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Abstract. This paper establishes the equivalence of the conforming Courant finite element
method, the nonconforming Crouzeix—Raviart finite element method, and several first-order discon-
tinuous Galerkin finite element methods in the sense that the respective energy error norms are
equivalent up to generic constants and higher-order data oscillations in a Poisson model problem.
The Raviart—Thomas mixed finite element method is better than the previous methods, whereas
the conjecture of the converse relation is proved to be false. This paper completes the analysis of
comparison initiated by Braess [Calcolo, 46 (2009), pp. 149-155]. Two numerical benchmarks illus-
trate the comparison theorems and the possible strict superiority of the Raviart—Thomas mixed finite
element method. Applications include least-squares finite element methods, finite volume methods,
and equality of approximation classes for concepts of optimality for adaptive finite element methods.
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1. Introduction. Given a bounded polygonal domain €2 in the plane and data
f € L%(), the Poisson model problem seeks the weak solution u € H*(2) of

(1.1) —Au=fin Q and u=0 on 09Q.

This paper compares the error of popular finite element methods (FEMs) for the nu-
merical solution of (1.1) as depicted in Figure 1.1, the conforming Courant FEM
(CFEM) [20], the nonconforming Crouzeiz—Raviart FEM (CR-NCFEM) [21], the
mixed Raviart-Thomas FEM (RT-MFEM) [30], and several discontinuous Galerkin
FEMs (DGFEM) with respective solutions uc, ucr, (PrT, UrT), and upg based on a
shape-regular triangulation of (2.

As the main result (in Theorems 2.1, 2.2, and 2.3) we will show that

(1.2) [[Vu—=prrlr2) S [Welu—ucr)|r2@) = V(v —uc)| 12 ) = [l —upcllpa

holds up to data oscillation osc(f,7) and up to mesh-size independent generic mul-
tiplicative constants (hidden in the notation < and ~). The norm || e ||pg is the
standard DG norm defined in (2.5). It is remarkable that those comparison results
do not rely on the regularity of the solution wu.
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Fic. 1.1. CFEM (left), CR-NCFEM (middle), RT-MFEM (right).

A counterexample (Theorem 2.5), which is based on a sequence of domains and
corresponding meshes, shows that the conjecture

We(u —ucr)llz2) S VU — prrll22(0)

is false in general. On a fixed mesh, however, the Raviart—Thomas FEM is equivalent
to the other methods up to data oscillations (Theorem 2.4); the equivalence on a fixed
polygonal domain independent of the mesh-size remains open.

A comparison of CFEM, CR-NCFEM, and RT-MFEM has been initiated in [7],
where the hypercircle method proves ||[Vu — prr|| < [Wne (v — ucr) || S [[V(w—uc)|.
The novel result

(1.3) [We(u —ucr)llL2) S I — HopllL2(q) + osc(f, T)

from [24, sect. 3.1] with the L? projection of the flux p := Vu onto its piecewise
constant integral means Ilpp leads to a different proof of ||[Wnc(u — ucr)|lr2) <
|V(u — uc)| r2(q) with other tools. This paper gives direct proofs and a thorough
comparison including DGFEM.

An immediate application to least-squares finite element methods improves a
comparison result of [27] and disproves a further conjecture. The comparison results
also clarify that various approximation classes for the optimality of adaptive FEM
coincide.

The outline of this paper is as follows. Section 2 introduces the precise notation
and states the main results in Theorems 2.1-2.5 and comments on it. Section 3 gives
their proofs based on arguments from the a posteriori error analysis. Section 5 illus-
trates the equivalences in a typical situation and in the context of the counterexample
of Theorem 2.5. The arguments are expected to be possibly generalized to further
applications and numerical schemes as well as to higher dimensions and more general
boundary conditions.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces is
employed and A < B abbreviates an inequality A < C' B with some mesh-size inde-
pendent generic constant 0 < C' < co0; A ~ B abbreviates A < B < A. All hidden
generic factors depend on a lower bound of the minimal angle in 7.

2. Results. This section defines the three finite element methods of Figure 1.1,
introduces some class of DGFEM, and states the main results of this paper. The
proofs follow in the subsequent section.

2.1. Finite element methods. Let 7 denote a shape-regular triangulation of
a polygonal bounded Lipschitz domain © into (closed) triangles, i.e., Q = UpresT
and any two elements are either disjoint or share exactly one edge or share exactly
one vertex. Let hy € Py(T) denote the T-piecewise constant mesh-size function with
hrlr = diam(T) for all T € T. Let £ denote the set of edges of T; £(2) denotes
the set of interior edges, £(99) refers to the set of boundary edges. Similar notation
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applies to the vertices; A/ denotes the set of vertices, V() denotes the set of interior
vertices, and AN (9Q) refers to boundary vertices. Throughout the paper, let

Pu(T;R™) = {v, : @ = R™ | for all T' € T, vi|r is a polynomial of total degree < k}

denote the set of piecewise polynomials and IIj : L?(Q;R™) — P, (7;R™) denote

the L? projection onto 7 -piecewise polynomial functions or vectors of order k, e.g.,

(T f)|r = ][ fdx for all T € T and all f € L?(Q;R™). For any interior edge
T

E € £(Q) there are two adjacent triangles T~ and TT with E = 9T~ N 9T™. For
any £ € £(Q), let vg be the normal vector of E that points from T~ to T, for
boundary edges E € £(09Q) let vg be the outward unit normal vector of . De-
fine the jump of v € Py(T) across E € £(Q) by [v]g := v|p- — v|p+ and define
[v]g :=v|g for E € £(09Q). The average of v € P,(T) across E € £() is defined by
(v)g = (v|p- + v|7+)/2 and for boundary edges E € £(99Q) by (v)g = v|E.

