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Abstract

Vectorfield visualizationis an importanttopic in scientificvisualization.The
aim is to graphicallyrepresentfield datain an intuitively understandableandpre-
ciseway. Two novel methodsaredescribedwhich enablean easyperceptionof
flow data.Thetexturetransportmethodespeciallyappliesto timedependentveloc-
ity fields. Lagrangiancoordinatesarecomputedsolving thecorrespondinglinear
transportequationsnumerically. Choosinganappropriatetextureon thereference
framethecoordinatemappingcanbeappliedasa suitabletexturemapping.Alter-
natively, thealigneddiffusionmethodsservesasanappropriatescalespacemethod
for thevisualizationof complicatedflow patterns.It is closelyrelatedto nonlinear
diffusionmethodsin imageanalysiswhereimagesaresmoothedwhile still retain-
ing andenhancingedges.Herean initial noisy imageis smoothedalongstream-
lines,whereastheimageis sharpenedin theorthogonaldirection. Thetwo meth-
odshave in commonthat they arebasedon a continuousmodelanddiscretized
only in thefinal implementationalstep.Therefore,many importantpropertiesare
naturallyestablishedalreadyin thecontinuousmodel.

1 Introduction

The visualizationof field data,especiallyof velocity fields from CFD computations
is oneof the fundamentaltasksin scientificvisualization. A variety of differentap-
proacheshasbeenpresented.The simplestmethodto draw vectorplots at nodesof
someoverlayedregulargrid in generalproducesvisualclutter, becauseof thetypically
differentlocalscalingof thefield in thespatialdomain,which leadsto disturbingmul-
tiple overlapsin certainregions,whereasin otherareassmallstructuressuchaseddies
cannot beresolvedadequately. Thecentralgoal is to obtaina denser, intuitively bet-
ter receptiblemethod. Furthermoreit shouldbe closely relatedto the mathematical
meaningof field data,which is mainlyexpressedin its oneto onerelationto thecorre-
spondingflow. If avectorfield ��������� 	�
�� � 	�� for somedomain����� 	�� is given,
thenthecorrespondingflow � ������� 	 
�� � is describedby thesystemof ordinary
differentialequations ��� �������! #"%$ � �&�������! #"'�! #"
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andtheinitial condition ���(���!)�"*$+� .
Single particle lines only very partially enlightenfeaturesof a complex flow field.
Thus,weaskfor somedensepatternwhich representstheflow � globallyon thecom-
putationaldomain.Weproposetwo differentapproachesto togglethis importantprob-
lem in vectorfield postprocessing.They have in commonthatthey arebothbasedon
thesolutionof suitablePDEproblems.
Wemayeithersolvetheflux equationitself for suitableinitial andboundaryconditions.
Thereby, in explicit we calculatea Lagrangiancoordinatemappingwith respectto a
suitablecoordinateframe,typically inflow positionandinflow time. It canbeapplied
asa texture mapwhich overlaysthe computationalspacewith a texture patternand
hasbeenprescribedon the correspondingLagrangianreferencedomain. If the flow
problemincorporatesinflow boundaryconditions,theinlet coordinatesandtheinflow
time canbe chosenasa naturalcoordinateframe. This methodcanbe interpretedas
a simultaneoustracing of all pointson the inlet studyingtheir long time behaviour.
Numericallywe solve theunderlyinghyperboliclineartransportproblemwith respect
to the givenvelocity � ���,�# #" by a higherorderdiscontinuousGalerkinmethoddueto
Cockburn et al. [6, 7]. The approachespeciallyappliesto timedependentvelocity
fields,whereit actuallydepictsthegeometryof particlelines. Thetexturemappingis
continuousin time andthereforeenablesanimating.
Alternatively, we mayaskfor a methodto generatestretchedstreamlinetypepatterns,
which arealignedto thevectorfield � �(���# #" for a fixedtime  . Thepossibility to suc-
cessively coarsenthis patternis a furtherdesirableproperty. Methodswhich arebased
on sucha scalespaceandenhancecertainstructuresof imagesarewellknown in im-
ageprocessinganalysis.Actually nonlineardiffusionallows thesmoothingof grey or
color imageswhile retainingandenhancingedges[17]. Now we setup a diffusion
problem,with strongsmoothingalongstreamlinesandedgeenhancingin theorthogo-
nal directions.Applying this to someinitial randomnoiseimagewe generatea scale
of successively coarserpatternswhichrepresenttheflow field atsomeinstancein time.
FiniteElementsin spaceandasemiimplicit timesteppingis appliedto solve thediffu-
sionproblemnumerically.
Firstresultsonthetexturetransportmethodhavealreadybeenpresentedin [3]. Wefind
it appropriateto pick themup hereandcomparethemwith thefield aligneddiffusion
methodasanotherPDEbasedapproach.Beforewe explain in detail thetwo methods,
let us discussrelatedwork on vectorfield visualizationandimageprocessing.Later
on we will identify someof the well known methodsasequivalent to specialcases,
respectively asymptoticlimits of thepresentednew methods.

