chpt. 5.2 & Chpt. 5.5.1]. We now define

Y =(V,....Y,) € Y® with Y=Y yWyey, viels)
k=1

To show that every Y is indeed an element in ), note that, by definition, we have

S (49) < mlAT[HIBI < oo,
k=1
where ||A]| := y/trace(A*A) denotes the Frobenius norm. This concludes the proof. O

A second important property which we can lift from the scalar- to the Hilbert-valued case is the following
inequality, which holds by definition of «,:

1 m
awllpls ) < — D w(X) [p(Xi), Vp € Ps. (6.7)
=1

32



This is often referred to as a (lower) Marcinkiewicz-Zygmund inequality for Pg, see |70, [39]. The following
result can be proven similarly as [5, Lem. 7.5].

Lemma 6.3 (Lower Marcinkiewicz-Zygmund inequality; Hilbert-valued case). Inequality (6.7)) is equivalent
to a lower Marcinkiewicz-Zygmund inequality for Ps,y, namely

m

1

aull Pl < 5 S wIPEIG, VP € s,

6.2 Sample complexities

With the tools from the previous section, we now prove near-optimal sample complexity rates for the approx—
imation of Li—, le , and Lipschitz operators F' via the least-squares approximant F as defined in
For this, we construct a suitable sampling measure v based on the reciprocal Christoffel function K (775)

the case of Lﬁ—operators, our results hold for any finite index set S C I' of size s for which K(Pg) > 0. We
remark that the positivity constraint can be avoided by defining the weight function w in a slightly different
way, see |1, Eq. (6.2)]. However, for ease of presentation, we stick with the mild constraint K(Pg) > 0. For

Wii— and Lipschitz operators, we make a specific choice for S so that 0 € S and therefore

K(Ps)(X) > [Hoa(X)]* =1, VX €X. (6.8)
As it will repeatedly appear in our estimates below, we introduce the universal constant

=2(log(1/2) +1)"" ~ 6.518. (6.9)

6.2.1 L:-operators
We fix a finite index set S C I of size s such that K(Ps) > 0 and define
-1

w(X) = (iK(PS)(X)>_ - %Zuqrw(xn2 L VX ex. (6.10)

yeS

This is indeed a probability density with respect to the measure p because the Hermite polynomials are
orthonormal in LZ(X).

Theorem 6.4 (Near-optimal sampling for L2 -operators in probability). Let 0 < € < 1 denote the failure
probability and suppose that F € L? (X V). Let Xl, co oy X € X be drawn independently from the sampling
measure v, where dv = w™'du wzth w as in Suppose that m satisfies

m > cslog(s/e) (6.11)

with ¢ given by . Then, with v-probability at least 1 —e€, the weighted least-squares approximant Fin (6.4))
is unique and well-defined and satisfies

|7 -7

2v/2
<1 F—Fg|l2(x- 6.12
ey < (15 22 ) 1F = Bollz e (6.12)

Proof. Let F € L? (X V) and suppose that c,, > 0. Then, by Lemma F is unique and well-defined p-
and v-almost surely Using Lemma E we can generalize the standard arguments in the proof of |6, Thm.
5.3] to the Hilbert-valued case to obtain

<||F - FS”Lﬁ(X;y) + at||F — Fs |l gisey  v-almost surely.

HF —ﬁ‘ <
L2 (X))
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It thus suffices to bound v, from below away from zero with high probability and to estimate ||F' — Fs|| 4isc v
accordingly. To this end, let 0 < € < 1. Standard arguments, based on the matrix Chernoff bound, se’e7
e.g., [6, Thm. 5.8], yield

P, [aw <1/2] <€/2 if m > eslog(s/e) (6.13)

with ¢ given by (6.9). We refer to the proof of [6, Thm. 5.19]) (with § = 1/2) for further details. Next,
observe that

2 2
By [I1F = Pl = IF = Fsliz e,

Hence, by Markov’s inequality, we get

2
IF~Fslliaeny] | B [IF = Fslin] e
IPV ||F - Fslldisc,u) > 3 = 2 = 5 (614)
Ve/2 ||F_FSHL§(X;3;)/(€/2)
We now combine (6.13]) and (6.14) and apply the union bound to conclude the claim. O

6.2.2 Sobolev and Lipschitz operators

We now make a specific choice for the index set S, namely

S =n([s]) = {m(1),...,w(s)}.

In particular, w(1) = 0 € «([s]) and therefore is satisfied. The following result addresses the sample
complexity for Wjjg—operators. It is an immediate consequence of Theorem and (4.1)), (4.2).

Corollary 6.5 (Near-optimal sampling for W;”g—operators in probability). Let 0 < e < 1 denote the failure
probability and suppose that F' € W;:E(X; V). Let X1,...,Xm € X be drawn independently from the sampling
measure v, where dv = w~dy with w as in (6.10). Suppose that m satisfies

m > cslog(s/e) (6.15)

with ¢ given by . Then, with v-probability at least 1 —e€, the weighted least-squares approximant Fin (6.4))
is unique and well-defined and satisfies

2v/2

HF - F‘ 1+ ﬁ) Un(s+ ) [F w12 (6.16)

< (
L2 (X))

Note that the bound on the approximation error in has poor scaling in the reciprocal of the failure
probability e. This can be removed if we restrict to Lipschitz operators under a mild alteration of the sampling
measure v. However, this leads a to a slightly worse sample complexity which is linear in s up to a log-factor
and an additional subalgebraic term. Note that for Lipschitz operators F', each least-squares approximant F'
(if there are any) is always well-defined, not only almost surely.

We proceed by defining a new weight function

—1 s -1
wx) = (37 (115 + K Paga) () =<Sil@xi+§:mauxxﬁ)> L VX e,

i=1

(6.17)
Observe that it differs from the weight function in only by the additional additive term || X ||§g (and
the corresponding normalizing factor). It is again a well-defined probability measure by our assumption
S ien Ai = 1 which implies [, [|X|3du(X) = 1.

