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Abstract

Vectorfield visualizationis animportanttopic in scientificvisualization.The
aim s to graphicallyrepresenfield datain anintuitively understandablandpre-
ciseway. Two novel methodsare describedwvhich enablean easyperceptionof
flow data.Thetexturetransporimethodespeciallyappliesto timedependenteloc-
ity fields. Lagrangiancoordinatesare computedsolving the correspondindinear
transportequationsumerically Choosingan appropriateexture on thereference
framethecoordinatemappingcanbeappliedasa suitabletexture mapping.Alter-
natively, thealigneddiffusionmethodssenesasanappropriatescalespacenethod
for thevisualizationof complicatedlow patternslt is closelyrelatedto nonlinear
diffusionmethodsn imageanalysiswhereimagesaresmoothedvhile still retain-
ing andenhancingedges.Hereaninitial noisyimageis smoothedalongstream-
lines,whereagheimageis sharpenedh the orthogonaldirection. The two meth-
ods have in commonthat they are basedon a continuousmodel and discretized
only in thefinal implementationastep. Therefore mary importantpropertiesare
naturallyestablishedlreadyin the continuousmodel.

1 Introduction

The visualizationof field data,especiallyof velocity fields from CFD computations
is one of the fundamentatasksin scientificvisualization. A variety of differentap-
proacheshasbeenpresented.The simplestmethodto drav vector plots at nodesof
someoverlayedregulargrid in generaproducewisualclutter, becaus®f thetypically
differentlocal scalingof thefield in the spatialdomain,which leadsto disturbingmul-
tiple overlapsin certainregions,whereasn otherareassmall structuresuchaseddies
cannot beresohed adequately The centralgoalis to obtaina denserintuitively bet-
ter receptiblemethod. Furthermoreit shouldbe closely relatedto the mathematical
meaningof field data,whichis mainly expressedn its oneto onerelationto the corre-
spondingflow. If avectorfieldv : QO x Rf — IR" for somedomain{ C IR" is given,
thenthe correspondindlow ¢ : Q x R} — € is describedy the systemof ordinary
differentialequations

6t¢(x7 t) = U(¢($7 t): t)



andtheinitial condition¢(z,0) =« .

Single particle lines only very partially enlightenfeaturesof a complex flow field.
Thus,we askfor somedensepatternwhich representshe flow ¢ globally onthecom-
putationaldomain.We proposewo differentapproacheto togglethisimportantprob-
lemin vectorfield postprocessingThey havein commonthatthey areboth basedon
thesolutionof suitablePDE problems.

We mayeithersolvetheflux equatioritself for suitableinitial andboundaryconditions.
Thereby in explicit we calculatea Lagrangiancoordinatemappingwith respecto a
suitablecoordinateframe, typically inflow positionandinflow time. It canbe applied
asa texture mapwhich overlaysthe computationakpacewith a texture patternand
hasbeenprescribedon the correspondind-agrangianreferencedomain. If the flow
problemincorporatesnflow boundaryconditions theinlet coordinatesandtheinflow
time canbe chosenasa naturalcoordinateframe. This methodcanbe interpretedas
a simultaneougracing of all points on the inlet studyingtheir long time behaiour.
Numericallywe solve the underlyinghyperboliclineartransporiproblemwith respect
to the givenvelocity v(z, t) by a higherorderdiscontinuousGalerkinmethoddueto
Cocklurn etal. [6, 7]. The approachespeciallyappliesto timedependentelocity
fields,whereit actuallydepictsthe geometryof particlelines. The texture mappingis
continuousn time andthereforeenablesanimating.

Alternatively, we may askfor a methodto generatestretchedstreamlinetype patterns,
which arealignedto the vectorfield v(x, t) for afixedtime ¢. The possibility to suc-
cessiely coarserthis patternis a further desirableproperty Methodswhich arebased
on sucha scalespaceandenhancecertainstructuresof imagesarewellknown in im-
ageprocessingnalysis.Actually nonlineardiffusion allows the smoothingof grey or
color imageswhile retainingand enhancingedges[17]. Now we setup a diffusion
problem,with strongsmoothingalongstreamlinemandedgeenhancingn the orthogo-
nal directions. Applying this to someinitial randomnoiseimagewe generatea scale
of successiely coarsepatternsvhichrepresentheflow field at someinstancen time.
Finite Elementsn spaceanda semiimplicit timesteppings appliedto solve the diffu-
sionproblemnumerically

Firstresultsonthetexturetransporimethodhave alreadybeenpresentedh [3]. We find
it appropriateto pick themup hereandcomparehemwith thefield aligneddiffusion
methodasanothePDE basedapproachBeforewe explainin detailthe two methods,
let us discussrelatedwork on vectorfield visualizationandimageprocessing.Later
on we will identify someof the well known methodsas equivalentto specialcases,
respectiely asymptotidimits of the presentechen methods.