2 Related Work

The spotnoisemethodproposedby van Wijk [21] introducesspot like texture splats
which are alignedby deformationto the velocity field in 2D or on surfacesin 3D.
Thesesplatsareplottedin thefluid domainshowing strongalignmentpatternsin the
flow direction.Theoriginally first orderapproximationto theflow wasimprovedby de
LeeuwandvanWijk in [9] by usinghigherorderpolynomialdeformationsof thespots
in areasof significantvorticity. In an animatedsequencethesespotscanbe moved
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alongstreamlinesof theflow. Furthermorein 3D vanWijk [22] appliestheintegration
to cloudsof orientedparticlesandanimatesthemby drawing similarmoving transpar-
entandilluminatedsplats.
TheLine IntegralConvolution(LIC) approachof CabralandLeedom[5] integratesthe
aboveODEforwardandbackwardin timeateverypixelizedpoint in thedomain,con-
volvesa white noisealongtheseparticlepathswith someGaussiantypefilter kernel,
and takes the resultingvalueasan intensity value for the correspondingpixel. Ac-
cordingto thestrongcorrelationof this intensityalongthestreamlinesandthelack of
any correlationin theorthogonaldirectiontheresultingtexturing of thedomainshows
densestreamlinefilamentsof varying intensity. Hege andStalling [19] increasedthe
performanceof this methodespeciallyby reusingportionsof theconvolution integral
alreadycomputedon pointsalongthestreamline.Max et al. [16] proposeda similar
methodonsurfaces.Max andBecker [15] presentamethodfor visualizing2D and3D
flowsby animatingtextures.
ShenandKao [18] have applieda LIC typemethodto unsteadyflow fieldsandInter-
ranteandGrosch[11] generalizedline integral convolution to 3D in termsof volume
renderingof line filaments.
In [20] Turk discussesanapproachwhichselectsacertainnumberof streamlines.They
areautomaticallyequallydistributedall overthecomputationaldomainto characterize
in a sketchtyperepresentationthesignificantaspectsof theflow. An energy minimiz-
ing processis usedto generatetheactualdistributionof streamlines.
Mostof thesemethodsaredesignedandimplementedonflow fields,whichareconstant
in time. If we for instanceapply line integral convolution in the timedependentcase,
successive imagesof a time sequencearein generalnot correlated.Grey level values
atgrid pointschangeveryrapidlybecausethestreamlinesat time  and  �-/.0 onwhich
theconvolution is performedhavealmostno overlapevenfor verysmall .0 .
Furthermore,if we ask for a finer or coarserscaleof the resultingpattern,the line
integral convolutionmethodhasto berestartedwith a coarserinitial image.In caseof
spotnoiselargerspotshave to beselectedandtheir stretchingalongthefield hasto be
increased.Themethodsto bepresentedherewill incorporatedifferentapproachesto a
straightforwardscalability.
Asalreadymentionedin theintroductionourmethodof fieldalignednonlinearanisotropic
diffusionto visualizevectorfieldsisderivedfromwell knownimageprocessingmethod-
ology. Discretediffusiontypemethodsareknown for a long time. PeronaandMalik
[17] have introduceda continuousdiffusionmodelwhich allows thedenoisingof im-
agestogetherwith the enhancingof edges.Alvarez,Guichard,Lions andMorel [1]
haveestablishedarigorousaxiomatictheoryof diffusivescalespacemethods.Kawohl
andKutev [2] investigatea qualitative analysisof the PeronaandMalik model. Re-
coveringof lower dimensionalstructuresin imagesis analysedby Weikart [23], who
introducedan anisotropicnonlineardiffusion methodwherethe diffusion matrix de-
pendson the socalledstructuretensorof the image. A Finite Elementdiscretization
andits convergencepropertieshavebeenstudiedby Kačur andMikula [12].
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3 Vector Field Aligned Nonlinear Diffusion

