Institut fur Numerische Simulation
Rheinische Friedrich-Wilhelms-Universitat Bonn

Friedrich-Hirzebruch-Allee 7 - 53115 Bonn - Germany
phone +49 228 73-69828 - fax +49 228 73-69847

www.ins.uni-bonn.de

M. Griebel, G. Li, C. Rieger

On the Numerical Approximation of the
Karhunen-Loéve Expansion for Random Fields
with Random Discrete Data

INS Preprint No. 2404

December 2024






On the Numerical Approximation of the Karhunen-Loeve
Expansion for Random Fields with Random Discrete Data

Michael Griebel', Guanglian Li?, and Christian Rieger?

nstitut fiir Numerische Simulation, Universitit Bonn, Friedrich-Hirzebruch-Allee 7, 53115
Bonn, Germany and Fraunhofer SCAI, Schloss Birlinghoven, 53754 Sankt Augustin,
Germany. (griebel@ins.uni-bonn.de)
2Department of Mathematics, The University of Hong Kong, Pokfulam Road, Hong Kong.
(lotusli@maths.hku.hk)
3Philipps-Universitat Marburg, Fachbereich Mathematik und Informatik, AG Numerik,
Hans-Meerwein-Strafie 6, 35032 Marburg. (riegerc@mathematik.uni-marburg.de)

December 24, 2024

Abstract

In many applications, random fields reflect uncertain parameters, and often their moments
are part of the modeling process and thus well known. However, there are practical situations
where this is simply not the case. Therefore, we do not assume that we know moments or
expansion terms of the random fields, but only have discretized samples of them. The main
contribution of this paper concerns the approximation of the true covariance operator from these
finite measurements. We derive explicit error estimates that include the finite-rank approxima-
tion error of the covariance operator, the Monte Carlo-type error for sampling in the stochastic
domain, and the numerical discretization error in the physical domain. For this purpose, we
use modern tapering covariance estimators adapted to high-dimensional applications, where the
dimension is introduced by the resolution of the measurement process. This allows us to give
sufficient conditions on the three discretization parameters to guarantee that the error is kept
below a prescribed accuracy €.

Keywords: covariance operators, eigenvalue decay, approximation of Gaussian-type random fields,
error estimates, Galerkin methods for eigenvalues, finite elements, tapering estimators for sample
covariance

MSCcodes: 41A25, 41A35, 60F10, 656D40

1 Introduction

Mathematical models with random coefficients or random input data have been widely used to de-
scribe applications that are affected by some degree of uncertainty due to incomplete or insufficient
information subject to some degree of uncertainty about the problem. The range of applications is
broad and diverse, including uncertainty quantification with ordinary differential equations, partial
differential equations, and integro-differential equations, or problems in machine learning and data
analysis in oil field modeling, quantum mechanics, or finance.

Often, the random data is modeled as a Gaussian random field over a probability space (2, F,P).
Thus, the random field is described by its mean and its covariance. By subtracting its mean, we
can further assume that the random field is centered. For numerical simulations, realizations of
this random field must then be derived.



In contrast to this common approach, we intend to estimate the statistical information from
experimental data. For this purpose, we assume that there is an unknown centered Gaussian field
K, which is consistent with the covariance kernel

Covy(z,z') =: R(z, ') :/Qn(w,:c)n(wmc ZM Z bk (x) P (")

leN
= Ngu( Z Aege(@)pe(a') =: R" (w,a') (1)
/=1

where we have the eigenvalues sorted in strictly decreasing order, i.e. Ay > Ag--- > 0 for the
first series expansion, and we understand the last (notationally simpler) expression as repeating
the eigenvalues according to their multiplicity. This will be used from now on for simplicity of
notation. The last sum is usually called the finite noise approximation. This approximation, and
in particular the truncation parameter L, is justified by a fast decay of the eigenvalues in the
Mercer-type expansion.

For our analysis we assume spatial regularity of the random field k. We have:

Assumption 1.1. Let  : Q@ x D — R and thus K : Q — RP be contained in the Bochner space

L>(Q, H*(D)) for some s > 0, where for s = 0 we have H(D) = L*(D). Alternatively, let

k:QxD— R and hence K : Q — RP be contained in the Bochner space L™ (2, H*(D)) for some
d

s> 4.

We refer to [14, Theorem 5.2] for conditions on « that allow for such types of bounds.
We also assume some moment bounds:

1

Assumption 1.2. Let k : Q@ x D — R, we assume Cw : (fQ |k (w HC(D dP(w ))2 < 0.
1

Sometimes we need the stronger assumption Cps := (fﬂ % (w HHs(D dP(w )) * < oo for later

use.

These estimates imply that |E [s(-,z)]| < Cs and Cov(z,z’) < 4C% by Hélder’s inequality.
Since our analysis is aimed at practical applications, we consider mostly discretized function spaces.
For the remainder of this article, we will focus on finite element spaces of the form

Vi =={v € H'(D) : v|x € PFV(K) for all K € T} C R, 2)

where T}, is a regular quasi-uniform triangulation over the physical domain D with a maximal mesh
size h and [s]| € N depends on the spatial regularity of &.
We denote the dimension of V), by Q) < co. Furthermore, we expect Q, = O(h~%s?). For

the rest of the paper we will fix some arbitrary basis V) = span {9,(;1) 1<k < Qh}. Let
0™ be a generic basis giving rise to the following vector field oM . D - R, with « —
T
(th) (x),... ,982 (m)) . To fix the notation: any function v®) € V, can be identified with a
vector VW) = (Vl(h),. V(h)) € RO via v = v . gh)
Next, we consider the L? projection map Iy, : L?*(D) — V), and note that its approximation
rate is given in [4, Theorem 4.4.20] as
o= Tl < Gy [0y for il v € H(D), (3)
lv — HVhU”C(D) < CHVh oh* 2 HUHHS for all v e H*(D) for s > d/2. (4)

Here, the positive constants CHv o and Cﬂvh«c depend only on the shape regularity parameter of
» ;

Tr, and are independent of the mesh size h. Since we mostly deal with discretized functions, we
consider

M (w, ) =Ty, k(w,-) = KW (w) - 8",



As in the continuous case, this implies E [&(h)(-,m)] < ™ and Cov(® (z, m’) < 4(C'(h))2 for all

xz,x' €D, where C{! <f Hli(h ")HE‘(D) dIP’(w)) < 0. Analogously, C S = (fQ Hl-{ ")H?{S(D) dP(w
oo. Furthermore, the only theoretically available covariance is given in the centered case as
Sm =E [KU” ® K(’ﬂ € RO»¥@n_ (5)

Note that this matrix is large and its dimension depends on the spatial discretization parameter.

Next, we assume that we have access to M independent identically distributed discrete samples
Kh) .= g0 (w1),.. L KOGh) . () (war). The eigensystem of this matrix gives rise to a
computable Mercer-like expansion

o

h
R(}“M)(a:, x') = )\gh;M)@h;M)(w)(ﬁéh;M) (z') ~ ~ Rk M)(a3 )
=1

LD G () 51500 (1), (6)

i
M=

~
Il

1

where the (h; M )-notation indicates that we are using an estimator based on the M finite samples
KWh g (Mih) 1y addition, L indicates the finite-noise approximation.

Since @, ~ h™%, the summation in (6) is subject to the well-known curse of dimensionality.
Consequently, the estimation of the covariance matrix becomes more difficult the smaller the values
of h become. Therefore, we assume that the covariance matrix 3 x) € RQr*@h has a certain off-
diagonal decay, i.e. X € Fo = Fo(Cr;1, CF;2), where the class is defined later in (44). Here, «
modulates the decay rate and Cr.1,Cr.2 are positive constants. This particular class of matrices
contains several relevant examples of discrete covariance functions, see [3] and the survey [5]. In
addition, the choice of this class of matrices also affects the approximation of continuous covariance
functions by so-called tapering weights, see (45). We will use the optimal rates derived in [3].

