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CHARACTERIZATION OF LOWER SEMICONTINUOUS
CONVEX FUNCTIONS ON RIEMANNIAN MANIFOLDS

S. HOSSEINT*

ABSTRACT. In this paper, an upper subderivative of a lower semicontinuous
function on a Riemannian manifold is introduced. Then, an approximate mean
value theorem for the upper subderivative on a Hadamard manifold is pre-
sented. Moreover, the results are used for characterization of convex functions
on Riemannian manifolds.

1. INTRODUCTION

This paper is concerned with characterization of lower semicontinuous convex
functions on Hadamard manifolds via the monotonicity of their subdifferentials.
Subdifferential calculus was started with convex functions on R™. Rockafellar de-
fined the subdifferential for such functions and characterized it in terms of one-sided
directional derivatives; see [26]. F. H. Clarke in his thesis demonstrated how the
definition of the subdifferential could be extended to arbitrary lower semicontinuous
functions in such a way that it is the same as the subdifferential of convex analysis
when the function is convex. He also characterized the subdifferential of a locally
Lipschitz function by a generalized directional derivative; see [15]. In [27], Rock-
afellar replaced the class of locally Lipschitz functions by classes of noncontinuous
functions and characterized the subdifferential in terms of a directional derivative
called the upper subderivative. In [29], a mean value theorem for a lower semi-
continuous function on a Banach space using the upper subderivative defined by
Rockafellar, was proved. This mean value theorem has many applications in suf-
ficient optimality conditions and characterizations of convex lower semicontinuous
functions; see [16, 29].

Convexity of functions and sets plays an important role in economics, man-
agement science, and mathematical theories, etc. Therefore, the study of convex
functions and other concepts related to convexity are essential from both the theo-
retical and practical points of view. First-order characterizations for the convexity
of extended real-valued functions via the monotonicity of the Fréchet derivative and
the monotonicity of the Fréchet subdifferential mapping or the limiting subdiffer-
ential mapping can be found, e.g., in [19] and [24, Theorem 3.56]. The convexity
can be characterized also by using first-order directional derivatives; see e.g. [19]
and the references therein.
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Extension of concepts of nonsmooth analysis to Riemannian manifolds are nec-
essary due to the fact that nonsmooth functions on manifolds have a lot of applica-
tions, such as in computer vision, signal processing, motion and structure estima-
tion; see [2, 3]. Some other works and applications include those by Absil, Mahony
and Sepulchre [1], Azagra, Ferrera, Lopez-Mesas, Sanz [6, 7, 8, 9] and references
therein. Furthermore, some attempts have been made to develop the concepts of
convex functions and monotone vector fields on Riemannian manifolds; [10, 25].

In [20], a notion of the Clarke subdifferential for locally Lipschitz functions de-
fined on Riemannian manifolds was introduced, a calculus for nonsmooth functions
on these manifolds was established and its applications were discussed. These mo-
tivated us to replace the class of locally Lipschitz functions on manifolds by lower
semicontinuous functions to develop the results in [16, 27, 29] to manifold settings.

This paper is devoted to the study of the Rockafellar subdifferential for lower
semicontinuous functions defined on Riemannian manifolds. We develop a basic
calculus result for this subdifferential. Then, we prove an approximate mean value
theorem for the upper subderivative on Hadamard manifolds. It is worthwhile to
mention that our proof is based on the convexity of the distance function on mani-
folds, hence we have to work on Hadamard manifolds. Moreover, a characterization
of lower semicontinuous convex functions on manifolds by the monotonicity of its
subdifferential is presented.

In this paper, we use the standard notations and known results of Riemannian
manifolds, see, e.g. [28].

Throughout this paper M is a finite dimensional manifold endowed with a Rie-
mannian metric g,(.,.) on the tangent space T, M'. A Riemannian metric is there-
fore a smooth assignment of an inner product to each tangent space. It is usual to
write

9o (v,w) = (v, W)y, forall v,w € T, M.

A Riemannian metric allows us to compute the length of any vector (as well as
the angle between two vectors with the same base point). Let us recall the length
of a piecewise C! curve.?

Definition 1.1. Let v : [a,b] — M be a piecewise C! curve, then its length is
defined by
b b .
L) = [ @l = [ oo @)

For two points =, y € M, we define
d(x,y) := inf{L(y) : v is a piecewise C* curve joining = to y}.