Let us now discussa first PDE basedmethod. Here,nonlinearanisotropicdiffusion
appliedto someinitial randomnoisy imagewill enablean intuitive andscalablevi-
sualizationof complicatedflow fields. Therefore,we pick up the idea of line inte-
gralconvolution,whereastrongcorrelationin theimageintensityalongstreamlinesis
achievedby convolution of an initial white noisealongthestreamlines.As proposed
alreadyby CabralandLeedom[5] a suitablechoicefor the convolution kernel is a
Gaussiankernel.On theotherhandanappropriatelyscaledGaussiankernelis known
to bethefundamentalsolutionof theheatequation.Thus,line integral convolution is
nothingelsethansolvingtheheatequationin 1D onastreamlineparametrizedwith re-
spectto arclength.On pixelswhich arelocatedon differentintegral linestheresulting
imageintensityis not correlated.Hence,thethicknessof theresultingimagepatterns
in line integral convolution is of the sizeof the randominitial patterns,in generala
singlepixel. Increasingthis sizeasit hasbeenproposedby Kiu andBanks[13] leads
to broaderstripesandunfortunatelylesssharptransitionsacrossstreamlinepatterns.
As describedso far, line integral convolution is a discretepixel basedmethod.It can
be regardedasa discretizedstreamlinediffusion process.If we askfor a wellposed
continuousdiffusionproblemwith similar properties,we areleadto someanisotropic
diffusion,now controlledby asuitablediffusionmatrix.
To begin with, let us at first review the basicsof the nonlineardiffusion methodsin
imageprocessing.Weconsiderafunction 1 ��� 	�
� �2�  � 	 whichsolvestheparabolic
problem 33 � 1�4 div �&5��7681:9#"!6�1:";$ <=��1:">� in � 	 
 �/� �1?�7)@�BA "C$ 1 � � on � �330D 1 $ ) � on � 	 
 � � �
for given initial density 1 � ��� FE )@�BGIH . Here 1:9�$KJ�9MLN1 is a mollification of the
currentdensity, which will lateron turn out to be necessaryfor the wellposednessof
theabove parabolic,boundaryandinitial valueproblem. In our settingwe interprete
thedensityasanimageintensity, a scalargreyscaleor – with a slight extensionto the
vectorvaluedcase– asa vectorvaluedcolor. Thus,thesolution 1>�OAP" canberegarded
asa family of images QR1?�( #"TS �VUXW Y[Z , wherethe time  servesasa scalingparameter.
Let us remark,thatby the trivial choice 5\$]G and <=�(1�"�$^) we obtainthestandard
linear heatequationwith its isotropicsmoothingeffect. In imageprocessing1 � is a
givennoisy initial image. The diffusion is supposedto be controlledby the gradient
of the imageintensity. Large gradientsmark edgesin the image,which shouldbe
enhanced.Whereassmall gradientsindicateareaof approximatelyequal intensity.
Heredenoising,i. e. intensitydiffusionis considered.For thatpurposewe prescribea
diffusioncoefficient 5_$�`a�cbd681:9dbd"
wherè �X� 	 
�e � 	 
 is amonotonedecreasingfunctionwith fhgjilk'monp`a�(q�"r$_) and`a�()�"N$ts where s�u � 	 
 is constant(cf. Fig. 1), e. g. `a�(q�"�$tsl�#Gv-wbIq>bIxB"'y{z .
If we would replacethemollified gradient681 9 asargumentof ` by thetruegradient
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Figure1: Theshapèa�OAP" whichappliedto thegradientof themollified imageintensity
servesasadiffusioncoefficient in imageprocessing.

Figure2: Thenoisyimageon theleft is successively smoothedby nonlineardiffusion.
On theright theresultingsmoothedimagewith enhancededgesis shown.

681 , which leadsto the original PeronaMalik model,we would in generalobtaina
backwardparabolicproblemin areasof high gradients,which is no longerwellposed
[2]. Theinvokedmollification avoids this shortcomingandcomesalongwith a desir-
ablepresmoothingeffect. Neverthelessthe enhancingof steepgradientsandthereby
edgesin the image,known from backwarddiffusion is retainedif we adjustthemol-
lification carefully. A suitablechoice[12] for this mollification is a convolution with
theheatequationkernelfor smalltimes,thatis solvingthestandarddiffusionproblem
for a shortperiodof time. Figure2 givesanexampleof suchanimagesmoothingand
edgeenhancementby nonlineardiffusion. Thefunction <=�#A " mayserve asa penalty
which forcesthe scaleof imagesto stay closeto the initial image,e. g. choosing<=��1:"*$+|=�(1 � 4}1�" where| is a positiveconstant.

Now we incorporateanisotropicdiffusion. For a givenvectorfield �����  � 	�� we
considerlinear diffusion in the directionof the vectorfield anda PeronaMalik type
diffusionorthogonalto thefield. Let ussupposethat � is continuousand ��~$�) on � .
Thenthereexistsan family of continuousorthogonalmappings��� � " ��� ��*� ����"
suchthat ��� � " � $�� � , where Q0�0��SR�j� �B�P�P�P� � � y{z is thestandardbasein � 	�� (cf. Fig. 3).
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Figure3: ThecoordinatetransformationB(v).

Figure4: Thegraphsof thevelocity dependentlineardiffusion ���OAP" , respectively the
scalarcontrastenhancingright handside <=�OAP" .
We considera diffusionmatrix 5_$_5�� � �c681 9 " anddefine

58� � �!q�"r$���� � "O� � ���!b � bd" `a�(q�"�� ��� � "
where � ��� 	 
  � 	 
 controlsthelineardiffusionin vectorfield direction,i. e. along
streamlines,andthe above introducededgeenhancingdiffusioncoefficient `a�OAP" acts
in the orthogonaldirections. We may eitherchoosea linear function � or in caseof
a velocity field, which spatiallyvariesover several ordersof magnitude,we selecta
monotonefunction � (cf. Fig. 4) with���()�"���) andfjgji�� mon �%�&�0"r$�� max.