The main goal of this article is to derive a bound on the expected approximation error
E [HR — R(L5h?M)HL2(DXp)]. To do this, we couple the discretization parameters L, h, M and con-
sider their limits h — 0, L — @Qp — 0o, M — oo to recover the true continuous covariance operator.
Our main result is theorem 4.2. It states that

E U\R - RUL| SLH 4 (L4 6L) 3 (M)A (M)

L2(D><D)]

where G(L) and H(L) are functions of the truncation parameter L, which depend on the spectral
properties (83) of the true operator, py(M) measures the approximation quality of our (tapering)
estimator, M is a classical finite element mass matrix, and p1 denotes a constant given in the
proof of proposition 3.3 which is determined by the sub-Gaussian property of the random variables
involved. This allows for sufficient conditions on the three discretization parameters to guarantee
that an error below a prescribed accuracy € is achieved.

The remainder of this paper is organized as follows: In section 1.1, we introduce the notation and
review some basic facts. In section 2, we recall the KL-expansion and sharp eigenvalue estimates. In
section 3, we present the reconstruction of the covariance matrix as a stiffness matrix with respect
to the finite element discretization. We focus on the discrete spatial approximation in section 3.1
and the statistical approximation in section 3.2. In section 3.3, we review some tail estimates
for Gaussian random variables. In section 3.4, we give bounds on the sampling covariance error.
In section 4, we present our final error estimates for the covariance operator reconstruction and
give sufficient conditions on the three discretization parameters to ensure that the error is below a
prescribed accuracy €. We give some concluding remarks in section 6.



1.1 Notation and basic facts

We start with some notation. Let two Banach spaces Vi and V5 be given. Then, B(V}, V2) stands
for the Banach space composed of all continuous linear operators from V; to V5 and B(V}) stands
for B(Vi,V1). The set of non-negative integers is denoted by N. For each index o € N¢, || is the
sum of its components. The letters L, M and h are reserved for the truncation number of the KL
modes, the number of sampling points and the mesh size. We write A < B if A < ¢B for some
absolute constant ¢ which is independent of L, M and h, and we also write A 2 B. Furthermore,
for any s € N, 1 < p < oo, we follow [1] and use the classical Sobolev spaces, see [4]. The space
WiP(D) is the closure of C§°(D) in W5P(D). Its dual space is W~%4(D), with 1/p+1/q = 1. We
also use H*(D) = W*P(D) for p = 2. Finally, (-, )p denotes the inner product in L?(D).

2 Karhunen-Loeve expansion: Continuous level

This section deals with the Karhunen-Loeéve expansion of a centered Gaussian random field k. Let
L@ (x) be the Lebesgue measure on the physical domain D. For simplicity, L?(D) and L?(2) are
short for L?(D;dL@ (x)) and L?(Q;dP). We denote the associated integral operator S : L?(D) —
L*(Q) by

S: L*D) = L*(Q), Sv —/ #(w, JvdL@ and S*v = / k(w,)vdP(w). (7)
D Q

where S* : L?(Q) — L?(D) is the adjoint operator. Let R : L?(D) — L?(D) be defined by R :=
S*S. Then R is a nonnegative self-adjoint Hilbert-Schmidt operator with kernel R € L?(D x D),
given in (1), ie. R(z,2') = [, k(w,z)k(w,z')dP(w) = E[k(-,z)k(-,2')]. The standard spec-
tral theory for compact operators [17] implies that the operator R has at most countably many
discrete eigenvalues, with zero being the only accumulation point, and each non-zero eigenvalue
having only finite multiplicity. Let {A\;}72, be the sequence of eigenvalues (with multiplicity
counted) associated with R, which are non-increasingly ordered, and let {¢,}72, be the corre-
sponding eigenfunctions which are orthonormal in L?(D). Furthermore, for any A\, # 0, define
Yo(w) = ﬁ Jp t(w, 2)prdLD(z). One can verify that the sequence {t,}2°, is uncorrelated and

orthonormal in L?(Q2) and therefore {¢,}°, are i.i.d normal random functions. The KL expansion
of the bivariate function  then refers to the expression

K(w, @) =Y Aepe(m) e (w), (8)
=1

where the series converges in L?(Q2) ® L?(D) = L?*(Q x D).

2.1 L-term truncation in case of continuous Karhunen-Loéve expansion

Now we will truncate the KL expansion and discuss the resulting error. There are numerous
articles on the L-term KL approximation for random fields. For example, in [13] decay rates
for the eigenvalues of covariance kernels with certain regularity were considered and generalized
fast multipole methods for solving the associated eigenvalue problems were studied. The robust
computation of eigenvalues for smooth covariance kernels was treated in [15]. A comparison of the
L-term KL truncation and the sparse grid approximation was given in [9].

The result of this section is based on the paper [10], which proves a sharp eigenvalue decay
rate under a mild assumption on the regularity of the bivariate function x in the physical domain.
assumption 1.1 yields the following eigenvalue decay estimate [10, Theorems 3.2, 3.3, and 3.4] and
will be used repeatedly.



Theorem 2.1. Assume that assumption 1.1 holds with s > d/2. Then, it holds
Ar < 02.157%71 for all £>1 and (9)

d s
021./12 \/;(L +1)"d  when L is sufficiently large. (10)

HZ Ve

L2(QxD)

Here the constant is Cp1 := diam(D)%*Cen(d, s)C(D, s) HRH%Q(Qﬂs(D)), and Cem(d, s) denotes an
embedding constant between certain Lorentz sequence spaces, and C(D, s) is a constant depending
only on D and s, see [10] for details.

The next lemma gives a regularity result for the eigenfunctions {¢,}72,, see also [10, Theorem
3.1 & Remark after Assumption 3.1J:

Lemma 2.1 (Regularity of the eigenfunctions {¢¢}72,). Assume that assumption 1.1 holds for
s> d/2. Then for all0 < 8 <1, there holds

E

bell gy < Ay 2 (11)

If the eigenvalue bound in (9) are sharp, the bound 11 reduces to
ell o5 (py < C(D,d, 5)eB(a+a).

Here C(D,d,s) denotes a positive constant that depends only on D, d, and s. The sharpness
of 9 is, however, only known for the whole function class, see [10, Theorem 3.4]. We also get

a bound in the uniform norm by using Sobolev’s embedding theorem for s = % +e€ > %, ie.

we have [|¢¢|lcp) < [l¢ellgspy < C(D,d, s)€§+% = O(D,d)¢*¢ with ¢ sufficiently large, where
we use € > 0 for an arbitrary small number that can change from line to line. Moreover, the
eigenfunctions {¢,}72, are optimal in the sense that the mean square error resulting from a finite-
rank approximation of x is minimized [8].

3 Approximation of the covariance matrix

3.1 Spatial approximation

In this section we examine the influence of the spatial discretization. For now, we assume that we
have access to the semi-discrete covariance function

R (z, z') := / k) (w, 2)k™ (w, 2') dP(w) = E [H<h>(.7w)ﬁ(h>(.,w')] (12)
Q
and the corresponding integral operator R f(x) := f f(2")RM (x,2')dz’. Then we have the
following result:

Lemma 3.1 (Semi-discrete spatial approximation error estimate). Let R € L?(D x D) be defined
as in (1) and let its numerical approximation Ry, be defined as in (12). Then it holds

R "

HC’(DXD)

Furthermore, for the associated integral operators R and Ry, it holds that

_ < oAy s
HR R HB<L2(D)> < Oy, 12(CoClrs + CH I3, (14)
Proof. We define ny(w) := ||x("(w, -)HC(D) and n(w) := ||k(w,")[l¢(p)- Then
(h) _ <C
[ R = By < s [ (0 iy (0() + () P,



This, along with the assumption 1.2 for s > d/2, results in

HR(h) B Cth cCh+(Coo +cd ))hs_%

HC’(DXD)

This proves the first statement (13). Now notice that

HR— h)H = sup HRU—R(h)v
(L3(D)) veL2(D)
”U“LQ(D):l

<[

L2(D) L2(DxD)