Then, d is a distance (called g—distance) on M, which defines the same topology
as the one M naturally has as a manifold.

The tangent bundle of a manifold M is the disjoint union of the tangent spaces
of M, i.e., TM = Uzeprp T M, where T, M denotes the tangent space to M at the
point x.

Given a manifold M, a vector field on M is an assignment of a tangent vector
to each point in M. More precisely, a vector field F' is a mapping from M into the
tangent bundle T'M such that 7 o F' is the identity mapping, where m denotes the

YoM = {v] 3y: (—¢,¢) > M, v(0) ==, v/(0) =v }.
2A function f is said to be of class C¥ if the derivatives f, f/, ..., f(¥) exist and are continuous.
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projection map, i.e, 7 : TM — M is defined by m(x,v) := x. The collection of all
smooth vector fields is also denoted by X(M).

Let M be a Riemannian manifold. Then an affine connection® is called a Levi-
Civita connection if
(1) it preserves the metric, i.e., Vg = 0.
(2) it is torsion-free, i.e., VxY — Vy X = XY — Y X, for any vector fields X and
Y in X(M).

On any Riemannian manifold M there exists a unique Levi-Civita connection.
A vector field defined along a differentiable curve v : I — M is a differentiable map
VI — TM such that V(t) € Ty M for all t € I. A vector field V' defined along
a differentiable curve v : I — M is called parallel when V.,V =0 for all ¢ € I.
We also recall that a geodesic is a C°° smooth curve v satisfying the equation

V' (t) = 0.

The existence theorem for ordinary differential equations implies that for every
x € M and (z,v) € TM, there exist an open interval J containing 0 and exactly one
geodesic v, : J — M with 4/ (0) = v and 7,(0) = z. Recall a Riemannian manifold
M is called geodesically complete if the maximum interval of the definition of every
geodesic in M is R.

The exponential mapping exp, : U C T, M — M is then defined as exp,(v) =
Yo(1)-

We identify (via the Riemannian metric) the tangent space of M at a point x
with the cotangent space at x, denoted by T, M*. We recall that a simply con-
nected complete Riemannian manifold of nonpositive sectional curvature is called

a Hadamard manifold. Also, let S be a nonempty closed subset of a Riemannian
manifold M, we define dg : M — R by

dg(z) ;= inf{d(z,s) : s € S },

where d is the Riemannian distance on M.

Recall that the set S in a Riemannian manifold M is called to be convex if every
two points x1,z9 € S can be joined by a unique geodesic whose image belongs to S.
Also, f defined on a Riemannian manifold M is called to be convex provided that
foy: I C R — Ris convex for every geodesic v : I — R. It is worth mentioning that
convexity depends on Riemannian connection, therefore a function may be convex
with respect to one Riemannian connection but not to another; for examples see
[21, page 294].

A real-valued function f defined on a Riemannian manifold M is said to satisfy a
Lipschitz condition of rank K on a given subset S of M if | f(z)— f(y) |< Kd(z,y)
for every z,y € S, where d is the Riemannian distance on M. A function f is said
to be Lipschitz near x € M, if it satisfies the Lipschitz condition of some rank on
an open neighborhood of z. A function f is said to be locally Lipschitz on M, if f
is Lipschitz near z, for every z € M.

3An affine connection on M is a bilinear map
V:X(M) x X(M) — X(M)
defined by
(X,Y)— VxY
such that for all smooth real functions f defined on M and all vector fields X,Y on M:
VVixY = fVxY,
@VxfY = X())Y + [VxY.
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Now we start with some definitions of nonsmooth analysis on Riemannian man-
ifolds; for more details see [4, 6, 8, 20]. The following definition has appeared for
the first time in [18]; see also [5].

Definition 1.2. Let M be a Riemannian manifold, € M and f : M — (—o00, +00]
be a lower semicontinuous function. The proximal subdifferential of f at x, denoted

by Op f(x), is defined as Op(f o exp,)(0y).

As a consequence of the definition of dp(f o exp,)(0;) one has, & € dpf(x) if
and only if there is ¢ > 0 such that

Fy) = f(x) + (& expy () — od(z,y)? (1.1)
for every y in a neighborhood of x, [20].