Given such a shape-regular triangulation 7, recall the FEM under consideration.

CFEM. The Courant finite element space reads

(2.1.a) Vo(T) :={vc € Pi(T) | ve is continuous and vanishes on 9Q}.

The corresponding (unique) Galerkin approximation uc € V(7)) satisfies

(2.1.b) / Vug - Vg dx = / fvcda  for all ve € Vo (T).
Q Q
CR-NCFEM. The Crouzeix—Raviart finite element space reads

2.2.a) CRY(T):= ver € P1(T) | ver is continuous at midpoints of interior
0
edges and vanishes at midpoints of boundary edges}.

A general function in CRY(7) does not belong to H'(Q). However, the T-piecewise
gradient Wwcver, with (Wever)|r = V(ver|r) for all T € T, exists and Vwcvcr €
Py(T;R?). The (unique) Crouzeix-Raviart approximation ucg € CR(T) satisfies

(2.2.b) / WWetucr * Vncver dor = / fvcrdz  for all ver € CR%)(T).
Q Q

RT-MFEM. The mixed lowest-order Raviart—Thomas finite element space reads
(2.3.a)
RTo(T) := {qrr € H(div,Q) | for allT € T Jar € R?*Ibr € R for all x € T,

grr|r(x) = ar + bra}.

The (unique) mixed finite element approximation (prr,urt) € RTo(T) x R(T) sat-
isfies

/ PRT - qrT dT + / urr divgrrdz = 0 for all grr € RTo(7);
Q Q

IIy f + divpgrr = 0.

(2.3.b)

DGFEM. Our comparison includes some class of DGFEM which contains popular
choices such as the symmetric interior penalty method (SIPG) [22, 1, 25], the non-
symmetric interior penalty method (NIPG) [31], and the local DG (LDG) [19, 16].
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The abstract setting for the DGFEM under consideration is as follows. Consider the
space Vpg(T) := Pi(T) of T-piecewise affines with associated jump-seminorm

(2.4) Lo 3= B[ [o]el} )
Ee&

and norm

(2.5) @ llpa = (I[Vac ® 72 + 1@ [5)%

The bounded and coercive (with respect to || e ||pg) DG bilinear form apg:Vpa(T) x
Vba(T) — R extends alv, (1) xve () 10 Vba(T) x Vba(T) and satisfies

(2.6) la(v,vc) — apc(vpa,ve)| < Cillv — vpallpal| Ve L2 @)

for all ve € Vo(T), v € H}(Q), and vpg € Vpa(T) with some universal positive
constant C; independent of A7. The (unique) DG approximation upg € Vpg(T)
satisfies

(2.7) apc(upa,vpa) = / fupedz  for all vpg € Vpa(T).
Q

Assume further that there exists some bounded linear operator I¢ : Vpg(7T) — Vo(T)
and some positive constant C that does not depend on hy such that

(2.8) lvpe —Ic vpallpe < Calvpels

holds for all vpg € Vpa(T).

It is shown in [24, sect. 3.2] that the DGFEM mentioned above (SIPG, NIPG,
LDG) fit into this abstract framework. Moreover, the operator Ic may be chosen
based on averaging [10, 11, 12, 26]; see (3.1) below for a precise definition.

2.2. Main results. This subsection presents the comparison results proved in
section 3. The Lebesgue and Sobolev spaces L?(2) and H'(2) are defined as usual
and we define || - || := || - ||L2() and osc(f, T) := ||hr(f — Lo f)]|.

THEOREM 2.1 (equivalence of CFEM and CR-NCFEM). It holds that

[Vu — Vucll < |[Vu — Weucr|l S [[Vu — Vucl| + ose(f, T).

Remark 1 (two possible conjectures). In the context of Theorem 2.1 and the
hypercircle identities, two possible conjectures are that the conforming or the non-
conforming error is controlled by the distance of these two discrete solutions up to
oscillations, i.e.,

|Vu — Vue| < [|[Vuc — Vacucr|| + osc(f, T)
and
[Vu— Vcucr| S [[Vuc — Yacucrl + ose(f, T).

The two statements are false, in general, because for f = 1, and the criss-cross
triangulation 7 of the unit square = (0, 1)? into four congruent triangles as depicted
in Figure 2.1, it holds that uc = ucr # u.
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Fic. 2.1. Criss-cross triangulation of the unit square (left) and a red-refined triangle (right).

THEOREM 2.2 (equivalence of CFEM and DGFEM). It holds that
IVu = Vucl| S flu = upcllpe S [Vu = Vuc|| + ose(f, T).

Note that the first inequality in Theorem 2.1 and the first inequality in Theo-
rem 2.2 hold without data oscillation terms.

Remark 2 (equivalence of DGFEMSs). By transitivity, Theorem 2.2 establishes the
equivalence (up to data oscillations) of all DGFEM under consideration, in particular
SIPG, NIPG, and LDG.

THEOREM 2.3 (comparison of RT-MFEM and CR-NCFEM). It holds that

IVu = Weucrll S [|Bf] + [Vu = prell S [[Vu = Weucl| + ose(f, T).

