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Abstract

A key question in operator learning is how to design surrogate operators with provable ap-
proximation guarantees in reasonable computational time. Whereas smooth operators can be
approximated efficiently, i.e., with at least algebraic convergence in the amount of training data,
learning finitely regular operators is known to be less efficient. The reason is an intrinsic curse of
sample complexity, which allows only subalgebraic sample complexity rates. This fact makes it
all the more important to develop algorithms which provably achieve these rates. In this work, we
present a fully data-driven algorithm, termed Hermite-PCA approximation, for learning Gaus-
sian Sobolev operators with near-optimal sample complexity. It employs principal component
analysis and weighted least-squares methods and is therefore computationally efficient. More-
over, it is spectral, in the sense that it achieves faster (and near-optimal) convergence the higher
the Sobolev regularity. We provide a full error analysis of this algorithm, taking into account
all sources of error, along with numerical experiments that verify our theoretical results and
empirically confirm the efficacy of Hermite-PCA approximation for learning Sobolev operators.
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1 Introduction

Many natural phenomena, despite their diverse individual nature, can be commonly described on
an abstract level as learning an operator

F:X ),

which maps between infinite-dimensional spaces X and ). In computational science and engineering
(CSE), for example, one is often interested in the solution operator of a continuum model which
is governed by partial differential equations (PDEs) or variational inequalities. In this context, F’
typically maps inputs, such as parameters, boundary conditions, or coefficient functions, to outputs,
such as states, fields, or observables. Prototypical examples with high and low operator regularity
include holomorphic parameter-to-solution mappings in parametric PDEs and obstacle-to-solution
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mappings in obstacle problems, respectively. The latter exhibit only finite Sobolev regularity with
respect to Gaussian measures. While there are many results on the approximation of smooth opera-
tors in the literature, comparatively few works are available for operators with only finite regularity
which discuss both theoretical as well as practical approximation properties. To bridge this gap, we
present in this work a practical, fully data-driven algorithm for learning Gaussian Sobolev operators
from noisy, pointwise samples termed ‘Hermite-PCA approximation’. It combines empirical princi-
pal component analysis (PCA) for dimension reduction with weighted least-squares approximation
based on Hermite polynomials. Our main contribution is a full error analysis of Hermite-PCA ap-
proximation — taking account of all sources of error in the problem — for the learning of operators
with Gaussian Sobolev regularity. As we demonstrate, our algorithm is spectral — the smoother the
operator, the faster the convergence — and, in the absence of discretization errors, its convergence
rate is near-optimal. Moreover, we provide numerical experiments which empirically validate our
theoretical results.

1.1 Motivations

A key question for practical applications is how to design suitable surrogate operators, i.e., approx-
imations to F', that achieve high accuracy with feasible computational costs. In Operator Learning,
methods from machine learning, especially (deep) neural networks (NNs), are incorporated into the
surrogate operator design in order to meet these demands. Many different designs, typically referred
to as nmeural operators, along with theoretical error analyses have been proposed in recent years,
often achieving impressive performances in numerical experiments. Among those are, for example,
PCA-Net (13} |34], DeepONet [42] [35], FNO [39} 130], general neural operators [32], Poseidon [24],
and variants thereof. We also refer to the reviews [31, (15, |62] and references therein.

However, neural operators face two drawbacks which are critical for their reliable deployment
in CSE applications. First, they lack interpretability. Second, it is generally unclear whether a
neural operator with desired performance guarantees can be obtained from practical optimization
routines. For this reason, it is important to compare neural operators to simpler NN-free operator
surrogates that alleviate these shortcomings. In [12], the authors present a framework for learning
operators based on the theory of operator-valued reproducing kernel Hilbert spaces and Gaussian
processes along with convergence guarantees and rigorous a priori error bounds. They provide
numerical experiments which show that their kernel method is competitive to neural operators
across various benchmark problems. In [67], the authors empirically compare the performance of
neural and polynomial operator surrogates in extensive numerical experiments. Their key conclusion
is that there is no universally best surrogate model. Polynomial surrogates seemingly perform
significantly better than neural operators for smooth inputs, whereas neural operators tend to be
superior for rough input data. However, the former are typically much cheaper computationally to
train, as they rely on simple procedures such as linear least-squares.

These findings motivate to put more focus on the design of NN-free operator surrogates. This
work contributes to this agenda, in that we provide a polynomial surrogate model based on general-
ized Wiener-Hermite polynomial chaos expansions together with a non-intrusive training procedure
via weighted-least squares approximation with carefully chosen pointwise training samples.



1.2 Contributions

We consider a Lipschitz continuous operator F' : X — ) between real separable Hilbert spaces X', ).
We equip X with an unknown Gaussian measure p and denote the (unknown) PCA eigenvalues
of its covariance operator by Ay > Ao > --- > 0. We assume pointwise access to F', with operator
evaluations corrupted by additive noise Wlth noise level 0 > 0. Our surrogate operator design has
the standard encoder-decoder structure, F= Dy o f oy, consisting of an encoder Ex: X — Rix,
a decoder Dy R% — Y, and a latent function f R — R see Figure |l

X%y

=)
-

R™ —— s R%
7

Figure 1: Encoder-decoder surrogate operator design, F = ﬁy o fo Ex~F.

We present an algorithm to construct F , which has two main parts. First, we learn the en-
coder and decoder by empirical PCA based on Ny and Ny samples, respectively. Second, we
construct a suitable s-dimensional approximation space of vector-valued linear combinations of
Hermite polynomials, from which to select f The Hermite coefficients of f are then learned by
weighted least-squares approximation based on M labeled training samples. For this, we employ
Christoffel sampling methods to identify an optimal distribution of the input training data.

Note that the encoder induces a Gaussian measure § := gxﬁu on R4, We can now state an
informal version of our main result.

Main result (Hermite-PCA approximation for Sobolev operators; Theorem |4 - We provide ex-
plicit lower bounds for the amount of data Nx, Ny, M such that the following holds. If F is L-
Lipschitz and F € L? (X V), and its latent space representation é'y o FoDy belongs to the Gaus-

stan Sobolev space Hg(RdX,RdJ’), then, with high probability, the algorithm described above yields

a surrogate operator F which satisfies the error bound

R dim (X dim(Y) Py dy i dy i
1E = Fllz ey S L Z Ai + ' > AN+ (CH+o) KN) + (]Vy) ]
i=dx+1 i=dy+1 (1.1)

+C

3 k ke o S
(5) ws||5yoFopX|H5(RdX;Rdy)+,/Ma]

with some constant C' = C(||F(0)y, L). The numbers )\fﬁu denote the PCA eigenvalues of the
covariance operator of the pushforward measure Fiu, and ws denotes a weight decaying to zero
as s — oo, depending on the decay of the \;. Note that s is determined via the amount of labeled
training samples M through a log-linear relationship M 2 slog(s). See (4.5)).

In fact, the previous result follows from a more general error bound which holds for arbitrary
Lipschitz operators and does not require any additional Sobolev regularity, see Theorem [6.1]
We now summarize our main contributions.



o Practicality: We present a fully data-driven algorithm to construct a polynomial surrogate
operator for Lipschitz operators with Sobolev regularity from pointwise, noisy samples. The only
assumption in the problem setup is that u is a Gaussian measure, but its covariance structure is
unknown and needs to be learned from data. Our algorithm employs linear least-squares fitting,
and is therefore very computationally efficient.

e Weak assumptions: Our measure u has unbounded support. This complicates the analysis
but is the most adequate support condition under minimal assumptions on the input data
distribution. This situation has, to best of our knowledge, not been adequately addressed in the
literature so far, as existing results typically require bounded support assumptions. In addition,
we also allow for arbitrary decay of the PCA eigenvalues \;, not just algebraic as typically
considered in the literature.

e Full error analysis: The bound takes into account all sources of errors originating from the
model design and learning procedure. It bounds the overall approximation error by (empirical)
PCA projection errors, an approximation error in latent space, and a noise error. It explicitly
shows the effect of the (hyper-)parameters of the problem to each error term, thus enabling
optimal design choices for practical applications.

e Optimal approximation rates: In the absence of the PCA error terms and noise, we show
that the error bound achieves optimal approximation rates. In fact, we argue that the
approximation error admits a matching lower bound. We provide explicit examples how wy
decays in s in the case of an infinite-dimensional input space, dim(X) = oo, and algebraically
and exponentially decaying \;.

e Spectral approximation property: The bound reveals that the approximation error is
determined by the weight w” in the case where the £y o F o Dy is k-Sobolev regular. As the
algorithm itself is independent of k, it thus automatically achieves faster convergence rates for
higher regular Sobolev operators. In particular, for infinitely-smooth operators the error decays

faster than w” as s — oo for any k.

e Universality: Our algorithm chooses a certain polynomial space for Sobolev regular operators.
However, it can be easily adapted to other regularity, e.g., mixed regularity, as well. In fact, our
main theoretical contributions in their most general form consider arbitrary polynomial spaces
and impose no regularity assumption on the operator.

e Numerical experiments: We provide empirical validation of our theoretical results by applying
our algorithm to learn (i) the obstacle-to-solution operator of an obstacle problem and (ii)
functionals of varying Sobolev regularity.

1.3 Related work

PCA methodologies for dimensionality reduction are prominent among classical reduced basis meth-
ods [53]. In the context of operator learning, they are employed in |26} [66], though only for the
decoder in the output space. The work [13] introduces PCA-Net, which applies empirical PCA for
both the encoder and decoder in the input and output space, respectively, and is thus closest to the
encoder-decoder scheme used in this work. Its theoretical properties are further analyzed in [34].
PCA-Net models the latent function ]? as a deep NN. In contrast, we use Hermite polynomials to



obtain a fully NN-free approximation scheme. We mention in passing that there are other neural
operator designs, which are not based on NN approximations, but instead, e.g., on the random
feature model [51} 50, |36} 40], or polynomial chaos expansions [58].

A long list of recent works established that holomorphic (nonlinear) operators can be approx-
imated efficiently, that is, with algebraic or even exponential convergence rates. This is both in
terms of NN expression rate bounds [57, [56| 25| as well as sample complexity estimates |2} |5, 6, |7,
23, |11]. Such operators arise, e.g., as data-to-solution operators in parametric PDEs and in prob-
lems of uncertainty quantification [3, Chpt. 4]. Algebraic convergence results are also available for
approximating operators of special structure, such as linear operators [21, 48, |61], and pseudo-
differential operators [17]. Complexity estimates for non-smooth operators, as we consider in this
work, are given in [33, 37, 29, [8]. They reveal intrinsic curses of parametric or sample complexities
for non-smooth operators on infinite-dimensional domains: no approximation algorithm can achieve
an algebraically decaying worst-case error in terms of NN parameters or employed data samples.
The experiments in the present work are, to the best of our knowledge, the first numerical evidence
of this phenomenon, and ours is the first fully-data driven algorithm that achieves such rates, while
also tackling practical issues such as noise and unknown . We also mention in passing the recent
work [18], which establishes upper (subalgebraic) expression rate bounds with respect to a sub-
gaussian input measure for the approximation of Fréchet differentiable operators with PCA-Net. A
concise overview of current results in operator learning theory is given in [16].

The recovery of operators from finite noisy samples is studied in [41}, |54} [10]. While the first two
works only derive upper bounds with a focus on Lipschitz and holomorphic operators, respectively,
the authors of [10] prove information-theoretic upper and matching (or near-matching) lower bounds
for the minimax risk of Lipschitz and Holder operators. Their findings again confirm in a minimax
sense a curse of sample complexity for finitely regular operators. However, in contrast to our results,
all these works require uniform boundedness assumptions for the objective operator. Moreover, they
do not establish practical approximation algorithms nor provide any numerical results, as we do in
this work.

Weighted least-squares approximation and Christoffel sampling techniques, originally developed
for scalar-valued approximations to achieve near-optimal sample complexities [19], have recently
been generalized to the Hilbert-valued setting [3| |4} |1, [L1]. An operator extension of Christoffel
sampling is considered in [63]. But this work does not address the practical scenario where the
measure g is unknown, as we do in this work. It also does not consider algorithms that achieve
concrete (and, as we establish, near-optimal) approximation rates for Sobolev operators, which is
a major focus of this paper.

The Gaussian setting in this paper is also adopted in [57] and |8, 29] to derive expression rate
and sample complexity estimates for operator learning, respectively, and in |23] to study problems
in uncertainty quantification with Gaussian random field inputs. However, these works are just
theoretical studies and do not provide numerical evidence. In [44] the authors adopt the Gaussian
setting to analyze approximation errors in derivative-informed operator learning strategies and also
perform numerical experiments. However, in all the works listed above, the authors assume the
Gaussian measure p to be known. In contrast, we assume p to be unknown and approximate it
from data — a major asset of our Hermite-PCA method making it fully data-driven.



1.4 Outline

The rest of the paper is organized as follows. Section [2] introduces our setup and main problem
in detail. In Section (3| we describe the surrogate operator construction and discuss the resulting
Hermite-PCA algorithm. Section [4] contains our main result, Theorem [£.I] which is a detailed
error analysis of the Hermite-PCA approximation for Gaussian Sobolev operators and which we
empirically validate in numerical experiments in Section [5] In Section [6] we present a general error
bound for the Hermite-PCA method, see Theorem [6.1, Together with an ¢?-characterization of
Gaussian Sobolev spaces in Section [7] we use this result to prove Theorem in Section |8} We
finally conclude in Section [ with limitations and future work. The appendix provides a number of
further definitions and results which are used in the main part of the paper.

2 Setup and main problem

We commence by presenting our setup in detail and state the main problem.

2.1 Setup

Let F' : X — Y be an L-Lipschitz continuous operator between two separable Hilbert spaces for
some L > 0, that is,

|F(X) — F(X’)Hy < L|X = X'||,, VX, X'eX.
We assume that we can access F' only through noisy, pointwise evaluation,
Y =F(X)+0FE,
where the scalar o > 0 denotes the noise level, and F is a Y-valued random noise variable.

Assumption 2.1 (Input distribution). The input data X is drawn from an unknown data dis-
tribution, which we model as a centered, nondegenerate Gaussian measure i on X. We write
Y =3, = Exu[X ® X] for the covariance operator of i and assume, without loss of gener-
ality, that tr(X) = 1.

Assumption 2.2 (Noise model). We denote the distribution of E by p and assume that E is a
centered subgaussian random variable with parameter K, =1 (see below).

Recall that a random vector Z in a separable Hilbert space H is subgaussian with parameter
K > 0if ||Z||,, is subgaussian in the conventional sense, that is,

E[|Z|5)YP < K\/p, Vp>1. (2.1)

We call the distribution of a subgaussian random variable with parameter K a subgaussian distri-
bution with parameter K. As an example, the measure p on X is subgaussian. Indeed, by [38] eq.
(3.9)], we have

2
x| Xlly > ] = p ({X € X 1 | X > 1)) < dexp (—Stf@)) S w0, (22)

A standard computation (see, e.g., the proof of [64, Prop. 2.6.1]) shows that this is equivalent
to (2.1 for some parameter K, > 0, which differs from tr(X) only by an absolute constant.