The Fenchel subdifferential of a function f defined on a Hadamard manifold M
at a point © € M such that f(x) € R is the set

O°f(x) :={v e T, M| flexp,(d)) — f(x) > (v,d), for all d € T, M}.
If z ¢ dom(f), then we define 9¢f(z) := 0.
Definition 1.3. Let f : M — (—00,400] be a lower semicontinuous function. The

Fréchet subdifferential of f at a point x € domf = {x € M : f(z) < oo} is defined
as the set Op f(x) of all € € T, M with the property that

liminf o]~ (f o exp, (v) — f(z) — (€, v).) = 0.

v=0)0)0

One can deduce that O f(z) = Op(f o exp,)(0z).

The following lemma is another interesting characterization of the Fréchet sub-
differential. It is the definition of the subdifferential most often present in the
literature on viscosity solution of differential equations, and the Fréchet subdiffer-
ential is sometimes referred to as the “viscosity subdifferential”; see [14, 6].

Lemma 1.4. Let f: M — (—o0,+00] be a lower semicontinuous function defined
on a Riemannian manifold M .

Orf(z) = {Dy(x)|p € C*(M,R), f — ¢ attains a local minimum at x}.
Using the previous lemma and by Corollary 2.4 of [7], we can prove that
Opf(z) = {Dy(x)|p € C*(M,R), f — ¢ attains a local minimum at z}.
Consequently, the following corollary can be proved easily.

Corollary 1.5. Let f : M — (—oo,+00] be a lower semicontinuous function de-
fined on a Riemannian manifold M. Then

Opf(x) C Opf(x).
Note that the expression y — x means that
y = fy) = f(z).
Definition 1.6. Suppose that f : M — (—oo,+00] is a lower semicontinuous
function on a Riemannian manifold M. Then, the upper subderivative of f at x in
the direction v' € T, M denoted by fT(z;v') is defined as follows
-t tD — -t
Flasv’) = limsup inf 228 $W +tDe@)(©) = foe (v))
yos g, 150 V=V ¢ (1.2)
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where (p,U) is a chart at x.

Indeed, fT(x;0") := (fo @71)7\«0(17); Dy(x)(v")). Note that this definition does
not depend on charts.
Considering 0, € T, M, we have

fT(z;0") = (f o exp, )T(04;0"). (1.3)
The subdifferential 0f(x) of f at x € dom(f) is defined by
of (x) = {z* € T,M| (z*,v), < fT(x;v) for all v € T, M}.

If z ¢ dom(f), then we define df(z) = 0.
Therefore, we can deduce that 0f(x) = 9(f o exp,)(0z).

Lemma 1.7. Let f: M — (—o0,+00] be a lower semicontinuous function defined
on a Hadamard manifold M. Then

O f(x) C Opf(x) C Orf(x) C Of(x).
Proof. Assume that £ € 9¢f(x), then for every d € T, M
flexp,(d)) — f(x) = (£, d)a-
Moreover, exp, ! is diffeomorphism on M. Therefore, for every y in M and o > 0,
F) = F@) > (& expy ' (@) > (€ expy (1))e — od(2,y)?,

which implies £ € 9pf(x). By Corollary 1.5, dpf(x) C Orf(z). Due to the fact
that 0f(x) = O(f ocexp,)(0:), Or f(x) = Op(f oexp,)(0;) and Property 2.7 in [16],
we can conclude that 9 f(z) C f(x). O

For the next lemme see [20, Lemma 4.8].

Lemma 1.8. If f : M — R is locally Lipschitz on a Riemannian manifold M, then
O (x) = cleonv{Jim & & € 0pf(u1), vi — =),

where clconv denotes the closed convexr hull of the set .

We recall the definition of the Clarke generalized directional derivative; see [6].
It is worth mentioning that an equivalent definition has appeared in [12].

Definition 1.9. Suppose that f : M — R is a locally Lipschitz function on a
Riemannian manifold M. Then, the generalized directional derivative of f atx € M
in the direction v € T, M, denoted by f°(x;v), is defined as

£ 0) = Timsup 12F (W) +tDe@)()) = o o7 (py))
' y—x, t}0 t (14)

where (o, U) is a chart at x.

