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ABSTRACT. Recently a new numerical approach for two-dimensional
Maxwell’s equations based on the Hodge decomposition for divergence-
free vector fields was introduced by Brenner et al. In this paper we
present an adaptive P; finite element method for two-dimensional
Maxwell’s equations that is based on this new approach. The reli-
ability and efficiency of a posteriori error estimators based on the
residual and the dual weighted-residual are verified numerically.
The performance of the new approach is shown to be competitive
with the lowest order edge element of Nédélec’s first family.

1. INTRODUCTION

Recently Brenner et al. [8] introduced a new approach for solv-
ing two-dimensional Maxwell’s equations that is based on the Hodge
(Helmholtz) decomposition for divergence-free vector fields. It reduces
the boundary value problem for Maxwell’s equations to several scalar
second order elliptic boundary value problems, which can be discretized
by standard P; finite element methods. In this paper we develop a
posteriori error estimators for the new approach. The Ly error for the
approximation of the solution u of the Maxwell equations is shown to
be bounded by a residual type error estimator [1, 6, 13, 27|, and we
consider two types of error estimators for the Ly error of the approx-
imation of V x u. For convex domains we have an Lo-type residual
error estimator. For general domains we propose an error estimator
based on the dual weighted-residual (DWR) approach of Becker and
Rannacher [2, 4]. We present numerical results that verify the reliabil-
ity of the a posteriori error estimators and demonstrate their efficiency.
The convergence of adaptive methods based on these error estimators
is of optimal order.
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Compared with the discretization of Maxwell’s equations by the low-
est order edge element of Nédélec’s first family [23] which has one degree
of freedom per edge, this new discretization leads to smaller but mul-
tiple discrete systems. However, most of these systems can be solved
in parallel and the new approach leads to comparable or better results
as shown empirically by our numerical experiments. We note that the
adaptive finite element method (AFEM) for the lowest order edge ele-
ment has been studied in [3, 5, 14, 15, 21, 25].

We now introduce the model problem and briefly recall the Hodge
decomposition approach in [8]. The model problem seeks a solution
u € Hy(curl; Q) N H(div’; Q) such that

(1) (Vxu,V xv)+a(uv)=(fv)Vve Hy(curl; Q) N H(div’; Q)

for a bounded polygonal domain Q C R? and f € [Ly(Q2)]%. Here (-, ")
denotes the Ly inner product over €2 and the space Hy(curl; 2) is defined
by

Ho(cur; Q) := {v € [Lo(V)]* : V x v € Ly(Q) and n x v =0 on 9N},

where V x v = curl v = (Qvy /0x1) — (0v1/Dx2) and n denotes the outer
unit normal along 9. The space H(div’; () is defined by

H(div%; Q) := {V €[Ly(N])?:V-v= O} ,

where V - v = divv = (Qvy/0z1) + (Qve/0x2).

The problem (1) is related to the time-harmonic Maxwell equations
for @« < 0 and the time-domain Maxwell equations for « > 0 [7, 9, 10,
16, 20, 22]. In the following it is assumed that problem (1) admits a
unique solution. Thus —« is not a Maxwell eigenvalue and in particular
a # 0 if € is not simply connected.

Using the Hodge (Helmholtz) decomposition for H(div’;Q), we can
write

(2) u=Vxsé+y ¢V,
j=1

where ¢ € H'(Q) satisfies (¢,1) = 0, V x ¢ = [0¢/Dzo, —0¢/0x1]",
m > 0 is the Betti number for  (m = 0 if Q is simply connected), and
the functions ¢q, ..., @, are defined as follows.

Let the outer boundary of €2 be denoted by I'y and the m components
of the inner boundary be denoted by I'y,...,I',,. Then the functions
p; € H'(Q) are determined by the scalar problems

3)  (Vg;,Vu) =0 Yove Hy(Q), ¢jlr, =0 and @;|r, = 6,

where 0;, =1if j =k and d;, =0if j # k for 1 < j, k < m.
The function ¢ in (2) is determined by

(4) (Vxo,Vxy)=(§y) Ve H(Q)
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with the constraint (¢, 1) = 0, where the function £ = V x u € H(Q)
is determined by
(5)  (VXEV ) +al6) = (EV x ) Ve H(Q)

when a # 0, and by (5) together with the constraint (£,1) = 0 when
Q) is simply connected and o = 0.