THEOREM 2.4 (comparison of CFEM and RT-MFEM on a fixed mesh). Given
any regular triangulation T of the polygonal Lipschitz domain €2 in R?, there exists
some constant C(T) such that

IV (= uc)ll < C(T) (IVu = prell +ose(£, T) ).

The constant C(T) may depend on the triangulation T, but does not depend on the
right-hand side f € L*(Q) and the solution u € H}(Q) or its regularity.
THEOREM 2.5 (superiority of RT-MFEM). The conjecture

IVu — Weucr| S [|Vu — prrl| + ose(f,T)

is false, in general, in the sense that, given f =2 and M > 0, there exist some convex
Lipschitz domain Q = Qp; and a quasi uniform triangulation T = Ty such that

M (IIVu = prer | + ose( £, T)) < ||V — Vcucr |

Remark 3. The counterexample in the proof of Theorem 2.5 explains that for
a sequence of triangulations (7;)sen the corresponding sequence of constants C(7;)
in Theorem 2.4 may be unbounded. The indirect proof of Theorem 2.4 employs
compactness and, hence, does not provide further information on that growth. It is
conjectured that C(T) depends only on the polygonal domain Q and interior angles
of T (see section 5.1 for a numerical experiment) but not on the mesh-size.

3. Proofs.

3.1. Proof of Theorem 2.1. The first proposition is already included in [13,
Theorem 5.1] with a different proof.
PROPOSITION 3.1. Any vcr € CRy(T) satisfies

min ) ||VNCUCR — VUCH ~ eHliln ) HVNCUCR — VUH
v

UCEVC(T Ho (Q
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Proof. Let wp := U{K € T| T NK # 0} denote the patch of first order layers
around T and let E(wr) := {E € £| ENT # 0} denote its edges. For z € N define
T(z)={TeT|zeT}.

Given vcr € CRY(T) define I¢ ver € Ve (T) by

(3.1) (Icver)(z) = [T()I™ Y (verlr)(2)

TeT (2)

for any interior node z € N'(Q). For T € T and vcr € CRy(T), define

p1(ver) = [Wnc(ver — Icver) |z (m)
and
pa(ver) = [ Y |E|[(Wever) - melell2 g
Ec&(wr)

where 75 denotes a unit vector tangential to E. If pa(vcr) = 0, then veg is continuous
on wr and ver | = 0 for a boundary edge E C 9QN@r, hence I¢ ver = ver on T and
p1(ver) = 0. Since p; and ps are seminorms on CR(l) (T), there exists a constant, such
that p1 < p2 on CR(lJ (T). A scaling argument shows that the constant is independent
of the mesh-size. The sum over all T' € T and the bounded overlap of the patches
(wr | T € T) show that

IWe(ver —Icver) P S > Y 1E I[(Wever) - m2lel72(m)

TET Bt (wr)
S Z |E] [[[(Wcver) 'TE]EHiz(E) .
Ec€

A standard argument with edge-bubble functions (cf. [32]; see [13, Proof of Theo-
rem 5.1] for details) shows

FE VNCUCR ‘TE|E 2 5 min VN(ﬂ)CR—VU .
2 181 Ni(Vcven) - melelia <, min | ||

Hence, one inequality is proven. The reverse inequality follows from VVc(7T) C
VHIQ). O

The remaining part of this subsection is devoted to our proof of Theorem 2.1.
The inclusion Vo (7) € CR}(T) and Galerkin orthogonality show

||VNCuCR — VUCH = min HVNCUCR — V'UC” .
ve €Ve(T)

Together with Proposition 3.1 and the triangle inequality it follows that
[Vu = Vucll < [[Vu = Vncucrl| + [Weucr — Vucl|l < [[Vu — Vacucell,

which is the first inequality in Theorem 2.1.
A proof of the second inequality can be found in [7], while here a different, direct
proof is given.
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Let e := Inc u — ucr, where the nonconforming interpolation Inc u € CR{(7) is
defined uniquely by

][INcuds:][ uds forall E € €.
E E

Since W (Inc u) = Ip(Vu), it holds that

[Vu — Wweucr||z2) < |IVu — Ve Inc ul| 22 0) + [[Weell L2

(3.2)
< |V(u —uc) |2 + [ Vncel z2(q)-

Since Wnce is constant on E € &, [e] is affine on F € £ and vanishes in the midpoint
of E, it follows for ec :=Ice € Vo(T) (with I¢ from (3.1)) that

HVNceﬂiz(Q)Z/VNCe-VNC(e—eC)dx
Q

= Z /E [(e —ec)Wnce - vE|pds

Eee
< Z [[Vce - VE]E||L2(E) [{e — eC>EHL2(E)
BeE(Q)
< [ > 1Bl [Vace- ’/E]EHiz(E) > 1B e - €C>E||i2(E)'
Eec&(Q) Ecé&

Let Qg :=U{T € T | ENT # 0} denote the patch of first order around E and let
T (Qg) denote its triangles. Define for ver € CRY (T (Qg))

p3(ver) = |E|_%H<UCR —Ic UCR>E||L2(E) and  ps(vcr) == [Wever||Lzp)-

If ps(vcr) = 0, then veg is constant on each T' € T(2g). Since veg is continuous on
the midpoints of interior edges of 7 (2g), vcr is constant on Qg. Hence, ver = Ic ver
on E and p3(vcr) = 0. Since p3 and py are seminorms on CR'(7(Q)), there exists
a constant such that ps < py on CRY(T(Qg)). A scaling argument shows that the
constant is independent of the mesh-size. The sum over all interior edges of 7 and
the bounded overlap of the patches (g | E € £) show that