2 Reated Work

The spotnoisemethodproposedby van Wijk [21] introducesspotlik e texture splats
which are alignedby deformationto the velocity field in 2D or on surfacesin 3D.
Thesesplatsare plottedin the fluid domainshawving strongalignmentpatternsin the
flow direction.Theoriginally first orderapproximatiorto theflow wasimprovedby de
LeeuwandvanWijk in [9] by usinghigherorderpolynomialdeformationf thespots
in areasof significantvorticity. In an animatedsequencehesespotscan be moved



alongstreamlineof theflow. Furthermoren 3D vanWijk [22] appliestheintegration
to cloudsof orientedparticlesandanimateghemby drawing similar moving transpar
entandilluminatedsplats.

TheLine Integral Convolution (LIC) approactof CabralandLeedom[5] integrateshe
above ODE forwardandbackwardin time at every pixelizedpointin the domain,con-
volvesa white noisealongtheseparticle pathswith someGaussiartypefilter kernel,
andtakesthe resultingvalue as an intensity value for the correspondingpixel. Ac-
cordingto the strongcorrelationof this intensityalongthe streamlinesandthelack of
ary correlationin the orthogonaldirectionthe resultingtexturing of the domainshows
densestreamlinefilamentsof varying intensity Hege and Stalling [19] increasedhe
performanceof this methodespeciallyby reusingportionsof the corvolution integral
alreadycomputedon pointsalongthe streamline.Max et al. [16] proposeda similar
methodon surfaces Max andBecker [15] presentamethodfor visualizing2D and3D
flows by animatingtextures.

ShenandKao [18] have applieda LIC type methodto unsteadyflow fields andinter-
ranteand Grosch[11] generalizedine integral corvolutionto 3D in termsof volume
renderingof line filaments.

In [20] Turk discusseanapproactwhich selectsacertainnumberof streamlinesThey
areautomaticallyequallydistributedall overthe computationatiomainto characterize
in a sketchtyperepresentatiothe significantaspectof theflow. An enegy minimiz-
ing processs usedto generatehe actualdistribution of streamlines.

Mostof thesemethodsaredesignedindimplementednflow fields,whichareconstant
in time. If we for instanceapply line integral convolution in the timedependentase,
successie imagesof atime sequencarein generalnot correlated.Grey level values
atgrid pointschangeveryrapidly becaus¢hestreamlinesittime ¢ andt + 6t onwhich
thecorvolutionis performedchave almostno overlapevenfor very smalldt.
Furthermore|f we askfor a finer or coarserscaleof the resulting pattern,the line
integral corvolution methodhasto berestartedvith a coarseiinitial image.In caseof
spotnoiselargerspotshave to be selectedandtheir stretchingalongthefield hasto be
increasedThemethodgo bepresentedherewill incorporatedifferentapproacheto a
straightforwardscalability

As alreadymentionedn theintroductionour methodof field alignednonlinearanisotropic
diffusionto visualizevectorfieldsis derivedfrom well knownimageprocessingnethod-
ology. Discretediffusiontype methodsare known for a long time. Peronaand Malik
[17] have introduceda continuouddiffusion modelwhich allows the denoisingof im-
agestogetherwith the enhancingof edges. Alvarez,Guichard,Lions and Morel [1]
have establishea rigorousaxiomatictheoryof diffusive scalespacemethods Kawohl
andKutev [2] investigatea qualitative analysisof the Peronaand Malik model. Re-
covering of lower dimensionaktructuresn imagesis analysedy Weikart[23], who
introducedan anisotropicnonlineardiffusion methodwherethe diffusion matrix de-
pendson the so called structuretensorof the image. A Finite Elementdiscretization
andits corvergencepropertieshave beenstudiedby KaCur andMikula [12].