Remark 1. Note that
(Vxv,Vxw) = (Vv,Vw) Yo,we H(Q)

and the problems (4) and (5) are standard Neumann boundary value
problems for the Laplace operator.

In the case m > 1 the coeflicients ¢; in (2) are determined by the
symmetric positive-definite system

m

1
Z(Vsoj,vw)cj = E(f’ V) forl <k<m.

j=1
Let Vi, € H'(Q) be a finite element space and V,, = V;, N HL(Q). Tt
is shown in [8] that (1) can be solved by the following procedure.

e First we compute &, € V},, which provides an approximation of V xu,
by solving the discrete problem

(6) (VX &, V X n) + o, on) = (£ V xy) VY, €V,

when « # 0, and by solving (6) together with the constraint (&, 1) =
0 when €2 is simply connected and a = 0.
e Then we compute ¢, € V), by solving the discrete problem

(7) (VX o, V X ) = (§n, ) Vo € Vi

with the constraint (¢p, 1) = 0.
e If Q is not simply connected (m > 1), we compute the functions
Olhs--->Pmp € Vi by solving the discrete problems

(8)  (VjnVun) =0 Yo, € Vi, @jnlr, =0 and @;4lr, = 6,

and we compute the coefficients ¢;j, for 1 < j < m by

m

1
(9) > (Voin Veorn)cin = ~(£.Viprs) for 1<k <m.
j=1

e The approximation of u is given by

(10) uy = V x ¢h + Z Cj,hVQOj,h.
j=1
The rest of the paper is organized as follows. We construct the er-
ror estimators in Section 2 where we also provide some analysis. The
adaptive finite element method is described in Section 3. In Section 4



AN AFEM FOR TWO-DIMENSIONAL MAXWELL’S EQUATIONS 4

we present numerical results that demonstrate the reliability and effi-
ciency of the proposed error estimators, and we also compare the new
approach with the discretization by the lowest order edge element in
Nédélec’s first family. We end with some concluding remarks in Sec-
tion 5.

2. A POSTERIORI ERROR ESTIMATORS

In this section we construct an a posteriori error estimator for the
error ||u — uy|z,(0) and two a posteriori error estimators for the error

1€ = &l 120
Let 7, be a triangulation of 2 and

Vi ={ve H'(Q):vlr € P(T) VT € T},

where P;(7T) denotes the space of affine functions on a triangle 7. We
will denote the set of the edges of the triangles in 7, by &, and the set
of the edges interior to 2 by &;.

Let [v] := v|p, —v|r_ denote the jump over the edge £ = T, NT_ for
Ty € Ty and [v] := v|r, on boundary edges. Let ng = [n1,no]" denote
the unit normal vector pointing from T’y to T_ and tg = [—ng, ;)" de-
note the unit tangent vector to £. The length of an edge is denoted by
hg and hp := diam T'. In the following, the notation x < y abbreviates
the inequality x < C'y with a constant C' > 0 that does not depend on
the mesh size.

Our first observation is that the Lo error of uy, is controlled by the
H* error of ¢, and the H' errors of ¢;;, for 1 < j < m.

Lemma 1. Let uy, be the approzimation of u given by (10). We have
lu =l o) S IV X (¢ = &n)l 120 +ZHV — 0in) a0

Proof. 1t follows from (10) and the triangle inequality that

[u— sl < IV % (6 = dn)lla@ + D _Iej Vs — c;nVeoin
j=1

<[V x (¢ = ¢n)ll a0 +Z 1[IV (05 = @in)ll Lo

LQ(Q)

+ej = cinlllVe;ll.m + !Cj — cinllIV(e; = @jn)lla@) -

and the arguments in the proofs of [8, Lemmas 4.6 and 4.7] lead to the
estimates

il S I fl 2o
and

5 = einl S max [V (e; — ¢jn)ll L@ Z = @in)llLa@) U
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Next we construct error estimators for |V x (¢ — én)|1,) and
V(05 = @in)llLa@)-

Lemma 2. Let @;, € Vi, j = 1,...,m, be the solutions of (8). We
have

IV (25 — i)t S D helllVeinl-nelli,m.