34



Theorem 6.6 (Near-optimal sampling for Lipschitz operators in probability). Let 0 < e < 1 denote the
failure probability and suppose that F € Lip(X,Y) with Lipschitz constant L > 0. Let X1,...,X,,, € X be
drawn independently from v, where dv = w~ du with w as in (6.17). Suppose that m satisfies

2
m > Csuﬂ(s_i_l) log(4s/e), C:= max{8 (IF(0)]ly, + L) ,c}, (6.18)

where ¢ is given by . Then, with v-probability at least 1 — €, the weighted least-squares approximant F
in (6.4) is unique and satisfies

|7 -7

ey = oo (o +1)
The proof is based on the following result which follows from Bernstein’s inequality for bounded random
variables, see, e.g., |6, Lemma 7.18]. It can be proven the same way as [6, Lemma 7.11(ii)], we only remark

that [|VwF| L2 v,y = [1Fll 22 (1) a0d [VOF || Lo 3y = IVOF | oo (21 for every F € L3(X: D).

Lemma 6.7 (Bound on the weighted discrete approximation error). Let F' € L2(X;Y) and S cT be ﬁmte
Suppose that X1, ..., X, € X are drawn independently from v, where dv = w 1d,u with w™" as in
Then, for any 0 < e <1 and any k € (0,00), we have

VW (F = Fs)ll Lo (23
||F - FSHdisc,w < \/§ <||F - FS||L;2L(X;)}) + )

Vk
with v-probability at least 1 — €, provided that m > 2klog(2/e).

Proof of Theorem[6.6L We fix 0 < e < 1 and a Lipschitz operator F' : X — Y with Lipschitz constant L > 0.
We proceed as in the proof of Theorem [6.4] to derive the bound

|7~ 7]

< HF — Fﬂ.(

L@y Dl 22 ey + @0 1 Frits) = Fll e

and to show that

P, [aw > 1/2] < €/2 if m > ecslog(2s/e), (6.19)
with ¢ given by . Next, we use Lemma to bound || Fr () — FHdiSC - First note that by Lipschitz
continuity we have

IEX)y < [[FO)ly + LIX|x, VX eX. (6.20)
Together with , we conclude for any X € X,

vs+1
|VedOFw@)|| = —— 1Py
VIX I + K (P ()

JETT 6.21
<L (1ROl + LIX]) (021

||XHX +1

Vs +1(IFO)lly + L)

Moreover, it follows from and [, ||X\|Xdu( ) = 1 that ||F||L2(X 3 < [F(0)[y, + L. Hence, by

Lemma we obtain

s+1
H\/w(X)Fﬂ'([s])(X H 70 22 30y A/ B (P ) (X)
T VI + E(Pa)(X) (6.22)

(
<Vs+1(IFO)y+L).
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We now set )
C = max {8 (IF(0)|l,, + L) ,c} (6.23)

and combine and to conclude
IV (F = Frap) | e () < V.

to find that, with probability at least 1 — €/2, we have

Next, we apply Lemma with k£ := C’su;?s+1)

17 = Frpllissens < V2 (I1F = Frpllig gy + tmiorny) € V2uniorny (IFlwr2cegy +1) 5 (624)

provided that
m > QCsu;?s_’_l) log(4/e€). (6.25)

The last inequality in (6.24)) follows from (4.1) and (4.2). Finally, we compare (6.25) with the lower bound
on m in (6.19)). By definition of C, we find

QCsu;(28+1) log(4s/€) > cslog(2s/e),

where we used that u(s4+1) < 1. Consequently, we can combine the bound on a,, in (6.19) and the bound
on || F' — Frs n (6.24) via the union bound. The proof is now complete. O

])Hdisc,w i

6.3 Algorithms

Recall from Subsection the relation of the index set 7([s]) to an anisotropic total degree index set
via 7. Combined with the results from the Subsection it yields a constructive way to approximate
Wi:b— and Lipschitz operators via Christoffel sampling and a weighted least-squares fit with near-optimal
sample complexity. In the following, we present (high-level) algorithms for the approximation of general
continuous W;’Z—operators (Algorithm [1f) and of Lipschitz operators (Algorithm , based on Corollary
and Theorem @ respectively.

We introduce the following notation for the largest possible dimension of the approximation space Pg,
defined in : Let m be a given number of samples and let 0 < € < 1 denote the failure probability. We
define

s1 = s1(m,€) := max{s € N: cslog(s/e) < m}, (6.26)

where ¢ = 2 (log(1/2) +1)~". For a Lipschitz continuous operator F : X — Y, suppose that we know the
Lipschitz constant L and the value [|[F(0)]|y,. In this case, we set

s2 = sa(m, €, L, [|[F(0)]|y,) := max{s € N : 2Csu;(2s+l) log(4/€) < m}, (6.27)
where C' = C(L, [|[F(0)][y,) is given by (6.23). We leave s; and s» undefined in cases where the maximum is

taken over the empty set.
We make the following assumptions:

(i) The sequence of weighted PCA eigenvalues (Ap;)ien is nonincreasing (see Assumption and we
additionally have lim;_, . Ap; = 0 so that the effective dimension of the problem is finite, see Remark@
and Remark

(ii) We can exactly compute any finite number of the unweighted PCA eigenvalues \;, see steps 5 and 8
in Algorithm [I] and steps 2 and 5 in Algorithm [2]

(iii) We have pointwise access to the target operator F. In particular, we require continuity of the Wi’i—
operators in Algorithm [I] to ensure that pointwise evaluations are well-defined.
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Algorithm 1 Least-squares approximation of an operator F' € W b(z’l’ NHnCx,y)

Input:

0<b<1
dv =wtdp
meN

€ (0,1)
0<h<l

Output: Least-squares approximant F of F which satisfies

H
@

11:
12:

13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

|7~ 7]

2v/2
L2(X;Y) Ve

> Weight sequence

> Sampling measure with w given by (6.10)
> Number of samples

> Failure probability
> (Small) step size

s1+1) HFHW‘}JQ’(X,)/)

with v-probability at least 1 — ¢, where s is given by (6.26).