Remark 2.3 (Covariance operator of subgaussian distribution). From it follows, in partic-
ular, that any subgaussian distribution on a separable Hilbert space H has finite second moment.
This in turn implies that its covariance operator is a self-adjoint, positive semi-definite trace class
operator. Consequently, by the spectral theorem, it has eigenvalues \1 > Ao > --- > 0, and the
corresponding eigenvectors form an orthonormal basis of H.

We write v = v(o) for the distribution of Y = F(X) 4+ oF, where X ~ pu and E ~ p are
mutually independent. It follows directly from the moment condition (2.1) that v is subgaussian
with parameter K, = ||F'(0)||y,+ LK, +0. Notice that in the noiseless case, we have v(o = 0) = Ffu.

2.2 Main problem

We now consider the approximation of F. We follow the standard operator learning approach and
construct the surrogate operator F' from three parts:

(i) an encoder for the input space, Ey : X — R,
(ii) a decoder for the output space, Dy : Y — R,
(iii) and a latent space function f: Rx — Ry,

Here, dy,dy € N, with dy < dim(X), dy < dim())), denote the encoding and decoding dimension,

=~

respectively. We then define the approximation F' ~ F as
ﬁ = ﬁy O fO EX,
see Figure (1l In order to compute this approximation, we require three datasets.
(a) To compute f, we generate M labeled data samples (X;,Y;) € X x Y with
Xi ~iid. Msamp> i=1,....M (2.3)
where figamp is a custom sampling measure, which we will specify later on, and
Y, =F(X;)+0E;, E;~iid. p, i=1,..., M, (2.4)

are the corresponding noisy operator evaluations. We assume that the F; and the X; are
mutually independent so that the Y; are independent and identically distributed.

(b) To compute g ¥ we require an additional amount of Ny > dy unlabeled data points

Xi ~iid W 1=1,...,Ny.

(¢) To compute Dy we require dy < Ny < Ny noisy labels
Y, = F(X;) +0E;, Ej~iia. p, i=1,...,Ny.
Similarly as above, we assume that the E; and the X ; are mutually independent so that the
Y, are i.i.d. with respect to v.

Throughout, we measure the accuracy of F' using the Li(X ; Y)-norm. We write LZ(X ; V) for the
Lebesgue-Bochner space of (equivalence classes of) strongly measurable operators F': X — ) with
finite Bochner norm

1/2
1Pl = ([, IFCOIaux))

Main problem. Assuming suitable (e.g., Sobolev) reqularity of F, determine how large M, Ny,
and Ny should be in order to compute a surrogate F' to a given accuracy in the Li(X; Y)-norm.
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3 Construction of the approximation

We now describe the construction of F, which we divide into the three components (i), (i), and

(iii) from Section

3.1 Encoder and decoder construction: PCA and empirical PCA

We compute g;{ and ﬁy using empirical PCA, which we now describe. Recall that 3 = ¥, is the
covariance operator of . We write A > Ay > -+ > 0 for the corresponding PCA eigenvalues and

{¢t }dlm ) for the PCA eigenvectors, which form an orthonormal basis of X. To simplify notation,
we write ' = \; and ¢! = ¢; if not specified otherwise. Given an encoding dimension dy, we define
the true PCA encoder and decoder for X as, respectively,

dx
Ex(X) = ((X,01)x,-- -, (X, bap)y), VX EX, and Dx(x):=> z¢; VYoweR™. (3.1)
=1

The construction for the output space ) is based on the distribution v of the random variable
Y = F(X)+ FE with X ~ pu, E ~ p. Its covariance operator is given by

%, = E[(Y —E[Y]) ® (Y - E[Y])],

with eigenvalues \{ > A > --- > 0 and corresponding eigenvectors {@bi}?i:?(y), which form an

orthonormal basis of ), see Remark The associated true encoder and decoder mappings are
given by, respectively,

dy
Ey(Y) = ((Yit1)y,....(Y,¢a,), VY €Y, and Dy(y):=) yihs, VyeRD,
=1
Note, however, that £x and Dy cannot be used for practical computations, as the measure p is
assumed to be unknown and hence, so are the basis functions ¢; and ;. Instead, we use empirical
PCA. Given N unlabeled data points X; in (b) above, we first define the empirical measure and
the associated empirical covariance operator by, respectively,

Nx

1 1 - o
= 6 d =Y XX
PNy 0% e mam 2 e

The latter operator has eigenvalues )\’1 > )\g > ... >0 with )\f = 0 for all Ny < i < dim(X)

}dlm(X)

and corresponding elgenvectors {gf)Z which form an orthonormal basis of X'. If not specified

otherwise, we write ¥, =  and )\“ = ); in what follows. Given this, we define the empirical PCA
encoder and decoder for X as, respectlvely,

dx
Ex(X) = ((X, 1), (X, bap)x), VX €X, and Dy(zx):=Y wzid;, VxecR™. (32
=1

The construction for ) is analogous. Given Ny, data points Y; asin (c) above, we define the empirical

covariance operator
1
Yy = N+ (¥; — E[vi]) ® (Vi — E[Yi]),
Vi=1



with eigenvalues A\Y > A5 > ... > 0 with A = 0 for all Ny < i < dim()) and corresponding
eigenvectors {@Z,-}?:T(y), which form an orthonormal basis of ). The empirical PCA encoder and

decoder for Y are defined as, respectively,

83}(Y) = (<Y, w1>y, ey <Y, 'Lbdy>y), VY € Y, and Dy(y) = Zy,’tﬂz, Yy € Rdy.
i=1

3.2 Latent space approximation construction: Least-squares approximation with
Hermite polynomials

Our latent space approximation fA' is constructed using certain orthogonal polynomials. We now
describe this construction, along with the construction of the sampling measure jisamp. For n € Ny,
we define the nth normalized (probabilist’s) Hermite polynomial on R by

—1)" 2 dm 2
H,:R—R, Hyz):= (\/nl‘ exp (2) s exp <_~””2> ‘

The higher-dimensional Hermite polynomials are defined as products of the one-dimensional ones.
Given d € N, a sequence A = (\;)%_; with \; > 0, and a multi-index v = (v;)&; € N&, we define

d
.
Hyy:RY SR, H)\(ac)::”Hi( )
Y, v bl Y /Ai

Notice that the family {HA,,)\}VGNS forms an orthonormal basis of L%(Rd), where o = o := N(0,\)
is the Gaussian measure with mean zero and diagonal covariance with ith diagonal entry A;.
Let S C Ng* be a set of size |S| = s. We will make a specific choice of S later. Then we consider

a latent space approximation f as
f= Z C'VH'y,:\’

YyES

where X = (X,)fljl is the vector of empirical PCA eigenvalues and ¢, € R% are vector-valued
coefficients. We compute these via (weighted) least squares. With the above notation, let ¢ = o5 :=

N(0,X) and define the subspace
P = Pyay = {Z ey H 5:¢y€ Rdy} C LE(R%™;RW). (3.3)
yeS
Now define the sampling measure on R%¥

1

1

dosamp = w~'dp, where w(x) == (s Z Hﬁy’j\(m)2) , xe R, (3.4)
~YES

and the corresponding sampling measure on X

Hsamp = Dx ﬁQsamp-



Next, consider M labeled data samples (X;,Y;) as in (a), and given by (2.3)-(2.4). Then we define
f as a minimizer of the weighted least-squares fit

M

F e angnin g 2 wE (X)) E() ~pEx (X (35)

Remark 3.1 (Definition of pisamp). The sampling measure gsamp is precisely the Christoffel sam-
pling measure for the subspace P. Hence, drawing X1, ..., Xy ~iid. Hsamp 5 a type of Christoffel
sampling [1]. Christoffel sampling is a near-optimal random sampling strategy for least-squares ap-
proximation in a given subspace. By doing so, we ensure that the weighted least-squares fit f is a
quasi-best approximation from the subspace P whenever M scales log-linearly in s = |S|. Another
key facet of this choice is that we can efficiently draw samples from fisamp, as it is a pushforward
through the map Dy of a measure Osamp that is an additive mizture of tensor-product probability
measures. We discuss this further in Section [3.3

In practice, (3.5) can be solved by solving a set of dy algebraic least-squares problems of size
M x s. Indeed, it is a short exercise to show that

dy
flx) = (Z clf/H X(w)) ) ct = (c]f/),yeg € argmin||Ac — ka;, E=1,...,dy, (3.6)
~eSs b1 ceRs

where the weighted measurement matrix and vectors are given by

_ w(x;) . Mxs k_ w(x;) oy M
A_( 7 H%)\(zz:l)) eRM*s b _( o7 <YZ,¢Z>3} eRM, (3.7
i€[M],yeS 1€[M]

and @; = Ex(X;) for i € [M]. Here and elsewhere, we use the notation [d] = {1,...,d} and [oo] = N.

It remains to specify the multi-index set S. This should be chosen to give as good an ap-
proximation as possible from the resulting subspace P, which naturally depends on the regularity
assumptions placed on F'. In this work, we assume F' has Sobolev regularity. As we shall show, in
this case, a suitable choice of S is defined as follows. Suppose that :\dx > 0, introduce the sequence

iy —-1/2
b= (1432 .y eN, (3.8)
i=1 i
and let
7:N— NI (3.9)
be a bijection that gives a nonincreasing rearrangement, i.e., 9z(1) > 0z(2) = -+ > 0. Then we set
S={#(1),...,7(s)}. (3.10)

This specific choice for S comes from the analysis of the approximation error. Later, in Section [£.3]
we explain that it leads to an approximation error that decays with optimal rates in s under the
stipulated regularity assumptions.
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Algorithm 1 Hermite-PCA approximation

Input:
seN > Approximation dimension
dy,dy € N > Encoding and decoding dimension
MeN > Amount of labeled data samples
Ny €éN, Ny >dy > Amount of unlabeled data points
Ny e N, dy < Ny < Ny > Amount of additional labeled data samples

Output: Least-squares approximation Fto F.

1: Draw Ny points X’l, ... ,XNX ~iid. b

2: Compute Ny noisy operator evaluations Y, = F()A(Z) + O'EZ', i=1,...,Ny.

3: Compute SAX,YSX and ﬁy,gy.
This requires the computation ofj\l, ey S\dx > 0, ggl, ey $dX, and 5\’1’, ey S\C”iy > 0, 1,21, e ﬂZdy-

4: Compute the multi-index set S defined in corresponding to the bijection 7 in .

5: Draw M points &1,...,%r ~iid. Osamp, Where Osamp is as in , and set X; = Dy (x;),
i=1,....,M.

6: Compute M noisy operator evaluations V; = F(X;) + oE;, i =1,..., M.

7. Compute f via (3-6)-(3-7) and set F=Dyo foky.

3.3 Algorithm and practical aspects

With all the pieces in place, we summarize the computation of Fin Algorithm |1} A key facet of this
algorithm is that the main steps can also be performed numerically. We now discuss these steps in
more detail.

Step 1 assumes we are given N unlabeled samples from the unknown measure p. This is a
reasonable assumption in practice. In Step 2 we generate Ny < Ny noisy evaluations of the target
operator F'. In Step 3, we use the results of Steps 1 and 2 to compute the empirical encoders and
decoders. This is done by first forming the empirical covariance operators ¥, and ¥, and second
computing, respectively, their first dy and dy eigenvalues and eigenvectors. These are operators on
the Hilbert spaces X and ), respectively. In practice, these spaces are normally discretized first
using, for example, finite elements. In which case this computation involves computing the first dy
and dy eigenvalues and eigenvectors of matrices of size Dy x Dy and Dy x Dy, respectively, where
Dy, Dy are the sizes of the discretizations.

Step 4 requires the computation of the nonincreasing rearrangement 7 1n . This can be
done efficiently by using a Dijkstra-like algorithm on the weighted lattice NO , Where all edges in
direction i € [dx] carry the weight 1/);, to iteratively select those nodes which can be reached from
the origin with the smallest costs.

Step 5 involves sampling M points i.i.d. from gemp. This measure can be expressed as an
additive mixture (with weights 1/s) of the probability measures

1

dx N2 A
H,Y’X(IE)2 d@(m) = ®H z( xi > 7Ae—$?/(2>\i) dflfi’

which are tensor products of one-dimensional probability measures. Thus, to sample & ~ gsamp,
one proceeds as follows. First, draw an index 4 € S uniformly at random from all possible |S| = s
indices. Then, draw x ~ Hy 5\(1:)2 do(x) by drawing its components x; independently from the

11



corresponding univariate measures. Note that this latter step can be efficiently carried out via, for
example, inverse transform sampling [49].

Having done this, Step 6 just involves sampling F' at the sample pomts X 1,--+, X Finally,
in Step 7 we compute f by solving the algebraic least-squares problems ((3.6] . These can be
solved efficiently via, e.g., conjugate gradients (notice that our theoretlcal results also guarantee
that A is well-conditioned) in O(sMdy) flops.

4 Hermite-PCA approximation of Sobolev operators

We now state and discuss our main result on the approximation of Sobolev operators via the
Hermite-PCA method, Algorithm

4.1 Main result

To state this result, we need several further concepts. Let I' := {v € NJ : |supp(¥)| < oo}, where
supp(y) = {i € N : v; # 0}, be the set of infinite multi-indices with only finitely-many nonzero
entries. Define the weights

dlm(X) —1/2
(1+ Z ) .y e NIm), (4.1)

and let .

71 N — NJm(¥) (4.2)
be a bijection that gives a nonincreasing rearrangement, i.e., vy (1) > vr(2y = --+ > 0. If dim(&) =
00, we replace Nglm( ) by I'. As we see in a moment, this rearranged sequence determines the error
due to approximating F' in a finite-dimensional subspace of Hermite polynomials.