Eeg}

Proof. Define the residual Resy,(v) := —(V;p, Vo) for all v € H}(Q)
and let ||Resp|[. denote the dual norm of the residual with respect to
Hg (). Since ¢; — pjn € Hy(Q), it follows from (3) that
IV (05 = @imla = (Vo; = Viojn V(e — @in))

= —(Voin Vie; — @in))

= Resu(p; — @in) S [IResnll«[[V(9; = @jn)ll o)

Let v € Hy(2) be arbitrary and vy, € Vj, be its Scott-Zhang interpolant
[11, 26] so that

—1/2
(11) S s 0 = o) 13 ) S IV,
Ee&y

Since Resy |y, = 0 by (8), we have
Resy(v) = Resp(v —vp) = —=(Vjn, V(v —wy))
==, / 2 (IVein] ne)hg' (v — vp)ds,
Eegf E

which together with the interpolation estimate (11) and the Cauchy-
Schwarz inequality yields
1/2

Resulle S | Y helllVeinlnell?,m : O
Ee&}
Lemma 3. Let ¢y, be the solution of (7). We have
IV % (¢ = én)ll7, 0
S Z W llnllT e + Z helllV x én)-telli, i + 1€ — &l

TEeTy, Eegy,
where &, is the solution of (6).
Proof. 1t follows from (4) that
IV X (¢ = dn)llTp) = —(V X 1, V X (¢ — @) + (€, ¢ — )
= Resp(¢ — én) + (§ = &, & — o),
where the residual is defined by
Resy (v) := (&,v) — (V x ¢,V xv) Yo € H(Q).
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Therefore we have
IV X (¢ = o), S IResull IV X (& — on) || Lo
1€ = &nllo ) |o — Onll Lo,

where ||Resy|+ is the dual norm of the residual with respect to H'(€2).
Note that (¢ — ¢y, 1) = 0 and hence we can apply Friedrichs’ inequality
to obtain

IV x (¢ = on)llrae) S [IResnll« + 1€ = &rllra@)-

Let v € HY(Q) be arbitrary and v, € V}, be its Scott-Zhang interpolant
[11, 26] so that

— —1/2
(12) D llhpt (0 = olFary + Y 1050 = 0)llEam) S V0N L,

TeT, Ee&y,

It follows from (7) and integration by parts that
Resh(v) = (§h,v — Uh) — (V X ngh,V X (U — Uh))

- Z/thhth(v—vh)dx
T

TeT,
+ Z / hi;/Q([[v X ¢hﬂ'tE)h;;1/2(U — vp)ds,
Ee&;, E

which together with the Cauchy-Schwarz inequality and the interpola-
tion estimates (12) yields

1/2 1/2
[Resn ||« < <Z h2T||£h|li2(T)) + (Z he|[V x ¢h]]-tEII%2(E)> L

TeT Eec&y,
Combining Lemmas 1, 2 and 3, we obtain the following result.

Theorem 1. Let uy, be the approximation of w given by (10). We have

lw— | Lo) S 1R+ 1€ = &nll Lo

where
Mh = Z W IEnlIT ey + Z helllV x ¢l -tel?, e
TeT Ee&y,
(13) m
+ Z Z hell[Veinl-neli, -
=1 pesi

Remark 2. If f is a piecewise smooth vector field, then || — & ||1,(q) is
of higher order compared with ||[u—uy||z,) (cf. [8, Remark 4.4]). This
is the case for the numerical examples in Section 4, where || — & 2,
can be safely ignored in the evaluation of 7ng.
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Remark 3. The efficiency of individual terms of the error estimator ng
can be established by the bubble function techniques of Verfiirth (cf.
[1, 27]). However it is not clear whether the efficiency of ng as a whole
can also be established by such techniques.