¢+ 2(log(1/2) + 1) > Sample complexity constant
if clog(1/€) > m then
abort > Abort if there are too few samples
end if
Compute A;.
T Ab1 > Eigenvalue tolerance
while TRUE do
Compute all PCA eigenvalues A; for which Ap; > 7.
d—min{l e N: Ay 41 <7} > Effective dimension
Construct the index set .
i _
_{’YGNSZ;)\W <r 1}
and compute the corresponding weights
—1/2
u.,-(l—l—z)\l”) , veTl.
s« |T|
Construct a nonincreasing rearrangement 7 : [s] — I of (UV)veF'
s" < max{r € [s] : erlog(r/e) < m}
if ¢ <s—1 then
S+ {m(1),...,7(s")} >s =8
break
else
T T—h
end if
end while
Draw m samples X1,..., X,, ~;i;.q v and 1 compute F(Xy),..., F(Xm).
Compute the least-squares approximant F based on 7([s']) via
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Algorithm 2 Least-squares approximation of a Lipschitz operator F': X — )

Input:
0 < b < 1 with b € 2(N) if dim(Y) = o0 > Weight sequence
dv = wldp > Sampling measure with w given by
m e N > Number of samples

€ (0,1) > Failure probability
[£(0)]]y, > Norm of operator value at origin
L>0 > Lipschitz constant
0<h<l1 > (Small) step size

Output: Least-squares approximant F of F which satisfies

|7~ 7]

L7 (%)

with v-probability at least 1 — €, where s9 is given by (6.27)).

while TRUE do
Compute all PCA eigenvalues A; for which Ap; > 7.
d—min{l e N: Ay 41 <7}
Construct the index set

d
= {VENSZZ):ZA STl}
i=1 79"

and corresponding weights

~1/2
uA,_(HZAb) .

< V2 (53 41) (||F||W1 2y T 1)

C + max {8 (HF(O)Hy + L)2 .2 (log(1/2) + 1)71} > Sample complexity constant
Compute A;.
T Ab1 > Eigenvalue tolerance

> Effective dimension

s+ ||
: Construct a nonincreasing rearrangement 7 : [s] — I of (U'Y)vef'
10: if 2Cu;(22) log(4/€) > m then
11: abort > Abort if there are too few samples
12: else
13: s' « max{r € [¢] : QC’ruﬂ_(H_l) log(4/€) < m}
14: if ¥ <s—1 then
15: S {m(1),...,w(s")} > s’ = s9, see
16: break
17: else
18: T+ T—h
19: end if
20: end if
21: end while
22: Draw m samples X1,..., X, ~;.i.q v and compute F'(X7),... 7F(Xm).

23: Compute the least-squares approximant F based on m([s2]) via
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6.4 Discussion

The results in this section show that weighted least-squares approximation via Christoffel sampling is an
efficient way to reconstruct L Wﬁg , and Lipschitz operators from finitely many point samples. In light
of Theorem [5.4] the resultmg approxrmatlon errors in Corollary [6.5] and Theorem [6.6] are quasi-optimal,
that is, they are, up to constants best possible uniformly for all operators in the Sobolev unit (Lipschitz)
ball. The sample complexity in is near-optimal in the sense that it is linear in s up to a log-factor.
The sample complexity in is lmear in s up to a log-term and the factor uﬂ_(s +1) The 1atter grows
only subalgebraically in s by Theorem . In this (broader) sense, the sample complexity in is again
near-optimal.

The presented algorithms implement our theoretical findings as constructive approximation schemes.
Note that the data points (X;, F'(X;)) € X x Y are infinite-dimensional, so additional discretization steps
are necessary to make the method applicable in practice. As already mentioned in the introduction, actual im-
plementations of any algorithm for learning Lipschitz operators on hardware always require in-memory costs,
i.e., number of bits, that are exponential in the reciprocal of the approximation error, see [48|. Nevertheless,
our algorithms show that only finitely many PCA eigenvalues \; are necessary to construct near-optimal
approximants for ng— and Lipschitz operators. In particular, infinite eigenvalue searches can be avoided.

7 Conclusion and outlook

In this article, we analyzed the approximation of Hilbert-valued Lipschitz operators from finite data. We first
extended results from infinite-dimensional analysis and showed that all Lipschitz operators lie in a Gaussian
Sobolev space Wig(X V). We then studied Hermite polynomial s-term approximations and proved that
they cannot achieve algebraic convergence rates. This curse of parametric complexity is independent of the
decay of the (weighted) PCA eigenvalues Ap; of the covariance operator of the Gaussian measure pu. We
illustrated how the decay of the Ap; influences the approximation rate and proved that convergence rates
arbitrarily close to any algebraic rate can be attained at least asymptotically for s — oo if the eigenvalues
decay double-exponentially.

We studied the smallest worst-case error for reconstructing W b and Lipschitz operators from m (po-
tentially adaptively chosen) samples in terms of the adaptive m- Wrdth and tightly quantified the dependence
of the latter on the Ap ;. We showed that no recovery strategy based on finite (adaptive) linear information
can achieve algebraic convergence rates for all Wu -operators This curse of sample complexity (which im-
plies the curse of parametric complexity) holds for a general (centered, non-degenerate) Gaussian measure
independently of its spectral properties. The same is true for Lipschitz operators. In particular, restricting
the set of all W —operators to only those which are Lipschitz continuous does not provide enough additional
regularity to overcome the curse of sample complexity. It is an active area of research to identify classes of
operators for which efficient learning in the sense of algebraic convergence rates is possible. As discussed
in Subsection examples include holomorphic operators and solution operators of certain PDEs. On the
positive side, we proved that W::i—regularity, and Lipschitz regularity in particular, suffices to achieve ap-
proximation rates which are arbitrarily close to any algebraic rate in the large data limit m — oo, provided
that the PCA eigenvalues \p ; decay double-exponentially.

Finally, we passed from general (adaptive) linear information to standard information and studied the
approximation of W# ,- and Lipschitz operators based on finitely many point samples. We showed that by
means of Christoffel sampling and weighted least-squares approximation it is possible to achieve near-optimal
sample complexities and we presented corresponding constructive algorithms.

We conclude with discussing several open problems: The estimates in Corollary [6.5] and Theorem [6.6]
are nonuniform in the given class of operators, that is, they only hold for a fixed operator of that class and
therefore do not provide upper bounds for the adaptive m-width. It is an open problem to prove corresponding
uniform bounds based on Christoffel sampling and weighted least-squares approximation. We remark that
it is possible to derive such a uniform bound in the context of Theorem [6.4] with the L>°-norm and without
€ on the right-hand side in , see [6, Cor. 5.9]. However, this is not helpful in our setting as we do not
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expect L°°-convergence of the approximation error.

We also remark in passing that there has been a series of recent works that refine Christoffel sampling to
remove the logarithmic dependence on s in the sample complexity estimates, as it appears in Theorem [6.4]
and Theorem see, e.g., [26| |27} |46, |47}, 54, 59, 69]. However, they involve more elaborate constructions,
so for simplicity we have considered standard Christoffel sampling. Furthermore, these results only consider
scalar-valued functions, not operators, so they are not immediately applicable in our setting. They also
do not always provide upper bounds in the L?-norm, which is essential for our analysis. We remark that
recent works also consider other LP-norms [45], 44]. We leave it to the future to study such refinements and
generalizations.