Theorem 4.1 (Error bound for Hermite-PCA approximation of Sobolev operators). There exist
constants cy, ca,cg > 0 such that the following holds. Let s > 3 and 0 < € < 1 be fixed. Suppose that

Nix > ey max {d, d%(Aay) 72, (A ) " (slog(s) + | log(Nav)| + | log(Aay )) } log(12/e)  (4.3)
NX > Ny > ngy log(12/e) (4.4)
M > c3slog(12s/e) (4.5)

Let F € L2(X V) be L-Lipschitz and suppose that £y o F o Dy € Hk(]RdX R for some k €
N. Then, with probability at least 1 — € in the draw of Xl,.. XNX ~ 0, Yl,...,YN ~ v and

y
X1, XM ~ Hsamp, the approximation F defined by Algomthm uniquely exists and satisfies
dim(X) dim(Y)
_n < Fiip
|7 - B Ly ST o+ | Y N
= dx-i-l = dy-l—l

+(IFO)ly + LO + K,) + o) (‘l"bg(”/e)) N (dylog(l?/e))]

Ny Ny

(g) T(S+1)Hgy oF O,DXHHk (Rix ;RDY) + ]\840'1 :

N L+ |F0)|y + L
Ve
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4.2 Discussion of the error bound

Theorem decomposes the error F — F into four main terms

These are, respectively, a true PCA projection error

) 5 Errtrue—PCA + Erremp—PCA + Errapprox + Errpoise- (46)

dim(X dim(Y
Ertpuepca = L Z N + Z AFW (4.7)
1= d/y-‘rl 1= dy+1

an empirical PCA projection error

Erremp—PCA = (HF(O)H)) + L(l + Kﬂ) + U) Ny Ny

(dX 1og(12/e)>i .\ <dy 1og(12/e)>i]

an approximation error

L+ POy +L (3
Errapprox = \/E <2> T(S+1) Hgy olo DXHHk ]RdX ]Rdy)

1+ ||FO)|v+ L [s
Errpoise 1= e Y ,/MU. (4.8)

The term Errirye-pca. This is the error due to the truncation dy < dim(&X') and dy < dim())
incurred by considering finitely-many PCA terms. As expected from standard results [35], it behaves

and a noise error

like the sum of the omitted PCA eigenvalues. Note that the eigenvalues )\fﬁ“ might exhibit very
slow decay. However, if we know that F' maps to some function space of higher regularity (e.g., H'),
then it can be shown that the PCA truncation error decays at least polynomially in dy, see [34,
Prop. 15].

The term Erremp-pca. This term accounts for computing the PCA eigenvalues and eigenfunc-
tions from samples and scales like (Ny)~ /4 and (Ny)~ /%4, where Ny is the amount of unlabeled
samples X; ~ v used to compute the PCA basis of X and Ny is the amount of labeled samples
Y, = F (X ) + oF; used to compute the PCA basis of ). This scaling is expected from general
bounds for empirical PCA, see [34].

Notice that Ny and Ny must also satisfy and , respectively. The latter is quite
reasonable, as it scales linearly in dy, the dimension of the PCA truncation. The former condition
is more stringent. In particular, it suggests a scaling in s that is at least quartic. However, in
practice (see Section [5]) a log-linear scaling appears to suffice. We consequently believe this scaling
is an artefact of our analysis. Improving it is a topic for future work.
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The term Errapprox. This term is controlled by the parameter s and the weight v (541), the
former being related log-linearly to M via . Put another way, with log-linear oversampling of
s in the amount of labeled samples, one achieves an approximation rate specified by the behaviour
Ur(s41) 88 § — 00.

The precise decay rate of v, (,41) is determined by the decay of the PCA eigenvalues A;. We
elaborate more on this behavior in the next section. A key point is that the approximation error
behaves like v (s 1) raised to the power k, where k denotes the Sobolev regularity. This holds for any
k, thereby demonstrating the spectral approximation properties of Hermite-PCA approximation.
Notice, in particular, that Algorithm [1] is independent of k.

The sequence vy and rearrangement 7 are closely related to the corresponding finite-dimensional
quantities 9, and 7 defined in and that are used to construct the approximation F' via
. One can consider 9., and 7 as approximations to the ‘true’ terms v, and 7 stemming from,
firstly, the dimension truncation dy < dim(X) and, secondly, the approximate computation of
the true PCA eigenvalues A; via the empirical PCA eigenvalues M. In particular, these quantities
coincide when dy = dim(X) and 5\1 = )\;, Vi. Crucially, Theorem estimates the error in terms
of the ‘true’ weight v, (,41), with an additional additive term that accounts for the empirical PCA
error. As a result, our method achieves near-optimal approximation rates for any level of empirical
PCA error. We discuss the near-optimality of these rates further in Section [£.3] below.

The term Errpgise- This term scales like the noise standard deviation ¢ multiplied by the factor
\/8/M. In particular, it tends to zero as M — oo for fixed s, thereby demonstrating the denoising
properties of Hermite-PCA approximation in the setting of statistical noise considered in this work.
For other works addressing statistical noise in operator learning, see |10} 54].

4.3 Optimal approximation of Sobolev operators

As noted, in the absence of noise and empirical PCA error, the error ' — F is determined by the
quantity vf_( s+1)7 which is itself controlled by the Sobolev regularity k& and the true PCA eigenvalues
Ai. It transpires that this quantity is fundamental: no algorithm that uses s linear measurements
(which may or may not be pointwise evaluations) can achieve a faster rate of approximation in the
LZ—norm uniformly for all Sobolev operators. More specifically, U]:( s+1) is a lower bound for the

(adaptive) s-width for the class of Sobolev operators H l’j(X ; V). We present this result in Appendix
It follows from adapting arguments in [8], which considered the case k = 1 only.

A key consequence is that Hermite-PCA approximation achieves the optimal worst-case rates for
learning Sobolev operators from M samples, up to the log-linear oversampling amount . This
also shows that pointwise samples, sampled randomly from an appropriate distribution, constitute
near-optimal information for this problem. Moreover, as noted above, Hermite-PCA achieves this
in a spectral fashion: it attains these near-optimal rates for any k and without any knowledge of k.

4.4 Concrete rates of approximation

In applications, e.g., in the context of (functional) PCA [55, |47], the PCA eigenvalues \; are
typically assumed to exhibit algebraic or exponential decay. The following bounds (4.9)), (4.10)
follow from [8 Thm. 4.7] in the case of infinite-dimensional domains. By Lemma they hold for
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finite-dimensional domains as well. If \; = i~ for some a > 1, then for every ¢ > 0,
Vr(s41) S log(s)~27¢, s — oo. (4.9)
If \; = e~ for some a, 8 > 0, then for every € > 0,

_1 , ’ 1
Vr(s41) S e~ 37T (8 log(9)) /7 te s =00 with p =1+ 5 (4.10)

These bounds yield estimates for the approximation error in terms of the approximation dimen-
sion s. More concretely, if A; =¢~%, then

ElTapprox S 108(s) "5+, 5 — 00 (4.11)

subject to the log-linear scaling . The underlying logarithmic decay is imposed by the algebraic
decay of the eigenvalues, while the decay rate « of the eigenvalues and Sobolev regularity k of the
target operator determine the precise exponent: faster decay and/or higher Sobolev regularity
ensure faster convergence. Similarly, if \; = e_mﬂ, then

1 p

Errapprox ,SF,k:,e €—§a£+1(6 log(s))1/# +e’ 5 — 0o. (4‘12)
Note that in both cases, the decay is only subalgebraic in M. In fact, this phenomenon is inde-
pendent of the decay of the \; and constitutes an intrinsic curse of sample complexity on infinite-
dimensional domains: Regardless of the decay rate of the PCA eigenvalues A;, the quantity v, (s41)
can only decay subalgebraically as M — oo. For further details, we refer to [8].

4.5 The regularity condition

Theorem assumes the Sobolev regularity éy oFoDy€H g (R4x;R%). This may be less than

desirable, as it pertains to the latent space function Ey oFoD x and the measure 9 = N (0, 5\) is
defined in terms of the empirical PCA eigenfunctions 5\1-, as opposed to their true counterparts A;.
Ideally, one would consider Sobolev regularity F' € H Zj (X;Y) on the underlying operator F' with
respect to the underlying Gaussian measure p. However, this does not appear straightforward within
this framework, where regularity of the encoded function appears critically important to address
the errors stemming from the approximation of the true PCA eigenvalues and eigenfunctions. It is
a short argument to show that F' € Hl’j(X; V)#A EyoFoDy € Hg(RdX;Rdy), in general.

This raises the question of what kinds of regularity assumptions on F' imply that gy oFo
Dy € H S(Rd?f : R%). Fortunately, assuming a small amount of additional regularity is sufficient. In
Appendix [C| we show that the class Cﬁ_adm(/l’ :)) consisting of C*-operators whose derivatives do
not grow too fast automatically satisfy gy oFoDy € H S(Rd)f :R%). As a special case, this includes
the class Cfip(X :)) of C*-operators whose derivatives are Lipschitz continuous.

On the other hand, it remains an open problem to determine whether H Zf(X ; V)-regularity is
sufficient to achieve optimal approximation rates in the practical setting studied in this paper:
namely, where p is Gaussian but its covariance structure is unknown and therefore can only be
estimated from samples.
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4.6 Further discussion

Several other aspects of Theorem [£.I] warrant further discussion. First, notice that the result require
F to be L-Lipschitz. This is a standard assumption used in encoding-decoding approaches to opera-
tor learning to bound errors stemming from approximate encoders and decoders. Second, Theorem
presents an error bound holding in high probability. One could also derive error bounds in ex-
pectation using standard techniques from the analysis of least-squares approximation from random
samples. See [1]. Third, notice that the approximation and noise error terms scale like 1/4/€ in the
failure probability €. This stems from the application of Markov’s inequality in the analysis of the
least-squares problem . While there are ways to mitigate this scaling |1], these generally require
faster, algebraic and/or L>°-norm convergence of best approximations in P to the target operator.
Neither generally holds in the case of Sobolev operators, as elaborated previously. Fourth, we men-
tion that there are ways to reduce the log-linear s-scaling of M to a linear scaling [1]. Incorporating
them into the Hermite-PCA method is left to future work.

5 Numerical experiments

We present two different experiments which illustrate the validity of the theoretical error bound
in Theorem in practice. In the first experiment, we consider an obstacle problem on the one-
dimensional unit interval. More specifically, we approximate the obstacle-to-solution operator as-
sociated to minimizing the Dirichlet energy of functions under a unilateral side constraint. We
show how each of the error terms - directly influences the overall approximation error
via , empirically validating our theoretlcal findings. In the second experiment, we demonstrate
the Spectral property of our algorithm by approximating Gaussian Sobolev functionals of varying
regularity.

In each experiment, we use M = slog(s) labeled training samples (X;,Y;) € XxY as in (2.3),
for the least-squares fit and 2000 unseen labeled test samples from p ® v to obtain a Monte Carlo
estimate for the relative test error ||F' — ﬁHLg(X;y)/HFHLg(X;y)' We run each experiment 10 times
with different random seeds, but same test set, and plot the mean approximation error along with
its one-standard-deviation-band (as shaded region) on a log-log-scale.

5.1 Obstacle problem in 1D

We consider the problem of minimizing the Dirichlet energy functional I(u) := 3 fol (u/(x))? dx
among all functions u which belong to the set A := {w € H}(0,1) : w > v a.e. in (0,1)}, where
v € H}(0,1) is a given obstacle function. Equivalently, we seek the solution u € A of the variational
inequality

1
/ o' (w —u')dz >0, Vw e A.
0
It is easy to see that such a solution exists and is unique. Hence, the obstacle-to-solution operator
F:H}0,1) = H}(0,1), v~ F(v)=u,

is well-defined. It is well-known from the regularity theory of obstacle problems that F' is Lipschitz
continuous, but has no higher global regularity, see [22, 146]. We can thus conclude that the latent
space function Ey oF oDy belongs to H 1(Rd?f R%), see Appendix [C] but can generally not expect
higher Sobolev regularity.
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Next, we describe our experimental setup. We parametrize the input and output functions by
10 sine basis functions in H}(0,1). We solve the obstacle problem computationally by applying the
projected Gauss-Seidel method on a mesh with 257 nodes to solve the corresponding Hamilton-
Jacobi equation. We take \; =< i~2 and normalize, such that Z}gl Ai = 1. We apply both true
and empirical PCA to encode (decode) the input (output) functions. With true PCA, there is no
empirical projection PCA error, i.e., Erremppca = 0, and we can individually study the influence of
the remaining error terms Err¢rue-pca, Ertapprox, and Errpeise on the overall Hermite-PCA approxi-
mation error. In this case, the PCA basis functions in X' ()) are just given by the first dx (dy) sine
basis functions. In real-world applications, we of course have no full knowledge of the input and
output functions and the true PCA basis functions. To model this situation, we apply empirical
PCA and discretize the input and output functions via 128 piecewise linear finite element functions.
See Figure [2] for evaluations of the learned obstacle-to-solution operator at a test obstacle.

0.2 - | 0.2 |
> 0.1+ - > 0.1} 2
obstacle obstacle

= true sol. - 0 true sol. N

‘ approx. sol. ‘ ‘ ‘ approx. sol. ‘ ‘

0 02 04 06 08 1 0 02 04 06 08 1

€T €T
(a) Noiseless case; o = 0, s = 1000 (b) Noisy case; o = 0.2, s = 1000

Figure 2: Obstacle problem. Evaluating the Hermite-PCA surrogate obstacle-to-solution opera-
tor, learned from 1000 noiseless (left) and noisy (right) training samples, respectively, at an unseen
test obstacle yields an approximated solution to the obstacle problem. The blue curve is the mean of
the outputs of 10 surrogate operators trained with different random seeds. The blue shaded region
indicates the one-standard-deviation-band (barely visible in the noiseless case).

True PCA: Approximation and noise error. We first set dx = dy = 10. In this case, there
is no PCA projection error, i.e., Erryue.pca = 0, and the overall Hermite-PCA approximation error
is controlled by Errapprox + Errnoise. In the noiseless case (o = 0) so that Errpeise = 0, we expect
by the error term Errapprox to be of order O(log(s)~!). This is empirically confirmed by the
results in Figure In the presence of noise (o > 0) our choice of M yields Errpgige < log(s)*l/ 2,
see , thus dominating Errapprox. This is confirmed by Figure where we set 0 = 0.2 and
chose the noise distribution to be the standard normal distribution p = N (0, I1p).

True PCA: Projection errors. The true PCA projection error term Erri.ue-pca, as described

Zdim(X)

imdat1 Ai, and a projection error in
Y, given by \/2?22921 )\fﬂ”. To study both terms separately, we set dy = 5, dy = 10 and dy = 10,
dy = 5, respectively. To avoid any noise errors, we set 0 = 0. As Errye.pca is independent of s, it

dominates the Hermite-PCA approximation error for sufficiently large s, which is reflected by the
flattening of the error curves in Figure [4]

in (4.7), is composed of a projection error in X', given by
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Figure 3: Approximation and noise error. In the absence of true and empirical PCA projection
errors, the Hermite-PCA approximation converges in the noiseless case (left) at the rate predicted
by the approximation error term Errapprox. In the presence of noise (right), it converges at the rate

predicted by the dominating noise error term Errygige.
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(a) True PCA projection error in X
dX:5,dy:10,0':O

(b) True PCA projection error in )
dX:IO, dy:5,0':O

Figure 4: True PCA projection errors. In the absence of empirical PCA projection and noise
errors, the Hermite-PCA approximation is dominated for sufficiently large s by the true PCA pro-
jection error term Erryye.pca. Since the latter is independent of s, the Hermite-PCA approximation
error flats out, as predicted, in the presence of projection errors in X' (left) or in ) (right).