Indeed, f°(z;v) = (f o o™")°(¢(2); Dp(@)(v)).
Considering 0, € T, M, we have

f2(@;0) = (f oexp, )°(0x;0). (1.5)
The following two theorems can be proved using (1.3), (1.5) and results in [26].
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Theorem 1.10. Let f : M — R be locally Lipschitz on a Riemannian manifold M ,
then the upper subderivative of f reduces to the Clarke generalized directional deriv-
ative. Moreover, if f is convex and locally Lipschitz, then the upper subderivative
of f at x € M in the direction of v € T, M is equal to

1 FO0) — (@)
tL0 t

)

where v is a geodesic starting at x with v'(0) = v.

Theorem 1.11. Let f : M — (—o0,+00] be lower semicontinuous and finite at x.
(a) The function v — f1(x;v) is positively homogeneous.
(b) One has Of(z) = 0 if and only if f1(x;0) = —oo, otherwise
T (z;0) = sup{{z*,v) .| x* € Of(x)} for allv € T, M.
(c) If f attains at x a local minimum, then
N (z;0) >0 for allv € T, M,
and
0€df(x).
(d) Suppose that g is a real-valued locally Lipschitz function defined on M. Then
(f +9)(x) C Of(z) + dg(x),
(f + )T (x;0) < fT(2;0) + ¢" (2;0) for allv € T, M.
(e) The set {(v,a) € T,M x R| a > fT(z;v)} is convex and closed.
Example 1.12. Let S™ be the linear space of real n X n symmetric matrices and
S, be the space of symmetric positive definite real n X n matrices. We consider
the manifold M :=S% , with a Riemannian metric on the tangent space Tx M = S"
defined by
(A, B)x := trace (B¢ (X)A) = trace (BX 'AX 1),

where trace denotes the trace of a matrix, A,B € TxM, X € M, ¢(X) :=
—Indet X and ¢” denotes the Euclidean Hessian of ¢. We assume that € is an
open convex subset of M and I = {1,... ,m}. Let F; : @ — R be a continuously
differentiable function on Q, for ¢ € I. If we define F(X) := max;es F;(X), then F'
is locally Lipschitz on Q and

OF(X) = conv{grad F;(X): i€ I(X)},
where grad F;(X) denotes the unique vector in T'x M which satisfies
(grad F;(X),&) = DF;(X)(&) forall £ € Tx M.
and I(X)={iel: F(X)= F;(X)}; see Lemma A.3 in [13].
Theorem 1.13. Let [ : M — (—o0,400] be a lower semicontinuous function on

a Riemannian manifold M. Then, Of is nonemptly in a dense subset of dom(f).
Moreover, if f is locally Lipschitz, then dom(0f) = M.

Proof. Since the domain of the Fréchet subdifferential of a lower semicontinuous
function f defined on a Riemannian manifold M is dense in dom(f); see [6, Theorem
4.4], and Op f(x) C Of (x), we can deduce that df is nonempty in a dense subset of
dom(f).
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For the second part of the theorem, we assume that x is an arbitrary point in
M, by Theorem 10 in [5] there exists a sequence y; € dom(dpf) convergent to
x. Therefore, dp f(y;) # 0 and there exists some &; € Opf(y;). Since f is locally
Lipschitz and y; — z, there exists a subsequence of &; convergent to some £. By
Lemma 1.8, £ € df(z) # 0. O

2. APPROXIMATE MEAN VALUE THEOREM AND CHARACTERIZATION OF CONVEX
FUNCTIONS

The purposes of this section are twofold. First, we give a mean value theorem
for a lower semicontinuous function f on a Hadamard manifold M. Then, we use
this mean value theorem to characterize lower semicontinuous convex functions on
Hadamard manifolds. It is worth pointing out that in this mean value theorem the
function f is assumed to be lower semicontinuous, however the mean value theorem
for the proximal subdifferential proved by Azagra and Ferrera in [5] was for locally
Lipschitz functions. At the first step, we need to present some obvious properties
of the distance function on a Riemannian manifold.

Lemma 2.1. Let C be a compact subset of a Riemannian manifold M. If a sequence
(zx) in M satisfies

lim de(zx) =0,

k—o0

then there exists a subsequence (zx, ) which converges to c € C.