Using (1) and (12), we get HR— R(h)HLQ(DXp) = HE (kK — m(h)m(h)] HLQ(Dxp). By an application
of Jensen’s inequality, i.e. f(EX) < Ef(X) with the convex function f(X) = || X|| 2pyp), We get
the bound HR — R™ < Oy, 12(CocChs + C&L)Cgls))hs, where we used (3) in the last step.

h
HL2(D><D)
This proves the second statement (14). O

Next, we consider the eigenvalue problem for the operator R i.e. finding (qbgh), Aéh)) € VxR
such that

<R<h)¢§h)7v(h))p — A (% v )D for all 0™ €V, (15)

where V), is defined in (2). Using ¢\ := ®!") = 39 68 € V), for fixed but arbi-

trary (" = v .9 ¢ v, ie. for fixed but arbltrary V( ) RQh, we derive the identity
T

(R(h)d)éh),v(h))p = (V(h)> M(h)EKW)M(h)(I)éh). Here, M and 8™ are the mass matrix and

the stiffness matrix, respectively, defined by
M® = (o™ o™, and S = MWE o M®. (16)

Note that the symmetry of the mass matrix M (") implies the symmetry of S,
Thus, the corresponding matrix form of the generalized eigenvalue problem (15) is to search for

the eigenpair (‘Déh), )\éh)) €R% xR for £ =1,---,Qp, satisfying
h h h
sMaM — \Mart g, (17)

We transform (17) into a conventional eigenvalue problem. Note that the mass matrix M (M) is sym-
T
metric positive-definite, and thus has a Cholesky factorization M® = W <L(h)) € ROnx@n,

~ ~ T ~
Now let S(h) be defined by S’(h) = (L(h)> EK(h)L(h). Then we can solve for (@éh), /\éh)) € R9 xR

for ¢ =1,---,Qp, satisfying

sVa = ae", (18)

which is a conventional eigenvalue problem for a symmetric positive-definite matrix. By construc-
tion we have that the eigenvalue problems (17) and (18) are equivalent in the following sense:

(;I;éh), )\(h)) € R?" x R is an eigenpair of (18) —

(@gh) = (L(h)>7 iéh), A( )> € R% x R is an eigenpair of (17).
Note that, with ¢1(gh) = <I>§h) . O(h), we get a Mercer-like representation

L
RW(z,a') ~ REM (2, 2') := 3" AP ()0 (') (19)
k=1



for 1 S L S Qh.
We now give a classical error analysis by means of the approximation theory of conforming
finite element methods. Consider the error operator

EW =R —RW . [2(D) = LX(D), (20)

which is a self-adjoint operator on L?(D). We have the following error representation by Galerkin
orthogonality:

Lemma 3.2. The error operator M has the property
(€(h)v, ’U)D = (v, (I =y, )R(I + Ty, )v), forall ve L*D),

where we use the operator 1Ly, : L*(D) — V), from (4).
A direct consequence of lemma 3.2 is the upper bound for the operator norm of £

(h) s
Hg HB(LQ(D)) = 2CHVh;L2h HRHB(LQ(D),HS('D))’ (21)

where we used (4).
Finally, we are ready to present the main result of this section.

Proposition 3.1 (Conforming Galerkin approximation estimate). Assume assumption 1.1 holds
for s > d/2. Then there are constants Ci, Co and hgy such that

N = A O forall 0< h< ho.
Furthermore, the eigenvectors {qﬁgh)}?;l of R™ can be chosen so that

6~ 0, py SO foratl 0 <h<ho

L?(D)
Here the constants C1 and Co are independent of h and hg > 0 should be sufficiently small.
Proof. The proof follows from [2, Theorem 9.1]. O

3.2 Approximation of the covariance operator from samples

We will now approximate the spectral decomposition (19) based on the unknown stiffness matrix
s by approximating the true covariance matrix X ) € R@»*@r - Suppose we have such an

(I?(],\f) € Rn*@n where Z(I?(%) is also symmetric. Then, by repeating the approximation

for the derivation (19), we obtain the approximations

estimate X

T . T
S = (M(h)) s M® ~ 50 = (M<h>) =", M®  and (22)
M) W\ s m:d) 7 (n) &) N )
§M = (M) s L® ~ Y = (£00) =), L0, (23)

and we encounter the following eigenvalue problem: Search (;Ivlgh;M),)\gh;M)) € R9 x R for all
£=1,---,Qy such that

g,(h;M)&)éh;M) _ )\éh;M):I;éh;M), (24)

Since S'(h;M) is a symmetric matrix, we have (?{;éh;M), :f)gl;M))g = 0y after normalization. We
also encounter the generalized eigenvalue problem ’
B M) g (M) _ y (BsM) p r(h) g, (hsM)

Shd) @it) — N\ pp (M) g ), (25)



Similarly, we have the equivalence

(&'éh;M), )\gh;M)) € R?" x R is an eigenpair of (24) <=

. T —(n; .
<<I>éh’M) = (L(h)> @Eh’M), )\éh’M)) € R9 x R is an eigenpair of (25).

~(h
Thus, we can derive approximations to S " and S by

Qn Qn
S = ST AEM G o G and st = 3N @ @I (96)
k=1 k=1
We define
o) g(hM)
) = HS -5 H 27
(hsM) b (27)
Then the eigensystem (26) gives a computable Mercer-like expansion
RUSM Z AP UM () M) (). (28)

. 4 T
We define ¢ .= @) 0" for all k =1, Qp. With M®) = L™ (L(h>) € RO X we
observe that by construction

. . h; M
(A, 07) = (B B, = e .
2

)LQ(D)

To bound the sampling error for the eigenvalues, we can apply Weyl’s inequality (see for example
[11, (Eq. 3.1)]) to either of the eigenvalue problems (24) or (25). We will focus on the analysis on
the regular eigenvalue problem (24). We obtain

‘/\éh) - /\éh;M)‘ < Emary, 1 <L <min{Qy, L}. (30)

Now we can use proposition 3.1 to get that, under assumption 1.1, there are constants C; and hg
such that

e = AP < e = 2P| 4+ A = APD| < gt 4 Egany

for all 0 < h < hg and 1 < ¢ < min{Q@p, L}. For perturbation bounds on the eigenvectors, see [16],
and for a recent version of the Davis-Kahan theorem including randomness, see [12]. We use the
variant presented in [18, Corollary 1] To do this, recall the assumption that the eigenvalues are

non-increasingly ordered, i.e. /\gh) - > )\(h) and /\( ) - > )\( M) We define the discrete
spectral gap

(5éh;M) = mln{‘)\ M) )\( (k) )\gﬁw)’}, (31)
with )\(h M) — o and )\g ]J\r/ll) = —oo. The quantity (5§h;M) is problematic because it contains

)\é ), )\é 1] M), Therefore, we want to replace it with a quantity that depends only on the continuous
problem. To do this, we use the strategy presented in [18]: Let d; be the continuous spectral gap
defined by

d¢ :=min{Ag—1 — Mg, Ap — Apg1} with A\ = oo. (32)

Assumption 3.1 (Spectral gap). Assume that there is a sufficiently small positive parameter

hi1 < hg and that g'(h;M) s a good approximation of g'(h), i.e. for h < hy holds
8¢ > ACR** AL + 4€ .- (33)

8



We then have the following result:
Theorem 3.1. Let (33) be valid. It then holds

oM > %5 (34)
With some constant C, it also holds
H‘i’gh) - i’éh;M)HQ < C(ééh;M))_lg(h;M) < ACE;  Ens (35)
where we fixed a sign for &)?“M) such that <I>éh) :I;éh;M) > 0.

. T
Also for gbgh’M) = (L(h’)) @l(ch M) 0™ the bound

(h;M)‘ < C((Séh;M))_lg(h;M) < 405;15(;“]\4) (36)

oo

L2(D)
holds.