Empirical PCA. In order to study the empirical PCA projection error Erremppca and avoid
other error sources, we again set dy = dy = 10 and o = 0. We check the hypothesis formulated in
Section that the at least quartic s-scaling for Ny in is pessimistic in practice. To this end,
we construct the empirical PCA encoder and decoder using Ny = dyslog(s) samples from p and
Ny = dylog(s) corresponding labels from F'fu. The results in Figure |5/ suggest that this log-linear
s-scaling of Ny and logarithmic s-scaling of Ny is sufficient in practice to obtain an empirical PCA
projection error of order O(log(s)™!) — the same order as the approximation error term Errapprox-

In summary, the findings in this section illustrate the excellent match between the empiri-
cally observed convergence of the Hermite-PCA approximation algorithm and our theoretical error
bounds. In fact, the algorithm seemingly performs even better in practice — showing near-optimal
scaling in all hyperparameters — than predicted by our theory.
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Figure 5: Empirical PCA projection error. In the absence of true PCA projection and noise
errors, the Hermite-PCA approximation error is bounded by the approximation error term Err,pprox
and the empirical PCA projection error term Erremp-pca. A log-linear (logarithmic) s-scaling of the
number of data points (and corresponding labels) which are necessary for empirical PCA seemingly
suffices for Erremp-pca to decay at least as fast in s as Errapprox. Consequently, the Hermite-PCA
approximation decays at the rate predicted by Errapprox.

5.2 Approximation of functionals

To empirically confirm the influence of the Sobolev order k on the approximation error, as predicted
in , -, we approximate parametrlc functionals whose parameter allows to control the
Sobolev regularity. Let o = oy := ® L N(0, ;). For a € £?(N) and b > 0 define the functional

Fy: 2(N) >R, Fyx) = [(a,z)e],

as well as the input-truncated function fy(x) := |Zl L a;izi|’ for £ € R4, The next result shows
how the parameter b influences the Sobolev regularity of f3.

Proposition 5.1. We have f}, € Hg(RdX) and f, & Hg“(RdX) if and only if k — % <b<k+ %
Proof. By Proposition [A74] it suffices to prove that f, is k-times diﬁerentiable almost everywhere
and all derivatives up to order k are locally integrable if and only if k — 5 < b<k+ % Let us set

h(x) := Z?jl aizi, © € R and g,(t) == |t|°, t € R, so that f, = gy o h. The derivatives of g are
given by

g™ () = (0); [£ sign(tY, vt #0,5 € [k)
where we denote by (b); :==b(b—1)---(b—j + 1) the falling factorial. Moreover,

J

Djfb(a:)(zl,...,z]) (j) H (Z%Z’h) , Z1,...,% € Rd’f,

(=1

for every x € {x € R% : h(z) = 0}. Note that the latter set is a g-null set. This shows that f is
CFk-regular g-a.e. for any k € N. The Hilbert-Schmidt norm of the jth derivative is given by

HDjfb(@Hz = ()2 |h(@)[**) ||

HS; (R
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Integrating over R% and changing coordinates yields

dx
h 200-7) g _ 2(b—j) 2)\2‘
Joog P dot) = [0 4N (0.3 a0

which is finite if and only if b > j — % This shows the claim. O
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Figure 6: Spectral approximation. In the absence of PCA projection and noise errors the
Hermite-PCA approximation decays in a spectral fashion at the rate predicted by the approxi-
mation error term Erryppox — the smoother the objective mapping, the faster the convergence.
More specifically, the Sobolev order k enters the decay rate linearly.

In our experiments, we set a; = i, b = k — % + 0.001, and consider the cases k£ = 1,2, 3.
We truncate the input sequences after 10 elements and use true PCA for the encoder in X with
dx = 10. As dy =1, there is no decoding in ). To avoid noise errors, we set 0 = 0. Consequently,
the only non-vanishing error term is the approximation error Errapprox. We take A; < e~ " and
normalize such that Z}gl Ai = 1. By , we expect the approximation error to be of order

O (e #V108(5)/2)  This is reflected by the results in Figure |6

An interesting observation, most notable in Figures [6b] is the step-like decrease of the mean
error curve. This is expected behavior, as the algorithm constructs the surrogate operator based on
the index set S = {#(1),...,7(s)} corresponding to the s largest weights v;(;). This choice of S
is asymptotically optimal in the sense that it yields the optimal error vff( s+1) @8 8 = 00. Locally,
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however, consecutive weights may have values close to each other. In this case, increasing s only
leads to a slight decrease of the error and therefore to the formation of steps in the error curve.

Overall, the findings in this section confirm a major facet of the Hermite-PCA approximation
algorithm: its spectral approximation property. The algorithm itself is independent of the Sobolev
order k, but it automatically yields faster convergence the smoother the objective operator is. The
empirically observed decay rates match the rates predicted by our theory.

6 A general error bound for Hermite-PCA approximation

The next three sections of this paper are devoted to the proof of Theorem First, in this section
we establish a general error bound, Theorem for the Hermite-PCA approximation defined in
Algorithm [T, without making any regularity assumptions on F' and also allowing for an arbitrary
multi-index set S in the definition of the subspace P in . This derives the desired error bound,
up to a best approximation error of the encoded function gy oF o 75)( in P. To analyze this
term, we require an £?-characterization of Gaussian Sobolev spaces in terms of Hermite polynomial
coefficients, in tandem with several estimates for the decay of the weight sequences that arise in
this characterization. This is the topic of Section [7} Finally, in Section [§ we combine these two
pieces to establish Theorem [£.1]

Theorem 6.1 (General error bound for Hermite-PCA approximation). Let T > 0 and 0 < d,e < 1
be fixred and S C NgX be such that s := |S| > 2 and m(S) := maxyegs ||7v[|; > 3. Suppose that

N > max { Crdx log(12/€) T, C3 log(6/€)x 2 (Aay )72} (6.1)
with parameter k > 0 satisfying

3
1 A,
21/dx’ 1422

= nnrl{l-— (m(3) Jog(m(5) + Tog(s) + (1) + /log(T)| + m(S) log(ra,) ) }

(6.2)
where C is the constant from Proposition[6.3 and Cy the constant from Theorem [6.8 Moreover,
suppose that

Ny > Ny > Cydylog(12/e)Y* (6.3)
and
M > Csslog(12s/e), Cs = ((146)log(1+0)—0))L. (6.4)
Let F € Li(z\,’; V) be L-Lipschitz and suppose that

Me pEP L2(RIX RYY) TN M1

where P _is as in with index set S. Then, with probability at least 1 — € in _the draw of

Xl,.. XNX ~ Yl,...,YNy ~ v, and X1,..., XM ~ Usamp, the approximation F defined by

Algorithm [1] uniquely exists and satisfies

T:<L+“1i6>mw&mfwﬁx—ﬂ 125 1

dim(X)
> N+ LK+

i=da+1

+47 + 5CFT(T +Cr)

where Cr = ||[F(0)|ly, + 2L.

dim(Y)
ST AL (|F )]y + LK, +0)Y
i=dy+1

<L

HF B ﬁ‘ L2(x) ~
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6.1 Overview of the proof of Theorem

The remainder of this section is devoted to the proof of Theorem [6.1} By the triangle inequality,
we can split the total error into three terms,

|7 -7

<
Lﬁ(){;y) - ‘ 2(x;))

LE(X5D) (6.5)
—I—HY/jyogyoF—F’

L2(X3Y)
=: Err 4 + Erry + Erry.

The right-hand side consists of the the approzimation error Erry and empirical PCA projection
errors Erry and Erry on X and Y, respectively. Recall that F' is L-Lipschitz and observe that the
encoders and decoders are all 1-Lipschitz by construction. Therefore, we can simplify these error
terms as follows:

Erry < L||Dy o Ex —IXHLQ(X;X), (6.6)
E =Dy o0&y — 6.7
rry = H yo&y 2, ) (6.7)
Errg = HF—Dyoé’yoFoDXongLi(X;y). (6.8)

Here, Zy, Iy denote the identity operators on X and ), respectively. Since Ex is bounded and
linear, &yﬁ,u in is a Gaussian measure on R,
In the next three subsections, we estimate these terms separately.

6.2 True PCA projection errors

Since EX, Dy are approximations to the true PCA encoders and decoders £y, Dy, and likewise for
Ey,Dy, our first task is to study the true PCA projection errors. The former is straightforward.
By [35, Thm. 3.8], we have

||DX OEX _IX||L3(X;)() = (69)

Analogously,
dim(Y)

>, (6.10)

i=dy+1

Dy o &y — IyHLg(y;y) =

where we recall from Section that v is the distribution of Y = F(X) 4 oE, where X ~ p and
FE ~ p are mutually independent. However, the decoding error is given in terms of the measure
Ftu, which only coincides with v in the noiseless case ¢ = 0. To handle the noisy case, we require
the following lemma.
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Lemma 6.2 (True PCA projection error, noisy case). The true PCA projection error satisfies

dim(Y)
Z )\fﬁ”—l-Qa.

Py oy =Iylrs, ) <
g i=dy+1

Note that this bound is noise-consistent in the sense that if o — 0", then we recover the noiseless

PCA projection error in Y, given by \/anzy 1 )\Fﬁ“

Proof. We first observe that Z — [|Dy o £y(Z) — Z||;, is a 1-Lipschitz mapping from ) to [0, c0).
We can thus apply [65, Prop. 7.29] to deduce that

Dy o &y — IyHL2 L(5Y) <|[Dyoé&y— IyHL2 ;) + Wa(Fip,v), (6.11)

where Wa(Ftu,v) denotes the 2-Wasserstein distance between Ffu and v. It follows from the
definition of the Wasserstein distance that

Wa(Fip,v)* < Egr(x),px)+om [[F(X) = (F(X) + 0B)[3] = EgllloE|3] < 207, (6.12)

where the last step holds by Assumption and (2.1)). We are thus left with bounding the term
Dy o &y — Iy || L2(V)- First, by (6.10)), the triangle inequality, and the Hoffman-Wielandt inequal-
ity (see, e.g., |45, Lemma 5.1]), we have

dim(Y dim () dim(Y)

IDy 0 &y = Tyll3s(py) < Z AF““+ S A< S A IS, - Sl (6.13)
i=dy+1 i=dy+1 i=dy+1

Here, ||-||; denotes the 1-Schatten norm (or trace norm), i.e., the sum of the singular values of a

bounded linear operator. We further compute

Y — Xppu =Ex g[(F(X) +0E —E[F(X)+0FE]) ® (F(X) +0cE —E[F(X) + 0E])]
—E[F(X)® F(X)]
=ExplcE® (F(X)-E[F(X)]) + (F(X) - E[F(X)]) ® 0E] + E[cE ® 0 E.
In the last step, we used that E[F] = 0 and that F and X are independent, which implies that

expectation of the cross-terms vanishes. Together with the readily checked property (|21 ® Z2||, =
| Z1lly |1 22|y, for Z1, Z5 € Y, we conclude that

1% = Srylly = |E[0E ® 0B, < E[l0E|3) < 202 (6.14)

Combining (6.7)) and -, we obtain the result. ]

6.3 Empirical PCA projection errors

We now estimate Erry and Erry. For this we rely on the following result, which relates the empirical
and true PCA projection errors. To state the result in suitable generality, let us consider a generic
separable Hilbert space H equipped with a subgaussian measure ji with parameter K. We define
the true PCA encoders and decoders £, Dy analogously as in . Furthermore, we draw n
samples Z; ~;iiqd. [, and define the empirical PCA encoder and decoder g;{, 137.[ with dimension dy

analogously as in (3.2)).
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Proposition 6.3 (Empirical vs. true PCA projection error). Let H be a separable Hilbert space and
let fi be a subgaussian probability measure on H with parameter K. Fiz € € (0,1). The projection
error for empirical PCA with dimension dy, based on n > log(2/€) samples Z1,...,Zy ~iid. L,
satisfies the bound

1/4
SN C1 K*dy log(2/e€)
_ < _
[ Do &7 vz < 100 En = Tilz ouan ( n
with probability at least 1 — € in the draw of Z1,...,Z,. Here, C1 > 1 is an absolute constant.

Proof. This is essentially Proposition 2 in [34]. Therein, the dependence of the constant @Q = C1 K*
on K is not made explicit, but follows by inspection of the proof. We also note that therein the
failure probability e is restricted to (0,1/2) and C is just stated to be positive. The proof, however,
also works for € € (0,1), and by choosing C larger if necessary, we can take Cp > 1. O

We can thus estimate the empirical PCA projection errors with high probability via the bounds
for the true PCA projection error, which we derived in Section [6.2] and sampling error terms
depending on the number of samples Ny, Ny and the encoding and decoding dimension dy, dy.
We summarize this in the following result.

Theorem 6.4 (Empirical PCA projection errors). Let € € (0,1) and consider the empirical PCA
projection errors Erry and Erry defined in and , respectively. Then

dim(X) 1/4
Erry < L Z N+ LK, (ClXmOg(2/6)>
i=dx+1 N

with probability at least 1 — € in the draw of the )Afl, .. ,)A(NX ~iid. b and

dim(Y) 14
C1dy log(2
Erry < Z /\fﬁ“—F(HF(O)Hy‘f‘LKu‘FU) (13’]\?@;(/6)) + 20
i=dy+1 ’

with probability at least 1 — € in the draw of the }71, e ?Ny ~iid V.

Proof. Recall from Section that p and v are subgaussian with parameters K, and K, =
[F(0)|ly+ LK, + o, respectively. The first claim then follows from , Proposition and .
The second claim follows from (6.7)), Proposition and Lemma O

6.4 Error bounds for weighted least-squares approximation

We now consider the term Err 4 defined in . Since f is a solution of a weighted least-squares
problem, in this subsection we develop some general results on weighted least-squares approxima-
tions to operators. In particular, we show how to choose the sampling measure fisamp in such a
way to obtain near-optimal sample complexity. It is based on the Christoffel function of a suitable
chosen approximation space. The resulting Christoffel sampling method was originally developed
in [19] for scalar-valued problems. See also [1] for extensions, variations and further topics.
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Let @ be a probability measure on X. Fix s € N and let P C L2 (X) N C(X) be a vector space
of dimension s with orthonormal basis {£;}{_;. Given a vector subspace V' Cc Y, the Y'-lift of P is
defined as the vector space

S
Py = {ZYzfz Y € yl} C LZ(X; V)N C(X; D).
i=1
Next, let w : X — (0, 00) be a weight function, which we will specify later on, such that [, 1/wdw =
1, and set

dwsamp = wdw.
Now draw X1,..., X ~iid. @samp and By, ..., Ey ~ija. p, where p satisfies Assumption [2.2] and

set V; = F(X;)+0E;,i=1,..., M. The weighted least-squares approximation of F' in Py is now
given by
U 1 M
F=F(Xi,...,Xy) € argmin— > w(X;)||P(X;) - Yi[3. (6.15)
PEPy, i=1

with X;,Y; as in (2.3) and ({2.4), respectively. The (reciprocal) Christoffel function of P is defined
as

K(P): X =R, K(P)(X)::sup{wzpep,p%O},

and we set
Kuw(P) == ||WK(P)||L%O(X)-

It can be readily checked that K (P) = Y%, 2 for any orthonormal basis {&;}¢_; of P.
Theorem 6.5 (Least-squares error in probability, preparatory). Let 0 < d,e < 1 and

M > Csky(P)log(6s/e), Cs = ((146)log(1 +0) —0))~ L. (6.16)

Then, with probability at least 1 — € in the draw of X1,..., X ~ @Weamp and E1,..., Ey ~ p, the
least-squares approximation F' in (6.15) uniquely exists and satisfies

3/"»'11)(73) 1 i 6:‘{3w(73) 1
= 1-6 - P
LE(A) = (1 Ve 1o 5) P I = Plliz ey + 0\ =37 175

, which
LZ,(X5Y)

we introduce below, is bounded differently, however. The lifting to the Hilbert-valued case is stan-
dard and consists of choosing an orthonormal basis of } and applying Parseval’s identity. For
succinctness, we present details of the lifting argument only in the proof of the bound

|7 -7

Proof. This is a generalization of Corollary 5.9 in [1], where the noise term HGE‘

6rw(P) 1
L) = o Ve 135 (6.17)

[0

. To this end, let
LZ,(X;))

P* € Py be the unique element such that |[F' — P*[| ;2 (y.yy) = infpep,, [ F = P| 2 (x,y) and write
G := F — P*. By following the proof in [1], we can split the error

Before we do this, we derive a suitable upper bound for HF — }?"