3 Vector Field Aligned Nonlinear Diffusion

Let us now discussa first PDE basedmethod. Here, nonlinearanisotropicdiffusion
appliedto someinitial randomnoisy imagewill enablean intuitive and scalablevi-
sualizationof complicatedflow fields. Therefore,we pick up the ideaof line inte-
gral corvolution, wherea strongcorrelationin theimageintensityalongstreamliness
achieved by corvolution of aninitial white noisealongthe streamlines.As proposed
alreadyby Cabraland Leedom[5] a suitablechoicefor the corvolution kernelis a
Gaussiarkernel. On the otherhandan appropriatelyscaledGaussiarkernelis known
to be the fundamentabolutionof the heatequation.Thus, line integral corvolutionis
nothingelsethansolvingthe heatequatiorin 1D on astreamlingparametrizeavith re-
spectto arclength.On pixelswhich arelocatedon differentintegral linestheresulting
imageintensityis not correlated.Hence the thicknessof the resultingimagepatterns
in line integral convolution is of the size of the randominitial patterns,n generala
singlepixel. Increasinghis sizeasit hasbeenproposedy Kiu andBanks[13] leads
to broaderstripesand unfortunatelylesssharptransitionsacrossstreamlinepatterns.
As describedso far, line integral corvolution is a discretepixel basedmethod. It can
be regardedas a discretizedstreamlinediffusion process.If we askfor a wellposed
continuoudiffusionproblemwith similar propertieswe areleadto someanisotropic
diffusion,now controlledby a suitablediffusionmatrix.

To begin with, let us at first review the basicsof the nonlineardiffusion methodsin
imageprocessingWe considerfunctionp : IR{ x Q2 — IR whichsolvestheparabolic
problem

Zp—div(A(Vp)Vp) = flp), inR*xQ,
p( ) ) = po , ON Q )
Zp = 0 , onRtxd0

for giveninitial densitypy : Q@ — [0,1]. Herep. = x. * p is a mollification of the

currentdensity which will later on turn out to be necessaryor the wellposednessf

the above parabolic,boundaryandinitial valueproblem. In our settingwe interprete
thedensityasanimageintensity a scalargreyscaleor — with a slight extensionto the

vectorvaluedcase— asa vectorvaluedcolor. Thus,the solutionp(-) canbe regarded
asa family of images{p(t) };c g+, Wherethe time ¢t senesasa scalingparameter
Let usremark,thatby thetrivial choiceA = 1 and f(p) = 0 we obtainthe standard
linear heatequationwith its isotropic smoothingeffect. In imageprocessingy is a

givennoisy initial image. The diffusionis supposedo be controlledby the gradient
of the imageintensity Large gradientsmark edgesin the image, which shouldbe

enhanced. Whereassmall gradientsindicate areaof approximatelyequalintensity

Heredenoisingj. e. intensitydiffusionis consideredFor thatpurposewe prescribea

diffusioncoeficient

A=G(IVel)

whereG : R} — IR* is amonotonedecreasindunctionwith lim,_, ., G(d) = 0 and
G(0) = B wheres € IRT is constant(cf. Fig. 1),e.g. G(d) = B (1 + ||d||*)~*.
If we would replacethe mollified gradientV p. asargumentof G' by the true gradient
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Figurel: TheshapeZ(-) which appliedto thegradientof the mollified imageintensity
senesasadiffusioncoeficientin imageprocessing.

Figure2: Thenoisyimageontheleft is successiely smoothedy nonlineardiffusion.
Ontheright theresultingsmoothedmagewith enhanceadgess showvn.

Vp, which leadsto the original PeronaMalik model, we would in generalobtaina
backward parabolicproblemin areasof high gradientswhich is no longerwellposed
[2]. Theinvoked mollification avoids this shortcomingandcomesalongwith a desir

able presmoothingeffect. Neverthelesghe enhancingof steepgradientsandthereby
edgesin theimage,known from backward diffusionis retainedif we adjustthe mol-

lification carefully. A suitablechoice[12] for this mollification is a corvolution with

theheatequatiorkernelfor smalltimes,thatis solvingthe standardliffusionproblem
for ashortperiodof time. Figure2 givesanexampleof suchanimagesmoothingand
edgeenhancemertty nonlineardiffusion. Thefunction f(-) may sene asa penalty
which forcesthe scaleof imagesto stay closeto the initial image,e. g. choosing
f(p) = v(po — p) wherey is apositive constant.

Now we incorporateanisotropicdiffusion. For a givenvectorfield v : 2 — R™ we
considerlinear diffusionin the direction of the vectorfield anda PeronaMalik type
diffusionorthogonatto thefield. Let us supposehatw is continuousandv # 0 on (2.
Thenthereexists an family of continuousorthogonalmappingsB(v) : @ — SO(n)
suchthat B(v)v = eg , where{e; }i=o,...,n—1 is thestandardasein R™ (cf. Fig. 3).
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Figure3: The coordinataransformatiorB(v).
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Figure4: The graphsof the velocity dependentinear diffusion a(-), respectiely the
scalarcontrastenhancingight handside f (-).