S B (e = eo)allre sy S IIVcel
EcE

This leads to

(3:3) IWeel? < 3 1Bl IWce - vl pl2agp -
E€£(Q)

For any vertex z € NV, let o, denote the associated hat function (i.e., ¢, is continuous,
T-piecewise affine, and ¢, (y) = d,y for all y € N). Given any E = conv{a,b} € &
with E =T, NT- for T}y = conv{a,b,c}, T- = conv{a,b,d} € T, let b := 6 0a0p —
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10¢appe — 1004 0ppq be some bubble function supported on wg := T, UT_. Compute
(3.4)

B [(Vree) vl o iy = ‘ ] (e Tveu—Weucn) - vl ds

= / bE [(VNC INC u — u) . I/E]E ds — / ’g/JE [(VNCuCR) . I/E]E ds
E E

= VNC(INcu—u)-Vbde—/Au bEdCC—/VNCuCR-VNc’g/JEdSE
Q Q

WE

+

S / VNc(INCu—u)-VbEdCE
Q

/ f(bp —vYp)dx
Q

Since, by definition, ][ (b — ¥p)dz = 0 and ||bg — YE|/ L~ = 1, the Poincaré
T+
inequality leads to

(3.5) /Qf(bE—wE) dz| = / (f—Tof) (bp—vE) dz| < |wE|1/2||f_H0f||L2(WE)'

Moreover, || Vbg||L2@) = 1 and V¢ Inc u = 1o (Vu) yield

S IWe(u—Inc )22y < IV(u—uc)ll2@ws)-

(36) / VNC (INC U — u) . VbE dz
Q

The combination of (3.2)—(3.6) plus the finite overlap of (wg | E € &) proves the
second inequality in Theorem 2.1. O

3.2. Proof of Theorem 2.2. The triangle inequality yields

(3.7) IV(u = uc)|l = [lu = uc|pa < [lu = unclpa + [lupc — ucllpa-

The inclusion Vo(T) C Vpa(T), Galerkin orthogonality

apc(upcg — uc,upg —uc) = min_ apg(upg — uc, upg — va),
ve €Ve(T)

coercivity and boundedness of apg (with respect to || e [[pg), and the property (2.8)
of the averaging operator I¢ yield

(3.8) lupe — ucllhe S apc(upe — uc, upg — uc)
= apg(upc — uc,unc — Icuna) S [lupg — uc|paluncls.

Since the jump seminorm vanishes on V', we have
(3.9) |lupg — ucllpe S inf [[upa — v|pa-
veV

The combination of (3.7)-(3.9) proves the first inequality in Theorem 2.2.
The proof of the second inequality follows directly from the novel result

(310) Hu—uDg||DG ,S min ||U—UDG||DG +OSC(f, T)
vpa€Vpa(T)

from [24, sect. 3.2]. a
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3.3. Proof of Theorem 2.3. Let iicg € CR}(7) denote the Crouzeix Raviart
solution with respect to the right-hand side Il f. Marini [28] shows that

prr = Wetcr — 3o f)(e — mid(T)),

where mid(7)|r = mid(7") and mid(7") denotes the barycenter of T € 7 and (e —
mid(7T")) € Pi(T) equals (z —mid(T)) at x € T' € T. Hence,

[Vu — Wweucr|| < ||Vu — prrll + ||prT — Wetcr| + [[Weticr — Weucrl|
< | Vu = pre| + |2 f])-

This proves the first inequality in Theorem 2.3. The proof of the second one exploits
Marini’s identity again:

IVu = pre|| < [|[Vu — Wnctcrl + [[Wetcr — prel| S [|Vu — Wweucrl| + [|R.f]
The efficiency of ||hf]| up to oscillations [32], namely,
(3.11) IR S IVu = Ncucel| + osc(f, T),

concludes the proof.
This statement is also included in [7]. a

3.4. Proof of Theorem 2.4. It appears instructive to start a general indirect
proof to point out where the compactness comes into the play which is then followed
by a perturbation argument.

Step 1. Let PMP(-), CFEM(-), and RTMFEM(-) denote the solution operators
associated with (1.1), (2.1.b), and (2.3.b). If the theorem is false, there is a sequence
of right-hand sides f, € L?(Q) with corresponding solutions u,, := PMP(f,) and
approximations uc(n) := CFEM(f,) and pgrr(n) := RTMFEM(f,,) such that

(3.12) n([|Vun = prr(n)|| + osc(fn, T)) < IV (un — uc(n))]].

Step 2. Since the aforementioned operators PMP(-), CFEM(-), RTMFEM(-) are
homogeneous of degree one, the scaling f, /|| f-| in (3.12) leads to a new sequence of
right-hand sides f,, of L? norm one which satisfies (3.12). In other words, we may
and will assume without loss of generality that f,, in (3.12) satisfies

(3.13) Ifnll =1 forall n e N.