In generalit doesnot make senseto considera certaininitial image.As initial data 1 �
wethuschoosesomerandomnoiseof anappropriatefrequency range.Thiscanfor in-
stancebegeneratedrunninga linear isotropicdiffusionsimulationon a discretewhite
noisefor a short time. Hencepatternwill grow upstreamanddownstream,whereas
the edgestangentialto thesepatternsaresuccessively enhanced.Still thereis some
diffusion perpendicularto the field which suppliesus for evolving time with a scale
of progressively coarserrepresentationof the flow field. If we run the evolution for
vanishingright handside < the imagecontrastwill unfortunatelydecreasedueto the
diffusionalongstreamlines.Theasymptoticlimit turnsout to beaaveragedgrey value.
Therefore,we strengthenthe imagecontrastduring theevolution, selectinganappro-
priatefunction < � E )@�BGIH  � 	 
 (cf. Fig. 4) with<=�7)�"*$�<=�OG0"=$_) ,<���) on �()�� �@�dGR" , and <���) on �()��!)�� ��" .
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Figure5: A singletimestepis depictedfrom thenonlineardiffusionmethodappliedto
thevectorfield describingtheflow aroundanobstacleatafixedtime. A discretewhite
noiseis consideredasinitial data.We run theevolution on the left for a smallandon
theright for a largeconstantdiffusioncoefficient � .

Finally weendupwith themethodof nonlinearanisotropicdiffusionto visualizecom-
plex vectorfields.Therebywe solve thenonlinearparabolicproblem��  1�4 div �75�� � �T6�1 9 "!681�"r$�<=��1:"
startingfrom somerandominitial image 1 � andobtaina scaleof imagesrepresenting
thevectorfield in anintuitiveway (cf. Fig. 5).

If we askfor pointwiseasymptoticlimits of theevolution,we expectanalmostevery-
whereconvergenceto 1?�V�+�BA "/u\Q0)@�dGXS due to the choiceof the contrastenhancing
function <=�OAP" . The spaceof asymptoticlimits significantlyinfluencesthe richnessof
thedevelopingvectorfield alignedstructures.Wemayaskhow to furtheronenrichthe
patternwhich is settledby anisotropicdiffusion. This turnsout to be possibleby in-
creasingthesetof asymptoticstates.Wenolongerrestrictourselvesto ascalardensity1 but considera vectorvalued 1 ��� �E )@�BGIH�� for some ¢¡tG anda corresponding
systemof parabolicequations.Thecouplingis givenby thenonlineardiffusioncoeffi-
cient `a�OAP" which now dependson thenorm bB6�1{b of theJacobianof thevectorvalued
density 681 andtheright handside <=�OAP" . We define<=��1:"*$_£,�!bI1>bB"�1
with £,�7�0"/$¥¤<=�7�0"!¦X� for � ~$§) , where ¤< is the old right handside from the scalar
case,and £��7)�"N$\) . Furthermorewe selectan initial densitywhich is now a discrete
white noisewith valuesin � z �7)�"�¨ E )@�BGIH�� . Thusthecontrastenhancingnow pushes
the point wise vectordensity 1 either to the ) or to somevalueon the spheresector� � y{z ¨ E )@�BGIH�� in � 	 � (cf. Fig. 6). Figure7 shows anexamplefor theapplication
of the vectorvaluedanisotropicdiffusion methodappliedto a convective flow field.
An incompressibleBénardconvectionis simulatedin a rectangularbox with heating
from below andcoolingfrom above. Theformationof convectionrolls will leadto an
exchangeof temperature. Finally Figure8 shows resultsof this methodappliedto
severaltimestepsof thesameconvectiveflow. Werecognizethatthepresentedmethod
is ableto nicelydepicttheglobalstructureof theflow field, includingits saddlepoints,
vortices,andstagnationpointson theboundary. FurthermoreFig. 9 showsadifferent
applicationto aporousmediaflow field.
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Figure 6: A sketch of the vector valuedcontrastenhancingfunction < which leads
to asymptoticstates1>�&���dAP"�uKQR)@S�©+� � x ¨ E )��dGIH x " . Here, the componentsof the
densityareinterpretedasbluerespectively greencolorvalues.Thearrowsindicatethe
directionof contrastenhancement.

Figure7: Several diffusion timestepsaredepictedfrom the vectorvaluednonlinear
anisotropicdiffusionmethodappliedto a convectiveflow field in a 2D box.
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Figure 8: Convective patternsin a 2D flow field are displayedand emphasizedby
themethodof field alignedanisotropicdiffusion. The imagesshow thevelocity field
of the flow at differenttimesteps.Therebythe resultingalignmentis with respectto
streamlinesof this timedependentflow.