Proof. Since limy_, oo do(xr) = 0, there exists N € N such that for k > N, do(x) <
1/k. Moreover, there exists ¢, € C such that d(cg, zx) < 1/k. Since C is compact,
we can choose a subsequence (¢, ) which converges to some ¢ in C. Furthermore,

d(mkn ) C) < d(ckn ) mkn) + d(ckn ) C)’
which proves that zj, converges to c. O

In the following lemma, we need to use convexity of the distance function, therefore
we assume that M is a Hadamard manifold.

Lemma 2.2. Let M be a Hadamard manifold, a, b € M, and v : [0,d(a,b)] — M
be the unique geodesic connecting a,b. Then, for every x € M
dirmg(,y)(l‘; engl(b)) < _dlmg(v)(x)v
where Img(y) denotes the image of v in M.
Proof. Since Img(y) is convex in M, by Lemma 5.2 of [23] one can deduce that

dimg(+) is convex. Assume that o : [0,1] — M is a geodesic connecting x and b,
then for every ¢ € [0, 1],

dimgy(0(1)) < (1 = t)dimgy () + tdimgy(b) = (1 — 1) dimgy (2).
Hence, Theorem 1.10 implies that

_ . dIm (U(t)) B dIm (l‘)
dIng('y)(x; exp; 1(b)) — ltlfg g(v) - g(v) < _dImg('y) (Z‘)

O

Lemma 2.3. If f : M — (—o0,+00] is lower semicontinuous on a Riemannian
manifold M, a,b € dom(f) and v is a geodesic connecting a and b, then there is
€ > 0 such that f is bounded from below on the set {x € M| dipmg(y)(x) < €}.
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The distance function is differentiable at (x,y) € M x M if and only if there is a
unique length minimizing geodesic from z to y. Furthermore, the distance function
is smooth in a neighborhood of (z,y) if and only if  and y are not conjugate points
along this minimizing geodesic. Therefore the distance function is nondifferentiable
at (x,y) if and only if x = y or x and y are the conjugate points. Let the distance
function be differentiable at (z,y), then

od . —exp;'(y)

In the next lemma we assume that x = y, and find a formula for the subdifferential
of the distance function.

Lemma 2.4. Let M be a complete Riemannian manifold. If d, : M — R is defined
by dy(y) = d(z,y), then

dd,(z) = B,
where B is the closed unit ball of T, M.

Before proving the lemma, let us recall a definition of the normal cone and the
tangent cone to a closed convex subset of a Riemannian manifold; for more details
see [20]. Let S be a closed convex subset of a Riemannian manifold M, the normal
cone to S at x denoted by Ng(z) and the tangent cone to S at « denoted by Ts(x)
are defined by

Ns(z) = {€ € T M|(€, exp; ' (y))o < 0 for every y € S}.
Ts(z) :={¢ € T,M|({,v), <0 Vv € Ng(x)}.
Assume that S = {z}, then Ng(z) =T, M.

Proof. Let M = R™ and S be a closed convex subset of M, we claim that for every
reS, ads(x) = Ns(x) N B.

Let £ € Ng(z)NB. For every y € M, there exists z € S such that ds(y) = d(z,y).
By the definition of the normal cone

Ey—2) < (&z—2)+ &y —2) <0+ [[Elllly — 2l < d(z,9),

which implies (£, y — x) < ds(y) — ds(x), and & € ddg(z).

Now assume that £ € ddg(x), so by [20, Theorem 4.10] d°(z,v) < 0 for every
v € Ts(z). Moreover, by the definition of the support function, (£, v), < 0, which
means § € Ng(x).

Now we assume that M is a Riemannian manifold, S = {«}. First, we prove that
ddy(x) = ddg_(0;), where d, d* are respectively the Riemannian distance on M and
the usual distance on T, M. By Proposition 2.5 in [20], £ € dd,(z) if and only if
¢ € 9(dy o exp,)(0,) if and only if (£,v), < d, oexp,(v) — dy o exp,(0;), for every
v € T, M, if and only if (§,v), < ||v| for every v € T, M, which means (&, v), <
dg. (v) —dg (0;) for every v € T, M, and by the definition of the subdifferential
£ € 0dg_(0;). Hence, 0d,(z) = 0dg_(0z).