£~ 7]

12 (X) < NGz ) + H@’ 2.@) + HGE‘

L2 (X))

25



Here, F' € Py is the least-squares approximation to F' from the noisy samples Y; = F(X;) + o E;,
see , Ge Py is the least-squares approximation to G from the noiseless samples Y; = F(X;),
and O € Py is the least-squares approximation to the zero operator from the noisy samples
Y, =0cFE;. If holds, then F , CA?, and Og uniquely exist with probability at least 1 — ¢ /3 and

16122 ey + || €

3kw(P) 1
< |1 —_— f ||FF-P
L2 (X)) — ( + Me 1-— 5) PEI%’y/ I HL2 V)

holds true with probability at least 1 — €/3.

We are left with proving that holds with probability at least 1 — ¢/3. Then the claim
follows after an application of the union bound. For brevity, let us write §; = £4(;y for j € [s]. We
define the weighted (normalized) measurement matrix and noise vector

(VD N ey (Ve Y
A= (mgj(xzv e RMxs, b—(bz)f‘il.—< Vi (aEZ)>“eyM.

3,j=1

Let {9}, be an orthonormal basis of Y and introduce the components

k k N N
b= ity o = By, O = (Om ),
Note that G(Ek) € P and therefore 6%) = > i c§~k)§j for some coefficients c(*) = (cgk))jzl e Re.

Again following the argument in [1] (more specifically, egs. (5.2) and (5.10) therein) and applying
Parseval’s identity gives

M 1 co M
o < Z W= 15 2 v
V) k=1 i=1

i=1
It is easy to see that ¢(¥) is a solution to the normal equations AT Ac®) = ATp*) with b(*) =
(b(k))izl € RM. Hence,

) 00 00 1/2 / oo 1/2
> [ac; < 3 e Jareo], < (5[] (3 o)
0o 1/2

(,; umuz) |

/\

S e

and consequently,

L2 (Xx; y) - )2 Z H Tb(k)H

We expand

s M X
Jamu = 5= 5° e e v
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and take the expectation respect to the E;, which are centered and i.i.d., to deduce

 [laTs0 )] = 3 3 ome )

j=14i=1

(X3)?.

Summing over k yields

1 202k, (P
L2 (Xy)} 222 o’E[|| B3] 5\/[2) £(X:)? < =L M( )7

where the second step follows from Assumption and (2.1)) and the fact that K(P) = > %, g}
An application of Markov’s inequality finally concludes the proof.

=5 0]

6.5 Application to the Hermite-PCA approximation

We now use Theorem to bound Err 4. Let S C Ng" be an arbitrary index set of size |S| = s.
Then let

w:ﬁ/yﬁ@, P:span{vaj\ogX:’yeS}
-1
. 1 N
y/:Dy(Rdy), w = (S Z(H%S\OEX>2) .
yeS

We now consider the weighted least-squares approximation

PN 2
Fe argmlnM Zw (Xi) — Dy o &Ey(Y5) . (6.18)

PEPy/

Notice that this formulation uses the projected samples Dy oé’y( 7). This is crucial, in that it allows
us to relate F to the latent space approximation f

Lemma 6.6. A function f Rix — ]Rdy is a solution of (13.5] . ) if and only if the function F =
Dyofoé';( X — Y is a solution to

Proof. Observe that we can write any P € Py as P = ﬁy opo Ey for p € Q and vice versa, where
Q =span{H_ 5 : v € S}. Therefore

| P(x:) = Dy o Ey(¥i)

= Hﬁy Opogx(XZ‘) — ﬁy Ogy(Y;)

= [[p(Ex(x0) - E(¥)

Furthermore, by the change of variables © = Ex(X) and the fact that £y o Dy = Tpay is the
identity on R4, we have

dwsamp(X) = ’LU(‘XV)i1 dw(X) = (

S

3 H%X((?X(X)V) dDxto(X)

~YES

S
~ES

1 .
= ( Hv,x(w)Q) do(®) = dosamp(),
where 0samp is as in (3.4]). The result now follows. O
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We now seek to apply Theorem [6.5} For this, we require two observations. First, notice that
'Zsy o gy(n) = 'Zsy o (C/A’y o F(XZ) + O'ﬁy o gy(El)

and the noise terms ﬁy o éA'y( E;) are subgaussian with parameter K = 1 since the random variable
E; are subgaussian with K, = 1 and the map Dy o Sy is an orthogonal projection. Second, observe
that the functions {H 50 5 x }~es are an orthonormal basis for P in L2 (X), where we recall that

w = D;(jjg. Indeed, usmg the fact that Ex o Dy = ZIgpa, once more, we have

[ Ho 50 Ex(X)H,, 5 0 Ex(X) dDxte(X) = [ | H, 3@, (@) dd(a) = 5y
Therefore w™! is, up to the scalar multiple s, precisely the reciprocal Christoffgl function of P. This
implies that £, (P) = s and therefore Theorem with F' replaced by Dy o &y o F' gives that

‘A <|1+ EL inf
L2,(x;Y) — Mel—6 ) pepy,

with probability at least 1 — ¢, provided M > Csslog(6s/e). To relate this to the error Erry, we
use the fact that EX o DX = Ipd, for a third time and write

o851
) N Me1=45

ﬁyogyoF—P‘

HﬁyogyoF—ﬁ‘

—HDyogyoFoDX—FoDX‘

L2 (Xx;)) L2(R4X;Y)

—HDyOSyOFO'DXOSXODX_FO'Dx‘

LZ(RIX;Y)

:HDyogyoFoDXOSX—F‘

LZ,(X;Y)

Thus we get

’ ~

DyogyoF P‘

L2,(X3)

(142 L) i
y) — Mel—§ PE'Py/
1

(6.19)

with probability at least 1 — €, provided M > Cjsslog(6s/e). However, there remains an issue.
The left-hand side is close to the approximation error Err4 defined in , but the measure is
w = Dxﬁg as opposed to u. In the next subsection, we perform the necessary switch of measure.

6.6 Bounding the L’(X;))-norm error in terms of the L2 (X;))-norm error

We now show how a change of measure from p to w affects the overall error bound. The following
lemma assumes closeness of the true PCA eigenvalues A; and their approximate counterparts i
Later, we quantify the error between the two, which leads to the main result of this subsection,
Theorem In the following and throughout, ||-||,, denotes the operator norm and I'(s,z) =
[ t5~le~tdt is the upper incomplete Gamma function.
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Lemma 6.7. Let k = HE—ZAJHOO/)\C[X and suppose that k < 1/2. Let F € Li(z’\’;y) and P =
ﬁy opo Ex for some p € Pgay,, where Pya,, is given by (3.3)). Then, for every R >0, we have

||P—Dyo€yoFoDXo&yHLE(X;y)
1 dx 2 _
(2

11—k 20a, (1 —K)(1 —2kK)

m(S)/2
+2/sm(S)e!/10 <M4> \/F(m(S), Ay R/16)(T + CF).

Ady
where m(S) = maxqes [|[ly, Cr = |[F'(0)|y + 2L and
T:=||P-DyolyoFoDyolx| xy =lp—EyoFo ﬁXHLz(RdX;Rdy).
Proof. We first note that
|P—DyoéyoFoDyo §X\|Lﬁ(x;y) =|lp—&yoFo ZSXHL%(]RdX;Rdy)a

where R
0= Extp.

We will argue below that ¢ is a non-degenerate Gaussian measure on R% | as is 9. Hence, the
two measures are equivalent and by the Radon-Nikodym theorem, the Radon-Nikodym derivative
do/ do exists and is a g-integrable function. The main idea of the proof is to split the overall error in
an error term localized on some ball of finite radius and remainder error terms in the complement
domain. In the ball, we can then uniformly bound the Radon-Nikodym derivative dg/dg, and the
remainder terms can be suitably controlled by the Gaussian tail bound and pointwise bounds
for Hermite polynomials.

Next, consider the centered ball Bg := {z € R% : ||z||, < R} in R% of radius R > 0 and the
corresponding truncation of p, given by pr := plp,. We split the error accordingly,

||P—Dy°5y°FODXOgX”Li(X;y)

< HgyOFOﬁX*pR’

2R RDY) + llpr — P||L§(Rdx;Rdy)

< (/ Hé\yoFoﬁX —pH2dgdg>l/2 + Hg:yOFOD)(‘
Br

2dp L2(R¥\Bg;RY)
+ ||pR _P||L2 (Rix ;RY)

+ €y 0 FoDa|

‘EyoFoD;( p‘

H do L2(Rx;RYY) L2(R9x\BR;RYY)

+ ||pR - pHLg(Rdx;Rdy)'

LOO

We deduce
||P—ﬁyogyoFoﬁX oE,A’XHL2 (X))
S j@: 00 T + HEJ} ¢} F O DX’ L2 Rd-X\BR Rdy) HpR _pHLé(IRdX;Rdy)'
OllLe(Bg)
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In the remainder of the proof, we estimate the three terms on the right-hand side of the previous
inequality.

Step 1: Bound H%

g .
QHLOC(BR)' We commence by defining

- A
A:=Y -3, sothat k= | ||°° (6.20)
Ay

Note that A and hence k depend on the number N of (unlabeled) data points, which we assume
to be fixed for now and do not explicitly track in our notation. Suppose that x < 1/2. By Weyl’s
inequality, we have .
sup A = Ail < Al (6.21)
i=1,...,dim(X
See, e.g., [60, Cor. 4.10], which is formulated for Hermitian matrices but can be readily generalized
to compact self-adjoint operators on a separable Hilbert space. We deduce that

A~

)\d?( > )‘d;( — HAHOO = (1 — H))\dX > 0. (6.22)

This implies that ¢ is a nondegenerate Gaussian measure on R,

Next, we establish a relation between the two measures ¢ and g. To this end, let us represent
the covariance operators Y5 and ¥, as matrices with respect to the standard basis of R By abuse
of notation, we denote the matrix representations again by ¥; and X4, and find

(Xg)ij = <$j72$i>x and  (3p)i = <$j7§€gi>)( =Nibij, i,j=1,....dx. (6.23)

The Radon-Nikodym derivative of g, ¢ is given by the quotient of their corresponding Gaussian
density functions,

. 1/2
d det X5 1
—Q(w) = < ¢ Q) exp (—2 <w, (Egl - 251)w>2> , Va e R, (6.24)

do det X,

We bound the exponential and the quotient of determinants in (6.24]) separately, starting with the
former. By the Cauchy-Schwarz inequality,

‘(x, (071 — 251)@2‘ < Hzgl — x5t

| l=l3,  veeRr,
o

Using the identity Zgl — Egl = 251(2@ — E@)Zgl, we can bound

1=5" =55 < 127,01 — Zalloo1Z5 71 (6.25)
We know that ||2ngOO = 5\;; and it readily follows from (6.23)) that [|(X; — 35)| < |All,- The

term ||Z@T1 | can be bounded by a suitable Neumann series representation. For this, let I, denote
the identity matrix in R%*4x_ Writing I, — 25129 = EQTI(E@ — ;) yields
1A

o575l < [57°] 15 2o < 120
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By (6.22) and k < 1/2, the right hand-side is less than 1, which yields the convergent Neumann

series representation
[o.¢]

Eézgl = (Eézgl)il = Z(Idx - Zézgl)k7
k=0
and consequently,
Al 1
1S3, < IZ5H 1 1Ze2g 0, < Eoyrr e (6.26)
¢ Teo ¢ T ¢72 Too 1- ”IdX - E.@E@l |oo )‘dx - HAHOO
Combining (6.25)), (6.26) and invoking (6.22), we conclude
Syl A A
155t - =50, = < e (6.27)

= Rax Guix — 181) = i = TAT0) (= 2IAT)

Next, we bound the quotient of determinants in (6.24). From |27, Cor. 2.14] it follows that

d
der(sy) | (1B-sale N,
det(Zg) - AdX

Again using the inequalities [|X; — X5[| < [[A[|, as well as Ady = Ay — |A|| o, we find
det(E@)

d
RN
~ \ M — 1Al
Combining this with (6.27) finally yields

d
( 1A, H)"exp(z%? 1A, >
o) \Mx — [l 2 Oy =~ A1) Az — 2012

- <1lm>dx P (21%; 1- /@)?1 - 2,@)) ‘

Step 2: Bound ||y o F o 23;(||L%(RdX\BR,Rdy). Since €y o F is L-Lipschitz, we have
2 ;

det(E@)

%

|& o PX)||, < IF©)y + LIX]lx, VX €.