We considera diffusionmatrix A = A(v, Vp.) anddefine
— g7 [ vl
awa =5e) (WD) B)

wherea : IRt — IR controlsthelineardiffusionin vectorfield direction,i. e. along
streamlinesandthe above introducededgeenhancingdiffusion coeficient G(-) acts
in the orthogonaldirections. We may eitherchoosea linear function o or in caseof
a velocity field, which spatially variesover several ordersof magnitude we selecta
monotonegunctiona (cf. Fig. 4) with

a(0) > 0and
lims—wo a(s) = amax-

In generalt doesnot make sensdo considera certaininitial image.As initial datap,
we thuschoosesomerandomnoiseof anappropriatdrequeng range.This canfor in-
stancebe generatedunninga linearisotropicdiffusion simulationon a discretewhite
noisefor a shorttime. Hencepatternwill grow upstreamand downstreamwhereas
the edgestangentialto thesepatternsare successiely enhanced.Still thereis some
diffusion perpendiculato the field which suppliesus for evolving time with a scale
of progressiely coarserepresentatiomf the flow field. If we run the evolution for
vanishingright handside f theimagecontrastwill unfortunatelydecreaselueto the
diffusionalongstreamlinesTheasymptotidimit turnsoutto beaaveragedyrey value.
Therefore we strengtherthe imagecontrastduring the evolution, selectingan appro-
priatefunction f : [0,1] — R* (cf. Fig. 4) with

f0)=fQ1)=0,
f>00n(0.5,1),andf < 00on(0,0.5).



Figureb: A singletimesteps depictedrom thenonlineardiffusionmethodappliedto
thevectorfield describingheflow aroundanobstacleatafixedtime. A discretewhite
noiseis consideredsinitial data.We run the evolution on theleft for asmallandon
theright for a large constandiffusion coeficienta.

Finally we endup with themethodof nonlinearanisotropiadiffusionto visualizecom-
plex vectorfields. Therebywe solve the nonlinearparabolicproblem

%p — div(A(v, Vp)Vp) = £(p)

startingfrom somerandominitial imagep, andobtaina scaleof imagesrepresenting
thevectorfield in anintuitive way (cf. Fig. 5).

If we askfor pointwiseasymptotidimits of the evolution, we expectanalmostevery-
wherecorvergenceto p(co,-) € {0,1} dueto the choiceof the contrastenhancing
function f(-). The spaceof asymptoticlimits significantlyinfluencesthe richnessof
thedevelopingvectorfield alignedstructuresWe mayaskhow to furtheron enrichthe
patternwhich is settledby anisotropicdiffusion. This turnsout to be possibleby in-
creasinghe setof asymptoticstates We nolongerrestrictoursehesto a scalardensity
p but considera vectorvaluedp : Q@ — [0, 1]™ for somem > 1 anda corresponding
systemof parabolicequationsThe couplingis givenby the nonlineardiffusioncoefi-
cientG(-) which now depend®n thenorm||Vp|| of the Jacobiarof thevectorvalued
densityVp andtheright handside f(-). We define

fp) = llpl)p

with h(s) = f(s)/s for s # 0, where f is the old right handside from the scalar
caseandh(0) = 0. Furthermorewe selectaninitial densitywhich is now a discrete
white noisewith valuesin B;(0) N [0, 1]™. Thusthe contrastenhancinghow pushes
the point wise vectordensity p eitherto the 0 or to somevalue on the spheresector
Sm=1n1[0,1]™ in R™ (cf. Fig.6). Figure7 shavs anexamplefor the application
of the vectorvaluedanisotropicdiffusion methodappliedto a corvective flow field.
An incompressibldBénardcorvectionis simulatedin a rectangulabox with heating
from belov andcoolingfrom above. The formationof corvectionrolls will leadto an
exchangeof temperature. Finally Figure 8 shaws resultsof this methodappliedto
severaltimestepof thesamecorvective flow. We recognizehatthe presenteanethod
is ableto nicely depicttheglobalstructureof theflow field, includingits saddlepoints,
vortices,andstagnatiorpointsontheboundary Furthermord-ig. 9 shavs adifferent
applicationto a porousmediaflow field.
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Figure 6: A sketch of the vectorvaluedcontrastenhancingfunction f which leads
to asymptoticstatesp(oco,-) € {0} U (S? N [0,1]?). Here,the componentf the
densityareinterpretedasbluerespectiely greencolor values.The arrowsindicatethe
directionof contrastenhancement.

Figure 7: Several diffusion timestepsare depictedfrom the vector valuednonlinear
anisotropiadiffusionmethodappliedto a corvective flow field in a 2D box.
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Figure 8: Corvective patternsin a 2D flow field are displayedand emphasizedy
the methodof field alignedanisotropicdiffusion. Theimagesshow the velocity field
of the flow at differenttimesteps.Therebythe resultingalignmentis with respecto
streamline®f thistimedependerftow.

