JUSTIFICATION OF THE SATURATION ASSUMPTION*

CARSTEN CARSTENSEN, DIETMAR GALLISTL, AND JOSCHA GEDICKE

ABSTRACT. The saturation assumption is widely used in computational
science and engineering, usually without any rigorous theoretical justi-
fication and even despite of counterexamples for some coarse meshes
known in the mathematical literature. On the other hand, there is
overwhelming numerical evidence at least in an asymptotic regime for
the validity of the saturation. In the generalized form, the assumption
states, for any 0 < & < 1, that

(SA) llu=UI[* < (1 = &/O)|[Ju—U|* + e 0sc®(f, N)

for the exact solution u and the first-order conforming finite element
solution U (resp. U) of the Poisson model problem with respect to a
regular triangulation 7 (resp. 7') and its uniform refinement 7 within
the class T of admissible triangulations. The point is that the patch-
oriented oscillations osc(f, N') vanish for constant right-hand sides f = 1
and may be of higher order for smooth f, while the strong reduction fac-
tor (1 —e/C) < 1 involves some universal constant C' which exclusively
depends on the set of admissible triangulations and so on the initial
triangulation only. This paper proves the inequality (SA) for the en-
ergy norms of the errors for any admissible triangulation 7 in T up
to computable pathological situations characterized by failing the weak
saturation test (WS). This computational test (WS) for some triangula-
tion 7 states that the solutions U and U do not coincide for the constant
right-hand side f = 1. The set of possible counterexamples is character-
ized as T with no interior node or exactly one interior node which is the
vertex of all triangles and T is a particular uniform bisec3 refinement.
In particular, the strong saturation assumption holds for all triangula-
tions with more than one degree of freedom. The weak saturation test
(WS) is only required for zero or one degree of freedom and gives a def-
inite outcome with O(1) operations. The only counterexamples known
so far are regular n-polygons. The paper also discusses a generalization
to linear elliptic second-order PDEs with small convection to prove that
saturation is somehow generic and fails only in very particular situations
characterised by (WS).
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SATURATION 2

1. INTRODUCTION

1.1. Motivation. It is well known that the criss-cross triangulation 7 of
the unit square €2 is a counterexample to the saturation assumption if the
refined mesh 7 is refined everywhere by the newest vertex bisection (NVB)
with refinement edges along the boundary 0€2. The respective discrete so-
lutions U = U for the Poisson model problem

(1.1) —div(AVu) = finQ and =0 on 9N

coincide for the constant right-hand side f = 1 and A = 15«5 for the Laplace
operator. This is often regarded as a pre-asymptotic artifact and contrasted
with striking numerical evidence for the saturation assumption on finer trian-
gulations. This paper provides a rigorous proof of this conjecture and char-
acterises the very small set of counterexamples. For mesh-refinement tech-
niques with an interior node property, the saturation assumption has been
reasonably justified in [DN02], and is used in [AO00, BS93, Ver96, FLOP10].
This paper justifies the saturation assumption of [FLOP10, p.293] where it
is warned that this assumption may fail to hold in general. A proof of the
saturation assumption in the context of eigenvalue problems is included in
[CGMM14] for sufficiently small mesh-sizes only.

The saturation assumption is established in [DN02] for a different situ-
ation with an increase of polynomial degrees from first to second order in
the finite element spaces but on the same mesh. This increase of the fi-
nite element space allows for the same number of degrees of freedom as the
mesh-refinements of this paper and hence appears competitive from a prac-
tical point of view. Despite the fact that [DN02] observe that red refinement
leads to saturation in one example, they conclude that quadratics do indeed
encode finer information than refined linears in [DN02, Remark 3.2] in view
of the counterexample of the criss-cross triangulation of the unit square for
bisecd refinement. The main results I and II of this paper, however, prove
this statement in the negative and point out that piecewise quadratics possi-
bly encode finer information on the oscillations than refined piecewise linear
conforming finite element schemes; but the two improved solutions enjoy a
similar saturation property up to an extremely limited number of geometries
exclusively for the very first mesh with at most one degree of freedom.

The saturation property has to be considered in comparison to the error
estimator reduction in the convergence analysis of adaptive finite element
methods [CKNS08, Ste08]. In explicit residual-based error estimators, the
mesh-size enters as a weight and hence reduces under refinement. This
implies a reduction property of such error estimators and eventually leads
to linear convergence of some total error which is a convex combination of
the error estimator and the error. In contrast to this, the saturation property
describes the reduction (SA) of the error terms without involving any error
estimator contribution, but with immediate important applications in the
context of hierarchical error estimators. The proofs are rather independent,
e.g., the saturation property (SA) cannot be proved by simply reducing the
mesh-size.