It is worthwhile to mention that by Proposition 4.3 in [20], Ny(z) = No,(03).
Therefore, by the claim,

Ny(x) N B = Ny, (0;) N B =09dy (0;) = 0dy(z).
As it was mentioned before N, (x) = T, M, so dd;(x) = B. O
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Now, we can prove the approximate mean value theorem for lower semicontinuous
functions on Hadamard manifolds.

Theorem 2.5. Let f : M — (—o0,+00] be a lower semicontinuous function on a
Hadamard manifold M. Assume that f is finite at a and b, and =y is the unique
geodesic connecting these two points. Then for every b # x € Img(y) with

f(b) = f(a) f() = f(a)
T+ =aay @b = fly)+ =a—y—dy:b) vy € Ime(y), o)
there exist sequences (xy) in M and (x},) in Ty, M such that
klingo T = T. (2.2)
- 1) - 1@
h/?fip flzr) < fla) + Wd(x,a), (2.3)
xy, € Of (z1) for every k, (2.4)
it (o, exp 0, > 20T a0, 0), (25)

Proof. By Lemma 2.3, there is € > 0 such that f is bounded from below on the set
A= {x € M| dipg(y)(z) < €}. Define a function g on M by

9(y) = fly) + Wd(%b)

Assume that € Img(y) satisfies in (2.1). Therefore, g(z) < g(y) for all y € Img(y).
Now, define a sequence of functions on M by

. dy,
9.k (Y) = jdimg(r) () + 9(y) + (k )

Since g 1, is lower semicontinuous, so is bounded from below on A. By Ekeland

variational principle on complete Riemannian manifolds [6], there exists a sequence

(y;k) in A such that

9k (W) < g(x)  forall j, k, (2.6)
and
) ) ) d(y, Yj,k) .
9ik(y) = giw(yjn) =2 == forally € Aand j, k. (2.7)

Note that g is bounded from below on A, so by (2.6)
]lig)lo dImg('y) (yj,k) =0 for all k.

Therefore, Lemma (2.1) implies that there exists a subsequence (y;, x) which con-
verges to (yi) € Img(vy). Note that g(z) < g(yx) for all k. Moreover, (2.6) and the
lower semicontinuity of g imply that

d
glyr) + % < g() for all k.

Thus
——= < g(«) for all k,
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which shows y, = x. We can assume that z = Yjn, ok for all k, where j,, is
increasing, then limg_, o xx = x. Since g(z) < g(y) for all y € Img(y), b € Img(~)
and g(b) = f(b), we conclude that g(x) < f(b). Therefore, by (2.6) we have

Far) Sf(b)wd(xk,b) for all .
Hence,
- f() — f(a)
lfgﬁpf@%)Sf@)—gjﬂagrfﬂxﬁ)

Note that x is on the unique minimal geodesic connecting a and b, therefore
d(z,a) = d(a,b) — d(z,b), and

f() = f(a) _ f(b) = f(a)
f(b) = Wd(m,b) = fla) + Wd(%@),
which implies
b) —
imsup £(o1) < f(0) + 20 d(o,a),
Now consider the function y — g;,, *(y) + w This function attains a local

minimum at zy, therefore

f() - f(a) Ody(wr) | Oduy (k)
+ (b, a) ody, A + A .
Hence, there are (z3), (uy), (vf), (wg), (%) in Ty, M such that z}, € 0f(zx),

* —Jfla * . * 2z (T * Odg, (z
uj, € L0 0dy (1), 07 € y Odig(o (on), wf € 228) 2y € Xl for a

0€of(zx)

(Tk) + Jny Odimg () (k) +

and
xy+up+vp+wp+2;,=0 for all k.

From Lemma 2.2, (v}, exp, ! (b))s, < 0forall k. Note that uj = %(— exp (b)),

therefore, (uf,exp; (b)), = —%d(xk, b). By Lemma 2.4,
- f() = f(a) d(xk, b)
<xk,ewak1(b)>wk 2 Wd(xk,b) — 2T
Therefore,
L. . _ f b —f a
limint(og, xpz, (0 > 000 L a.0)

O

In the sequel, we always assume that M is a Hadamard manifold. Let X (M)
denote the set of all set-valued vector fields A : M = TM such that A(z) C T, M
for each x € M. The following definition extends the concepts of monotonicity for
operators on Hilbert spaces to set-valued vector fields on Hadamard manifolds.