Proof. The first statement is a generalization of an argument presented in [18] to the case of multiple
discretization parameters. Recall the discrete spectral gap (5(h'M) in (31). We show (34) using the

following strategy: First we observe &y < ‘)\g 1 — )\gh 1‘ + ‘)\ )\(h ‘ + ‘)\ )\g’ by the triangle

inequality. Similarly, we get §; < ‘)\g — )\gl ‘ + ‘Aéh )\yj’l‘ + ’)\g 1 /\g+1’ . Using proposition 3.1
and the fact that the eigenvalues are sorted, i.e. Ap_1 > Ay > Apy1, we obtain for all 0 < h < hyg
the bound

1
- )\§}<:)1’} < Cl)‘éﬂhzs n

) )\fa A

max { ‘)\g 1 — )\éh)l

where we used the spectral gap assumption (33) in the last step. So we derive

d¢ < min { ’)\gi)l — )\éh) , )\éh) )\gj_)l‘} + %(5g = 5§h) + %55. This inequality implies

1
5(54 < (5§h) = min{’)\gﬁ)l — )\§

-} )

We have (") < [\ = AP |+ AP A and o) < [ A < A0 | AP < AT | by the
triangle inequality. Usmg Weyl’s Theorem i.e. (30), and the spectral gap assumption (33), we get

) . ~(h ~(h;M 1 1
mas { [N 6O A0 < [[8 ST < o< o,

IN

i

where we used (37) in the last step. So we get

5éh;M) = min { ‘)\ﬁh) — )\E}f{w)

YL M)‘} > %55@ > %5&

0+1

. ~ ~ 12
with (37) again. We also have Hd’((zh) — ¢Eh’M) HL ) = H@éh) — @éh’M) " The other two statements

2 2
follow directly from the Davis-Kahan theorem, as in [18, Corollary1]. O

Finally, we are left with bounding
(h; M)
(S5 )
~ . K (h) ’
Ensmy = H (h S(hyM)H = sup K £2, (38)
2w (20) g,

~ ~(h: T .
where we use the identity S(h) — S(h’M) = (L(h)) (EK<h) — E(I:L,(],\L{)) L™ and the fact that

y = L™ is admissible since L™ is regular. Note here that



—1 —1 -1
Amin ((M(h)> > lyl|? < <<M(h)) y,y> < Amax ((M(h)> > |ly||?> holds. We now have the
bound

g(h;M) € [)\min (M(h)) s Amax (M(h))i| HEK(}I) - E(I}éy(%) }2%2 : (39)
The matrix norm HEK(M - E(IZ;(]’Y)[) ‘2 ) is estimated in probabilistic terms in section 3.4.
—

3.3 Sub-Gaussian tails for observed random vectors

In order to use recent results to bound the sampling error, we must first consider the sub-Gaussian
property of the random vector K (h) | This random vector consists of the coefficients of the discrete

random field kK™ : Q x D = R, i.e. kM (w, x) = Zg:hl K,gh) (w)@,(gh) () = K" (w) - 0(x). We focus
mainly on two different basis functions. First, we choose {Hl(gh)}lgngh to be a nodal basis, and

second, we choose {Hl(ch)}lngQh to be an L2-orthonormal basis.

3.3.1 Nodal basis

To start, let us consider the setting of the so-called standard information. Recall the point
set Xg, = {z1,...,2q,} C D, which determines the nodal basis functions and thus the de-

grees of freedom for the finite element space V. In this case, kM (w,z) = KM (w) - 8(x) =

321 ngh) (w, :Bk)H;h) (x). So we have

T
K®.Q 5 R%, wis KW (w) = (n(h) (W, z1), ..., k" (w, mQh)) . (40)

Since £ is assumed to be a centered Gaussian random field, it follows by definition that the
random vector K™ is also distributed according to a multivariate Gaussian law, i.e. K N

N (0,2 ) with (5), i.e. Xpeny =E [K(h) ® K(h)} . We can invoke assumption 1.2 and (5), i.e.
(Zgm) o S 4(0&?)2 . Finally, by Chernoft’s inequality [7] we get the bound

/2
(KM (h) < N
plo- (K0 B [K®)) > 1} <exp ( S(CW)
for any v with ||v]|2 = 1. Note that this implies 4(0(()2))2 = p~! in the sense of [5, Definition 1].

3.3.2 [L2-orthonormal basis

Now let us consider the setting of so-called linear information. Here, we cannot directly rely on the
definition of a centered Gaussian random field to infer that the coefficients are distributed with a
multivariate normal law. In this case, we have

T
K®:05R% we (((W(w,),60)p,.., (:"(w,),05)p)

where {Hj(.h), j=1,...,Qp} is an Lo-orthonormal basis. Thus, for the expected value we observe
E [K,gh)] = 0 which implies E [K(h)} = 0. For the variance we have again (5), i.e. Xpm =
E [K(h) ® K(h)], where

(EK(h>)kk/ :/ / Cov, ) (z, )0 ()07 (') dada’ (41)
’ D JD

and thus (Zxm), . < [1Cov,m || L2(pxp) < 4(0&2))2 -|D|. For all v € R®" with |lv|2 = 1, we have

Qn

v- (K<h> K [K(h)D = (Mh) (wj, ), 9§h))L2(D) v ~ N (0,0 - 5 ).
k=1

10



Furthermore, given & € D, it holds that x( (-, 2) ~ A (0, Cov, ) (z,)) . Therefore, we can invoke
Chernoff’s inequality to obtain for all ® € D and t > 0

(h) t* t2
< _ | < -
P{ ‘R (w,w)‘ ” t} = oxp ( QCOVN(h)(w,aB)) =P 8(6&))2]7?] ’

which is uniform for & € D, see (41) and its consequence. Consequently, for all v € R@r with
|lv]]2 = 1, we have the estimate

P {fo- (a2 [0])] 20} <o (i)

Note that this implies 4( ) |D| = p~! in the sense of [5, Definition 1]. Thus, the random vector
K™ obeys a sub-Gaussian bound in the sense of [6, Eq. (7)]. We will use this estimate together
with the results of [6] to bound the variance of the sampled covariance matrix later.

3.4 Covariance estimation from samples using tapering and decay assumptions

In this subsection, we focus on the sampling error, and specifically on the induced variance of
our estimator for the covariance matrix. We assume now that the parameter h is fixed. Thus,
the dimension of the covariance matrix is given by @,. We will provide a constructive approach
to obtain an estimate of the covariance matrix 3. To do this, given samples K (msh) for
m = 1,---, M, let the sample mean and the maximum likelihood estimator for the covariance
matrix X ) be [6, Eq. (2)]

F M) _liw: (mih) ¢ R@n d

=0 an (42)
"

S = 3 (0o (e &) con

We know from [5, Lemma 1] that the direct covariance estimator (43) suffers from the curse of
dimension with respect to high spatial resolution (. Consequently, we need a better estimator
when @y, is large. To this end, we follow [5] and assume an off-diagonal decay of the covariance
matrix 3 n) € R@r*Qn_je. we assume Y € Fo=Fa(Cr1,Crp) C R@»*Qn_ where

Qn
Fo =X : k:r{}z?th k/z:l ‘Ek,k’ < Cric® VI <c<Qh, Amax(B) < Cro . (44)
|k’7;|>c

Here Apax(X) is the maximum eigenvalue of ¥, and o modulates the decay rate, while Cr,; and
Cr.o are positive parameters. Now let the weights for any even integer 1 < 7 < @, (see [6, (Eq.
5)]) be given as

) -k <3
Wi | = wkyk/(f) =2 (1 — Ik%kl‘) s % < |k‘ — k/| <T, (45)
0, |k — K| >

Then the associated tapering estimator (c.f. [6, (Eq. 4)]) is defined element-wise by

(E(h MT))

< (hy M
KM = e (7) (Z(K(h)))k p LSk L (46)

k!