Finally we consider error estimators for ||{ — & 1,(n), where we as-
sume that fly € [HP(T)]> N H(curl; T) for all T € T;, and for some
B e (1/2,1]. Since (§ — &, 1) = 0, there exists a solution ¢ of the dual
problem

(14) (VX Vxv)+a(v)=(E—&,v) YveH(Q)
that satisfies the constraint (¢, 1) = 0. Therefore we can write
1€ = &nll7,0) = (VX (VX (€= &) +al,€ — &)
= (VX (C=Gn), VX (€= &) + alC = Cn & = &),

for all (j, € V3, where we have also used the Galerkin orthogonality (cf.
(5) and (6))

(V X (5 — §h),V X ’Uh) —+ Oé(f — fh,Uh) =0 Vvh € Vh.
It then follows from (5) and integration by parts that
1€ = &nllZu@) = (VX (= Gu), £ =V x &) — al¢ = G &)

_Z/Vx( Cr) - (£ =V x &) — (¢ — Cn)énl do

TeTh

B 3 [ (9 xt-ag)(¢ - G
TeTh
-3 -V x sl te)c - Gas
EcEy,

which is valid for any (, € V},.
If Q is convex, then the solution ¢ of the dual problem (14) belongs
to H%(Q2) [19] and
1<l r20) S M€ = &nlla()-

In this case we can take (, € V}, to be the nodal interpolant of { and
we have [11, 17]

(16) ZHh:FQ(C—Ch)H%Q(T) + ZHhES/Q(C—Ch)H%Q(E) S =&l o)
TeT; EcEp

Combining (15) and (16) with the Cauchy-Schwarz inequality, we find
(17) HS - thLz(Q) S Tregs

where
18 nreg Zh’ HV x f— athLz T)+Zh || f V X gh]] tEHLg(E

TET, EeE&y,
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For a nonconvex domain €2, motivated by (15) and the ideas of Becker
and Rannacher [2, 4] we propose the following dual weighted-residual
error estimator with || — & ||r,() as the quantity of interest:

Mhwr = ‘ Z (V x f—a&)(C — Gn)da
. oy

- Z /E([[f_ V x fh]]'tE)(g— Cp)ds|.

E€Ey,

Here (j, € V}, is the P, finite element solution of (14), where the un-
known function ¢ is replaced by some higher order interpolant € of &,
and ( is also a higher order interpolant of ¢;. Details of the interpola-
tion scheme we use can be found in Section 3.

Remark 4. The reliability and efficiency of the error estimator npwr
will be demonstrated numerically in Section 4. We note that the theo-
retical justification of dual weighted-residual error estimators has been
discussed in [12, 24].

3. AN ApAPTIVE FINITE ELEMENT METHOD

The adaptive finite element method (AFEM) creates a sequence of
nested triangulations 7y, 71, T, ... with associated P; finite element
spaces

WeVichc...cV,cV=H(Q)
and discrete solutions u, and &. It consists of the following loop

Solve — Estimate — Mark — Refine.

3.1. Solve. We apply the following algorithm from [8] (cf. the descrip-
tion in Section 1 where V}, = V, and Vj, = V, N H}(Q2)) to compute the
discrete solutions u, and & on the mesh 7.

(1) Compute a numerical approximation & € V; of £ = V x u by
solving (6) when o # 0, and by (6) together with the constraint
(&r,1) = 0 when © is simply connected and o = 0.

(2) Compute a numerical approximation ¢, € V; of ¢ by solving (7)
under the constraint (¢, 1) = 0.

(3) If © is not simply connected, compute numerical approximations
©105- s Pme € Vi of @1,..., ¢ by solving (8), and compute nu-
merical approximations ¢; g, ..., ¢ of ¢1, ..., ¢y by solving (9).

(4) The approximation of u is given by (cf. (10))

w=Vxg+ Y Vo

Jj=1
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wr

FiGURE 1. Example of an element patch. The sampling
points are all vertices.

3.2. Estimate. Based on the discrete solutions u, and & the errors
lu — wl|1,0) and ||§ — &l are estimated with the a posteriori
error estimators of Section 2.