Figure9: Field aligneddiffusion clearly outlinesthe principle featuresof a porous
mediaflow in thevicinity of a saltdome.Lensesof lower permeabilityforcetheflow
to passthroughnarrow bridges.We depicttwo timestepsof thediffusionprocess.

9



4 Texture Transport Method

Thesecondmethodto bepresentedwill bebasedonanumericalcalculationof theflux� itself. Weadopttheideaof theimplicit streamsurfacesanddiscussthecorresponding
transportproblemfor timedependentdata,solveit numericallyfor certainboundaryand
initial conditionsandusetheresultto generateanappropriatetexturemapping.
At first, let usgive a brief outline. At theinlet of a fluid containerwe prescribeinflow
boundaryconditions,which arethe inflow coordinates,respectively the inflow time.
Furthermoreoutflow boundaryconditionsaregivenat theoutletandslip conditionson
theremainingpartof theboundary. In the interior the linear transportequationswith
respectto theprescribedvelocity � ���,�# #" describethefluid motion,i.e. thetransportof
theinflow timeandinflow coordinates.Thesetof pointsin spaceandtimewhichshare
a specificinflow coordinatecoincideswith a particle line, whereasthe setof points
with the sameinflow time andinflow coordinateson a boundedsurfacerespectively
line on the inlet, describethe movementof thecorrespondingsurfaceor line in time.
Thereforein 2D we take thespacespannedby the inflow time andthe inflow coordi-
natesastexture spaceandprescribea texture with strongcorrelationin the direction
of time. Thenusingthe numericalresultsof the transportcalculation,in explicit the
numericalinflow timeandinflow coordinatesastexturecoordinates,weobtainadense
representationof streaklines in termsof visible texture correlation.This representa-
tion continuouslydependson time andwe caneasilyanimatetheevolution. In 3D we
mayproceedsimilarasin theimplicit streamsurfacemethodproposedby vanWijk and
texturetheresultingstreamsurfacesanalogously.

Inflow time and inflow coordinatesmay be regardedas a Lagrangianframe. The
methodwe proposeheredisplaysLagrangiancoordinatesby texturemapping,which
mapa certainpatternfrom a Lagrangiancoordinatessystem,i. e. from texturespace,
to theEulerianframe.In moredetail,let usassume�_�p� 	�� to beadomaindescribing
a fluid containerwith an inlet boundaryª 
 � � � andanoutletboundaryª y � � � .
Furthermorewesupposethefluid velocity �l���p� E )@��«¬ H  � 	 � to begivenfor afixed
time «¬ . In the applicationthis velocity will be deliveredby a numericalsimulation,
which runssimultaneouslyor hasstoredits resultsin files on disk. This numerical
simulationis basedon an additionalcomputationalgrid. Therefore,to avoid some
samplingprocedurewith its obviousdrawbacks,thepostprocessingmethodhasto be
basedon thesamegrid (cf. Section5).
Let usnow interpretthecoordinates on the inlet boundaryª 
 , respectively the in-
flow time

¬
asdependingvariables,whicharetransportedwith thefluid. Thenthey are

describedby thefollowing transportequationfor a density1� � 1�- � AR6�1 $ ) in � �1 $ 1�® on ª 
 �
therebywe obtain 1�$� for 1 ® $� on ª 
 , respectively 1�$ ¬ for 1 ® $ ¬ on ª 
 .
On theoutlet ª y no boundaryconditionhasto bedescribedif � A°¯�¡_) for all times,
where ¯ is the outernormalof the domain � . This transportcanbe interpretedasa
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Figure10: A sketchof theappliedmappingfrom texturespaceinto physicaldomain� .

simultaneousandglobalparticletracing. On a particlepath ���� #" thesolution 1 of the
abovetransportequationis constant,because±���� #"r$ � �(�,�( #"'�# #" andqq� 1>������ #"'�! #";$ ��� 1>������ #"'�! #",-²±�,�( #"=AR681>���,�( #"'�! #"$ )v�
Thereforepointsof constant valuearelocatedontheparticleline startingatposition on ª 
 . Analogouslya constant

¬
valueindicatespointson a surfacewhich is the

imageof acorrespondingsurfaceontheinlet undertheflow �,�#Ah� ¬ " . In thissense³� ¬
asfunctionson �´� E )��=«¬ H canbe regardedasLagrangiancoordinatesdescribingthe
motion of particleswhich passthrough ª 
 . Particleswhich have earlierenteredthe
fluid containerarenotconsideredsofar.
The transportequationbecomesa wellposedproblemby prescribingsuitableinitial
conditions. If every particlepathstartingat a position in � hasleft the domain,the
solution 1 no longerdependson theseinitial conditions. For moderatevaluesof «¬
this might not be the caseandfor certainapplicationsespeciallythe initial phaseof
the physicalsimulationis of greatimportance.Thereforewe supposethat ¤ and ¤¬
areextensionsof �µ ® Z respectively ) on � andchoosethemasinitial conditionsfor
the two transportproblems. E. g. if �¶�·� 	 
 ��� 	 and ª 
 � ) ��� 	 we choose¤���� z �!� x "*$w�7)@�!� z " , ¤¬ �(� z �#� x "r$+) .
Next we have to defineanappropriatepatternin thetexturespaceª 
 � E )���«¬ H . There
areseveraldesirablefeatureswhichshouldberealizedby thetextural representationof
theLagrangiancoordinates.It shouldsimultaneouslycodetime andinlet coordinates.
Furthermoreto enablelong time animationof moving fluids thepatternin thetexture
spaceshouldbeperiodicin