Step 3. Since the right-hand sides f,, are bounded in (3.13), there exists a subse-
quence n; with fp, — fo in L?(£2). Rellich’s compactness embedding theorem leads
to strong convergence fn, — foo in H™1(Q). Since PMP(:) : H~1(Q) — Hj() is a
Riesz isomorphism, it follows that w,, — ue in Hg (). The stability of the discrete
approximation operators also imply boundedness in the discrete spaces (recall that T
is fixed). For a selection of a further subsequence (not relabeled), strong convergence
follows. In other words, we may and will assume without loss of generality that the
subsequence n; leads to

Fry = foo 0 HYQ),  wn, = ueo in HE(),

(3.14) prr(n;) = prr(co) in RTo(T), uc(n;) = uc in Vo(T).
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Step 4. Since the right-hand side in (3.12) is bounded as j — oo and the left-hand
side involves n; — oo,

Tim (Vs = pree(ny)| + osc(f, 7)) = 0.

This and the convergence (3.14) imply that
prT(00) = Voo and  osc(foo,T) = 0.

In other words, the solution us = PMP(fs) for foo € Po(T) satisfies Vus, € RTo(T).

Step 5. Elliptic regularity for the Poisson model problem with homogeneous
Dirichlet boundary conditions along the entire boundary states that u., € Hg(Q2) N
H'*5(Q) for s > 1/2. Hence, Vus € RTy(T) is continuous. Some elementary calcu-
lations on two Raviart—Thomas functions which are globally continuous on an edge
patch wg of an interior edge E show that they need to coincide in the sense that
Vi is affine on wg. Since the interior edge patches are overlapping, this shows
that us is a quadratic polynomial on © with homogeneous boundary data. Some
typical example on a circle is provided in the counterexample below. On a polygonal
domain, the fact that there is some corner specifies the quadratic polynomial uq, to
be some particular edge-bubble function. This, in turn, shows that u, = 0 is the
only remaining solution. This implies f,, = 0.

Step 6. The point is that fo, = 0 is not at all a contradiction to (3.13)—(3.14)
for general right-hand sides in L2(£2). Thus we restrict the above arguments to the
class of right-hand sides f and f, in Py(T). The finite dimension then yields strong
convergence in Py(7) endowed with any norm, e.g., endowed with the L?(Q) norm.
This leads to the contradiction f,, — foo and || fy,|| = 1 implies || foo| = 1. In other
words, steps 1-6 lead to an indirect proof of the following proposition of step 7.

Step 7. Proposition: Given any regular triangulation 7 of the polygonal Lip-
schitz domain € in R? into triangles, there exists some constant C(T) such that for
any right-hand side f € Py(7) and @ = PMP(f) the associated conforming P, FEM

solution @tc = CFEM(f) and the RT-MFEM solution prr = RTMFEM(f) satisfy
(3.15) IV(@—dc)| < C(T)|IVa — prel-

The proof is with steps 1-6 and the observation that piecewise constant functions
have no oscillations.

Step 8. The indicated perturbation concerns an arbitrary right-hand side f €
L?(Q) and its piecewise integral mean f = 1of € Py(T). The original solution

u = PMP(f) compares to & = PMP(f) via
(3.16) |V(u—a)|| <osc(f,T)/n.

The proof is a standard exercise with the weak form or e := u — @ and

IVe|? = /Q (f — Ty f)edz = /Q (f — Tl f)(e — Tye) da

followed with a weighted Cauchy inequality with the mesh-size hy € Py(T) and
the piecewise Poincaré inequality with Payne—Weinberger constant for the convex
triangles. The same proof also verifies the discrete analogue

(3.17) IV (uc — ac)|| < osc(f, T)/.

Notice that prr = RTMFEM(f) = RTMFEM(f) = jgr.
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Step 9. The combination of (3.15)—(3.17) show with appropriate triangle inequal-
ities that

IV (u = uc)|| S [IV(@ = ac)|| + osc(f, T)
< &(T) (IVa = prrl| + ose(£. 7)) S C(T) (I Vu = prer| + ose( £, 7).

This concludes the proof with a constant C(7) which depends on C(7) and, hence,
on the interior angles in 7. 0

3.5. Proof of Theorem 2.5. The counterexample concerns the quadratic poly-
nomial upg,

up(z) := (1 — |z[?)/2 in the unit disk B = B(0, 1).

Note that up € C*°(R?) solves —Au = 2 in B and u = 0 on dB. Moreover, Vu =
—z € RTj (T)

Given a small 0 < h < 1 as the uniform edge-length of a regular polygon 2 with
vertices on 0B, let T denote a shape-regular quasi-uniform triangulation of 2 with
maximal mesh-size ~ h. Let u € H}(Q) solve —Au = 2 in .

The point of departure is the claim ||V (u — up)| < h3/2. To prove this, observe
that, since up — u is harmonic with boundary values up|,q,

IV (1~ up)|l = min { [ Vol | v € H'(Q) : v|og = usloa}.

Therefore it remains to design some function w € H'(Q) with w|so = upl,, and
V|| < h3/2. To do so, set, for any E € £ with E = conv{a,b} = QN T for some
T € T and nodal basis functions ¢, and ¢ of the Courant FEM,

1
WEg = §h2<patpb c Hl(Q) with suppwg =7 and w= ( Z wE> S Hl(Q)
ECE:ECIN

Since wg(x) = up(z) for all z € E, and ||Vwg| ~ h?, it follows that

IV(u—up)l < Y IVwg]?~ n2
Ec&:ECON

For Q(f,T) := {qrr € RTo(T)| divgrr = —Iof }, the RT-MFEM approximation
prr of Vu on () is characterized by

[Vu — prr|| = min{ [Vu — grrl| | grr € Q(2,7)}.