The error |[u— ||z, is estimated by ng (cf. (13)) with the (local)
refinement indicators

1
7 g(T) := hz &L, ) + 3 Z helllV x éd-tell?, e
ECOT

1 m
+§Z Z hEH[[V‘le]]'nEHi(E)’

j=1 ECOT\0Q

where the higher order term || — &|z,(q) is ignored.
The error ||§ =& 1, is estimated by 7,4 (cf. (18)) with the (local)
refinement indicators

1
ToregT) 1= WLV X £ = aelliym + 5 D hpllE=V x &l tolliym,
EcoT

or by npwr (cf. (19)) with the (local) refinement indicators

iowalT) = | [ (Vx 8= ag)(C =G
-3 3 [ U=V el - cas)

Ecor

Here (; € V; denotes the solution of the discrete dual problem
(V X (p, V X Ug) + Oé(Cg,Ug) = (é— fg,vg) Yu, €V,

that satisfies the constraint (¢, 1) = 0, and the functions & and ¢ are
higher order interpolants of & and (, constructed by the L, averaging
technique of [28].

In the first step of the construction of é a higher order interpolation
é € Py(T) is computed from &, for each element 7" € 7T, separately.
The values for the interpolated function at the vertices and midpoints
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FIGURE 2. Refinement rules: sub-triangles with corre-
sponding reference edges depicted with a second edge.

of the edges for an element T" € 7, are determined by a least squares
approximation of a global quadratic polynomial on the element patch
wr = UkeT, rnr 20K as depicted in Figure 1. The sampling points for
the least squares interpolation are chosen to be all the vertices of the
element patch. )

In the second step, a smooth interpolant £ € Py(7,) is obtained by
taking the average of é over the nodal patch w, := Uge7, .ex K for the
degree of freedom at the vertex z:

~ 1 N
G = e Tcw > e

TeTe, TCw,

and by taking the average of é over the edge patch wg = Uger, pcx K
for the degree of freedom at the midpoint mg of E:

E(mp) = ! S o)l

T €T, T C wal TeT; TCwr

The evaluation of f follows the same procedure. Numerical exam-
ples below indicate that the proposed procedure leads to reliable and
efficient a posteriori error estimators.

3.3. Mark. Based on the refinement indicators, elements are marked
for refinement in a bulk criterion [18] such that M, C 7, is a minimal
set of marked elements with

0> mT)< Y (D),
TeT, TeM,

for a bulk parameter 0 < 6 < 1, where 7, is either 1 g, 7¢req OF Mo, pWR-
This is carried out by a greedy algorithm which marks elements with
larger contributions.
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FIGURE 3. Convergence histories of [|£ — &l 1,(0)s Mreq
and npwr on uniformly and adaptively refined meshes
for the unit square example.

3.4. Refine. The mesh is refined locally using the set M, of marked
elements. Once an element is selected for refinement, all of its edges
are marked for refinement. In order to preserve the quality of the mesh,
additional edges are marked by the closure algorithm. For each triangle
let one edge be the uniquely defined reference edge F(T'). The closure
algorithm computes a superset of marked edges, such that once an edge
of a triangle T" € 7, is marked for refinement, its reference edge E(T) is
marked as well. After the closure algorithm is applied, triangles with
marked edges are refined by one of the refinement rules depicted in
Figure 2.

4. NUMERICAL EXAMPLES

In this section we present the results of several numerical experi-
ments. The reliability and efficiency of the error estimators for uni-
formly and adaptively refined meshes are verified for several examples
using different domains and different values for a. We also compare
the new numerical approach with the discretization by the lowest order
edge element in Nédélec’s first family [23].

4.1. Unit Square Example. As the first example we consider prob-
lem (1) for & = 1 on the unit square Q = (0,1)? and with right-hand
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10°
_o,:\
z — 1
7 10
<)
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3 _ 107}
3 3
5 :
= I
dn 107}
=?_ I —&— llu-u |l uniform
=2 10_4; —O— llg-gll uniform .

b +Ilu—u|NdII uniform
IV (u-ul )1l uniform
| | |

10’ 10° 10° 10 10

F1GURE 4. Comparison between the new numerical ap-
proach with errors ||u — uy||r,0) and || — & /|1, and
the discretization by the lowest order edge element with
errors Ju — | (@ and [V x (u — )|, o).

side f such that the smooth solution is given by
u(z,y) = (sinmy, sinmx).