Definition 2.6. Let A : M = TM be a set-valued vector field, it is said to be
monotone iff for any x,y € dom(A), we have

(u,exp, *(y))z < (v, fexpgl(x»y for every u € A(z) and v € A(y).
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Example 2.7. Let x be in a Hadamard manifold M. We consider d, : M — R
defined by d,(y) := d(x,y). This function is locally Lipschitz and convex on M.
Therefore, by Theorem 4.2 in [11], the set-valued vector field 0d, : M = TM
defined by

_ | e, @)/d(x,y) ifxFy

where B is the closed unit ball in Ty M, is monotone.

Now, we characterize convex lower semicontinuous functions on Hadamard man-
ifolds in terms of the monotonicity of their subdifferential mappings. This result
extends in some sense Theorem 2 of [17] and Theorem 4.2 in [11].

Theorem 2.8. Let f : M — (—o0,+00] be a proper lower semicontinuous function
on a Hadamard manifold M. Then f is convez if and only if the set-valued mapping
af : M = TM is monotone.

Proof. If f is convex, then 9f(x) = 9°f(x) = Or f(x) = Op f(x) for all z € dom(f).
Hence, it is enough to prove the monotonicity of 9¢f. For any z,y € dom(9°f),
there exists a unique geodesic y(t) = exp,(td) defined on [0, 1] connecting x and v,
so there exists d such that exp,(d) = y. Moreover, there exists a unique geodesic
o(t) = exp,(tg) defined on [0, 1] connecting y and x, which implies the existence of
a vector g € T, M such that exp,(g) = z. For any u € 9°f(z),

fy) = f(x) = (u,exp; ' (y))a-

Moreover, for every v € 9¢f(y),

F@) = fy) = (v,expy ™ (2))y.

By adding these two inequalities, we conclude that

(u,expy ()2 < (v, —exp, ' (x))y.

For the converse, first we define the Moreau-Yosida proximal approximation corre-
sponding to A > 0 for the function f as

fa@) = f {(F() + 5y )

Then we prove the following statements:

(i) if 9f is monotone, then df(x) = 0°f(x) for all x € M.

(ii) if 9f is monotone, then Jfy is always nonempty.

(iii) if Of monotone, then Jfy is monotone.

(iv) if dom(9fy) = M and Jfx monotone, then fy is convex.

Eventually, since f(z) = supysq fa(x), f is also convex; see Theorem 11 in [5].

(i) If 9f(x) = @, then the equality is true. Assume that 0f(z) # 0, therefore
f(z) € R, and from the approximate mean value theorem for each d in T,, M such
that f(exp,(d)) € R, there exist a sequence vy — d, a sequence t, — t € (0, 1] and
x; € 0f (exp,(trvk)) such that

Flexp, () = f() 2 £ Hmsup (@}, = expey, (1,0, (©)er-
—00

Since df is monotone, we have for all z* € 9f(z),

-1

(", expy ! (exp, (tevr))a < (@h, = XD (1,0 (@)
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Hence,

flexp,(d)) — f(z) >t~ limsup(z*, exp, *(exp, (txvr)))e = (x*,d) ..
k—o0

This shows that z* € 9°f(z), that is, 0f(x) C 9°f(x) which together with Lemma
1.6 proves our claim.

(ii) Assuming that Jf is monotone, we conclude that df(z) = 9°f(z) for every
x € M. Therefore by Theorem 1.13, 0p f is nonempty in a dense subset of domf.
Hence [5, Theorem 11] proves that fy is finite and locally Lipschitz. Then using
Theorem 1.13 we have that df) is always nonempty. Therefore dom(9fy) = M.

(iii) If Jf monotone, we prove Ofy is monotone. Indeed we first show that
Op f» is monotone and then by Lemma 1.8, we get that Jfy is monotone. Assume
that «* € dpfa(x) and y* € 9pfr(y), by [5, Theorem 11] fy is differentiable at
z and y and z* = Dfy(z), y* = Dfa(y); see [5, Proposition 9]. Furthermore,
L,z(Dfx(z)) € Opf(Z), where Lz is the parallel transport from z to Z along the
unique minimal geodesic connecting x and z and

fat) = F(@) + 5d(, 7).