This is well understood in the context of minimization under side restrictions and its
connection to saddle-point problems [6]. Since Vup € Q(2,T), it follows that

(3.18) IVu = prel < [V (u - up)|| < B2,
Since f = 2, it holds that osc f, T = 0 and ||hf]|| = h. Hence, (3.11) and (3.18) imply
Ch™Y2(|Vu = prel + ose(f, T)) < ||Vu — Wheucr| -

Given M > 0, the choice h = (C'/M)? proves the assertion of Theorem 2.5. O
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4. Further applications.

4.1. Equality of approximation classes. The notion of optimality of adaptive
FEM in the literature is based on the concept of an approximation class [15, 3].
Given some s > 0 and an initial regular triangulation 7y, one defines admissible
triangulations T with |7 < |To| + N and considers a minimum of an approximation
term approx(7, u, f) specified below. For the Courant FEM,

approx(T, u, f) := /|| Vu — Vuc||2 + osc(f, T)Z,

where uc € Vo (T) is the solution of (2.1.b) with right-hand side f. For CR-NCFEM
[2, 29],

approx(T, u, f) := /[ Vu — eucr|? + [ o7 fI2

or (the equivalent term)

approx(T, u, f) := /|| Vu — Wwcucr||? + osc(f, T)?
are in use for the CR-NCFEM solution ucg € CRY(7) of (2.2.b) with right-hand side
f. For RT-MFEM [14, Definition 3.5], [17],

approx(T, u, f) = /[ Vu — prr||? + osc(f, T)?
are in use for the discrete solution prr € RTy(7) based on (2.3) with data f.
Given any such approximation term approx(7,u, f), the approximation class
As = {(u, f) € H}(Q) x L*(Q) | u solves (1.1) with right-hand side f
and |(u, f)

A, < oo}
is defined via the seminorm

u, f)|a, := sup min _ N¥®approx(T,u, f).
(., )] NeN |TISN+|Tol ( )

Clearly, the approximation class depends on the approximation term approx(7T,u, f)
at hand and, hence, on the FEM at hand. Correspondingly, we have

As(C), A;(CR), and A,(RT)

according to the above choices related to the discretization scheme at hand. From the
comparison results of this paper, we deduce

As = A (C) = A, (CR) C A (RT)
for A, defined as before with p := Vu and the approximation term
approx(T,u, f) := /[[p — Mop|[2 + osc(f, T)2.
The aforementioned result (1.3) from [24, sect. 3.1] leads to
llp — Hopl| + osc(f, T) =~ ||Vu — Wweucr|| + osc(f, T)

and, hence, (1.2) proves the equivalence of the approximation terms which then shows
the equality of the approximation classes.
The counterexample of Theorem 2.5 motivates the conjecture

A, (RT) # A,.

A detailed discussion of a proof requires the approximation of the curved boundary
0B(0,1) (it is no longer sufficient to consider refinements of some fixed 7p) and lies
beyond the scope of this paper. Similar arguments apply to the approximation classes
of the least square finite element method.




COMPARISON RESULTS FOR FEM 2815

4.2. Results for the least-squares FEM. Amongst the possible immediate
applications, we briefly discuss the least-squares finite element method. The least-
squares functional

(4.1) LS(f;qus, vis) := || f + divaus||* + [lgrs — Vous|)®

is minimized amongst all (qLs,vLs) € RTo(7) x V(7). It is well known [4] that the
least-squares FEM is quasi-optimal in the sense that

IVu — prsll g (aiv,0) + [V (u — urs)||

< min Vu — qrr| Haiv.o) + min
N‘IRTGRTQ(T) ” 4 H (div.$) ve €Ve(

V(u—veo)|-
V=)

In particular, with regard to Theorems 2.1 and 2.3, the choices grr := prr and
ve := uc (for prr and uc the Raviart-Thomas and the Courant solution) leads to

(4.2)  Vu—puslla@ve + IV —us)ll = V(e —uc)| + [[f = Tof]l
Since |[|V(u — uc)|| < ||V(u — urs)||, this proves

Vu — prsll aaiv,0) S IV(u —urs)|| + ||f — o f]].
The counterexample from Theorem 2.5 shows that the possible conjecture

IV(u—urs)ll S [IVu = prs|l + 1 — o f]|

is false in general. This is a consequence of super-closeness of [9] and elementary
calculations. This result is counterintuitive in the sense that the rule of thumb in
minimization of LS(f; e, e) expects two contributions of similar size.

At least for piecewise constant right-hand sides f, the equivalence (4.2) is also
an improvement of [27, Theorem 5.1] on the separate approximation within the least-
squares method.

Although it is very well established [4], the aforementioned least square formula-
tion based on (4.1) allows objections in that the two contributions appear unbalanced
in the L? norm. In fact, there has been the suggestion to use the residual f + divp in
the norm H~*(Q) [8]. However, the comparison result (4.2) of this paper proves that
the least square formulation based on (4.1) is reasonable.

4.3. Further results for DGFEM.

4.3.1. Higher-order DGFEM. For shape-regular meshes, the equivalence of
CFEM and DGFEM immediately generalizes to its higher-order variants. Let
VE(T) == P.(T)NV be the conforming subspace of T-piecewise polynomials of degree
at most k € N; V&, (T) := Px(T) denotes the corresponding DG space of the same
order. Then

IVu = Vug |l S llu = ubelpe S 1Va = Vag|| + osci(f, T)

holds with osck(f, T) := ||h5-(f —IIx—1 f)||. The hidden generic constants may depend
on the polynomial degree k£ but not on the mesh-size hy. The proof of Theorem 2.2
in section 3.2 applies verbatim to the situation of this paragraph (note that osc(f, 7))
may be replaced by osci(f,T) in (3.10)).
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Fia. 4.1. The control volume w?.