Let 7 be a shape-regular triangulation of €2 into triangles with the set
of nodes N and the set of edges £. Let P;(7T) denote the piecewise linear
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FIGURE 1. Refinement rules red, green, blue-left, blue-right,
bisec3 and bisec5. The reference edge, the bottom edge, is
always refined. The new reference edges for the sub-triangles
are indicated with a second line.

polynomials with respect to 7 and let the finite element space V(T) :=
Pi(T) N HY(Q) consist of all piecewise linear functions which are globally
continuous and vanish along the boundary 0f2.

Throughout this paper, let A € R?*? denote a symmetric positive definite
constant diffusion matrix and let ||-|| := ||AY/2V-|| 12(0) be the induced energy
norm in V = H} (). The discrete problem seeks a piecewise linear function
ug € V(T) such that

(1.2) /(AVUT) -Vorde = / fordz for all vy € V(T).
Q Q

Given an initial regular triangulation 7y of  into triangles with at least
one interior vertex and the set of all admissible refinements T by successive
application of the refinement rules from Figure 1 (see Definition 2.3 for more
details) the main result concerns two notions of saturation for a triangulation
T and its refinement 7~ where each edge is bisected and each triangle T' € T
is obtained by red or bisec3 refinement as illustrated in Figure 1; written

T € unif (7).

1.2. Strong saturation. Strong saturation for 7 € T and some uniform
refinement 7~ € unif (7) means that, for any 0 < & < 1, there exists o(¢) :=
1—¢/C(Ty) < 1, with a universal constant C'(7p) which exclusively depends
on 7o, such that: Given any right-hand side f € L?(2), the exact solution u
of (1.1) and the discrete solution U := uy € V(T) (resp. U := Uz € V(T))
of the discrete problem (1.2) with respect to T (resp. T) satisfy

(SA) lu =TI < o(e)llu — Ul* +eosc®(f, N)

for the patch—oriented oscillations

(1.3) osc2(f, N Z diam(Q,)?||f — JCQZ fd:EH%Q(QZ)
zeN(Q)

with the integral mean sz fdx of f over the extended nodal patch §2,; more
details on the oscillations follow in Section 3.

1.3. Weak saturation. Weak saturation for 7 and 7 € unif(7) means
that for the constant right-hand side f = 1, the discrete solutions U € V(T)
and U € V(T) are different,

(WS) U#U, andso Ju—Ul < u—U].

The strong saturation property (SA) is a frequent assumption that a
mesh-refinement procedure will eventually lead to g-linear convergence of
the approximate finite element solution to the exact solution.
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1.4. Main results.

Main Result I. For some global constant C(Ty) which exclusively depends
on Ty and given any 0 < € < 1, for any T € T and T € unif(7T), (WS)
implies (SA) with o(e) =1—¢/C(To).

It appears interesting that the proof combines hard analysis (i.e., direct
estimation with explicit constants) and soft analysis (i.e. functional analysis
with compactness principles and unknown constants). The hard analysis
concerns first the situation where the triangulation has some edge with a
positive distance from the boundary 0. This leads to a constant C(7p)
which depends only on a lower bound of the minimum angle min £ 7y in
To (and hence in T). The remaining situations are determined by a finite
number of configurations like T and possibly a few others. For each of those
pairs 7 and 7-, a compactness and equivalence of norm argument provides
the assertion. The constants in the soft analysis depend very much on T
and 7 and of course on To. The maximum of all those constants in the finite
number of possible geometries in the second scenario concludes the proof.

Weak saturation is almost always true and fails only for one very par-
ticular situation with dimV(7) = 1 and one particular bisec3 refinement
pattern.

Main Result II. Weak saturation can only fail for T and T € unif(T)
if T has exactly one interior node z and T is obtained by bisec3 for each
triangle T' € T (z) =T such that the refinement edge of T is opposite to the
verter z on the boundary 0S2.

Notice that the exceptional case is with dim V(7)) = 1 and bisec3 refine-
ment where all refinement edges are opposite to the free node. This case can
be easily checked without difficulty for the geometry at hand. The known
exceptional cases are regular polygons from [BCO8] which include the criss-
cross unit square. It is left as an open question whether there exist other
counterexamples for A = 1oyo.

1.5. Outline. The remaining parts of this paper are organised as follows.
Section 2 studies a metric on the set of edges in a regular triangulation and
thereby quantifies a uniform bound for the distance of some interior edge
to a compactly interior edge. Section 3 establishes the strong saturation
for all triangulations that contain one edge with positive distance to the
boundary. Section 4 proves that weak saturation implies strong saturation.
A characterisation of triangulations that allow for weak saturation follows in
Section 5. Section 6 discusses the extension to general elliptic linear second-
order PDEs with small convection. It is surprising that the weak saturation
test applies to the main part (1.1)—(1.2) only where the coefficients of the
lower-order terms have no influence.