It remains unclear whether Christoffel sampling provides any benefits over Monte Carlo sampling for
learning Lipschitz operators in the Gaussian setting, that is, whether (uniform) near-optimal sample com-
plexities can be achieved with samples drawn directly from the underlying Gaussian measure. We refer to [9],
where the same question was studied in the context of holomorphic operators and Jacobi measures. In that
case, Monte Carlo sampling is as good as Christoffel sampling.

In the present paper, we did not consider encoding and decoding errors, errors due to noisy observations,
or the error of computing empirical PCA bases, as in PCA-Net [49]. In subsequent work we shall take these
errors into account and study the convergence of PCA-Net-like approaches for learning Lipschitz operators
as well as analyze deep neural network approximations, e.g., in terms of practical existence theorems |7, (2}
3, 14, [32], or techniques from statistical learning theory [64} [55]. The present article provides the theoretical
foundations for these future research directions and serves as an important first step towards practical
implementations of (near-)optimal approximation algorithms for Lipschitz operators.
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Appendices

A Notions of differentiability

We recall several notions of differentiability, loosely following |16, Chpt. 5.1]. The constructions in this section
hold for general Banach spaces X and Y. As usual, we denote by L(X,)) the space of all bounded linear
operators F' from X to ) with finite operator norm |[F; y y) := supxex,x 0 [[F'(X)|y/[ X x. We set
L(X):= L(X,R).

Definition A.1 (Differentiability). Let M be a collection of non-empty subsets of X, let X € X, and let
Q be an open neighborhood of X. A mapping F' : Q@ — ) is said to be differentiable with respect to M at
the point X if there exists a continuous linear mapping ¢ € L(X,Y) such that for every fixed set M € M,
we have

—u2)|| =o.

Yy
In that case, £ is unique and we write DM F(X) := ¢ for the derivative of F at X.

lim sup

t—0 ZeM

HF(X + tZt) - F(X)

If M is the class of all finite, compact, or bounded subsets of X', then we say that F'is Gateaur, Hadamard,
or Fréchet differentiable at X, respectively. If X' is finite-dimensional, then Hadamard and Fréchet differ-
entiability at X are equivalent and the corresponding derivatives of F' at X coincide. We usually drop the
superscript M in the notation of the derivative and write DF(X) instead of DM F(X). It will be clear from
context which notion of derivative we refer to. We call F' differentiable (in the corresponding sense) if it is
differentiable (in the corresponding sense) at every point X € X. The resulting derivative DF is a mapping
from X to L(X,)).

If £ is a linear subspace of X' (possibly with a stronger norm), then we say that F' is differentiable along
E at the point X (in the corresponding sense) if the mapping Z — F(X + Z) is differentiable from & to
Y at Z = 0 (in the corresponding sense). If F' is Fréchet differentiable along £ at X, then it is Hadamard
differentiable along £ at X. If F' is Hadamard differentiable along £ at X, then it is Gateaux differentiable
along &€ at X. In both cases, the corresponding derivatives at X coincide and we denote them by Dg F(X). We
call F' differentiable along £ (in the corresponding sense) if it is differentiable along £ at every point X € X
(in the corresponding sense). The resulting derivative DgF' is a mapping from X" to L(€,)). Moreover, the
differential operator D¢, mapping F' to its derivative D¢ F', is linear in F.

Example A.2. If £ = X, then D¢F = DF. If F is Fréchet differentiable and we choose £ to be the
Cameron-Martin space H of a Gaussian measure on X (see Appendix [C.1)), then D¢ F is the H-derivative of
F which is commonly used in infinite-dimensional analysis, see |57, Sect. 9].

If £ =span{Z}, Z € X \ {0}, is one-dimensional, we obtain the usual directional derivative

iF(X) = Dypan{ 2} F(X)(Z) = lim F(X+tZ)—- F(X)

o0z t—0 t €.

In this case, the Gateaux, Hadamard, and Fréchet derivatives along £ at X coincide. For any subspaces
£ C £ C X, it can be readily seen that, if F': X — Y is differentiable along £ at a point X € X (in the
corresponding sense), then F is also differentiable along £ at X (in the corresponding sense) and

DeF(X)|er = DerF(X).

In particular, if F' is differentiable along £ at X (in the corresponding sense), then, for any Z € £\ {0}, the
directional derivative -2 F(X) at X exists and

)
57 F(X) = DeF(X)(2).
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If X = R" and Z = e; is the ith standard unit vector, we use the standard notation 0;F(x) = 0., F(x) :=
B‘ZiF(w) for x = (21,...,2,) € R™

If € is a Hilbert subspace of X and if F': X — R is Fréchet differentiable along £ at X, then, by the Riesz
representation theorem, there exists a unique Z € € such that Dg F(X)(X') = (Z, X") for every X" € £. In

this case, we call Z the E-gradient of F' at X and write

VeF(X):=Z.

Definition A.3 (The space C}(X)). We denote by C}(X) the set of all boundedly Fréchet differentiable
functionals on X, that is, the set of all Fréchet differentiable mappings F' : X — R which are bounded on X
and whose derivative DF is bounded in L(X). The corresponding norm is given by

[Fll 1y 2= sup [F(X)[+ [DF| 1 x)-
b Xex

B Results from operator theory

B.1 Closability and closure of operators

We define closability and the closure of operators between Hilbert spaces and state standard properties. For
further details we refer to [14, Chpt. 12].

Let #H1,H2 be two Hilbert spaces. A linear Hs-valued operator (not necessarily bounded) acting on H;
is a linear mapping A : dom(A) — Ho from a linear subspace dom(A) C H; to Ha. The set dom(A) is called
the domain of A. The graph of A is defined as the set

I'y:={(H,AH) € H1 ® M2 : H € dom(A)}.
Considered as a subspace of the direct sum H; & Ho and equipped with the graph inner product,
(H,K)p, == (H,K)y, +(AH,AK),, , H,K € dom(4),

this becomes a Hilbert space with graph norm
9 5 \1/2
|G, AR |, o=\ H) = (1, + AR, )

Definition B.1 (Closability and closure). A linear operator A : dom(A) — Hz is called closable (in H;)
if the closure of its graph I'4 in H; @ Hs is the graph of some (necessarily unique) linear operator, that is,
there exists a linear operator A : dom(A) — Hso such that I'y = I';. In this case, we call A the closure of A.