11



Note that the estimator E(I?(%;T) preserves self-adjointness. Furthermore, the bounds

(hsM;T) (h;M;7)7] | 7+ log(Qn)
[HEK(h) E [EK“”) } H2—>2] S M (47
(h;M;7) 2 9
HE [ K™ } R0 252 ST (48)

on the variance and the bias hold, see [6, (Egs. 13 & 14)]. From the triangle inequality we derive

h;M; . :
the convergence of E(K’(h)’T) — Y (n In expectation as

(h; M) 2 (h: M;7) 2
[HEK(’” ~ Jgw 2—>2] =2 HE { K } — IR0, , (49)
(hsM;7) o [5a(hsMim) < TH1og(@Qn) | o
2 [HE ") £ [EK(") } H2H2:| ~ M T

which motivates the choice of the tapering parameter 7 = M TIH, see [6, (Eq. 15)]. This gives the
following result, see [6, Theorem 2 & (Eq. 31)]:

1
Proposition 3.2. For the tapering estimator (46) with T = M?2a+1, j.e.

hiM 1 (a(M
(=%)) =g (M) (2;&)))]{71{,, 1< kK <Qn (50)

there holds the error estimate

2
! X
[H K“” K™y

] < M_zzil + log(]\fh) (51)

1 1
if the condition Qp > M 22+1 is satisfied. In the case Qp < M 2e+1, we can directly use the estimator
from (43) and get the bound

SIS M) _ 2 < @n
Note that the result is actually rate optimal.
Next, we introduce the notation
__2a log(Qp) _1
M~ 2a+1 4 SBZR () > M Zat1
ph(M) = Qn M 1 (53)
%, Qn < M
1
~ M~ 2044-1_|_%h1)7 Qp, > M2+t
pr(M) := h—d 1 (54)
BV Qn < M?32e51
using Qj, ~ s?h~¢ for the definition of j5(M). Then we have the following corollary:
Corollary 3.1. For the tapering estimator (46) with T = Mﬁ, the bound
k
B [han] S o7 (M) Mo (M®), ki€ {1,2} (55)
holds.
Proof. First we get by (39)
h; M
Enary < /\max< h)> HE( ) — Zh oy’ (56)

12



We can use Jensen’s inequality for the convex function (x) = 22 to get v (E[X]) < E[¢(X)].
Plugging (56) into Jensen’s inequality yields

(& )’ <E || (00 - 2w )] s (1)

So we get from proposition 3.2 and with the definition (53) the bound

1
E [Ean] S 07 (M) Aax (M®).
Another application of Jensen’s inequality completes the proof. ]

Next, we need to verify that Assumption (33) holds, at least with high probability. Now, we
have the following result:

Proposition 3.3. Let the meshsize h be sufficiently small and M sufficiently large, so that for all
1 < /¢ <L we have

) __2a_ i 4]
%> 402N and OMmdT < RISISLO (57)
2 16 Amax (M)
Then we have with probability
2
i 1)
po:=1-2Qp5" exp | —Mp Mih=e<L % , where T = Mﬁ, (58)

48 Apax (M<h>)

that the condition (33) in our spectral gap assumption 3.1 is satisfied.

Proof. Given the estimate (39) it is sufficient to ensure that

0 > ACUP AL, + 42000 — S| A (M®) foral1<e<r.
The condition (57) reduces this to the estimate % HEK(’O — X pm . We want to

show that this inequality is only violated with small probability. To do this, we derive by repeating

the arguments of [6, Lemmata 2 & 3] and [6, Remark 1] the bound P { HZ(h ) —-E [E(K(h) } H2 > t} <
%

2Q157 exp (— Mt2p1) for all 0 < t < p1, where p;p is a constant, see [6 page 2142], and T = MearT,
So with (48) we get the triangle inequality, and by setting 7 = M 2a+1 Zar1 we get the bound

(h; M) (
PR - ], >} < P{ =) - B [=],
Now let ¢ € (0, p1) be fixed and let M be large enough so that CM ™zt < % Then it holds that
it <Pl E|x®M ¢
2s2 } H K(h) B [ K" ”‘2%2 ~ 3

1
< 2QR5" exp <—36M52p1> .

+ CM_%?—1 > t} .
2—2

PR B

Now we set ¢ := £ minj<,<z 6, and notice that the second inequality in the condition (57) ensures

_72(1 - . . .
that C M ™ 2a+1 < %t = m ming <e<r, (S[ This gives us

(hs M) minj<¢<r, ¢ (hsM) (hs M) t
{HEK“L m IR0, L, 8 } = P{HEK”” -k {EK(”) ”‘2%2 ”

DN |
H/_/

< 1-—pg (59)

using 36 * 82 = 9 % 28 and thus V36 * 82 = 3 % 2* = 48. This proves the statement. ]

This establishes another key ingredient for our later analysis, namely the optimal bound on the
sampling error.
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4 Error analysis for covariance operator reconstruction

We are now in a position to derive an overall error bound for the reconstruction of the continuous
covariance operator from finite samples. To do so, recall the covariance kernel R in (1). Further-
more, let d)éh;M) be given as in (6) and let L € N be a truncation parameter with 1 < L < Qp. We
are now interested in the approximation error R — REM) where REMM) was defined in (6). To

this end, we define

L
GHL) =Y (6, \), (60)

which is a function of the truncation parameter L that is determined only by the spectral properties
of the unknown covariance kernel R.

In special cases, it is possible to compute G(L) explicitly. Consider Brownian motion as an example.
In the even univariate case, we have the kernel

Rg) :(0,1)2 = R, Rg)(x,x') := min{z, z'}. (61)

Then it is known that /\R“ () =n"2(0— %)_2 = (%)2 20—-1)2¢ (%)2 (2N — 1)~2. So we have

5 ALY () = % =1 (%)2 @ f iy and consequently we finally get
4
Lo 1 & 2£+1 ,
R“’ ; (1) o =5 ; ~ L® for L large.

Furthermore, for a two-dimensional Brownian motion, we have the eigenvalues
9\ 4
o _ -2 -2
)\R(;) (fl,fg) = )\Rg)(fl))\Rg)(fg) = <7r) (2€1 — 1) (2[2 — 1) , fl,fg € N.

So we observe image(/\Rg)) = /\Rg) (NxN) = (%)4 (2N — 1)72, i.e. the image of )‘R(,f) up to the

pre-factor (%)4 again consists of the squared inverses of the odd numbers. Thus, we can sort the
eigenvalues (ignoring multiplicities) by the ordering in the odd natural numbers. Furthermore, it
holds that

(20, —1)(205 — 1) + 1
. .

Ap@ (0, 62) = Ay (DA ) (k(61,62)),  where k(61 o) = (62)
B B B

In the general d-dimensional situation, we have
d—1
Mg (b1, € H Ao (63) = ( R<1)(1)) A (k{1 L)),

where k(f1,...,0q) == % (H?Zl(%j - 1)+ 1). Furthermore, with ¢ := k(¢1,...,¢;) we have the

(¢). Thus, for the d-dimensional Brownian motion, we get for

L@@\ L Aa@\ | L Qg+1
Gig>(L)=Z(5RB (@) :Z<5;1>( ) G AT (63)

=1 /=1

Note that Gpa (L) is now completely independent of the dimension. In the general situation we
have the following result:
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Theorem 4.1. Let Q, > L. Under the condition of proposition 3.3, i.e. (57) and the assumption
C’th)\zl <1, it holds with probability py given in (58) that

HR _ R(L;h;M)‘ < L~ 573+ Lih° + (L% + G(L))En;m) (64)

L2(DxD)

with G(L) from (60). If we use the assumption Cghs)\zl < 1 again, we get the simplified bound

HR - RWh;M)‘ S L8 4+ (LE + G(L)Eman. (65)

L2(DxD) ~
Proof. Since (57) holds, it is ensured that the condition (33) in our spectral gap assumption 3.1 is
satisfied with the probability py from (58). Now recall the definition of R in (1), of R in (1), of

R&M) in (19) and of REMM) in (6). We will break the proof into three parts. Note that we can
decompose the approximation error as

R(z,z') — REWM) (g &) .= R(x, 2') — RP) (z, 2) (66)
Ey
+ RB(z,x') — REM (x,2') + REM (@, ') — REMM) (g, 1) .
Es Es