Recalling that § = Exfp and writing Ap := (Ex) L (R \ Bg), we find

— </AR nyoFoﬁXOEX(X)szM(X)>1/2

< NFO)yyuan + 2 ([, 1xizann)”,

where we used in the last step that Dyo&y is a projection in X. Denote by ng ={X e X:
| Xy < R} the centered R-ball in X and observe that

H(‘,’y oFoD;\g‘

L2 RdX \BR7Rdy)

dx
AR = {XGX:Z(X,@-}%( >R2} c{XeX:|X|,>R}=2xX\DBx.
=1
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Using the Gaussian tail bound (2.2)), we find pu(Ag) < 4e~F°/8 as well as
2 9 o0 > 2 2
[OIXIG a0 < [ X Iedu(0) =2 [ (X > e <2 [ ate S ar = sz,
Ap X\B¥ R R

In conclusion,
Hgy oFo D/y‘

2
< V8Cpe /16,
L2(RIX\BRR®Y) VCr

Step 3: Bound ||pr —pHL%(RdX,Rdy)- Write p = > cgeyH, 5 with coefficients ¢, € R%. By
o ’ )

the Cauchy-Schwarz inequality and Parseval’s identity,

ZC7 'y)\

~YES

lpr — pHL2 (Rex ;R =

L2(Rx\Bp;RY)

1/2
2
2 (Z Hw!b) I»???HH%X’

~ES

L2(R9X\Bp)

_ G2

Il et 035 | 5 s

Consider the second term on the right-hand side. By the triangle inequality, we have

||p||L§(RdX;Rdy Hgy oFo DX p‘ 12 (Rx &%) + Hgy oFo D)(’ L2 (mix, V) (6.28)
By Lipschitz continuity,
& o FoDxie)], < &y 0 F o DrO)], + [Ey 0 F o Daiplels Ve < RO

Observe that [Ey o F o ﬁX]Lip < L, since Dy and &y are 1-Lipschitz and F is L-Lipschitz. Also,
since Dy (0) = 0, we have HSAy o F o Dx(0) H2 < |[F(0)[|y. Moreover, since ¢ = N(0, X), we also
have [pay |2 da(x) = >9%, A;. Therefore

dx
e i=1

Next, we derive pointwise bounds for the Hermite polynomials H , ¥ € S, based on the upper

bound |H,(z)| < (3max{1,|z|})" for every x € R, n € Ny, see eq. (2.8) in [57]. For = € R we
compute

H(‘?y oFo'ﬁX’

dx z; .
’Hy}x(w)‘inqH.(@) <H( max {1, (8) 2 ]}?)”

- 1l
< gl e v max{1, (\) 7z *} ,

Hlil
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where the last step follows from the weighted geometric-arithmetic mean inequality. Next, use the
bounds ; < ||y|l;, max{1, \; |z;|?} < 14+ A ]2, as well as At < /\gj < (1 —/ﬁ)_l)\;; to further

estimate

2 i I
i, 5@)| <9 (da+ (1= m) A l)3)

)

By definition, |||, < m(S) for v € S. Write K := (1—k)Aq, . Recall from Step 2 that (Ex) L(RIx\
Bg) C X\ Bf. Together with the layer cake formula, we then find

m(S)
H_(z)]*do </ 9™ (dy + K| XI5 du(X
Sy s @) @) < [ 07 (e KIXIR) ™ dut)

< 9™ % m(8) x /
R

< 9™ x m(9) x 4/00 )=l (t=dx)K/8 g
R

e ({X € X nda + KT X3 > t}) dt

where we used (2.2)) in the last step. A change of variables eventually yields

79 m(S)/2
Kdx /16 i~
teag < 2 m(S) ( K) Jrm(s), KR/3)

From the assumption Z?i:nil(x) Ai = 1 it follows that Ay, < 1/dy. Together with £ < 1/2, we deduce

Aiy/2 < K <1/dy. Consequently,

max HH A‘
~ES A

max HH’Y:X’

144\ /2
< 2eM16, /m(S) () \/F(m(S),)\dXR/lfi).
~yeS

LZ(R*\Bg) — Ady

Combining this with the previous estimates (6.28]) and (6.29)), we deduce that

m(S)/2
144
Ipr = Pl 2o zay) < 2y/sm(S)e!/ () VT (m(8), \a, R/16)

N
dy R
LE(RdX;Rdy>+”F(O)||y+L ;Ai .

Observe that the first term in brackets is precisely Y. For the third term, we notice that Weyl’s
inequality implies that A; < [|A|l o + A < (14 k)A; for every ¢ = 1,...,dy. Therefore ijl A <
(14 k)% N\ <14k < 2. We conclude that

X (Hc‘?yoFoﬁX—p‘

m(S)/2
144 -
||pR—p||L§(RdX;Rdy) < 2\/sm(5)el/16 < > \/I‘(m(,S’),)\dXR/lfi)(T—FCF).

Ay
This finally completes the proof. O

Lemma yields a bound for switching between the measure y and the measure w, assuming
sufficient closeness of the true and approximate PCA eigenvalues, as quantified by the uniform
norm of the term A = ¥ — 3. We now estimate this quantity, which leads to a more explicit bound.
For this, we require the following theorem.
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Theorem 6.8 (|28, Thm 2]). There exists a constant Cy > 1 such that for every t > 1 with
probability at least 1 — e™" in the draw of Xl, e ,X ~ 1, we have

<
NN Cwmlma{w = wax}

where r(X) = tr(X)/||X]|,, is called the effective rank of X.

Corollary 6.9 (Bound for ||A]| in probability). There exists a constant Cy > 0 such that for
every € € (0,1/3] with probability at least 1 — € in the draw of Xi,..., XN ~ u, we have

1Al < Cay/log(1/e)(Na) ™12,

provided that Ny > max{\;*,1log(1/€)}, where Cy is the constant in Theorem .

Next, we notice that Lemma introduces two parameters xk and R. The final step in this
subsection is to optimize these parameters. For this we require the following two lemmas.

Lemma 6.10 (Optimal choice of k). If

) I Ay
Kﬁmln{l—m,m},

and R > 142, then

1 dx R2 K
< .
<1—/@> xp <2/\dX (1—5)(1—2;@)) =4, Vdy €N

Proof. Observe that if x < 1 — 1/2Y/4% then (1/(1 — k))% < 2. Since A\g, < 1, the condition
R > 142 implies x < 1/142? and therefore

R? K 1

204, (1 —K)(1 — 2K) = 2(1 — ) (1 —

2 N
Ti2?)
which implies the claim. O

Lemma 6.11 (Optimal choice of R). Let Y > 0 and S C Ng" be such that s := |S| > 2 and
m(S) = maxyes [|vll, = 3. If

Rz 2 (m(S)logm(s) + log(s) + log()] + y/log()] + m(S) [loga )

then

144

e B8 < v gpd sm(S) (
Ady

m(S)/2
) VI(m(S), A, R/16) < T
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Proof. First note e~1’/16 < 7 if and only if
R > 44/ |log(Y)]. (6.30)

We are left with showing that

144\ ™2
sm(S) (Ad) VT (m(8), A, R/16) < . (6.31)

To this end, let us write r := \g,, R/16. We use the following upper bound from [52, Prop 2.7] for
the upper incomplete Gamma function:

xm(S)—le—x

L(m(S),z) < m(S)—1

—————, provided that z > m(S) — 1.
1 - m5)-1

We henceforth assume that » > 2(m(S) — 1), or equivalently,

2
R> 2% () - 1), (6.32)
Ay
Consequently, T'(m/(S),r) < 2r™&)~1e=" and (6.31)) holds true if

—-m(S)
)= < 212 (9m(S)) 7! <M4>
2 N

—_

= a. (6.33)

We now consider two cases:

Case 1: a > ((m(S) —1)/e)™)~1 Then holds if r™(5)=1e=m(8) < ((m(S) —1)/e)™E)~1,
or, equivalently, ye¥ > —1/e with y = —r/(m(S) — 1). Solving for y gives y < W_;(—1/e) = —1,
where W_; denotes the secondary branch of the Lambert W function. This is equivalent to R >
16(m(S) — 1)/Ad,, which is already satisfied by (6.32).

Case 2: a < ((m(S) — 1)/e)*~L. In this case, —a'/™&=D /(m(S) — 1) € (~1/e,0). Rear-
ranging terms similarly as in Case 1, we find that holds if and only if » > —(m(S) —
DW_1(—a/mS)=1) /(m(S) — 1)). Tt is an easy exercise to check the lower bound

W_i(x) > log(—x) — log(—log(—x)) — %, Vz € [—1/e,0).

| al/(m(8$)=1) | | al/(m($)=1) 1 A
og e =1 + log | |log 8 =1 +§ . (6.34)

We use the inequality log(log(z)) < e~1log(z) for z > 0 and multiple applications of the triangle
inequality to deduce that (6.34)) is satisfied if

Hence, ((6.33)) holds true if

r> (m(S)—l)(

r>(1+e) {(m(S) — 1) log(m(S) — 1) + log(144)m(S) + log(sm(S)) + 2|log(Y)|
m(S) — 1.

+m(S)|1og(Aay )| + log@)} T
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Since s > 2 and log(m) > 1 for m > 3, this in turn holds true if

142
R> VN (m(S) log(m(S)) + log(s) + [log(T)| + 1/ [log(Y)| 4+ m(S) \10g()\dx),> .
X
To conclude, we note that this bound also implies (6.30]) and ( - O

With this in hand, we can now present the main result of this subsection.

Theorem 6.12. Let ¢ € (0,1/3], T > 0 and S C Ng’“ be such that s := |S| > 2 and m(S) =
max~cgs ||v|l;y > 3. Suppose that

Ny > C3log(1/€)k %(Aay) 2

with parameter k > 0 satisfying

<mind1_ Ad*( (S) log(m(S)) + log(s) + [log(T)| + 1/ [log(T) (S) [log(A -
# < min STy 1492 \m(5) log(m og(s) + [log og(1)| +m(S) [log( dX)) ;

where Cy is the constant from Theorem[6.8. Then the followmg holds with probability at least 1 — €
in the draw of X1, .. XNX ~ . Let F € LQ(X Y) and P = Dy opo&x for some p € Pray , where
Pray is given by ., and suppose that

Y :=|P—DyofyoFoDyoluxllixy =lp—E OFO,ZSX”LE(RCIX;RUZ)})'

Then
prﬁyOgyoFoﬁXOEXHLa(X;y) < 4T+5CFT(T+CF)

where Cr = [|F(0)]|y, + 2L.

Proof. Corollary and the condition on Ny give that ||Alls/Ad, < K with probability at least
1 — e. We now choose « and R according to Lemma [6.10] and Lemma [6.11] respectively. Note that
this implies in particular R > 142 and x < 1/2. We now apply Lemma with these values of R
and k. The result follows. O

6.7 Final arguments

We are now, finally, ready to finish the proof of Theorem [6.1] This involves combining Theorem
which bounds the empirical PCA projection errors and (6.7), with Theorem [6.12] which
bounds the approximation error .

Proof of Theorem [6.1. We now split the error according to (6.5]). Theorem with € replaced by
€/6 and the facts that

Ny > Cidylog(12/e)Y™* and Ny > Cidylog(12/€)Y ™4

by assumption give that
dim(X)

> N+LK,Y
i=dx+1

Erry <L
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with probability 1 — €/6 in the draw of Xi,..., )A(NX and

dim(Y)
SN L (|FO)ly + LK, + )T + 20
i=dy+1

Erry <

with probability 1—¢/6 in the draw of 171, ey ?Nx‘ We now consider Err 4. Since M > Csslog(12s/€)
by assumption, (6.19)), a simple change of variables and Bessel’s inequality gives that

<7T

Hﬁy o€yolFoDyoly - ﬁ’ L2,(x;))

with probability at least 1 — ¢/2 in the draw of Xi,..., X5;. Then Theorem with P = F,
¢ replaced by €/6, and the fact that Ny > C3log(6/€)k 2(Ag, ) 2 and & satisfies (6.2)) gives that

ErrA:HﬁyOéA’yOFoﬁXogx—ﬁ” < AT +5CFY(Y + CF).

L2(X3Y)

The result now follows from the union bound. O

7 (?>-characterization of Gaussian Sobolev spaces

In this and the next section, we aim to use Theorem [6.1] to prove the main result, Theorem [.1]
The key step is the analysis of the best approximation error

;g’j”:‘j’yoFoﬁX —p’

L2(Rex ;RIY)
e

and, in tandem, the derivation of the choice for the index set S. This analysis relies cru-
cially on, firstly, the £2-characterization of the Sobolev spaces H g (R%R¥) in terms of the Hermite
polynomial coefficients and, secondly, analysis of the decay of the associated weight sequences that
arise in the former characterization. We tackle these aspects of the analysis in this section, before
completing the proof of Theorem [{.1]in the next.

We fix dimensions d,d € N. Recall the notation [d] = {1,...,d} and [cc] = N, and, as before,
let A= ()%, and o = gx := N(0,A) be a centered, nondegenerate Gaussian measure on R% with
diagonal covariance matrix with diagonal entries A;.

7.1 (*-characterization of HF(R%;R?)

We first require some further notation. For ¢ € N and ~ € Ng, we set v() =0 if v; = 0. If 7 > 0,
we set

(i) v —1 if k=1,
Ve =

Yk otherwise.

Recursively, we define v := (y@)@) For aq,...,a, € N, we set y(@1r-1) .= 4 if j = 1.
Note that we can extend this definition to d = oo by replacing Ng with T'.
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Proposition 7.1 (Partial derivatives). Let f € CP(RGRY). For oy, ..., ay € [d], we have

n (aly"ﬂaj*l) 1/2
Z H Yoy
aan...aalf: ( ]A) / fH AdQXH (al ,,,,, o 1)A (7-1)

yeNd \Jj=1 tj

In particular,

(7.2)

n (@101
Yo
HaOén”’aaling(Rd;Rd/): 2 (H J) H/ fH'rAdg

'yGNg Jj=1

Proof. Tt suffices to prove ([7.1)), as (7.2) then follows by Parseval’s identity. For the former, it is
enough to show that

n (0[17 HOG—1
Yous
/X(aan...amf)HA/(al ,,,,, amy ndo = (H Yoy T W ) / fHyxdo, Vv e N

J=1

For d = n = 1, this holds by [20, Lem. 10.14], whose proof also provides the argument for the
induction step to prove the claim for general n € N. It is formulated for d = oo but holds verbatim
in the case d € N as well. The case d’ > 1 follows by considering the components of f € C’,?(Rd; Rd/)
and applying the arguments in the scalar-valued case. O

Next, fix a multiindex @ € N". By (7.2 . the weight HJ 1 %f;l’ #2j=1) /Aa; corresponds to the
derivative D®f. In view of the definition of the H* p-norm in Appendix , we define the weights

J ,y(al: OG—1) —1/2
y(k)d = 1+Z Z || B (7.3)

J=1 ae[d)i i=1 a’b
for k e Nand ~ € Ng. We extend this definition to d = co in which case we replace Ng by T'.

Proposition 7.2 (¢2-characterization of Hg) Let f € Hg(Rd;Rd/). Then, for ai,...,a, € N, we
have

n _(a1,.,05-1) 1/2
Yoy
8o¢n"'8a1f: E: (HJ)\> / fH»)\dQXH(O‘l """ - 1))\

~veNg \j=1 Qg
and

2
”f”Hg(Rd;Rd’ ) U'y (k).d

~yeNd

J [, 11 ,Adg

Conversely, if for a family of vectors (yA,) end C RY there holds

Z U d”y"/HQ < 00,
yeNd

then
fi=> yyHyn€ Hg(Rd;Rd ).
~eNd

Proof. This a straight-forward inductive generalization of Proposition C.7 in [§]. It is formulated
for d = oo, but holds verbatim in the case d € N as well. ]
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7.2 Weight formula

Next, we derive an equivalent expression for the weights v, 1) 4, which we will need later to derive
upper bounds in Proposition but which might be of independent interest as well. To this end,
let TI(n) denote the set of partitions of [n], n € N, and set I1(0) := 0.