If A is closable, then the domain of its closure is given by

dom(A) = {H € Hy: I(Hp)neny C dom(A): lim H, = H, (AH,)nen converges in 7—{2}.

n—oo

For H € dom(A), we have
AH = lim AH, in H

n—oo

for every sequence (H,,)nen C dom(A) such that H, — H in H;, and the limit limy, o AH,, is independent
of the sequence (Hp,)nen (cf. [14, Thm. 2.1]). If A is closable, we equip dom(A) with the graph inner product,

which turns (dom(A4), (-, .>FX) into a Hilbert space.
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B.2 Hilbert-Schmidt operators

We recall the notion of Hilbert-Schmidt operators. Further details can be found, e.g., in |14, Chpt. 8.7]. Let
H1,Hs be two separable Hilbert spaces.

Definition B.2 (Hilbert-Schmidt operator). A bounded linear operator A € L(H1, Hz) is called a Hilbert-
Schmidt operator if there exists an orthonormal basis {(;}ien of H; such that

S 1AGIE, < oc. (B.1)

i=1

The convergence of the series (B.1]) and its value are independent of the basis of H1. We denote the space
of all Hilbert-Schmidt operators from H; to Ho by HS(H1,Hs) and set

oo 1/2
2
||AHHS(H1,7-[2) = (Z |ACi’H2>

i=1
for any orthonormal basis {(; }ien of Hi. This norm is induced by the inner product

oo

(A, B) ysay ) = Z (AGi, BGi)yy, »

i=1

where for any pair of Hilbert-Schmidt operators A, B, the series on the right-hand side converges for every
orthonormal basis {(; }ien of H1 and its value is independent of the basis. The space HS(H1,Hz) with this
inner product is a separable Hilbert space.

C Results from infinite-dimensional analysis

We recall some well known results from inﬁnite—dimensional analysis which are used to define the Gaussian
Sobolev space W b(X Y) (see Definition and to prove Theorem [3.9)in Appendix @ We first define the

Cameron- Martm space H of p in & in Appendlx and then discuss the construction of VV1 2()(' V) as
well as some of its important properties in Appen1 - We mainly follow [57] and [23], Wthh consider
the cases b = v/A and b = 1, respectively, and generalize the proofs therein to the case 0 < b < 1. More
information can also be found in [16]. Throughout this section, we use notation as introduced in Sections
and B

C.1 The Cameron-Martin space

We commence with the celebrated Fernique theorem:

Theorem C.1 (Fernique, [57, Thm. 2.3.1]). There exists o > 0 such that

| explall XI3)dux) < .
X

Fernique’s theorem implies that any mapping X — ) which grows at most polynomially at infinity
belongs to L7, (X; ). In particular, the mapping

j:X* = LAX), F~j(F)=F,

is well-defined. We use it to define the Cameron-Martin space:
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Definition C.2 (Cameron-Martin space). The Cameron-Martin space of p (in X) is the set of all X € X
whose H-norm is finite, where

Xl i= sup { F(X) s F € X |§(F) | 3y < 1} -

To further describe the structure of the space H, we introduce the reproducing kernel Hilbert space X
of yu as the closure of j(X*) under the L?(X)-norm, that is,

A=) e
together with the mapping
R, : X, — X, F'—>/ XF(X)du(X),
x

where the integral is to be understood in the sense of Bochner. Note that R,, is well-defined by Theorem

Proposition C.3 (Relation between H and &7, [57, Prop. 3.1.2]). An element H € X belongs to H if and
only if there exists H € X, such that H = Ru(ﬁ). In that case, we have

1y = 1A 0

Hence, R, : X; — H is an isometric isomorphism that turns H into a Hilbert space with inner product

(H,K),, = <I§r,f<>Li(X)

whenever H = R#PAI and K = RHK'.

In our case, where X is a separable Hilbert space, the Cameron-Martin space has a particularly simple
structure in terms of the covariance operator @@ of u and the corresponding orthonormal PCA eigenbasis
{di}ien of X and PCA eigenvalues \;:

Theorem C.4 (Cameron-Martin space in a separable Hilbert space, cf. [57, Thm. 4.2.7]).
(i) The Cameron-Martin space of p is given by

H=QY*(X).

(ii) For H = QY*(Z) € H with Z € X, we have

HX) =NV (X 00)x (Z,63) 5 for prae. X € X

i=1
(iii) The inner product in H satisies
(H,K)y = <Q*“2H,Q*”2K>X, VH,K € H.
In particular, the family of vectors {&;}ien with

&=V, VieN, (C.1)

is an orthonormal basis of H and éi € X}, is given by
EC) =X ( ¢}y, VieN (C.2)

The right-hand side in (C.2) defines an element in X* and we identify each {Cl with its version in X'*.
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. 1,2

C.2 The Gaussian Sobolev space W, 3 (X;Y)

Recall from Subsection the weighted space Ap with weight sequence b = (b;)ien, 0 < b < 1, and with
orthonormal basis {7; }icn, defined in (2.1)).

C.2.1 Construction

The construction of Gaussian Sobolev spaces is based on so-called cylindrical functionals which have an
explicit simple structure.

Definition C.5 (Cylindrical functionals and operators). A functional ¢ : X — R is called a cylindrical
functional if there exist n € N, ¢1,...,¢, € X*, and a function w : R®™ — R such that

o(X) = w(ly(X),. .., 0(X)), VX € X.

We call ¢ a cylindrical boundedly Fréchet differentiable functional if, with the above notation, w € C}(R™).
The space of all such functionals is denoted by FC}(X). Moreover, we define the set of all cylindrical
boundedly Fréchet differentiable Y-valued operators by

FCH(X,Y):=span{X 3 X = p(X)Y €YV :9p € FC,(X),Y € V}.
Lemma C.6. For every F € FCL(X,Y) the derivative Dy, F lies in L2 (X; HS(Xp, V)).