4.3.2. DGFEM on nonconforming meshes. Often, the large number of de-
grees of freedom in DGFEM compared to CFEM is justified by the possibility of
using nonconforming meshes. These meshes may contain some finite number of hang-
ing nodes per edge. Define VSG (T) := Pi(T) for some nonconforming triangular mesh
T. It is shown in [26] that also for such meshes there exists an averaging operator
Ic : V5 (T) — V that satisfies (2.8) with suitably redefined jump seminorm. The
image Ic(Vio(T)) = Vi5¢(T) NV defines some conforming space V(7). One might
not want to use V& (T) for actual computations but the corresponding Galerkin so-
lution u’é serves for a comparison. The proof of Theorem 2.2 in section 3.2 remains

valid in this setting and establishes the comparison
IVu = Vuéll S llu —upalve S Vu — Vug|| + osci(f, T)

for nonconforming meshes. Hence, even on nonconforming meshes, the accuracy of
DGFEM is limited by the accuracy that is provided by its largest conforming subspace.
Analogous results hold for nontriangular meshes.

4.4. Results for finite volume FEM. A common way [23] to design the con-
trol volumes w? for each node z € N(Q) for the finite volume finite element method
(FVFEM or vertex-based finite volumes) [18] is to connect the barycenter of the tri-
angles of 7 with the midpoints of their edges as depicted in Figure 4.1. Then FVFEM
seeks upy € Vo(T) with

</VUFV-V<pde=> Vupv-VdS:/ fdx for all z € N (Q),
Q ow} wk

where ¢, € Vo (T) is the nodal basis function with ¢.(z) = 1 and ¢.(y) = 0 for all
y € N\ {z}. Hence, CFEM and FVFEM differ only by the right-hand sides [18].
Define e(z) := (uc(z) — upv(2)) € R, z € N/, through

Uc — UFV = Z e(z)e:

2EN

and the characteristic function x}|,: = 1 and x}|o\w: = 0 and let e € R for any
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T € T. The fact that ][ (pr —x%)dz =0 for all T € T leads to
T

I9tue — ur)I? = [ (= Tho7) (e~ uey = 3 elaix ) ao

2N
< ose(f,T) (||V<uc—qu>||+Zdiam<T>l Y et er
zeN(T)

TeT

L2(T)> .

Since the eigenvalues of the mass matrix M = ([} ¢z, ¢2, dx)j L1 o 5 ar€ larger than
|T|/12, any T € T with vertices z1, 22, 23 satisfies

2
S e xi-er||  =ITI/3 Y (e(z) —er)?
zeN(T) L2(T) 2€N(T)
e(z1) —er ' e(z1) —er
<4|e(z2)—er| M|e(z)—er
e(z3) —er e(z3) —er
2
<4 (e(2) —en)es|| =4 luc —urv — erllZam,
L*(T)

z€N(T)

The choice ep := ][ uc — upy do and a piecewise Poincaré inequality then yield
T

[V(uc —urv)|| < ose(f,T).
Hence, |V(u — uc)|| + osc(f, T) = ||V (u — upy)| + osc(f, T).

5. Numerical illustration. The first experiment illustrates the counterexample
of Theorem 2.5 which appears to be nongeneric. The second example with a corner-
singularity shows equality of convergence rates as a typical behavior.

5.1. Illustration of Theorem 2.5. In the first experiment, the domains £2;,
j=2,...,9, are regular polygons with 27 edges whose vertices lie on the unit sphere
0B(0,1) as in the proof of Theorem 2.5. For each domain 2; a series of red-refined
triangulations 7 := red”)(7) of an initial triangulation 7 determines the discrete

solutions u(cjf’f) and pg:fg) of (2.2.b) and (2.3.b). For the red-refinement of the tri-
angulation each triangle is refined as in Figure 2.1. The initial triangulations are
given as follows. % is the criss-cross triangulation and given the triangulation 7, a
red-refinement red(7) of 7 is modified in that the new boundary nodes are projected
to the circle 9B(0,1). This defines % 1; the triangulations %, %, % are depicted in
Figure 5.1.

Table 5.1 contains the quotients of the flux errors with exact solution /) based
on the Poisson model problem on €2; and its flux approximations VNcu(ijf) and pgr’rg )
based on the triangulation %,

G) _ 00
6.1 alt.5) = IV P
IVul) — Vkcuey! |

The convergence history plot of Figure 5.2 shows the flux errors plotted against the
number of degrees of freedom. The crosses and the triangles mark the errors for the
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Fia. 5.1. &, T3, and Ts from subsection 5.1.

TABLE 5.1
Quotient q(£, ) from (5.1) for RT-MFEM and CR-NCFEM.

= 1 2 3 4 5 6 7
94097 90727  .90405 .90346 .90335 .90333 .90333  .90333
51218 72172 77759  .80313  .81703  .82517  .83011

34413  .56908  .66257  .71381  .T4579  .76746

23909 43216 .53576  .60128  .64662

16793 31867  .41264  .47906

11856 .23084  .30735

.08424  .16622

.06103

© 00O Utk WwWwN

Crouzeix—Raviart and the Raviart—Thomas solution. In order to compute the error,
for each domain §2; some P reference solution is computed on 7 11—;. The dashed
lines connect the errors for the triangulations 7Tz, 73, . . . , Tg of the proof of Theorem 2.5
and show the expected convergence rates.