The first error term
o0
Ei(z,a') = R(z,a') - R (z,2') = Y MNoo(x)de(2) (67)
(=L+1
depends only on the truncation parameter L. The second error term
Ey(z,2') := RV (x,z') — REM (. 2') (68)
depends on the spatial discretization h and the truncation parameter L. The third error term

Es(x,x) := R(Lih) (z,x') — R(L;h;M)(:c, x')

L L
=Y Ao (@)ol” (2') — 3 AP ()6 () (69)
/=1

(=1

depends on the sample size M, the spatial discretization h, and the truncation parameter L.
To derive a bound for (67) we use the orthonormality of the eigenfunctions {¢,}7°, and obtain
directly for the integral operator & : L*(D) — L*(D), v [, Ei(z,-)v(x) dL@(x) the identity

||51||L2 (D)—L2?(D) — ||El||L2(DxD (Z )‘£> . (70)

{=L+1

Now we can use the inequality (9) of theorem 2.1 and derive the bound

3 : 3 : 4 2
(Z A§> < Cax ( 2 5‘45‘2> < Ca <ds+1> L¥4,

/=L+1 (=L+1

D=

For the second term (68) we have

)
L
= Agu( Z Al o (')

(=1

(Ae AP pu(@) (e +2Ah)( (@) - 6" (@) ) 4e()

Mh I Mh

h)qﬁ (x) <¢g(w') — qﬁgh) (a:’)) =: Ey(z, x') + Ego(z, ') + Eg;g(w,cc’).

~
I
—_
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The orthonormality of {¢,}7°, and an application of proposition 3.1 leads to

1/2 I 1/2 o
(h‘ S Sy — 1 S
1 B2l p2(pxp) (Z\/\g by > < Cih (Zm A 2) < EL 2h°, (71)

=1 2
where the last inequality holds because Cghs)\zl < 1. This bound implies a condition on h, namely
Coh® <A\, <L 77, (72)

where the first inequality is true in general, see lemma 2.1 and the upper bound follows only under
additional assumptions. Now we turn to Es.. The orthonormality of {¢,}72, and the bound

)\gl) < A for 1 < ¢ < L implies, due to Courant’s min-max principle for decreasing eigenvalues, the

bound
() JJoe - o

1

L
|1 B2 2HL2 DxD) <
(=

< éA? |0 - ¢§h>H; ) < CBNL,

where we used HqSéh) — qﬁg‘ ) < CQ)\Zth in the last step, see proposition 3.1. So we get

L2(D

B2l 2 (pypy < Cah*L. (73)

For the term Fjs 3, the orthonormality of the series {d)éh) ?:hl, which follows with the eigenvalue

2
problem (15), leads to ||E2;3H12(Dxp) = Zngl (Agh)> Hd)g - qﬁgh) . So with literally the same

L*(D)
computations as for (73), we get the bound
1
1 E23]l p2(pypy < C2h®L2. (74)
Together with the estimates (71), (73), and (74), we get
C 1 _i_l
”E2”L2(D><D | E2.1 + E2.2 + Eo, 3||L2('D><'D) C +2Cy | Cy L 2, (75)

For the third term F3 in (69), we proceed analogously to the splitting of (68). Then we use the
decomposition

L L
Z A\ h)¢ m) (o Z/\ghM (h; M) )ngh;M)(m/)
=1

=1

L L
_ Z ()\gh) B )\gh;M)> qbé )( )¢(h)(w/) + )\éh;M) <¢gh)(w) _ qbéh;M)(m)) gbgh)(:lr/)

(=1

~
Il
—

L
n ZAISh;M) (qséh)(m/) B (bgh;M)(:B/)) ¢éh;M)(m) —: F3, + Esg + By,

Now for the term FEs 1, the orthonormality of the basis {qbéh)}?:hl and an application of (30) implies

1
L 9\ ?
HE3;1HL2(D) = <Z ()\éh) _ )\éth)> ) < Ll/zg(h;M)' (76)

(=1

To derive an upper estimate for the term Ej39, we will use our bound from theorem 3.1 for the
eigenfunction approximation in (36). So we have with probability pg that

H o _ ¢§h;M)‘ 2

L*(D)

< 4025228(h;M)7 (77)
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where we note at this point that this bound uses (33) from the spectral gap assumption 3.1. Due
to the orthonormality of the basis {QSZ z ", this results in

1
HE3;2”L2(D><D) <920 Hg(h) B g(h;M)Hgﬁg (ZL: (521)\éh;M))2> ’ .

(=1

We can also use (30), i.e. ‘/\éh) - /\§

)\éh) — Aéh;M)‘ + ‘)\éh)’ < Enmy + |A¢|, where we again used /\ﬁh) < ) for 1 < ¢ < L in the last
step. This gives with probability pg

h;M)‘ < Esmy, for 1 < £ < min{Qp, L} to get ‘/\ﬁh;M)‘ <

2

L
||E3;2||L2(DxD) < 20&p;mr) (Z 5 g(hM +o, ‘)\ZD > : (78)
=1

For the term E33 we use the orthonormality of the {d)éh;M)} to get

L
2 hs M h ;M) ||2 2
1Bs:3172(pypy = ;Qg )2 H@ ) g >‘ ) = 1 E3:2[|72(pp) - (79)
=1
So again we get with probability pg
L 3
1Es:sll 2 Dy < 20w (Z (0 Eriany + 0, [Adl) > ' (80)
/=1

Combining the inequalities (76), (78), (80) and using the triangle inequality
HE3HL2(DxD) < HE3;1HL2(DX9) + HE3;2HL2(Dxp) + HE3;3HL2(DxD)
we get again with probability pg
1
L 2
B3|l L2(pxpy < Ehiny L3 +4C (Z 15hM + 4, |)\£|) ) . (81)

(=1

So we get with (33) from the spectral gap assumption 3.1 & > 4&(,.ap), which is satisfied with
probability pg, that

L L L
S (6 Eman + 5 M) <2 (6 Eman) 23 (6 Iael)
/=1 =1 /=1
L
é +2) (6 57 ) 7L+2G2()
/=1

Thus, using va + b < y/a + Vb for a,b > 0, the bound (81) reduces to
1Bsll2omy < Emany (L7 +V2OL? +4V3CG(L)) (2)
which holds with probability pg. Finally, combining the inequalities (70), (75) and (82) we get
|R=BERM| < B+ Ba+ Bsllpep < |1 Bllpy + |1 B2llpup + |1 Bsllpeo

which shows the assertion. O]
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The bound in theorem 4.1 still depends on &, pr). However, this term includes the M-dependent
sampling approximation (23) and is thus a random variable. In the following, we are interested in
the expected value of the error. Note that we cannot use corollary 3.1 directly, since we need the
spectral gap assumption 3.1 to be valid. But this is only the case with probability pg, which needs
to be taken care of properly. To do this, we introduce the quantity

H(L) = <1 min 5g>2 (83)

48 1<¢<L

which is a function of the truncation parameter L that depends on the spectral properties as given
in (32) of the true kernel R. For general operators, this quantity is not easy to obtain.

However, in the simple case of d-dimensional Brownian motion, we can obtain a precise value
as

H (L in (A 2V s o)
ri (L) = ~ 2304 I?:T( RS)(l)) ( R ))
4

2
1 2(d-1) 1 (2 L ! L
~ 2304 ()‘Rg)(l)) 1 <7r> min <(€2—}1)2> ~ L for L large. (84)

Note that unlike the value G/ p0)(L) in (63), the dimension now enters exponentially into the total
B
value of HR%’” (L) in (84) .
All in all, in the general situation we have the following result:

Theorem 4.2. Under the conditions of proposition 3.3, i.e. (57), with the condition (72) and with
the definition (54), we have

A
~
N
Nl
_%
VS
h
_%
Q
=
N—
™
S|
=
>
=
%
S
=
N—

E [HR B R(L;h;M)) LQ(DXD):|
+Lap™d exp (—Mle( A2, (M(h)>) , (85)

where H(L) is defined in (83) and p1 is a constant given in the proof of proposition 3.35.