Proof. By linearity of the differential operator D, , it suffices to consider cylindrical operators F' € FCL(X,))
of the form F(-) = ¢(-)Y for some ¢ € FC}(X) and Y € Y. We fix any such F and note that it is Fréchet
differentiable along A} at every point X € X with derivative

Da,F(X)(Z) = (Va,0(X),Z) 5, Y, VZ € X

Next, define the map
Jy 1 Xp = HS(Xp,Y), Jy(X)(Z):=(X,2),,Y,

It is well-defined as well as linear and bounded. Indeed, using the orthonormal basis {n; };cn of Xp, we have,
by Parseval’s identity,

2 - 2 2 2 2
17 (X N Frs ) Z 1Ty (X) )15 = D X i) a, | IYI5 = 11X 15, Y15

i=1

Moreover, by definition, the map X +— Vx,¢(X) is continuous and bounded from X to Xp. Since Dy, F' =
Jy o Vx, ¢, we conclude that F' — Dy, F' is continuous and bounded as a map from X to HS(Xp,)). In
particular, by Theorem it belongs to LZ(X; HS(Xp, V). O

Proposition C.7 (Closability of Dx,). The (Fréchet) differential operator along Xp, D, : FCL(X;Y) —
L2(X; HS(Xp, D)) is closable in L2 (X;Y).

Proof. First note that the mapping Dy, : FCy(X;Y) — L2,(X; HS(Xp,Y)) is well-defined by Lemma
The proof of closability is a straight-forward modification of the proof of [57, Lem. 10.2.4], replacing the
derivative along the Cameron-Martin space by the derivative along the space Ap. O

The previous result justifies the definition of the space W;i(?( ; V) as described in Definition
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C.2.2 Properties

The following lemma provides an important criterion for an operator to belong to Wl’f,(X V)

Lemma C.8. If F,, = F in L2(X;Y) and sup,,cy || Fn ||W12 ) < oo, then F € W b(X V).

(XY

Proof. Since W#:b (X;Y) is a Hilbert space, it is reflexive. As (F},)nen is bounded in Wig (X;Y) by assump-
tion, there exists a subsequence (F,,, )xeny which converges weakly in W;ZE(X; Y) to some G as k — o0. Since
F,. — Fin Li(z’\,’ ; V) by assumption, we conclude that F' = G, and the claim follows. O

Next, we consider the £2-characterization of WJZE(X; V), see Theorem For v € T and i € N, we define

~® = (fy,(f));geN eI as follows: If ; = 0, we set v(¥ := 0, and if 7; > 0, we set

(i) . Ye — 1 ifk= i,
Ve ¢ . .
Yk if k #1.

Proposition C.9. Let F € Wﬁ;i(;c;y). Then, we have

Vi .
amF > by /AT (/X FH,Mdu) H,i o, VieN, (C.3)

~erl

and

2 Vi
1 w22 ey = > (1 +Zb2 > H/ FH,, Adﬂ

~€er

Conversely, if for a family of vectors (Yy)yer C Y, one has

> <1+Zb27’> Y515, < oo, (C.5)

~el =1

then
Fi=> YyHyx € W, (X; D).

~ET

Proof. First, let us fix a cylindrical functional ¢ € FC}(X). By [23, Lemma 10.14], the partial derivatives

of ¢ satisfy
Vi
5@ \/7( pHy Adu) v VieN. (C.6)
)

Since P = bia%si‘p’ it follows follows from (C.6)) together with orthonormality of the Hermite polynomials

that 5
/ o) Hyw xdp =b; ﬂ/@Hﬂdu, Vi e N. (C.7)
x \On; ’ i Jx ’

By linearity, this holds, in fact, for every cylindrical operator ¢ € FCL(X,Y).
Now suppose that F' € Wt b(X Y). It suffices to prove (C.3) as (C.4) then follows by Parseval’s iden-
tity (2.5)). For this, it is enough to show that

/(5?7 ) .,@)Adu—bﬂ /FH,,)\du, Vi e N. (C.8)

By definition of Wﬁ;i(;c;y), there exists a sequence (¢n)nen C FCI} (X,Y) such that lim, . @, = F and
lim,, o0 a%ﬁ"n = a%iF in Li(X; V). We set ¢ = ¢, in (C.7) and take the limit n — oo to obtain (C.8).
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Conversely, suppose that (C.5)) holds for a sequence (Y5 )yer C V. We fix an enumeration 7 : N — I' of
I" and define

F, = ZYT(j)HT(j)’)" Vn € N.
j=1

By Parseval’s identity, we can bound the Li(X; Y)-norm of the F,, by

1l vy = ZIIY 15 <D IYA 13 (C.9)

~er

and the right-hand side is finite by (C.5)). This implies, in particular, that (F,)nen is a Cauchy sequence in
L2(X;Y). Hence, there exists some F € L2 (X;Y) such that

F,—F in LZ(X;))) as n — 0o. (C.10)

Since F,, € FCH(X,Y), we can set ¢ = F,, in (C.7), and obtain

anF —Zb“ .,.(J) ()@ Vi € N.
% j=1

Consequently, we can bound the Li(X ; HS(Xp, V))-norm of the derivatives Dy, F), by

2

/HDXb ||HS(X5,37) wX 3771 ) yd'u(X)

N 2

- / Zb \/> Yoy Hryo (X)) du(X)
— v (C.11)
o0 n

-3 3w @y
i=1 j=1
o0 00 7_ 2

< Zzbf ||Yr(a)||yv

K2

H
Il
-

<.

and the right-hand side is again finite by (C.5)). Comblnlng ) and ( -, we conclude that the F,, are
uniformly bounded in Wii (X;Y). By Lemma it then follows that F € W1 2(X V). O

We now consider operators with a certain structure. They will become important in the proof of Theo-
rem [3.9[in Appendlx D] To this end, recall from Theorem [C.4[iii) the orthonormal basis {&;};cy of H with
\/>¢51, R,& = &, and §; € X*. For every F € L2(X;Y) and n € N, we define

E.F:X =Y, E,F:=E[F|&,....&), (C.12)
to be the conditional expectation of I with respect to the o-algebra generated by the random variables
&, ..., &,. Furthermore, for n € N, we define the mapping

n
P, : X —span{¢; :i € [n]}, P,X := Zgi(X)gi. (C.13)

Proposition C.10 (Properties of E,F in L2). For F € L%(X;Y), let E,F and P, be given as in (C.12)
and ( -, respectively. Then the following holds
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i) For every F € L?>(X;)) and n € N,
"
E,F(X) :/ F(P, X+ (- P,)2)du(Z) for p-a.e. X € X.
x

In particular, E,F can be identified with an operator on P,(X) by setting F,,(Z) := E,F(X) for
Z = P, (X).

(it) For every F € L7 (X;Y), the sequence (E, F)nen converges to F in L2,(X;Y).