Figure9: Field aligneddiffusion clearly outlinesthe principle featuresof a porous
mediaflow in thevicinity of a saltdome.Lensesof lower permeabilityforce the flow
to passthroughnarrow bridges.We depicttwo timestepof the diffusionprocess.



4 Texture Transport Method

Thesecondnethodto be presentedavill bebasedn anumericalcalculationof theflux
¢ itself. We adopttheideaof theimplicit streamsudcesanddiscusghecorresponding
transporproblemfor timedependerdata,solveit numericallyfor certainboundaryand
initial conditionsandusetheresultto generateanappropriategexture mapping.

At first, let usgive a brief outline. At theinlet of afluid containemwe prescribanflow
boundaryconditions,which arethe inflow coordinatesrespectiely the inflow time.
Furthermoreoutflow boundaryconditionsaregivenatthe outletandslip conditionson
the remainingpartof the boundary In theinterior the linear transportequationswith
respecto the prescribedrelocity v(z, t) describethefluid motion,i.e. thetransporof
theinflow time andinflow coordinatesThesetof pointsin spaceandtimewhichshare
a specificinflow coordinatecoincideswith a particle line, whereashe setof points
with the sameinflow time andinflow coordinateson a boundedsurfacerespectiely
line on theinlet, describethe movementof the correspondingurfaceor line in time.
Thereforein 2D we take the spacespannedy theinflow time andthe inflow coordi-
natesastexture spaceand prescribea texture with strongcorrelationin the direction
of time. Thenusingthe numericalresultsof the transportcalculation,in explicit the
numericalinflow time andinflow coordinatesstexture coordinateswe obtainadense
representationf streaklinesin termsof visible texture correlation. This representa-
tion continuouslydepend®n time andwe caneasilyanimatethe evolution. In 3D we
mayproceedsimilarasin theimplicit streamsudcemethodproposedy vanWijk and
texturetheresultingstreamsuidcesanalogously

Inflow time and inflow coordinatesmay be regardedas a Lagrangianframe. The
methodwe proposeheredisplaysLagrangiancoordinatesy texture mapping,which

mapa certainpatternfrom a Lagrangiancoordinatesystemj. e. from texture space,
to theEulerianframe.In moredetail,letusassumé) C IR™ to beadomaindescribing
afluid containemwith aninlet boundaryl't c 9Q andanoutletboundaryl'~ C 99).

Furthermorave supposehefluid velocity v : Q x [0, T] — IR™ to begivenfor afixed
time 7'. In the applicationthis velocity will be deliveredby a numericalsimulation,
which runs simultaneouslhor hasstoredits resultsin files on disk. This numerical
simulationis basedon an additionalcomputationalgrid. Therefore,to avoid some
samplingprocedurewith its obviousdravbacks the postprocessingnethodhasto be
basednthe samegrid (cf. Sectionb).

Let usnow interpretthe coordinatesX on theinlet boundaryl't, respectiely thein-

flow time T" asdependingrariableswhicharetransportedvith thefluid. Thenthey are
describedy thefollowing transportequationfor a densityp

Op+v-Vp = 0 inQ,
p = pr onlt,
therebywe obtainp = X for pr = X onI'*, respectiely p = T for pr = T onT'*.

OntheoutletI’~ no boundaryconditionhasto be describedf v - v > 0 for all times,
wherev is the outernormal of the domain{2. This transportcanbe interpretedasa

10
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Figure10: A sketchof the appliedmappingfrom texture spaceinto physicaldomain
Q.

simultaneousgndglobal particletracing. On a particle pathz(t) the solutionp of the
above transportequationis constantbecause:(t) = v(z(t),t) and

D pwl@), 1) = Quplalt), )+ (1) - Vola(t), 1)

= 0.

Thereforepointsof constantX valuearelocatedontheparticleline startingat position
X onT'*. Analogouslya constantl’ valueindicatespointson a surfacewhich is the
imageof acorrespondingurfaceontheinletundertheflow ¢(-, 7'). In thissenseX, T
asfunctionson Q x [0, T] canbe regardedasLagrangiancoordinatesiescribingthe
motion of particleswhich passthroughT'*. Particleswhich have earlier enteredthe
fluid containerarenot consideredofar.