Proposition 7.3 (Weight formula). Let d € N and v € Nf)l. For any j € N, we have

Xiﬁ g’m”=:2%«nfM<H|M—1><nAw ) 74)

age[d)y i=1 a’ o€ell(y Beo Beo
with
d i
;7; (7.5)
Consequently,
k)d_1+z > (- J'”'(H \B;-l)(HAB, ) Vk € N. (7.6)
Jj=1o€ll(j) Beo Beo

Proof. We commence by recalling the falling factorial. For x > 0 and n € N we set (z), :=
z(zr—1)---(x—n+1)ifn <z, (), :=0if n >z, and (x)¢ := 1. We also recall the identity [59,
eq. (3.38)]
(@)= > Mob(0y,0)zl7l, V¥neN. (7.7)
o€ll(n)
Here 0, = {{1},...,{n}} denotes the finest partition of [n] and Mob(-,-) is the M&bius function
on II(n). It is well-known [59, Ex. 3.10.4] that

Mob(0y,, 0) = (1) 17V T (1B — 1)L (7.8)
Beo

Next, fix j € N, v € N¢, and « € [d)’. Note that for every i € [j],
) = o, — € i = 1] ax = ],

that is, the entry v,, is reduced by the number of times that a; appears among ai,...,q;-1.
Defining () := |{k € [j] : cox = i}| as the number of times that i appears among a1, ..., a;, we
thus readily see that

| Y
@; =1 A

Invoking (7.7), it follows

(@150 1) |o]
I ZH(ZAWM>¢@

aeld)i i=1 a’ aeld)i i=1 \oell(r;(a)) i

X d |ovi|
== > (H Méb(Orim)?Ui)) (H 72,(,1))-
I(ri(a))

€l (o)L ex?,
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We now reinterpret each pair (o, (0;)%) as a partition of o € II(j) together with a sequence
of block labels (ig)pes, € [d]°. More specifically, given a € [d}’ and a sequence of partitions
o; € H(ri(a)) for i € [d], we make the following construction: We define the sets

Ri(a) :={k € [j]: ap =1}, i€ld],

so that |R;(a)| = ri(a). Arranging the elements in R;(«) in increasing order and relabeling by
1,...,r(a), we may interpret o; as a partition of R;(a) whose blocks carry the label i. Note that
the R;(a) are pairwise disjoint and their union over i € [d] equals [j]. Hence, if we take the union
of all partitions o;, we obtain a partition of [j], i.e., o := Ujc[g0i € I1(j). Each of the blocks B € o
lies in a unique set R;(a) and thus carries a unique label ip = i. This yields a sequence of labels
(iB)Beo € [d]°. This construction gives a mapping P : («, (0:)%,) = (0, (i) Beo)-

Conversely, let a partition o € II(j) together with a sequence of labels (ip)pes, € [d]? be given.
We define o € [d)’ by setting oy = ip if k € B. As each k € [j] lies in a unique block of o, this
is well-defined. We further define R;(ax) := {k € B :ip = i} as the union of all blocks with label
ip = i and set 0, ;= {B € o : igp = i}. This gives a partition of R;(a) for each ¢ € [d]. This
construction results in a mapping Q : (0, (ig)pes) > (o, (0:)L ;).

It is an easy exercise to check that Q = P~!. Consequently, we can switch from summing over
pairs (a, (0;)% ;) to summing over pairs (o, (ig)peos). We next examine how the terms in

change. By (7.8) we have

d d
[T Méb(0,,(ay,00) = ] ((—1)”(‘1)_"”' II (Bl - 1)!> = (-1 " L (Bl - 1),

i=1 i=1 Beo; Beo
where in the last step we used that S°¢_, r;(a) = j and 3>¢, |o;| = |o|. Moreover, since ip = i for
every B € 0; and }_pc,. |B| = ri(a), we have
d |os | d

Vi i Vi
H )\n(a) - H B = B

|B| |B
i=1 A i=1B€o; Nipy  Beo Aip

Altogether, we find

e ] .
O RS DD DI (VD | (RS |

agld)i =1 i o€ll(j) (i) Beos€[d]® Beo Beo Nig
d .
= > ((—1)3"“'11(1&—1)!) 1>
o€ll(y) Beo Beo i=1 )‘i

The claim follows. O

7.3 Upper bounds for the weights

We now derive an upper bound for the decay of the weights v, () 4 in (7.3). We denote by 74y 4 : N —
Ng a bijection that gives a nonincreasing rearrangement of the weights v, ) 4, i.e., Urey.a(1),(k).d =
Vry.a(2), (k) d > - ... This mapping is unique up to permutations of weights of the same value. To
avoid notational redundancy, we write Vry.a(@),(k),d = Vrgy a(s)- For brevity, we further introduce
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the following notational conventions. If d = dim(X), we usually write vy (1) dim(x) = Vv,k) and
T(k),dim(x) = T(k)- If k =1, we usually write vy (1),q = V4,4 and 7(1) 4 = 74. In particular, we usually
write T(1) dim(x) = T- If d = oo, the same notation applies with Ng replaced by I'. Note that this

notation is consistent with , . If the \; are replaced by their empirical versions 3\1-, we
define the weights 0, (1) ¢ together with a nonincreasing rearrangement 7(;) 4 analogously. The only
difference is that we write 0 (1),q, = v,k and 7(x) .4, = T(x)- That is, we drop the dimension d in
the index if d = dy instead of d = dim(X) as before. Note that this is consistent with the notation
in G3). G

We proceed with two lemmas that we will later need in Proposition [B:I] to bound the best
approximation error in terms of the weight Uf( s+1)°

Lemma 7.4 (Weight compatibility across dimensions). Let d’,d € NU {oco} with d' < d. For any
nonincreasing sequence A1 > Ag > --- > 0, we have Ur () < Vry(s) for every i € N.

Proof. Tt suffices to consider the case d < oco. The argument in the infinite-dimensional case is
analogous. Let v denote the extension of v € Ng/ by zeros to an element of Ng. Then vy g = vy g for

every v/ € Ng/. Hence, every weight vy g, 7' € Ngl, appears among the weights v, 4, v € Ng. Using
the notation {-}; to denote a multiset, we deduce A := {vy 4 : v € N&}, C {vyq:v € NI}, = B.
Next, fix some ¢ € N. By definition of 74, we have Vr ()5 Uy (i) = Vr (i) As all weights on
the left-hand side belong to A and therefore to B, the latter has at least ¢ elements whose values
are at least Ur, (i) In particular, this holds for its ith largest element, i.e., v ;) > Ur (i) As i was
arbitrary, the claim follows.

Lemma 7.5 (Weight order invariance under rearrangements). Let @ = (a;)iez, b = (b;)iez be
two sequences with countable index set I. Suppose that there exist bijections 7,7 : N — I that are
nonincreasing rearrangements of a and b, respectively. If a < b, then a,y < by for every i € N.

Proof. Fix some i € N and set ¢ := a,(;). By definition of 7, we have a, (), ..., a,) > t. This implies
br(1)s- -+ br(j) = t. Consequently, there exist at least ¢ indices j1,...,j; € Z such that b;, > ¢ for
every n € [i]. In particular, this must also hold for the ith largest element, i.e., by > t. As i was
arbitrary, the claim follows. O

Finally, we conclude this section by showing that in finite dimensions the weights to Sobolev
order k are bounded by the kth power of corresponding weights to Sobolev order one. Crucially, this
holds for the rearranged sequences subject to the nonincreasing rearrangement 7y ¢ corresponding
to the order-one Sobolev weights. This is a key step in establishing the spectral convergence prop-
erties of the Hermite-PCA approximation, as it facilitates the choice of the index set S that
is independent of the Sobolev order k.

Proposition 7.6 (Weight compatibility across Sobolev orders). Letd € N, \y > Ao > --- > 0, and
k € N. There exists s = 5(k,d) € N such that

k—1
(k—1)! 1 .,
<)\]d€_1 |H(k’)| § §UT(1),d(§)‘ (710)
and for every s > s there holds
k
Uray.a@)(k)d < V20r ()



Proof. Let v € N& with v # 0. By (7.6), we have

Fioaz ¥ 0 (T0m-10) (T1 Ao

cell(k) Beo Beo
>t~ 3 (TT0m- 1) (T 4w,
o€ll(k) \Beo Beo
lo|<k

where A, () is as in (7.5). The term A;(y)* corresponds to the partition o = {{1},...,{k}}. The
first inequality above holds by (7.4]), by which all omitted terms for j < k are positive. Since the
A; are non-increasing and bounded by 1, we can further estimate for each B € o,

d
i 1
Ap(v) =2 =5 < 54100
£ 3B = B

Since |B| < k for every B € o and A;(vy) > 1, we further get

k-1
v .0 Z A1 ()" = ;(k) (BH Wie_—ll)!fh(v)> > Ay (y)k = Ay(y)F! (%ﬂ) ITI(K)|.
S €o d
lo|<k

Now set v = 7T(1),q(s). By definition, A1(7(1),4(s)) = is increasing in s and converges to

-2
vT(l),d(s)
oo as § — o0o. Hence, we there exists s = s(k, d) such that ((7.10) holds and for every s > s, we
deduce

1 1

—92 —2k

Ur a2 5 A (T).a())" = 5o ).

The claim follows. O

8 Proof of Theorem [4.1]

In this section, we prove the main result of the paper, Theorem [£.1]

8.1 Analysis of the best approximation error

With the results of the previous section in hand, we first bound the best approximation error

;Q;;Hé‘\y OFOﬁX —p‘

L2(Rx ;RIY)
o

where P = Ppa,, 1= {Z%S eyl 5 :cy € Rdl’} - L%(RdX;RdJ’) and S = 7([s]) are as in (3.3) and

(3.10)), respectively, and 7 is as in (3.9). Crucially, this lemma bounds the error in terms of the true
weights v,.

Proposition 8.1. Let k € N. There exists s = s(k,dx) € N which satisfies

k—1
((k —_1)!> ITI(k)| < lv;fx(gy (8.1)

k—1
N 2
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and for every s > 5 there holds

;Iéf) Hgy oF o DX p‘

where K is the parameter as in (6.20)).

Proof. We define p* := Zﬂlef(l) 4 () c.,H A with ¢y = fRdX( yoFo DX)H 5 do. Then, together
with Parseval’s identity

< V2(1 4 k)k/? T(s+1)H53’ oFo DXH

L2(RIX;RTY) — HE(RX RTY)

1nf Hé’y oF oDy — p‘

L2 Rd?{ ]Rdy Z Hc"—(l) dy (Z)”

L2 (Rx ;R
1=s+1

| /\

2
7°( Yody (511) Z T(l)d (z)” T(1)dx(l)||
1=

By Proposition applied with d replaced by dx and g replaced by 9, there exists § = s(k,dy) € N
such that (8.1)) is satisfied and for every s > 5 we have

o0 o0
~—2k 2 ~A—2 2
i_zs;rl”ﬂn,dx (i)||c+(1)ydx (i)Hg < ;”m),dx(i),(k),dx||C+(1>,dx (i)||2~

By changing the order of summation and applying Proposition again with d replaced by dy
and p replaced by 9, we see that the right-hand side is equal to

(o]
-

2 = ~ 2
s U+(k),dx (3),(k),dx Hcf(k),dx(i) ”2 = ||EyoFo DX”HS(RdX;RdJ/)‘
1=
We are thus left with bounding the weight vA g (541)° To this end, we first note that Weyl’s

inequality (6.21]) implies A; < ||A|| o T A < (14 k) for every i = 1,...,dy. Consequently,

i\ V2 e ~1/2
Uy = <1+ZYZ) <(1+r)"? (1+Z%) = (1+ &) Puyay, Vv € NG

i=1 "M i=1

Together with Lemma (7.5 it follows that vT(l)d @ < (1+ k)12 Ur i1y (6) for every ¢ € N. By
Lemmal7.4we further have v Uryy (i) Comblmng all estimates ﬁnally yields the claim. [

T(1),dy (8) =

8.2 Final arguments
Proof of Theorem [{.1. We shall apply Theorem [6.1] with 6 = 1/2 (this value is arbitrary),
. (C’ldX 1og(12/e)>i . (C’ldy 1og(12/e)>i
B Ny Ny

and k chosen as large as possible so that (6.2)) holds. Recall that in this case we choose the set S as
in (3.10). It is a short argument to show that m(S) < s — 1 < s for this set. Indeed, suppose that
|lv*|l; =t > s. Notice that

o) v AN
Dope = 1+§j% <14+ 24 <14 — = Vje,, 1=0,...,5—1.
7 \i i A !

=1 "\ 1 1
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Therefore, there are at least s multi-indices for which the corresponding values 0, exceed 0.«. It
follows that v* ¢ S, as required.

In order to apply Theorem we need to verify that (6.1]), (6.3) and (6.4]) hold. The latter two
follow immediately from (4.4) and (4.5 and the choices for 6 and Y. We now consider (6.1)). First
notice that the choice of k means this is implied by the condition

Nx > max {I, I, I3}
where, after recalling that m(S) < s, we have
I} = Cydy log(12/e) Y4,
- 17?2
B = C3og(6/9h) (1= 57 )

4
I3 = 142 C3 log(6/€) (Aay ) (2810g(8) + [1og(T)[ + /[ log(T)] + s| 10%(&@)!)

We now verify that Ny > I;, i = 1,2, 3, separately. The case i = 1 follows immediately from (4.3))
and the definition of Y. For i = 2, we use the inequality 1 — 2~/% > 1/(2z) to observe that
I < 403 1og(6/€)( Mgy ) 2d%.

Hence, using (4.3) we see that Ny > I5 provided ¢; is sufficiently large. For i = 3, we first observe
that T < 1 due to (4.3) and (4.4)), for sufficiently large c;, co. Therefore

[log(T)| = log(1/T) < 7 log(Nx) — + log(log(12)) < log(Nov).

Hence I3 < Ny, due to (4.3)) and for sufficiently large c;.
Having verified the required conditions, we now apply Theorem to deduce that

dim(X) dim()i)
|F - F| SL S N+ | S AL (IFO))y + L+ Ky) +0)T
L2(X;Y) g1 i—at1

+ (14 (IF ), +L)T) T.
Applying the definition of T and the fact that T < 1, we get

_F < ‘ "
HF F’ L2 (x)) ™~ L Z-de:H Nt idzy:-‘rl g

+(IFO)ly + L1+ Kyu) +0)

(dX 10;112/6))1 . (dy 10]%[(;2/6))1

+(1+ POy +L)T.