The Raviart—Thomas errors show a larger convergence rate on the initial trian-
gulations than the Crouzeix—Raviart errors, while for a fixed domain the Raviart—
Thomas errors converge with the same convergence rate as the Crouzeix—Raviart
errors after a very long preasymptotic plateaux. The same behavior can be observed
in Table 5.1: For a fixed ¢ the quotients ¢(¢, j) are decreasing while for a fixed j the
quotients first increase and then stay on the same level.

Since the errors of CR-NCFEM and CFEM are equivalent, the reciprocal of the
quotients ¢(¢, j) may serve as a lower bound for the constant C(7,,) in Theorem 2.4
(up to some multiplicative constant which does not depend on the domain or the
mesh-size). This lower bound ¢(¢, j)~! increases with j in this experiment. However,
Table 5.1 strongly suggests that q(¢,7)~! remains bounded as £ increases. These ex-
perimental results confirm the conjecture from Remark 3 which says that the constant
C(T) from Theorem 2.4 depends only on the domain §2 and interior angles of 7 but
not on the mesh-size.

5.2. Numerical comparison on L-shaped domain. The second example
is devoted to a prototypical equivalent behavior of Courant FEM, CR-NCFEM,
DGFEM, and RT-MFEM. The corner singular functions on a typical corner of a
polygonal domain © C R?, for instance, do not allow for the improved convergence of
RT-MFEM.
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2

error
o

10' 10° 10° 10* 10°

nDoF

F1G. 5.2. Errors of CR-NCFEM (x) and RT-MFEM (V) in subsection 5.1.

To illustrate this, let the origin 0 be a nonconvex vertex of 90 with maximal
interior angle w such that, up to some smooth truncation function, the leading singular
function has the form

Using (T, ) =1 sin(ap) for0<r<land0<ep<w

with 1/2 < @ := m/w < 1. Given any triangle T" with vertex 0, the approximation
error of the flux Vuginy, = ar® ! (sinagp, cosap) by Raviart-Thomas functions is
bounded from below by

min ([ Vising(z) = (a,b) = callpacr) ~ b5

and, hence, is of the same order as the interpolation error of the piecewise affine nodal
or edgewise interpolation in Vo (7) or CRY(T). For meshes where this defines the
convergence rates like in the numerical examples below, this shows that RT-MFEM
has the same order of convergence and is not superior to the remaining finite element
schemes.

The L-shaped domain 2 = [—1,1]%\ ([0, 1] x [—1, 0]) illustrates this with the right-
hand side f = 2. The discontinuous Galerkin schemes under consideration are the
symmetric interior penalty method and the nonsymmetric interior penalty method
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Fi1c. 5.3. The initial triangulation for the red-refined triangulations (left) and a graded mesh
(right) of the L-shaped domain from subsection 5.2.

100 T T T T T T T T T T T
10_1* 5
5
by
——C
_2 —x—CR 1
101 ¢ sipg ]
——NIPG
——RT
10 10° 10° 10° 10° 10°

ndof

F1c. 5.4. Errors of CFEM, CR-NCFEM, SIPG, NIPG, and RT-MFEM for uniform red-refined
meshes on the L-shaped domain.
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100 LI | T T T T T T T T T T T
10_1’ ;
S
by
g 05
2| =—CR
107 = sipG 1 |
——NIPG
——RT
10’ 10° 10° 10* 10° 10°
ndof

Fic. 5.5. Errors of CFEM, CR-NCFEM, SIPG, NIPG, and RT-MFEM for graded meshes on
the L-shaped domain.

with the bilinear forms

apc(upa,vpg) = / WWeupe - Wevpg de — 9 Z [upc]g (Wevpag)E - Ve ds
Q

Bee’/E
— Z /E [vpa] g (Weupg)E - ve ds + Z %/E[UDG]E [vpc] g ds
Ecé Ece

for 6 = 1 for SIPG and § = —1 for NIPG and penalty parameter n = 10.

The solutions of (2.1.b), (2.2.b), (2.7), and (2.3.b) are computed on a sequence
of red-refined triangulations T, 7,..., % and a sequence of graded meshes '7J-'G for
j=3,4,8,16, 32, 64, 128, 256 with grading parameter 5 = 3/2, where j denotes the
vertices on one side of one macro triangle. The initial triangulation 7% for the red-
refined triangulations and the graded mesh ¢ are depicted in Figure 5.3. The errors
for solutions on a red-refined triangulation are computed by a P, reference solution on
Ty and the errors for a solution on a graded mesh '7j'G are computed by a P reference

solution on red(2)(7j'G). Figures 5.4 and 5.5 reveal the expected convergence rates 1/3
(resp., 1/2) for uniform (resp., graded) meshes for all three methods. The equivalence
of the three methods is clearly visible.

Note added in proof. After this work was completed, the authors learned that the
statements of Lemma 5.1 and Proposition 5.2 in [5] result in equivalence of conforming
FEM with SIPG for very large penalization with an independent proof. Hence the
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result of Theorem 2.2 of this paper generalizes that partial result to a larger class of
DG schemes.
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