The transportequationbecomesa wellposedproblemby prescribingsuitableinitial
conditions. If every particle pathstartingat a positionin 2 hasleft the domain,the
solution p no longer dependon theseinitial conditions. For moderatevaluesof T
this might not be the caseandfor certainapplicationsespeciallythe initial phaseof
the physicalsimulationis of greatimportance. Thereforewe supposehat X and 7
areextensionsof X |+ respectiely 0 on 2 andchoosethemasinitial conditionsfor
the two transportproblems. E. g. if @ ¢ Rt x R andT, C 0 x IR we choose

X(z1,22) = (0,21), T(21,22) = 0.

Next we have to definean appropriatepatternin thetexture spacel’™ x [O,T]. There
areseveraldesirableeaturesvhich shouldberealizedby thetextural representationf
the Lagrangiancoordinateslt shouldsimultaneouslyodetime andinlet coordinates.
Furthermoreo enablelong time animationof moving fluids the patternin the texture
spaceshouldbe periodicin T andthe zoominginto detailedareashasto be supported
by a scalabilityproperty  Thus,we usea periodiccolor codingof T' anda periodic
scalablelD texture for X. This 1D texture canbe generatedy a corvolution of a
white noise.For detailswe referto [3].

Dependingon the projectionfrom world to screercoordinatesve scalethe computed
LagrangiancoordinatesX andT by somefactor A. If A is aninitial scalewhich
especiallydepend®n the sizeof thedomain x [O,T] ands = (det P)s whereP is
the3 x 3 projectionmatrix describingthelinearpartof the affine mappingfrom world
toimagespacethen\:=) s is anappropriatehoicefor thisscalingfactor Finally we
obtainastexture coordinates\ X, AT mappingpointsin €2 into the 2 periodictexture
spacelR? with the fundamentalkell [0, 1]> which covers {\(X (z,t), T(z,t)) |z €

11



Figurell: Fundamentatell of thetexture spacewith errordependenblurring.

Q,t€[0,77}.

Due to this constructionthe resultingtexture on Q attime t € [0,7] continuously
depend®n t andthe scalingfrom world spacento image. Furthermorehe resulting
patternis independenbf this scaling. This avoids aliasingeffectsaslong asthefilter
lengthin z directionis largeenough.

Althoughwe usea higherorderFinite Volume methodto solve the transportequation
for a given velocity v numerically there are unavoidable error sources. In general,
especiallyfor CFD applicationsy itself is computedoy somenumericalalgorithms,
whichimpliesapproximatiorerrorscomparedo thetruefluid velocity in the physical
applicationandleadsto errorsin the datav which we plug into the numericaltrans-
port scheme. Furthermoredue to the still considerablenumericalviscosity and the
approximatiorrestrictionof the shapeunctionswe obtainadditionalimportanterrors
contritutions.Let ussupposehat,by someerrorestimatof14] or awealererrorindi-
catorwe canmeasurdocalin spaceandtime theresultingaccumulatectrror. We will
denotethis measure)(z, t) with = € Q, t € T' andregardit asa functionin thelinear
Finite Elementspace.

Our intentionis now to usen informationin the generatiorof thevectorfield images,
i. e. to modify the texture correspondingly In areaswheren is small, the numerical
solutionof thetransporiequatiorandtherebythetexturing of thedomaing2 is reliable,
whereasn regionswith largen—values theactualmeaningof thetextureis unclearand
possiblymalkesno sense.

Thereforewe first createa 2D texture 7 (-, -) on [0, 1]*> with a smoothtransitionfrom
w(-,0) with a clearlyvisible pattern- an 1D original texture for X - anda high signal
bandwidthto anuniform grey valuedtexture (-, 1) (cf. Fig. 11 for theresultingtex-
ture).

We now considemnimplicationof theerrorindicatoronthechoiceof theactualtexture
coordinatesLet ussupposehaty is afunctionwith valuesin [0, 1], wheresmallvalues
indicatesmall error boundsandvaluescloseto 1 indicateslarge errorsandtherefore
smallreliability of thecomputationatesults.Thenwe take (n, AX) astexture coordi-
nateswhich mapthe latter introducedtexture onto the computationalomain. Again
thistextureis scalableandcontinuouslydepend®on time. Thefollowing examplesfor
differentapplicationsall usethistexturefor the LagrangianX coordinateandcolorfor
thecorresponding’ coordinate.Therebya simpleerrorindicatorwhich measureso-
calgradientshasbeenapplied. Let usfinally presensomeapplicationof thetexture
transporimethod.Figure12 shawvs severaltimestepof avon Karmanvortex formation
in anincompressibléow behindanobstacleIn Figure13we pick up theformationof
corvectionrolesin atwo dimensionabox. We defineaninterior line L asanartificial

12



Figure12: Texturetransportin thevon Karmanvortex street
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Figure13: Texturetransportappliedto convectionrolesin anincompressibldlow

boundaryfor the transportproblem,wheredependingon the signof v - v we assume

outflow andinflow conditionson both sidesof the line sggment. Texture blurring is

appliedto indicatetheregion of reliability concerninghe numericaltransporsolution.
Furthermorerigure 14 shavs the applicationof this methodto severaltimestepsf a

compressiblélow with subandsupersonicregimesaroundtwo obstacles.