We now estimate the term Y. Applying Proposition and recalling that k < 1/2 and M > s by
construction, we see that

F< L (0 & ereD s
N\% 9 UT(S+1)H yoreo X“Hg(RdX;Rdy)+U Me'

Substituting this into the previous bound now completes the proof. ]
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9 Conclusions

In this article, we presented a fully data-driven algorithm, termed Hermite-PCA approzimation, for
the recovery of Sobolev operators from pointwise, noisy samples. It is based on PCA for dimension
reduction and employs weighted linear least-squares fitting, making it computationally efficient.
It has several important properties. First, it achieves near-optimal sample complexity under weak
assumptions — we only assume the input measure p to be Gaussian. Second, it does so in a spectral
fashion, achieving faster convergence rates the smoother the objective operator is. Third, it can be
adapted to any other regularity, e.g., mixed regularity, while maintaining its properties. We present
a full error analysis of our algorithm, thus allowing for optimal choices of all hyperparameters.
Alongside, we provide numerical results which closely match our theoretical findings. In particular,
to the best of our knowledge, our experiments numerically illustrate for the first time the curse of
sample complexity which is inherent to the approximation of finitely regular operators.

There are several future research directions. First, our algorithm requires a custom sampling
distribution psamp of the input training data. It is based on the Christoffel function of the learning
problem and is thus intrinsic to using Hermite polynomials [3]. In practice, Monte Carlo sampling
from the underlying Gaussian input distribution g would be more favorable. It is an open question
whether our error bounds also hold in the case of i.i.d. samples from .

Second, the bound indicates an at least quartic s-scaling of the number Ny of unlabeled
data samples used in the empirical PCA encoding step. We believe that this is an artifact of our
analysis. In fact, our empirical results suggest that it can be significantly improved to an at least
log-linear scaling. This is topic of future work.

Third, in Appendix [C| we identify conditions for the operator F' which imply its latent space
representation to be Sobolev regular. It can be shown that H Zf (X;Y)-regularity of F' itself is not
sufficient for the analysis of the algorithm presented in this work. It is an open question whether the
Hermite-PCA algorithm can attain optimal rates for all H, Zf(X ; V)-operators based on only finitely
many samples from p, or if different algorithmic approaches are required. We mention [9] for recent
results in finite dimensions.

Finally, as noted above, our algorithm can be readily adapted to other types of regularity, such
as anisotropic or mixed smoothness or otherwise. An in-depth study of operator learning under
other smoothness types is an interesting topic for future work.
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e e k .
A Definition of H;(X;Y)
In this appendix, we present a formal definition of the Sobolev spaces H Zf(?{ ; V) along with several

results needed in the main text. We commence with some preliminary notions.

Definition A.1 (Cylindrical functionals and operators). A functional ¢ : X — R is called a
cylindrical functional if there exist n € N, £1,...,4, € X*, and a function w : R™ — R such that

o(X) = w(li(X),... lo(X)), VX € X.

We call ¢ a k times boundedly Fréchet differentiable cylindrical functional with k € NU{oc} if, with
the above notation, w € Cf(R™). The space of all such functionals is denoted by FCF(X). Moreover,
we define the set of all k& times boundedly Fréchet differentiable cylindrical YV-valued operators by

FCHX;Y) = span{XBXr—)gp(X)Y Gy:goé]:Cf(X),Yey}.

Recall that HS;(X;)) denotes the set of all k-linear operators F : X* — ) with finite Hilbert-
Schmidt norm

- 1/2
||FHHSk(X;y):< > IIF(eip-‘~7eik)H§> :

i1yeenyip=1
where e; denotes the ¢th standard unit vector in Nd mlX) i dim(&X) < oo and in I if dim(X) = oo.

Definition A.2 (The space HZf(X; Y)). The space HE(X; V) is defined as the completion of the
space F Cf()( ;Y) under the Sobolev norm
1/2
L2 (X3HS; (X5 y))) ’

IE gt () (HF’L2 X)) +ZHD] ‘

which can be equivalently written as

1/2
2
|, - .ailFHydu) .

1Pl gy ) = (/ HFHydu+Z/ >

Zl» 7Z]_

The weak Gaussian derivatives D'F of F € H /’j(X ; V) are well-defined for 1 < j < k in the

sense that if two sequences {¢;};, {@;}; from FCF(X;)) are Cauchy in H Zf (X;Y) and converge
to F in LZ(X;JJ), then the sequences {D’¢p;};, {D?;}; have equal limits (denoted by D’F) in
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Li(X; HS;(X;))). We refer to |14} Sec. 5.2] for details. We remark that our definition of Hl'f(/l’; V)
deviates from the one therein in that we consider the Fréchet derivative along the full space X
whereas Bogachev considers the derivative along the Cameron-Martin space H(u) of p. The proof
for well-definedness of the weak derivatives, however, is analogous for both cases. If dim(X) < oo,
then both spaces coincide, as in this case H(u) = X.

Remark A.3. An equivalent definition of Hﬁ(X; Y) can be given via closability of Fréchet differ-
ential operators up to order k. We refer to [45, |8, |20] for details.

In finite dimensions, Gaussian Sobolev functions can be characterized by classical Sobolev
functions. To this end, as in the main text, write A = (\)%;, d € N, with \; > 0, and let
0 = ox := N(0, ) denote a centered, nondegenerate Gaussian measure on R? with diagonal covari-
ance matrix with diagonal entries A;.

Proposition A.4 (Classical vs. Gaussian weak derivatives). The Sobolev space H S(Rd; R consists
of all functions f € HE (RGRY) such that f € Lz(Rd;Rd') and D'f € LZ(Rd;HSg(Rd;Rd/» for
¢ € [k]. The corresponding classical and Gaussian weak derivatives coincide.

Proof. This is |14, Prop. 1.5.2], which considers the isotropic, scalar-valued case with A\ = -+ =
A¢ = 1 and d’ = 1. The proof, however, holds for the anisotropic case as well, and the vector-valued
case follows by applying the scalar-valued result to each component function. O

B Optimal approximation of Gaussian Sobolev operators

We show that the worst-case approximation error for H ’;(X ; V)-operators based on s potentially
adaptively chosen linear samples is bounded from below by the quantity v’_f_( s+1)" To this end, we
first recall the notion of the adaptive s-width and then adapt arguments from |[8].

Definition B.1 (Adaptive s-width). Let (V,]-|l;) be a normed vector subspace of L2 (X;Y) and
let I C V be a subset. The adaptive s-width of I in V is given by

O (K; V, L (X))

= inf {sup |F' — ’T(E(F))HL%L(X.),) : L:V — Y?® adaptive, T : Y° — Li(X;y)} ,
Fek '

where the infimum is taken over all adaptive sampling operators £ and all (arbitrary) reconstruction
operators 7. A mapping £ = (£;)5_; : V — Y* is called an adaptive (Hilbert-valued) sampling
operator if £1 : V — Y is a bounded linear functional and £; : ¥ x Y*~! — Y is bounded and linear
in the first component for ¢ = 2,...,m. There is also a technical compatibility condition between
the Hilbert- and the scalar-valued case which we omit in the interest of length. Details can be found
in [8, Sec 5.1].

The adaptive s-width of a set K describes the smallest worst-case error that can be achieved
when we reconstruct all operators in C by a reconstruction mapping 7 from s samples that have
been generated by an adaptive Hilbert-valued sampling operator £. We are interested in a specific
choice for K, namely the k-Sobolev unit ball

B, Y) = {F € HE(X; ) ¢ 1P gy <1}
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We write I'y = Nd, [d] = {1,...,d} for d € Nand T's, =T, [0c] = N. Recall from (7.3)) the weights

0417 i 1) —-1/2
(1+Z > H Jos ) , keN,deNU{oo},v eIy,

i=lae[d)i i=1 O‘l

together with a nonincreasing rearrangement 7 4 : N — I'g. Also recall the notational conventions
introduced in the beginning of Section [7.3]

Theorem B.2 (Lower bound for the adaptive s-width). For every s € N, we have
Ou(Bu(X; V)V, Lu(X; ) = ry (s41)-

For k = 1 and dim(&X’) = oo, this result follows from Theorem 5.4 in [8]. The proof holds verbatim
in the case dim(X) < oo as well. It is based on defining a suitable operator in the 1-Sobolev unit
ball which allows one to reduce the continuous approximation problem over H, I_operators to a
discrete approximation problem over finite weighted ¢?-sequences. The error in the latter can then
be analyzed explicitly via the Kolmogorov width. The generalization of the argument to arbitrary
Sobolev orders k € N is essentially the same. See also |9, Lem. 4.3] for a proof in the general case
for scalar-valued functions. For these reasons, we omit the proof of Theorem [B.2

The next result relates the weight Ur (4 a(s) 1O the weight Ur(yy.a(s)- For k € N, d € NU {o0},
and T > 0, we define the set

(@1, 0-1)
Ska(T) i={vy€Ta: vt <1+ T} = {7 ely: Z 3 H Jou < T} .

J=1aeld)i i=1 a’b

Proposition B.3 (Lower weight bound). For every k € N, d € NU {co}, we have
_1
'UT(k),d(S) 2 (2k) 2’U7k_-(1)’d(s), VS & N

Proof. For v € I'y, we compute

Y S I ey Y

j= lae[d]ﬂz 1 O‘Z j= 1a€[d]11 1
Vi d Vi F
=1+ ( > <1+l<:< >
z_: ; ;)\i
This implies Sy 4(T) D S1.4((T/k)Y/*). Next, set T, := (v;(?)d(s) — 1)*k so that (T,./k)/* +1 =

T(l (s)- Note that Sk,a(T) = 7(k),a([|Sk,a(T)|]) for any k. Hence, S1.4(T./k)'/*)| > s and therefore
|Sk;,d( %)| > s. This in turn implies 7(x).4(8) € Sk,4(T%) and consequently,

2 <14 T =1+ (v

T(k) S5 S ) k< 2kv?

T(1) als) T(1), d(S)

The claim follows. O

In summary, Theorem and Proposition constitute a lower bound for the best approxi-
mation error which matches the upper bound in Theorem [£.I] up to constants.
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C (*-operators with admissible growth at infinity

We introduce a set of operators F', for which the latent space function f = éy oFoDy belongs to
H g (Rd’f ; Rdy) and the norm can be bounded independently of the empirical PCA eigenvalues 5\1
This can be achieved if one has control over the behavior of /' which prevents if from growing too
fast at infinity. We then discuss relevant subsets of such operators, most importantly the set of
Ck-operators whose derivatives are Lipschitz continuous.

C.1 Definitions and properties

Definition C.1 (Admissible growth function). We call a measurable function w : [0, 00) — [0, 00)
a function of p-admissible growth at infinity (or just p-admissible) if w is monotonically increasing
and [y w(|X ] )2 du(X) < .

Example C.2. By the Fernique theorem, monomials w(t) = ¢P, p > 0, and linear combinations
thereof with nonnegative coefficients are admissible. The function of fastest admissible growth at
infinity is given by w(t) = exp(at?) with a < infic(dgim(x) 1/(4)i), see [43, Prop. 4.2.6].

Definition C.3 (C*-operators with admissible growth). We define the space of (local) C*-operators
with p-admissible growth at infinity by

C’ﬁ_adm(/\,’;y) = {F € C*(X;Y) p-ae. : Fw p-admissible V0 < j < k :
IDPF(X) s, ey < (1 X ) for p-ae. X € X}.

Let F € Cﬁ_adm(é\,’ ; V) with corresponding p-admissible growth function w. Repeated application
of the chain rule yields

~

D*f(@)(21, .. %) = &y (D*F(Da(®))(Dx (1), .., Dulzx)), 21,..., 2 € R

for all points & € R where this derivative exists. Note that the set of these points is a EAXﬂu—null
set in R%. Since £y and Dy are contractions and w is monotone, we may compute for j € [k]

dx dx
Y [pr@ens e, = > & (DIF@x@)®Prlen).. . Dates,));
1 yeeyij=1 140yt =1
dx
< Y PP @r@) @8] < wIPxl@)n) < wlllel,)?
1150505 =1

This shows that f € C’g fu-ad (Réx; R%), provided that w is E rip-admissible. In this case it follows
xfp-adm

from Proposition that f € H g (R4%; R%) and the corresponding strong and weak Gaussian
derivatives coincide almost everywhere. Collecting all derivatives and integrating over R%* gives

~ 2 .
1Py e oy < (e + 1) [ w(lally)? do(@)
4 Réx

In conclusion, we can bound HfHHk independently of the )\; if we can do so for [, w(||z||,)? da(x).
e

We discuss three cases for which this is possible.
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(i) No growth. If w = a, a > 0, is constant, then trivially,

(/. sl aota) " = o

(ii) Affine linear growth. Suppose that w(t) = a + bt with a,b > 0. Suppose that the true and
empirical PCA eigenvalues are sufficiently close, say max;e(q,] |X\i — Ail < Ag,. Then

1/2 dx dx
([ a2 da@) " a3 A <atb|23x<ativd
X i=1 i=1

where we used the assumption Zdlm(X) X\; = 1. Note that closeness of the ); and ); can be
guaranteed with high probability via Weyl’s inequality (6.21} - if one draws sufficiently many
(unlabeled) empirical PCA data samples, see Theorem

(iii) Ezponential growth. Suppose that w(t) = aexp(bt) with a,b > 0. Then, under the same
assumptions as in (ii),

1/2 dx 1/2 p2 dx
([, <l ds) ) Sa(HEXNNm,xi)[exp(bX)]) =aexp( ZA) < acxp(b?/2).
i=1

Hence, we can have very fast growth and still maintain control over | f|| 4+ independently of the A;.
4

C.2 Examples

We discuss two examples of important subsets of admissible operators. First, consider the set of
all boundedly differentiable C*-operators. If F' € C¥(X;)), then F € ij_adm(X ; V) with constant
admissible growth function w = || F|| CE(x3) and by (i) above, we have

HfHHg(Rdx;Rdy) < \/mHFHC{;'(X;y)'

For the second example we introduce the following notation.

Definition C.4 (C*-operators with Lipschitz derivatives). Let k € Ng. We define the space of all
CFk-operators with Lipschitz derivatives by

Clip(X;Y) = {F € C*(X;Y) : D'F(X) € Lip(X; HS;(X; D)) for all 0 < j < k}
For F € C’fip(zl’ :)), we denote the maximum of all Lipschitz constants of the derivatives D/ F,
0<j<k, by [F]C'ﬁ- (). We further set [Flo := max{ || D F(0) :0 < j < k}. We equip
ip ”
Clip (X3 Y) with the norm || Fllgx (xiy) = [Flo+ [Flog, (x.y)-

||Hsj(x;y)

If Fe C”]fip(/'t'; V), then F € Cﬁ_adm(é\.’; V) with admissible growth function

It follows that f € Hg(RdX;Rdy), and in the setting of (ii) above, we have

1Pt ey < VEFT (1Flo+ VAl ) ) < V20 + DIFlcy ey
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