Throughout this paper, standard notation on Lebesgue and Sobolev spaces
and their norms is employed. The L? projection onto piecewise polynomi-
als of degree k € Ny is denoted by II;. The energy norm is denoted by
Il == HA1/2V~HL2(Q). The formula a < b represents an inequality a < Cb
for some mesh-independent, positive generic constant C'; a =~ b abbreviates
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a < b S a. The measure || is context-sensitive and refers to the number of
elements of some finite set (e.g. the number |7 of triangles in a triangula-
tion 7) or the length |E| of an edge F or the area |T'| of some domain 7" and
not just the modulus of a real number or the Fuclidean length of a vector.

2. EDGE-CONNECTIVITY

This section studies a metric on the set of interior edges for admissible
triangulations to prove that the length of some polygonal path as in Fig-
ure 2 that links an arbitrary interior edge F to some edge F’ which lies
compactly in the domain through a finite chain of interior edges allows for
some global bound of the number of edges in this chain. The technical chal-
lenge of this section consists in the large class of admissible triangulations
for rather general refinements as depicted in Figure 1. Details are stated as
Theorem 2.1 below, right after all the necessary notation is set up. It turns
out that the aforementioned global bound and the shape-regularity deter-
mine the constant C(7p) indicated in the introduction as the main result of
this section.

Definition 2.1 (nodes and edges). Given a regular triangulation T, denote
the set of edges by € and the set of nodes by N'. Let N(Q2) and £(Q2) denote
the sets of interior nodes and interior edges. For an interior edge E =
T NT_ € £() shared by two triangles Ty and T—, the edge-patch is defined
as wg = int(Ty UT-). Given a triangle T € T, denote its set of edges by
E(T) and its set of nodes by N (T). For any edge E = conv{zy, 22} € &, the
set of endpoints reads N'(E) = {z1, 22}. Define the set of compactly interior
edges as
E():={Fe&)| Eno =0}

and notice that E and 0Q are compact sets and so E N IQ = () means that
E cC Q lies compactly in Q with dist(E,0) > 0. The set of interior edges
whose two endpoints belong to the boundary 0S) reads

&(Q) = {E € £(Q) | N(E) C N(99)}.

The set E,(QY) of interior edges that belong to at least one triangle with an
interior node s

EQ)={FEe€&(Q)|IT T with N(T)NN(Q) #0 and E € E(T)}.

Denote by & (resp. E9(Q)) the set of edges (resp. interior edges) of the
coarse initial triangulation To. For an interior edge E = 0Ty NT— € £)(N)
shared by two triangles Ty, T_ € Ty, the edge-patch reads wg) = int(T} U
7).

Definition 2.2 (metric 0). Assume that E(?) # 0 and define a metric 6 on
the set £(Q) of interior edges, for F,F' € £(Q) by

E|F1,...,FJ+1 Eg(Q> withFle,FJ+1=Fl}

AN 3
5(F’F)__m1H{J€NO ande:L--wJ:F‘ij‘j"'l#Q

Furthermore, let

S(F,E.(Q)) :=min{6(F, F") | F' € £.(Q)}.
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FIGURE 2. An edge F and a compactly interior edge F’
(thick) and a possible connecting path (dashed).

Py

Py Pjrio

FiGure 3. Coarse triangle K € 7Ty and refinement with-
out any compactly interior edge & (int(K)) = @ and
|E(int(K))| = 6. Further refinements of this kind towards
Pjo prove that |E(int(K))| can be arbitrarily large while
E(int(K)) = 0.

Ezample 2.1 (distances can be large). The example triangulation of Figure 2
shows 0(F,&:(2)) = 7. Further refinements towards the lower left corner of
this rectangular domain indicate that the number of triangles in 7 may
not be bounded by a universal constant which depends only on 7p. At
the same time, the edge-path which connects interior edges F' and F’ can
be extremely large (add more and more of the criss-cross squares in the
middle for a modified 7). Despite the warnings of this example, the number
maxpeg, () 0(F, E()) < C1(Tp) is bounded in terms of g for a broad class
of admissible triangulations defined below in Definition 2.3.

Ezample 2.2 (no uniform bound for edges in &(€2)). Figure 3 displays one
critical triangle of a family of triangulations for which maxpcg(q) 6 (F, E:(€2))
is unbounded. Indeed, if the edge shared by nodes Pyy1 and Pjyys and the
edge shared by nodes Pji9 and Py in Figure 3 belong to the boundary 952,
then arbitrarily many edges £,(€2) may be added through refinement without
changing the underlying finite element space.