In Figure 15 we visualizethe vortex formationat the contactdiscontinuityof a com-

pressibldlow overaforwardfacingstep.

Finally to comparethe texture transportmethodwith the nonlineardiffusion method

presentedh thelastsectionwe have depictedhevisualizationof a porousmediaflow

in Figure16.

5 Discretizations and Numerical Solution

In whatfollowswe discusghediscretizatiormandimplementatiorof thetwo PDEbased
methods. The texture transportapproachrelies on the solution of linear hyperbolic
equationsyherethe dampingof numericalviscosityplaysanessentiaftole. Thefield
aligneddiffusionrequiresthe solutionof a systemof nonlinearparabolicequations.

Texture Transport

We have alreadymentionedthat numericalschemedor hyperbolicconserationlaws
areaccompaniethy someunavoidablenumericalviscosity whichleadsto asignificant
datamollification anda “smearingout” of the solutionstructure.This phenomenoiis
well known for shockpropagatiorin CFD, butit alreadyappearsn caseof lineartrans-
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Figurel5: Texturetransports usedto visualizea vortex phenomenoffior acompress-
ible flow.
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Figure 16: We comparethe visualizationof a porousmediaflow using anisotropic
diffusion(onthetop) andthetexturetransportmethod(on the bottom)cf. Fig. 9.

port problems.Thereis atradeoff betweertheamountof this numericaliscosityand
the occuranceof oscillations. Especiallyin the currentapplicationtoo muchnumeri-
cal viscositywould destrg the evolution of interestingflow patternspresentedn the
numericalsolutionof our flow problem. Therefore we selecta higherorderDiscon-
tinuousGalerkinmethodasanappropriatesolver, with considerablemallernumerical
viscosity

The oscillations,which are well known for ary type of higher order finite volume
schemeareavoidedby invoking alimiting process.

Let ussupposeM to be somestructuredor unstructuredneshcoveringthe computa-
tional domainQ) andconsistingof regular ElementsE . On this grid we introducethe
spacey of piecavise polynomialfunctions,which arenotrequiredto be continuouson
elemenfaces.Thenwe considerthe transportequationwritten in conserationform

0 . .
&p+ divf(p) = pdivy

wheref : R — IR™ and f;(p):=v;p, multiply it with somey) € V andintegrateover
E € M. Applying integrationby partswe obtain

0 .
6t/EmH/BEf(p) v /Ep o)+ f(p) Vo

If we now requirep € V x [0, T] andreplacetheflux term f(p) - v, which describes
the flow over the facesof E by somenumericalflux g(p~, p*), wherep~ and p*
denotethe piecavise polynomial, but discontinuoudunction p in E, respectiely in
theadjacentells £ atthefacesof E, with

glp,p) = flp)-v,
gp=p") = —g(pT,p7),

16



we obtainthe semidiscretdiscontinuousGalerkinmethod. The Engquist-Osheflux

[10] is usedin the currenttexture transportalgorithm. Finally we discretizethis by

someRungeKuttaschemdn time andto avoid oscillationscombinethe resultingal-

gorithmwith alimiter which cutoff localextremaaftereachRungeKuttaiterationstep.
For adetaileddiscussioron the DiscontinuousGalerkinMethodwe referto Cocklurn

et. al. [6, 8, 7]. In ourimplementationwe approximatep = T, X on eachvolume
E by alinearfunction. Let us emphasizehatwe obtaina standardirst orderFinite

Volume schemeijf we take into accountpiecavise constantshapefunctionsin space
andaforward Eulerschemeén time.