Proof. From theorem 4.1, we have with the condition (72) that

E [HR - R(L;h;M)‘

211
L2(D><D)] SLTETARLIAE [HE?’””(DXQ}
_2s 1
SLTi724+E [”ES;IHB(DXz}) + HE3;2HL2(Dxp) + ”E3;3HL2(DX9)} :
The term || E3;1||,» (Dxp) from (76) can be handled directly and we get with corollary 3.1 the bound

1
E [”Ei’);lHL?(DXD)} < LVPE [Enan) S LY2pE (M) Amax (M(h)) : (86)

Next, we define the set in which the assumption 3.1 is violated as bad, and the good set simply as
the complement of the bad set, i.e.

Myaq = {w SV 1I§n€1£L O < 4S(h;M)} and Mgood = {w eN: llgnélélL Op > 4g(h;M)} .

We notice that proposition 3.3 yields |Mpaq| < 2Qr5” exp (—Mle( Mimax < (h)>> , where 7 =

M=, Now we split the term E [||E3;j||L2(D><D)] as

E ||| Es,5]

LQ(DXD):| = /M ||E3?j||L2('D><D) d]P(w) +/ ||E3?j||L2(D><D) d]P)(Ld),

bad A4good
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and we also remember that HE3;2||L2(DXp) = HE3;3||L2(D><D) as we saw in (79). To treat the
first integral concerning the bad set, we will show that the integrand is pointwise bounded by a
deterministic quantity on My,q, i.e. that ||E3]||L2 Dxp) < C holds. First we use (29) to get at

. 2 2
least H(bgh) — gbéh’M ‘ <2 qu HL2( Hgbe < 4. We also use the bound

L2(D)

L2(D)
h; M h h;M h
‘)\g )IS‘)\E)—/\§ )‘+‘)\§)‘§g(h;M)+|)\g|.

So we get for j = 2,3 the bound

L

L
||E3;j||i2(DxD :Z (hM) H% )L Z (hM)

/=1 /=1

L

§4Z(5hM + [Adl) <8ZE(hM)+SZ\)\Z|
/=1 /=1

< 8LEGpp) + 8L [ M f

and we get ||E3;J'||L2(D><D) <22 L2 (Ehsary + A1) - Hence, on the bad set we get

/ HE3;J'HL2(DX9) dP(w) <22 L / Ensary dP(w) + 2v/2 L | Myadl A1
wWEMpad

wEMpad

For the first term, we use (55) to get

1
[ Eoand®@) < [ Enan dP@) S 50D A (M)
W€ Mpaq we
and obtain

/ 1E3:5ll L2 (ppy AP(w) S 2V2L% Apax (M(h)) 7 (M) +2v2 [ Miaa| L2\
WEMpag

We are left with estimating the integral of [|Es||12(pyp) over the set Mgooq. For this we use the
bound (82), which is only valid on the good set Myooq4. Now recall

B3|l L2(pxpy < Ehiany (L% +V2CL7 + 4\/§CG(L)> on Mgood-

Then we get

Mgood Mgood
< (L% +V2CL3 + 4\/§CG(L)) E [€an]
< (L% +V2CL3 + 4\/§CG(L)) P72 (M) Amax (M(h)) .

With proposition 3.3 and the notation from (54) this completes the proof. O

5 Discussion

It remains to put the result of theorem 4.2 into context. To do this, let us consider an error bound
E [HR — RERM)| oy | < ce

with a prescribed, fixed accuracy € > 0 and a small constant c. The question then is: What are the
conditions on the discretization parameters L, h, M to achieve this goal? For simplicity, we restrict
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ourselves to the situation Apax <M (h)> ~ Amin <M (h)> ~ 1, which is satisfied, for example, for

any orthonormal basis.! Furthermore, we assume that the smoothness assumption (1.1) holds with
s>d/2.

To demonstrate the coupling, we consider a situation where h can be reasonably small and M
is sufficiently large. This choice naturally affects the tapering estimator. We set an accuracy € > 0
and consider the case Qp > M Tlﬂ, M madT < dlog(h~Y)M~!. Then the following choices give
the sufficient conditions

= [e"mta),

L.
~ _ 2 2(2s+d)B+2sdy
M. > maX{ME, [emra ] 2},

=

1 1 1 _ 1
(Lazg_l exXp (_M6P1H<Le>)> < he S min {H415 (La)/\g;rp )\[;,67 M, “EHD hO} )
to achieve a total error of size €. This is formalized in corollary 6.1 in the appendix.

In general, our estimates involve the values of G(L) and H(L), i.e. the spectral properties of
the unknown kernel R. These values are not easy to determine. However, in the case of Brownian
motion, we were able to derive precise values in (63) and (84). Finally, let us consider the simplest
case of univariate Brownian motion and discuss the tapering estimator in this situation. Precisely,

in the univariate Brownian motion situation, we get the following parameter choices:

|

M: 2 max { (plﬂl(LE)W <—p1H(La) (m%))w, (5318ﬁ+3a2}

he ~ min{[s%W,MEfl,ho} ,

(V1N

Le ~ [e™

where W is the product logarithm function. For a derivation, see corollary 6.1.

Finally, we should note the cost of our resulting approximation algorithm with respect to
L,h, M. The numerical cost does not depend directly on L, since L is implicitly included in
he as L < Qp ~ h~% Furthermore, it involves O(Mh~2%) operations to assemble the M associ-
ated discrete eigensystem (24), and it involves O(h~3%) operations to solve the eigensystem in a
naive direct way. Note at this point that there are faster approximate solution techniques, such
as multipole or algebraic multigrid methods, with substantially reduced cost to tackle the task of
eigensystem solution.

A final analysis of the tradeoff between cost and accuracy, and thus the corresponding e-
complexity of our approach, can be easily done based on our results above and is left to the
reader.

6 Concluding remarks

We have discussed the problem of approximating the covariance of a Gaussian random field from
a finite number of discretized observations. To this end, we coupled recent sharp estimates of the
eigenvalue decay of continuous covariance operators with optimal statistical (tapering) estimators
for covariance matrices. The combination of these techniques included a finite element discretiza-
tion, which made all operators finite-rank and made our approach feasible.

We provided new and sharp error estimates in expectation for the reconstruction of the full co-
variance operator, taking into account the number of samples, the finite element discretization, and
the truncation of the Karhunen-Loéve expansion of the covariance operator and thus its regularity.

'For the nodal basis we would obtain, after proper scaling, Amax (MU”) ~ Amin (M(h)) ~ h%. The resulting

discussion for this case is left to the reader.
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Appendix

Corollary 6.1. We set an accuracy € > 0 and choose L. = [5_%]. Then we select M. according
to (95), (100) and (108). Next, we choose h. as in (96) or as the mazimal value of the potential in-

tervals in (101) and (108). Then, in all possible cases, the error bound E [HR — RLikM
3e holds.

)HL2(D><'D)] =

!
Proof. For the first term in our error bound (85) we get from L—2%/4=1/2 < ¢ directly the condition
L > g24/(4s+d) We also note that choosing a much larger L will destroy the balance of the error
contributions. Therefore, we will assume

L. := [e-5a]. (87)

The coupling (87) influences the choices for h in terms of L via the proposition 3.3, i.e. (57) and
the relation (72). As a sufficient condition on h we get

h?* < min {H%(L)ALH, )\%} Smin {§Ap1,A2 + 1<0< L) (88)

with the notation (83). For the second error term we now assume that G(L) = L7 for some 7 € R.
So

1
L2+ G(L) S L7, with ~:= max{i,;y}. (89)

1 1
Consequently, we have (L% + G(L))pp (M) < L7p7 (M). At this point we note that the clauses in
the definition of g5 (M) in (54) require a case distinction.
1
In the case Qp < M Fat with Q), = s%h™¢, we get h > sM 42+, So with (88) we have the
following inequality for h:

1 1 1
M S b S min (LN A |- (%0)

1

We also get from (54) the bound j5(M) < h™*M~!. We therefore infer the inequality (L2 +
1 1

1 _ 1 __a
G(Le))pp (M) S LYIMZ®*T M. 2 = M. ' L2, This gives us the sufficient condition

__o !
M. ™1 <e (91)

which implies an error bound of size €. From this condition we want to derive a condition on M.