Proof. We refer to the proofs of Proposition 7.4.1 and Proposition 7.4.4, respectively, in [57], which can be
adopted almost verbatim, only changing the Lebesgue integrals to Bochner integrals. O

Proposition can be extended to operators in W;’E(X; V):

Proposition C.11 (Properties of E, F in ng) Let F € Wj:g(%;y) and let E, F be defined as in (C.12]).
We have E, F € W::i(X; Y) for everyn € N and

lim E,F =F in W, 3(X;D).

n— oo

The case of H-differentiable functionals, that is, b = VA (see Remark ) and Y = R, is covered
by [57, Prop. 10.1.2] which reads as follows:

Proposition C.12. Let F € W;\QE(X) Then, for everyn € N, we have E, F € W:%(X) and the following
properties hold: ’ :

(i) For every i € N, the ith partial derivative of E,,F is given by

a . .
iEnF _ EH(WF) lfj. <n,
0¢; 0 if j > n.
(ii) We have lim, oo E,F =F in W:?K(X)

Proof of Proposition[C-11l We first prove the claim for F € FC}(X,Y) and then for general operators in
W:i(X ;Y) by density and a diagonal argument. Let us fix ' € FC}(X,)). By linearity, it suffices to

consider cylindrical operators of the form F(-) = ¢(-)Y with ¢ € FCL(X) and Y € Y. Since n; = b,»)\i_lmfi,

we have 9 9 9
K _ o \—1/2
an, E,F(X) =b;\; a5, 7,

Let {1} en be an orthonormal basis of V. Using Proposition|C.12(i), Parseval’s identity, and the contraction

E,F(X) = b\, ?Y

E,p(X), VX € X, VieN.

52



property of the conditional expectation, we can bound the norm of the derivative Dy, E, F' by

2

9
on;

ydu(X)
/zizlb S <;&En<p(X)7¢j>y
:;bmlwnijz/ (e (a2v) 005

- 1o}
— E 2 1 2 v
- i1 KR (3& )

n 2
< RNV
i=1

2
1D, EnFl 1 ;s 3)) EnF(X)

2
dp(X)

2
dpu(X)

(C.14)

L2(x)

¢, "

L2(X)

2
X)|| du(X) = HDXbFHii(X;HS(Xb,y))'
y

F
o

Since in addition [[EnF| 12 x,y) < [[F'll12 (x,y) by the contraction property of the conditional expectation,
A piets

we conclude

IE, F||W1 > < ||F||W1 2y VF € FCOLHX, ). (C.15)

5 (X))

In particular, this shows that E,F € W#:b(é\f; V) for every n € N. To prove convergence in Wii (X;)), we
first note that by PropositionA ii), JEAnF converges to F in L2 (X;Y) as n — oo. Since ¢ is cylindrical, it
can be written as ¢(X) = w(&(X), ..., & (X)) for some k € N. This implies

IDxERF = Doty Fll 2 (vorscan vy < <?éf[%]§]<b§/\¢_1> 1Y 1y |[ T 5B = Vit 59

L2(XXx)
and the right-hand side converges to 0 as n — oo by Proposition ii). Altogether, we conclude
lim B, F =F in W,3(X;D) for all F € FCy(X,)). (C.16)

n—oo

For the general case, let F € W b(X V), and let (Fj)ren C FCL(X,Y) be a sequence converging to F
in W1 2(2( V). Again by the contractlon property of the conditional expectation, we have

IEnFr = EnFllLs (i) < 1Ex = Fllga iy Yk €N,

which implies limy_, o0 En Fi = E, F in Li(X :Y). In addition, by (C.15)), (E,, Fy)ren is a Cauchy sequence in
W, (X; ), which yields

klim Dx,EnFy = Dy, EnF in L2 (X; HS(X,Y)).
—00
Consequently, again by (C.15]),
HDXb]EnFHLi(X;HS(Xb,y)) = klggo ||DXb]EanHLfL(X;HS(Xb,y)) < kh_fgo HDXkaHLI{(X;HS(Xb,y))
- ||DXbF||Lﬁ(X;HS(Xb,y))'

Together with ||EyF'[| 12 1.y < [[F'l| 12 (x,y), We conclude
m ’ m )

1,2
||EnF||WI1 2(x.y) < HFHW1 Q(X;y), VF € W (X y) (017)
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and therefore E, F' € W1 2(X Y) for every n € N. To prove convergence, first note that, for any k£ € N,

[EnF — F”W1 2

5 (X3Y)

<|E,F — ]Eanle,z v Jr IE,, Fy, — FkHWﬁ:i(){;y) + | Fx — F”Wl 2(2( »)

< ||E,F} — FkHWl 2(X;)) + 2| Fy, — F”Wl 2(X3));

where we used ( in the second step. Next, let € > 0 be arbitrary and choose k large enough such that
||F‘]C FHW12(XJJ) <6 Then
b

and taking the limsup n — oo yields, by (C.16)),

limsup [|E, F — FHW12 (xy) < 2e

n—oo
As this holds for any € > 0, the claim follows. O

We provide one more technical lemma which asserts that certain functionals lie in Wu 2(X). For X € X
and ¢ € N, we use use the notation z; := (X, ¢;) 5, where {¢; }ien is the PCA basis of X.

Lemma C.13. Let ¢ : X — R be a functional of the form
P(X) = w2y, A e, X €A,

with n € N and w € L?(R™). Suppose that w (possibly modified on an L™-null set) is absolutely continuous
along each compact subinterval of almost every line parallel to one of the coordinate axes with (weak) partial
derivatives in L?(R™). That is, there exists g : R® — R such that 1 = g L™-a.e., and for each k € [n], the
functions

ge(x,t) = g(T1, .., Tho1, b, Thg 1y -+, Tny)

are absolutely continuous in t on compact subsets of R for L 1-a.e. point x = (x1,. .., Th_1,Tht1,---,Tn)
in R"™Y, and 8;gr, € L*(R™). Then, ¢ € Wi’i()() and

O(X) = bA; 20N Py, A

n

1/2

for p-a.e. X € X and every i € [n].

Proof. First note that for i € [n], X € X, we have )\;1/2331» = &(X) with & € X* given by (C2). For brevity,
we write £(X) := (£(X),...,&.(X)). The assumptions on w imply that it lies in the space W'I}DE(R”) of
weakly differentiable functions which, up to their first derivatives, are locally L-integrable, see, e.g., [30,
Thm. 4.21]. Let (wj)jen C CZ(R™) be a sequence of smooth, compactly supported functions such that
lim; 00 wj = w and lim;_, o O;w; = d;w in L*(R™) for every i € [n]. We define

pji=wjof, VjeN,
and note that, by construction, ¢; € FCL(X). It is then easy to see that, as j — oo,
p; = ¢ in Li(X)

as well as 5
a—napj() — bi)\;l/26iw(é(~)) in LZ(X) for every i € [n].