¬
andthezoominginto detailedareashasto besupported

by a scalabilityproperty. Thus,we usea periodiccolor codingof
¬

anda periodic
scalable1D texture for  . This 1D texture canbe generatedby a convolution of a
whitenoise.For detailswe referto [3].
Dependingon theprojectionfrom world to screencoordinateswe scalethecomputed
Lagrangiancoordinates and

¬
by somefactor ¸ . If ¸ � is an initial scalewhich

especiallydependson thesizeof thedomain ��� E )���«¬ H and ��$^�7¹:ºI»?¼o"�½¾ where ¼ is
the ¿ � ¿ projectionmatrixdescribingthelinearpartof theaffinemappingfrom world
to imagespace,then ¸ � $�¸ � � is anappropriatechoicefor thisscalingfactor. Finally we
obtainastexturecoordinateş�³�T¸ ¬ mappingpointsin � into the2 periodictexture
space� 	 x with the fundamentalcell E )@�dGdHÀx which covers Q0¸,��e�(���! #"'� ¬ �����! #"#"[µO�Áu
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Figure11: Fundamentalcell of thetexturespacewith errordependentblurring.

� �: �u E )@�M«¬ H7S .
Due to this constructionthe resultingtexture on � at time  �u E )��=«¬ H continuously
dependson  andthescalingfrom world spaceinto image.Furthermoretheresulting
patternis independentof this scaling.This avoidsaliasingeffectsaslong asthefilter
lengthin � directionis largeenough.
Althoughwe usea higherorderFinite Volumemethodto solve thetransportequation
for a given velocity � numerically, thereare unavoidableerror sources. In general,
especiallyfor CFD applications,� itself is computedby somenumericalalgorithms,
which impliesapproximationerrorscomparedto thetruefluid velocity in thephysical
applicationandleadsto errorsin the data � which we plug into the numericaltrans-
port scheme. Furthermoredue to the still considerablenumericalviscosity and the
approximationrestrictionof theshapefunctionswe obtainadditionalimportanterrors
contributions.Let ussupposethat,by someerrorestimator[14] or aweakererrorindi-
catorwe canmeasurelocal in spaceandtime theresultingaccumulatederror. We will
denotethis measureÂ{�����! #" with ��u � ,  2u²«¬ andregardit asa functionin thelinear
FiniteElementspace.
Our intentionis now to use Â informationin thegenerationof thevectorfield images,
i. e. to modify the texturecorrespondingly. In areaswhere Â is small, the numerical
solutionof thetransportequationandtherebythetexturingof thedomain� is reliable,
whereasin regionswith large Â –values,theactualmeaningof thetextureis unclearand
possiblymakesno sense.
Thereforewe first createa 2D texture Ã*�#Ah�BA " on E )��dGdH x with a smoothtransitionfromÃ*�OAj�!)�" with a clearlyvisible pattern- an1D original texture for  - anda high signal
bandwidthto anuniform grey valuedtexture Ã*�OAj�dG0" (cf. Fig. 11 for theresultingtex-
ture).
Wenow consideranimplicationof theerrorindicatoronthechoiceof theactualtexture
coordinates.Let ussupposethat Â is afunctionwith valuesin E )@�BGIH , wheresmallvalues
indicatesmall error boundsandvaluescloseto G indicateslargeerrorsandtherefore
smallreliability of thecomputationalresults.Thenwe take �(Â>�c¸�Ä" astexturecoordi-
nateswhich mapthe latter introducedtextureonto the computationaldomain. Again
this textureis scalableandcontinuouslydependson time. Thefollowing examplesfor
differentapplicationsall usethis texturefor theLagrangian coordinateandcolor for
thecorresponding

¬
coordinate.Therebya simpleerror indicatorwhich measureslo-

calgradientshasbeenapplied. Let usfinally presentsomeapplicationsof thetexture
transportmethod.Figure12showsseveraltimestepsof avonKármánvortex formation
in anincompressibleflow behindanobstacle.In Figure13wepick uptheformationof
convectionrolesin a two dimensionalbox. We defineaninterior line Å asanartificial
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Figure12: Texturetransportin thevon Kármánvortex street
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Figure13: Texturetransportappliedto convectionrolesin anincompressibleflow

boundaryfor the transportproblem,wheredependingon thesignof � A°¯ we assume
outflow andinflow conditionson both sidesof the line segment. Texture blurring is
appliedto indicatetheregionof reliability concerningthenumericaltransportsolution.
FurthermoreFigure14 shows theapplicationof this methodto severaltimestepsof a

compressibleflow with subandsupersonicregimesaroundtwo obstacles.
In Figure15 we visualizethe vortex formationat the contactdiscontinuityof a com-
pressibleflow overa forwardfacingstep.
Finally to comparethe texture transportmethodwith the nonlineardiffusion method
presentedin thelastsection,wehavedepictedthevisualizationof aporousmediaflow
in Figure16.