Moreover, + exp; ' (z) = Lyz(Dfa(z)). Similar relations are also true if we replace
x by y and ¥ by y. Note that

(z*, —exp, () + (y", —exp,  (2))y = (Laz(z%), —exp; ' ()2 + (Lyg(y*), —exp; ' (2))

*

(z*, =Lz (exp; (7)) — exp, ' ()2
(y*, — yy(eXPg (x))_eXpy ())y-
(

Since Of is monotone and Jp f(x) C df(x) for every 2 € domf, we conclude that
Opf is monotone, which implies

(Laz(2%), — expz (§))z + (Lyg(y"), — expy ' (T))5 > 0.
We also know that d? : M x M — R is smooth and convex. Moreover,
D(d?)(z,7) = (—2exp; ' (), —2exp; * (x))-

D(d*)(y,5) = (—2exp, (§), —2expy ().

+ o+

This shows that

(0", —Laa(expz ' (5) — expy " (1))o + (", —Lyy (expy ' (7)) — expy ' () > 0.

Therefore 0p fy is monotone and by Lemma 1.8 df) is monotone.

(iv) Now, assume that x, y are two arbitrary points in M and 7 defined by
v(t) = exp, (texp, (y)) is the unique geodesic connecting them, therefore for every
to € [0,1] and u € 0fx(v(to)),

fa(@) = a(r(t0)) =, exprdh (@) e, (2.8)

D) — I(1(t0)) > {uexpTl () o (2.9
If we define o(s) = ~v((1 — s)tp), then o is a geodesic connecting ~y(tg) and z.
Therefore, o(s) = exp. (s exp;(lto)(x)) and exp;(lto)(a:) = —toy (to). If we define
n(s) = v((1 — s)to + s), then 7 is a geodesic connecting y(tg) and y. Therefore,

Y
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n(s) = exp.,)(s exp;(lto)(y)) and exp;(lto)(y) = (1 — to)7 (to). Hence, (2.8) and
(2.9) imply that

(1—to) fa(@) +to fr(y) — Fr(Y(t0)) = (u, —to(1—to) (to) +to(1—t0)Y (t0))x(e) = O,

which shows that f) is convex. (I

3. APPLICATION AND EXAMPLE

In this section, an example of a nonconvex function defined on the Poincaré half
plane H, which is a Hadamard manifold, is presented. By Theorem 2.8, we then
conclude that the subdifferential set-valued map is not monotone. Moreover, a
convex function on this Hadamard manifold is defined, then as a result of Theorem
2.8 its subdifferential map is monotone. These information can help us in choosing
a suitable method to find minimizers of functions defined on Riemannian manifolds.
Assume that we aim to find minimizers of a function A on H. If h is monotone,
then we can apply Algorithm (4.3) in [22] to find (u,v) € H such that 0 € dh(u,v).
Indeed, finding zeros of the set-valued map Oh is equivalent to solving the following
problem,

(ugﬁrelﬂh(u,v). (3.1)

Consider the Poincaré upper half plane H = {(u,v) € R? : v > 0} endowed with
the Riemannian metric defined for every (u,v) € H by

1
9ij (U, U) = ﬁéijv

for i,7 = 1,2. The pair (H,g) is a Hadamard manifold with constant sectional
curvature -1. It can be shown that the geodesics in H are the semi-lines and the
semicircles orthogonal to the line v = 0; see [21, page 20].

The Riemannian distance between two points (ug, v1), (u2,v2) in H is given by

(ug — u1)® + (vg — Ul)z).

d((uy,v1), (ug,v9)) = arccosh(l + ST

We define C := {(u,v) € H: u? +v? < 3} which is a closed and convex subset of
H. Let f:H — (—o0,+00] be defined by

Fluv) = Ju| + v — 2u? — 202 + 3, if (u,v) € C;
YT 4o if (u,v) ¢ C.

One can show that f is bounded from below and lower semicontinuous, but it is
not a convex function on C. Now, we define a lower semicontinuous convex function
h as follows

[ 1/v, if (u,v) € C;
h(u,v) = { oo if (u,v) ¢ C.

By Theorem 2.8, df is not monotone, however dh is a monotone set-valued map.
For finding minimizers of f on H, we cannot use Algorithm (4.3) in [22], because
df is not monotone. But we have all the necessary conditions to use Algorithm
(4.3) in [22] to find minimizers of h on H. It worth mentioning that none of the
two functions are locally Lipschitz on their domains.
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