This shows the claim by definition of W;S(X ). O
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D Proof of Theorem [3.9

We modify the argument in the proof of [57, Prop. 10.1.4]. Let F : X — Y be Lipschitz continuous with
L := [FlLip(x,y)- The idea is to use Lemma to show that F' € leg(x;y). By Lipschitz continuity,
F(X) < F(0)+ L||X|| 5 for every X € X and therefore, by Theorem E L2(X;Y). As approximating
sequence to F' we take F, := E,F, as defined in . By Proposition we have lim, . E,F = F in
L?(X;Y), and we can write

for some V,, : R — Yand Ty, : X — R™, T,,(X) := (&1(X), ..., &(X)) with &, & defined in (C-1)), (C-2). Note
that V,, inherits Lipschitz continuity of F'. Indeed, using Proposition (1) and the fact that &; (&) = 6i 5,
we find for x, z € R™ that

V(x4 2) = Va(@)]ly =

E,F (i i€ + Zn: Zi&‘) —EnF (i: xifi)
i=1 i=1 i=1

Yy

F (Z zi&i + Yzl + (1 - Pn)Y> ~F (Z &+ (I — Pn)Y> du(Y)
=1 =1 =1
n n 1/2 y
LI z&|| = Z \le@ = <Z mf) (D.1)
=1 X i=1 =1

< 2 (s V3 ) e (D.2)
€N
Proof of (i). Suppose that dim(Y) = m € N and let {1);};c[m) be an orthonormal basis of ). For j € [m],
we define the function(al)s
VO LR SR, x> (Va(z),45),
EVF: X R, X (B F(X),05)), = VO (T,(X)).
From (D.2)) it follows that Vrfj ) is Lipschitz continuous. By Rademacher’s theorem it is therefore Fréchet
differentiable £™-almost everywhere. Suppose that X € X" is a point such that V,«Eg ) is differentiable at T (X).
We can then apply the chain rule and since &;(1;) = biA;1/26i7]‘, we get
<VVr§j)(Tn(X)),bi/\;l/Qei>Rn = b\ Y2,V (T (X)) if1<i<n,

0 otherwise.

D, (BY) F)(X)(1:) = {

Recall that e; denotes the ith standard unit vector in R™. To derive an upper bound for \aiv,ﬁj )(:c)\, z eR",
we equip R” with a rescaled Euclidean inner product,

33 y R = Z fxlyz

with induced norm HSUHRQ = <m,m>R§. We denote the hereby defined space as R} and observe that

{)\;1/ Qei}ieN is an orthonormal basis. Now note that (D.1]) implies that Vfﬁj ) is L-Lipschitz as a function
from RY to R. Hence, for £"-almost every £ € R" and 1 < ¢ < n, it follows

Z)\

(@) - DV @) 2en)|

i=

o T R 7

HS(RY, L(R},R)
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Consequently, whenever v, is differentiable at T, (X), we have for every j € [m],

2 2
1D, (En F) (X)) 1315 2.3) = ZDxb (BQF)(X)e; => 11D D, (EY F)(X) (n:)1);
=t Hsvcb y = y
s m 4 ) (D.4)
:ZZ‘D%(E;W)( —Z b2\ T,.(X))
<mL?,

where we used in the last step that b; < 1 for every ¢ € N. ‘
Next, we show that for p-a.e. X € X and every j € [m], "9) is Fréchet differentiable at T,.(X). To this
end, let A C R™ be the set such that for every j € [m], "9) ig differentiable at every point & € R" \ A.

Then each V;\7) is Fréchet differentiable at any point T, (X) with X € X\ T,; 1(A). It thus suffices to show
that u(7T,*(A)) = 0. We know that £"(A) = 0, and since p,, is absolutely continuous with respect to £,
it follows that i, (A) = 0. Moreover, it is easy to see that p, is equal to the push-forward measure (7},)s1,
and thus u(7),(A)) = 0. Hence, holds for p-a.e. X € X, which implies

2
/X 1D, (B ) (X) |15 2 3y d1e(X) <mL?, ¥n €N,

AsE,F — F in L2 (X;Y), we can now use Lemma to conclude that F' € WJJE(X; Y). This shows that
Lip(X,Y) C W, b(X V).

Next, we show that C%!'(X,)) is continuously embedded in W12(X Y). By (D.4), we know that
|Dx, (E,F)(X )”Lg(;\f;HS(X,,,y) < /mL. Moreover, from Proposition i) it follows that ||E, F”Li(x;y) <
supyey [[F(X)]ly. In total, we have

IEnF iz < sup 1FE)], + VmL < Vm|[Fllcosx y)-

As lim,, o E,FF = F in T/V1 2()( V) by Proposition the claim follows.

Proof of (ii). Suppose that dim(Y) = co. Notice t at in this case we cannot use the same argument as
in the proof of (i) for two reasons. First, (D.4]) does not give a meaningful bound for m = co. Second, and
more subtly, a similar estimate as in es not hold because equality of the operator norm and the
Hilbert-Schmidt norm is only true for rank-one-operators. We thus have to argue differently.

To this end, assume that b € £2(N). We derive bounds for the partial derivatives 9;V;,, and use square-
summability of b to ensure finiteness even if )) has infinite dimension. First, as V,, : R® — ) is Lipschitz
continuous, we can use the generalized Rademacher theorem to conclude that V,, is Hadamard differen-
tiable (and, in fact, Fréchet differentiable since R™ has finite dimension) L£™-almost everywhere in R™,
see |11, Thm. 1 in Chpt. 2 & Rmk. 2 in Chpt. 1]. Suppose that X € X is a point such that V,, is differ-
entiable at T, (X). As in the proof of (i), we can then apply the chain rule to get

DV, (To (X)) (biX; e;) = A 20,V (Th(X)) if1<i<n,
0 otherwise.

DXb(EnF)(X)(m) = {

Note that setting z = e; in (D.2)) implies that [|9;V;,(x)ly, < LV/A; for L™-a.e. € R™ and every 1 <i < n.
Consequently, whenever V,, is differentiable at T,,(X), it follows that

1D, (B F) () 15 10,9) ZIIDXb Y)lly = Zb IOV O,

<L’ be < L2632 -
=1

We can now proceed as in the proof of (i) to conclude the claim. O
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