Field Aligned Diffusion

The methodof field aligneddiffusionis implementedasedon a Finite Elementdis-

cretizationin spaceanda semiimplicit backward Euler schemen time. We have re-

strictedourselesto regular grids generatingoy recursve subdvision. On thesegrids
we considerthe bilinear, respectiely trilinear Finite ElementspacesNumericalinte-

grationis basedon the simplestquadraturgule, which evaluatesthe integrantsolely
at the elements centerpoint. Theseintegrationformulasare appliedto computethe
local stiffnessmatrixes. The semiimplicit characterof our schememeans that the
nonlinearityG(Vp,) is evaluatedat the old time. In eachtimestepthe computation
of p. is basedon a singleshortimplicit timestepfor the correspondindneatequation
with respecto initial datap. We take into accountmassumpingto calculatethelocal

massmatrixes. Theregulargridsareprocedurallyinterpretedasquadtreerespectiely

octtree.Finally no matrix is explicitly stored.Thenecessarynatrix multiplicationsin

the appliediterative CG solver is performedin successie treetraversals. Hierarchi-
cal BPX type[4] preconditionings appliedto acceleratéhe corvergenceof thelinear
solver. A singletimestepon a 2562 grids performedon a Silicon Graphicsworkstation
with an R10000processoat 195 MHz requiresca. 1.2 secs.The codeis preparedo

incorporatespatialgrid adaptvity if possible.

6 Comparison to Other Methods

Sofar we have introducedthe two methodsof texture transportandfield aligneddif-
fusionto ensureanintuitive understanding@f complex flow fields. We have discussed
avariety of importantpropertiesandadwvantagesLet us now rankthemamongother
visualizationmethodsandcomparghemwith differenttechniquesHerewe especially
pick up theline integral convolution methodandthe spotnoiseapproach.
Givenapossibletimedependentectorfield v(z, t) therearetwo basicandwell known
toolsin flow visualization.For afixedpointz € Q we canconsiderstreamlinesthatis
for fixedtime ¢ we consideracurve {z(s)|s € IR} with

%x(s) =v(z(s),t), =z(0)==x.
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Alternatively we may examinea family of curves{z,(t)|t € IR} with

0

ot
For fixedt thecurve {z,(t)|s € IR} is astreakline.In anobvioussensehe methodof
field aligneddiffusion comesup with a densecoverageof the domain{2 with stream-
lines,whereaghetexturetransporimethodresultsin adensecoverageof €2 with streak-
lines. If we fix the texture in the Lagrangiancoordinatesfor the texture transport,
respectiely aninitial intensitywith moderatdrequeng rangefor thefield aligneddif-
fusion, both methodswill leadto a vectorfield representatiomvhich is continuousin
time. . e. resultingimagesof closetimestepswill stronglycorrelate.
For stationaryflow fieldswe obtainsimilar resultsby bothmethods.Thin flow aligned
patternsaregeneratedLine integral corvolution leadsto comparableesultswith the
essentiatlifferencethatthe PDE basedmethodscarrya nice scalespaceproperty I. e.
eitherselectinga coarsethetexturein the Lagrangiarframeor evolving alongertime
in the anisotropicdiffusion methodwe obtaina successie coarseningf theresulting
flow representation.
Furthermoren a restrictedsenseline integral corvolution (LIC) andspotnoisecan
beregardedasspecialcasesf thefield aligneddiffusionmethod.LIC with Gaussian
filter kernelcanbeidentifiedasthe asymptotidimit of the latter methodof a concen-
trationof theedgeenhancindunctionG(-) at0 . Otherfilter kernelshapegorrespond
to different,in generalnon linear diffusion processeslong streamlines.Furtheron,
generatinga single deformedspoton the computationadomainlik e proposedn [9]
canberegardedasanearlytimestepin the diffusion startingwith initial data,thatis a
characteristidunction of a circulardisk. If we releasea bunchof suchdisksasinitial
datain suchaway thatthe evolving patternsdo not overlap,thentheresultingimage
is comparabldo spotnoise. Thus,spotnoisecanbe regardedasa parallelversionof
shorttime diffusive vectorfield visualization.

zs(t) = v(zs(t),t), zs(s) =z

7 Conclusions

We have introducedtwo novel methodfor the post processingf flow data. Froma
mathematicapoint of view one of their major advantagess, thatthey are basedon
physically intuitive continuousmodels,i. .e transportand diffusion. Most of their
propertiecanbediscussedn this level. Finally they arediscretizedn anappropriate
way makinguseof recentandefficientnumericalalgorithms.This clearlyindicatesghe
stronginterdependencef scientific computingand scientific visualizationmethods.
Theintentionof this papetis especiallyto outline oneinterestingacetof thisinterplay
From the author’s point of view exciting future researchdirectionsarefurther inves-
tigationsof flow visualizationin 3D by meansof texture transportandfield aligned
diffusion. Furthermore a visualizationapproachbasedon anisotropicdiffusion and
applicablefor timedependentectorfieldsis a challengingtopic.
Furtherresultsandthe algorithmrunningon ann x m 2D vectorarrayis avaliableas
asourcecodeatthe URL:
http://www.iam.uni-bonn.de/SFB/visual/nonlinear.diffusion
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