. . . . — 5ot _ 2041 20l
The sufficient condition (91) implies M, T <eeos M, >e " a Lg @ i.e. we have a lower

bound on M.. This means that we can satisfy (90) by making M, sufficiently large. Specifically,

we have
_ 2041 2041 ) 1 1 1 —d(2a+1)
M.z max{e o LI, (minq His(L)AE A7, : (92)

Furthermore, for the third error contribution we have the condition
1 ! _1
LZh: % exp (~MeprH(Le)) < & < exp (—MeprH(Le)) < eLc 2 he.

_1 1 — -1
We use (90) and (87) to observe eL. * M. ***" = 5(5_432151]*%]\45 22+ < eL. 2hd. Now we define
M. € N by

2d

M, := argmin {M €N:exp(—Mp1H(L:)) < s[sfm]_%Mfﬁlﬂ} . (93)
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I
In summary, to ensure an overall error bound of size 3¢ in the case @y < M 2e+1, this gives the
sufficient conditions

LE = [8_%15 (94)
- _ 2041 _20tl ) 1 1 1 —d(2a+1)

M. > max{ M.,e" o L! * ,(min< Has (LE))‘J%ZH’)‘EE ’ (95)
B U

he ~ min {Ma ey, ho} : (96)

where hg comes from proposition 3.1.
Now we turn to the second clause in the definition of pp(M) in (54), i.e. we consider the case

1
Q> M3+t with Qn = s?h=?. Then we get h < sM~ 42D and the inequalities (90) change to
< mind HE(LIAE ;g @D
hé‘ ~ min H45 (Lg))\LE+1, >\LE7 ME ) (97)

i.e. we have no lower bound on h, at this point. Recall (54), i.e. pp(M) =M~ 2t +dlog(h= )M~
2c 2a

Now we distinguish whether M ~2a+1 < dlog(h™')M ! or whether M ~2a+1 > dlog(h~')M ! holds.

Furthermore, we observe that for all 8 > 0 there exists a hg > 0 such that log(hfl)% < h=? for

2a

all h < hg. So for a fixed 8 > 0 we get the chain of inequalities with pp(M.) = M, 2+t 4
dlog(h-YMt < 2dlog(h-t)M!. Then we have

1
(M) < L2d2log(hZ")ZM ™2 S LYW M™% < LIM: * )
1 (2s+d)B

_1 1 (2s+d)prsay
S L’gyM&‘ 2L5 ds — M& 2L£ ds

1 1
(L2 + G(Le))pj,

€

Now, using (87), we find the sufficient condition

1 (2s+d)B+sdy | 2(2s+d)B+2sdy 9 2d_ _ 2(2s+d)B+2sdy
d

M. 2L, = <ee M.>L. g4 = e T+ s —2

e

to get an error bound of size € for some 3 > 0 and h. < hg. For the third error contribution we
have with (57) the sufficient condition

=

1 ! 1
2h%exp (~M.p H(L:)) < e & <Lg e lexp (—Male(Lg))> < h.

to ensure an error bound of size e. We now define M, € N by

1
M, := argmin {M eN:L2e texp(~Mp H(L.)) < M_2al+1} . (98)

1 2a
In total, in the case Qj, > M2a+1, M~ 2a+1 < dlog(h~')M ™!, this gives the sufficient conditions

L. = [e i), (99)
M. 2 max {01, [e~75a) L 2] (100)

1 é 1 1 1
<L§51 exp (—Mgplﬂ(La))> < he < min {HL(LE)AESEH, Aj M e hg} , (101)

to ensure a total error bound of size 3¢, where hy comes from proposition 3.1 and (98) ensures that
the interval for h. is non-trivial.
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1 _ 2
Finally, we consider the case Q; > M2*™ and M. **™ > dlog(hZ')M!. Since 1 > 2a+1’ we
observe that for fixed h. this inequality can be satisfied if M, is large enough. Furthermore, we
observe

M™% > dlog(h" )M ™! & M7 > dlog(h™Y)
& —d- M= < log(h) < exp (—d—lMﬁ) < h.

This gives a lower bound on h. since

_1 1
exp (—d_lMS"“) < he S min {H4s( )/\ZSH,)\E : d@a“’ } (102)

Now we define M. € N by

~

M, := arg min {M € N:exp (—d_lMﬁ> < M~ 7@ } ; (103)

and thus the condition (1()2) can be satisfied for M, > M.. Slnce we now have pn(M) = M~ 35T 4
dlog(h~" )M~ <2M~ 2a+1 we get the chain of inequalities (L2 +G(Le))pp (M) S LIM, ¥ <

! v(2a+1) 20+1
LIM. Tt . This gives us the sufficient condition LY M. T <ee M, >L. © & "« toensure

an error bound of size . For the third error contribution, we derive the inequality

1
! d

1 1
L2h-%exp (—M.p1H(L,)) < e & <Lg lexp(—Msle(Ls))> < he. (104)
In addition, we can now define M. € N by
. i 1
M! := argmin {M eN: (Lgal exp (—Mgle(Le))> < exp (—dlM‘EM) } . (105)

This finally gives the sufficient conditions

2d

L. = [e %+a], (106)
A~ y(2at1) 2a+1 1 1 1 d(2a+1)
M. Zmax{ M., M., L. © & "o, <min {H4S(L8)>‘i+17 )\zs}> , (107)
s 1
(Lg e ltexp (—Mgle(LE))> < h. (108)

1

5min{His(L AE LALLM, ST (—d—lMﬁ) ,ho}

for the case Qp, > Mﬁ, Mﬁﬁ% > dlog(h~!)M~!, which ensure a total error bound of size 3e.
Note that we always fix L, first, and that we can always satisfy the conditions (95), (100) and (108)
by choosing M. large enough. This then fixes h. in (96) and fixes the potential intervals for h. in
(101) and (108). Of course, in practice we would always choose M, as small as possible and h. as
large as possible. O

Note at this point that a practical goal is to make h. as large as possible and M, as small as
possible and still ensure an error level of size 3¢. Therefore, we advocate sticking to the second
case, where a reasonable choice is possible as in (101) and furthermore for M, as in (100). This
naturally leads to the tapering estimator.
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Parameter choices for Brownian motion

The univariate Brownian motion (i.e. d = 1) was given in (61), i.e. Rg)(x,az’) := min{z, 2’} with
eigenvalues )\R(l)(ﬁ) ~ £=2 and the constant from (89) as Vp) = % The spatial smoothness is
B B

s = 4 — & for arbitrarily small § > 0. First we observe for (99) that L. = [5_%] ~ (57%] From
the choice for h. we have M. 2 max {ME, [5_3185”5_2}. For the term M., defined in (98), we

1 1
first note that solutions z* of the equation LZe~'exp (—Mp1H(L.)) = M~ 2+T can be written in
terms of the product logarithm function W. We have

1 L1 et
T = W <—(2a + 1)p1H(L;) (L(E 25) )

(2 +1)p1 H(Le)

and due to monotonicity we have that M, = [x*]. Moreover, we observe that we can make the
bound on M; a bit larger by considering a = 0, i.e. we can make the bound independent of «.
To get a bound on h. from (101), we consider the upper bound (since we want to make he as

large as possible). So we see that the term H s 1 (Lo)AZE -4, dominates the eigenvalue term )\ _ and
we get he == min{[E?W,Ms_l,hg}.
The case of higher dimensional Brownian motion could be done in a similar way. Note that G is

completely independent of the dimension, while H decays exponentially with the dimension. The
latter exponentially affects the choice for h, in (101) and for M, in (100) for growing dimensions.
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