5 Discretizations and Numerical Solution

In whatfollowswediscussthediscretizationandimplementationof thetwo PDEbased
methods. The texture transportapproachrelies on the solution of linear hyperbolic
equations,wherethedampingof numericalviscosityplaysanessentialrole. Thefield
aligneddiffusionrequiresthesolutionof a systemof nonlinearparabolicequations.

Texture Transport

We have alreadymentionedthatnumericalschemesfor hyperbolicconservation laws
areaccompaniedby someunavoidablenumericalviscosity, whichleadsto asignificant
datamollification anda “smearingout” of thesolutionstructure.This phenomenonis
well known for shockpropagationin CFD,but it alreadyappearsin caseof lineartrans-
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Figure14: Texturetransportappliedto acompressibleflow aroundtwo cylinders.

Figure15: Texturetransportis usedto visualizea vortex phenomenonfor a compress-
ible flow.
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Figure 16: We comparethe visualizationof a porousmediaflow using anisotropic
diffusion(on thetop)andthetexturetransportmethod(on thebottom)cf. Fig. 9.

portproblems.Thereis a tradeoff betweentheamountof thisnumericalviscosityand
theoccuranceof oscillations.Especiallyin thecurrentapplicationtoo muchnumeri-
cal viscositywould destroy theevolution of interestingflow patternspresentedin the
numericalsolutionof our flow problem. Therefore,we selecta higherorderDiscon-
tinuousGalerkinmethodasanappropriatesolver, with considerablesmallernumerical
viscosity.
The oscillations,which are well known for any type of higher order finite volume
scheme,areavoidedby invokinga limiting process.
Let ussupposeÆ to besomestructuredor unstructuredmeshcoveringthecomputa-
tional domain � andconsistingof regularElementsÇ . On this grid we introducethe
spaceÈ of piecewisepolynomialfunctions,whicharenot requiredto becontinuouson
elementfaces.Thenweconsiderthetransportequation,written in conservationform��  1�- div <=�(1�"r$+1 div �
where < �@� 	  � 	�� and < � �(1�" � $ � � 1 , multiply it with someÉ�u�È andintegrateoverÇ\uÊÆ . Applying integrationby partswe obtain��  *Ë:Ì 1rÉÄ- Ë 3 Ì <=��1:"�AR¯�É�$ Ë�Ì 1 div � ÉÄ-�<=��1:"#68É
If we now require 1�u�Í � E )�� ¬ H andreplacetheflux term <=�(1�"rA0¯ , which describes
the flow over the facesof Ç by somenumericalflux Î{��1 y �#1 
 " , where 1 y and 1 

denotethe piecewise polynomial,but discontinuousfunction 1 in Ç , respectively in
theadjacentcells ¤Ç at thefacesof Ç , withÎ{��1?�#1:"C$ <=�(1�"=AR¯��Î{��1 y �#1 
 "C$ 4�Î{��1 
 �#1 y ">�
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we obtainthesemidiscreteDiscontinuousGalerkinmethod.TheEngquist-Osherflux
[10] is usedin the currenttexture transportalgorithm. Finally we discretizethis by
someRungeKuttaschemein time andto avoid oscillationscombinethe resultingal-
gorithmwith alimiter whichcutoff localextremaaftereachRungeKuttaiterationstep.
For a detaileddiscussionon theDiscontinuousGalerkinMethodwe referto Cockburn
et. al. [6, 8, 7]. In our implementationwe approximate1e$ ¬ �! on eachvolumeÇ by a linear function. Let us emphasizethat we obtaina standardfirst orderFinite
Volumescheme,if we take into accountpiecewiseconstantshapefunctionsin space
anda forwardEulerschemein time.