Note that in this example 2 is simply connected and thus u =V x ¢
and uy = V X ¢y.

The convergence histories of ||§ — &|| 1) using 1yeq or Npwr as the
refinement indicator are displayed in Figure 3. Since the domain is
convex, the estimate (17) for the a posteriori error estimator 7,¢, is
valid. The numerical results in Figure 3 indicate that both error esti-
mators 7., and npwr are empirical reliable and efficient for uniformly
and adaptively refined meshes, and that the adaptive meshes with 7,¢,
or npwr as refinement indicators lead to similar errors for ||§ —&|| L, (0)-
Thus the proposed interpolation scheme for 1py g is numerically stable.
The error estimator npwg also seems to be almost exact.

Since the solution & is smooth, the convergence rate for || — &1,
is numerically of optimal order O(N; ') as predicted by [8, Lemma 4.1]
for both uniform and adaptive meshes, where N, is the dimension of
Vi. Note that for uniform meshes O(N[l/Q) ~ hy.

The numerical results displayed in Figure 4 provide a comparison
between the approximation u, € V;, based on the Hodge decomposition
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FIGURE 5. Plots of |ug|y (left) and the vector field u,
(right) for the L-shaped domain example.

and the approximation u)4 € V¥ based on the lowest order edge
element on uniform meshes, where VN is defined by

VN = {v € H(curl; Q) : (v|p)(z) = [ 911 } +bT[ T },

ar 2 x
ari,are, by € R,VI' € 72}-

Even after taking into account that the computation of the vector
field u, requires the solution of two scalar elliptic problems (i.e., the
error ||[u — w1, is plotted versus the degrees of freedom 2Ny), the
new approach shows a slightly smaller error in the vector field variable
than the edge element. The error ||§ — §g|| Lo(0) for the new approach
is of one order higher than ||V X (u —u}'?)||1, ) for the edge element
and therefore much smaller for larger degrees of freedom. Hence the
proposed scheme leads empirically to comparable or better results than
the lowest order edge element discretization.

4.2. L-Shaped Domain Example. The second numerical example
concerns the model problem (1) with & = —1 on the L-shaped domain
Q = (—1,1)%\[0,1]%. A singular solution in polar coordinates (r,0) is

given by
2 T
u=V x (7" coS <3«9 3) gb(m)) ,

with ¢(z) = (1 — 22)?(1 — 22)%. The corresponding right-hand side
f ¢ H(div’;Q) is computed by f = V x (V x u) — u. The Euclidean
norm of u, on an adaptive mesh based on 7z and the vector fiels u, on
an uniform mesh are portrayed in Figure 5. For visualization purposes
the discontinuous values for |uy|s have been smoothed by the arithmetic
mean value at the vertices.

The convergence histories of the errors and the error estimators are
reported in Figure 6 and Figure 7. Since the domain is nonconvex, uni-
form refinement results in suboptimal convergence rates of O(N, = 3)
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FIGURE 6. Convergence histories of |[u —u||,), [|£ —
&l and np on uniformly and adaptively refined
meshes for the L-shaped domain example.

for [Ju — w|| £, and O(N[wg) for |€ — &1, as predicted by [8,

Theorem 4.9 and Lemma 4.1], while adaptive refinement leads to em-
pirically optimal convergence rates of O(N, Y %) and O(N . ). Figure 6
indicates that the error estimator ng is empirically reliable and efficient
for both uniform and adaptive meshes. It is observed that ||£ =&z,
is of higher order for smaller h, < 1 even for adaptively refined meshes
based on ng.