Field Aligned Diffusion

The methodof field aligneddiffusion is implementedbasedon a Finite Elementdis-
cretizationin spaceanda semiimplicit backwardEulerschemein time. We have re-
strictedourselvesto regulargridsgeneratingby recursive subdivision. On thesegrids
we considerthebilinear, respectively trilinear Finite Elementspaces.Numericalinte-
grationis basedon the simplestquadraturerule, which evaluatesthe integrantsolely
at the element’s centerpoint. Theseintegrationformulasareappliedto computethe
local stiffnessmatrixes. The semi implicit characterof our schememeans,that the
nonlinearity `a�7681 9 " is evaluatedat the old time. In eachtimestepthe computation
of 1�9 is basedon a singleshortimplicit timestepfor the correspondingheatequation
with respectto initial data 1 . We take into accountmasslumpingto calculatethelocal
massmatrixes.Theregulargridsareprocedurallyinterpretedasquadtree,respectively
octtree.Finally no matrix is explicitly stored.Thenecessarymatrix multiplicationsin
the appliediterative CG solver is performedin successive treetraversals.Hierarchi-
calBPX type[4] preconditioningis appliedto acceleratetheconvergenceof thelinear
solver. A singletimestepona ÏX�ÑÐ x gridsperformedon aSiliconGraphicsworkstation
with anR10000processorat 195MHz requiresca. 1.2 secs.Thecodeis preparedto
incorporatespatialgrid adaptivity if possible.

6 Comparison to Other Methods

Sofar we have introducedthe two methodsof texture transportandfield aligneddif-
fusionto ensureanintuitive understandingof complex flow fields. We have discussed
a varietyof importantpropertiesandadvantages.Let usnow rank themamongother
visualizationmethodsandcomparethemwith differenttechniques.Hereweespecially
pick up theline integralconvolutionmethodandthespotnoiseapproach.
Givenapossibletimedependentvectorfield � �(���# #" therearetwo basicandwell known
toolsin flow visualization.For afixedpoint �³u_Ò� wecanconsiderstreamlines,thatis
for fixedtime  we consideracurve QB�,�&�0"dµ �ou � 	 S with�� � �,�7�0"r$ � �(�,�&�R"I�# #">�Ó�,�7)�"*$��o�
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Alternatively we mayexaminea family of curves QB�?�0�( #"dµ  �u � 	 S with��  � � �� #"r$ � �(� � �( #"'�! #">�Ô� � �&�0"r$+���
For fixed  thecurve QB�>�0�� #"dµ ��u � 	 S is a streakline.In anobvioussensethemethodof
field aligneddiffusioncomesup with a densecoverageof thedomain � with stream-
lines,whereasthetexturetransportmethodresultsin adensecoverageof � with streak-
lines. If we fix the texture in the Lagrangiancoordinatesfor the texture transport,
respectively aninitial intensitywith moderatefrequency rangefor thefield aligneddif-
fusion,bothmethodswill leadto a vectorfield representationwhich is continuousin
time. I. e. resultingimagesof closetimestepswill stronglycorrelate.
For stationaryflow fieldsweobtainsimilar resultsby bothmethods.Thin flow aligned
patternsaregenerated.Line integral convolution leadsto comparableresultswith the
essentialdifferencethatthePDEbasedmethodscarryanicescalespaceproperty. I. e.
eitherselectingacoarserthetexturein theLagrangianframeor evolving a longertime
in theanisotropicdiffusionmethodwe obtaina successive coarseningof theresulting
flow representation.
Furthermorein a restrictedsense,line integral convolution (LIC) andspotnoisecan
beregardedasspecialcasesof thefield aligneddiffusionmethod.LIC with Gaussian
filter kernelcanbeidentifiedastheasymptoticlimit of thelattermethodof a concen-
trationof theedgeenhancingfunction `a�OAP" at ) . Otherfilter kernelshapescorrespond
to different, in generalnon linear diffusion processesalongstreamlines.Furtheron,
generatinga singledeformedspoton the computationaldomainlike proposedin [9]
canberegardedasanearlytimestepin thediffusionstartingwith initial data,thatis a
characteristicfunctionof a circulardisk. If we releasea bunchof suchdisksasinitial
datain sucha way that theevolving patternsdo not overlap,thentheresultingimage
is comparableto spotnoise.Thus,spotnoisecanberegardedasa parallelversionof
shorttimediffusivevectorfield visualization.

7 Conclusions

We have introducedtwo novel methodfor the postprocessingof flow data. From a
mathematicalpoint of view oneof their major advantagesis, that they arebasedon
physically intuitive continuousmodels,i. .e transportand diffusion. Most of their
propertiescanbediscussedon this level. Finally they arediscretizedin anappropriate
waymakinguseof recentandefficientnumericalalgorithms.Thisclearlyindicatesthe
stronginterdependenceof scientific computingandscientific visualizationmethods.
Theintentionof thispaperis especiallyto outlineoneinterestingfacetof this interplay.
From the author’s point of view exciting future researchdirectionsarefurther inves-
tigationsof flow visualizationin 3D by meansof texture transportandfield aligned
diffusion. Furthermore,a visualizationapproachbasedon anisotropicdiffusion and
applicablefor timedependentvectorfieldsis achallengingtopic.
Furtherresultsandthealgorithmrunningon an � �   2D vectorarrayis avaliableas
asourcecodeat theURL:

http://www.iam.uni-bonn.de/SFB/visual/nonlinear.diffusion
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