The numerical results displayed in Figure 7 indicate that 7., is less
reliable than npy g on the nonconvex L-shaped domain because of the
significantly larger error ||§ — &/, () for n,e, on adaptive meshes. The
error estimator npwg is shown to be both reliable and efficient. Fig-
ure 8 depicts some adaptively refined meshes. All error estimators
refine strongly towards the corner singularity at the origin. However,
the mesh for 7,., shows much less refinement at the origin which may
produce larger errors in || — & 1.)-

The numerical results displayed in Figure 9 provide a comparison
between the approximations based on the Hodge decomposition and
adaptive meshes generated by the error estimators nr and npwgr, and
the approximations based on the lowest order edge element and adap-
tive meshes generated by the residual-based error estimator in [14].
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FIGURE 7. Convergence histories of ||§ — &|1,(Q), Mreg
and npwr on uniformly and adaptively refined meshes
for the L-shaped domain example.

N

B R
X . L

FicURE 8. Adaptively refined meshes using the error
estimators g, 1y and npwr (from left to right) for the
L-shaped domain example.

For a fair comparison we have plotted the errors |[u — [z, ver-
sus 2N,. The numerical results show that adaptive mesh refinement
leads to optimal convergence rates for both methods and that the new
method leads asymptotically to smaller errors than the lowest order
edge element method.

4.3. Doubly Connected Domain Example. The last example con-
cerns the model problem (1) with & = 1 on a doubly connected domain
Q = (0,4)%\[1, 3]*>. Note that in this example m = 1 and therefore

u=Vxo¢+cVop.
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FiGURE 9. Comparison on adaptive meshes between
the new numerical approach with errors ||[u—uy||z, ) and
1§ = &ellzy(0) and the discretization by the lowest order
edge element with errors ||u — u)?|| 1, and |V x (u—
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FIGURE 10. Plots of |uy|y (left) and the vector field u,
(right) for the doubly connected domain example.

The discontinuous right-hand side f is defined by

o 14 21,0] ifz) <2y and 3 <y <4,
0,1+ 5] otherwise.

The norm of u; on an adaptive mesh based on ng and the vector field
u, on an uniform mesh are displayed in Figure 10, and the convergence
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FIGURE 11. Convergence histories of [[u — w|z,(q),

1€ = &l o), mr and npwr on uniformly and adaptively
refined meshes for the doubly connected domain exam-
ple.

0 0
0 1 2 3 4 0 1 2 3 4

F1GURE 12. Adaptively refined meshes using the error

estimators ng (left) and npw g (right) for the doubly con-
nected domain example.

histories of the errors and the error estimators are reported in Figure 11.
Since the exact solution is not known, the errors are approximated by
the difference between the discrete solution and the final grid solutions.

Note that the results displayed in Figure 11 indicate that this ap-
proximation of the error is sufficient except for the last few levels of
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refinement. Since the domain is nonconvex, uniform refinement re-
sults in suboptimal convergence rates while adaptive refinement leads
to empirically optimal convergence rates of O(N[l/ %) and O(N; 1) for
the errors |[u — w1, and ||§ — &l/z,@). The error estimators 7z
and npwr are empirically reliable and efficient for adaptively refined
meshes. The error ||§ —&| 1, is of higher order for nr. Note that the
error estimator npw g underestimates the error || — &||r,(0)-

Figure 12 displays two adaptively refined meshes which are strongly
refined at the four inner corners. The mesh for npw g is additionally
more refined in the area where the right-hand side f is discontinuous.

5. CONCLUDING REMARKS

We have developed an adaptive P; finite element method for two di-
mensional Maxwell’s equations that is based on the Hodge/Helmholtz
decomposition. In our experience the errors ||{ — &/|z,(q) associated
with the adaptive meshes based on the dual weighted-residual error es-
timator npwr are slightly better than those associated with the resid-
ual error estimator ng, while the errors |ju — wy/z,@) behave in the
opposite way. The overall performance of the two error estimators are
comparable. Therefore between the two choices the adaptive method
based on ng is recommended if one wants to approximate both u and
¢ =V X u, since the computational cost of npy g is much higher.

For simplicity we set the electric permittivity and magnetic per-
meability to be 1. But the results in this paper can be extended to
Maxwell’s equations with general electric permittivity and magnetic
permeability (cf. [8]).
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