Definition 2.3 (admissible triangulations). Let Ty be a regular triangula-
tion. For each T' € Ty, one chooses one of its edges E(T) as a reference edge
from the set of edges &. The set T := T(Ty) of admissible triangulations
contains all reqular triangulations T that are refined from Ty with the refine-
ment rules of Figure 1, where the new reference edges for the sub-triangles
are indicated by a second line.

Theorem 2.1. There exists some constant C1(Tp) < oo such that any ad-
missible triangulation T € T with the set E.(Q) # 0 of compactly interior
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(a) (B) (c) (D)

FI1GURE 4. All possible coarsest refinements of K with one
interior node (up to the reflection of Figure D across the
diagonal line).

edges satisfies

0(F,E:(Q)) < Ci(To).
pia O(F &c(Q)) < Ci(To)
The proof of Theorem 2.1 combines topological arguments (connecting
edge-paths) with local geometrical facts (refinement rules for one initial tri-
angle). The latter are summarized in the following lemma.

Lemma 2.1. Let K € Ty be a triangle of the initial triangulation To and let
T € T denote an admissible triangulation with nodes N and edges £.
(i) If N(int(K)) # 0, then E(K)NE = 0. In other words, none of the edges

of K belongs to £.

(ii) E(int(K)) = 0 if and only if [N (int(K))| < 1.

(117) If E(int(K)) # 0 and P € N(int(K)), then E.(int(K)) N E(P) # 0.

() If N(int(K)) # 0 and E = (F1 U Fy) € E(K) C & is bisected into
Fi1,Fy € £\ &, then there exists some y € N (int(K)) such that

conv{y, mid(E)} € £(int(K)).

Proof. A careful discussion of the refinement rules reveals that any triangu-
lation of K with at least one interior node is some refinement of one of the
triangulations of Figure 4. This proves (i).

Due to Definition 2.3 any further refinements of triangulations from Fig-
ure 4 with exactly one interior node has to bisect a triangle of 7 (N (int(K))).
Direct investigation of these possible bisections in the triangulations of Fig-
ure 4 prove (ii).

Suppose that all edges that contain the interior node P € int(K) are not
compactly interior edges in K. Then, their respective endpoints belong to
the boundary K of the triangle K. All possibilities for this situation are
displayed in Figure 4 and imply that A/ (int(K)) contains exactly the vertex
P. Then, &.(int(K)) = (. The contraposition implies (iii).

Direct investigations first verify (iv) for the triangulations of Figure 4 and
second for their refinements. (]

Proof of Theorem 2.1. Suppose that E.(2) # 0. Any F € £,(Q) N &(Q) is
connected to some edge in &,(2)\ £(€2) by an edge-path of length smaller or
equal to 1. Therefore, without loss of generality, suppose that F' € £,(Q2) \
(&(Q) UE:(Q)). Hence, F = conv{P,Q} for P € N(R2) and Q € N(99).
In the first step of the proof suppose that P € N (int(K)) for some K € Ty.
Suppose that E.(int(K)) # 0 and, thus, by Lemma 2.1.iii, P is connected to



SATURATION 8

some interior node N (€2). This together with Lemma 2.1.iii implies that P
belongs to some edge in &(Q), §(F,E(Q)) =1 < 3+ 2|&(Q)|. Otherwise,
E:(int(K)) = 0 and all neighbouring nodes of P in T belong to the boundary
0%} of the domain . Lemma 2.1.ii implies that P is the only interior node
of K, thus K is a refinement of the triangulations in Figure 4. Since all
neighbouring nodes of P in T belong to the boundary, Q = int(K). This
contradicts E.(Q) # 0.

In the second step of the proof suppose that P does not belong to exactly
one K € Ty. Hence, P belongs to a common edge E; € &(£2) of two coarse
triangles. Since there exists F' € £.(Q), the edge-wise connectivity of €2
implies the existence of a finite set Eq,...,Ey € &(Q), 1 < J < |& ()], of
interior edges in the coarse triangulation 7g such that Fy is as above with P
lays on Ey and E,...,E; € &(R) is a polygon with N (E;) "N (Ej41) # 0
for j = 1,...J and the topological closure of wgJ) contains F’. Without
loss of generality let J be a minimal choice such that F’ does not belong
to the topological closure of w%ol) u---u wngl (understood as the empty
set if J = 1). Moreover, suppose that E; = conv{P;, Pj} for all j =
1,...,J for piecewise distinct nodes Pi,...,Pyi1 € Ny. In this situation,
one designs some edge-path from F' = conv{P, Q} to £.(2) as follows. The
edge By = conv{P;, P} € &() \ £(Q) is refined and, hence, there exist
pairwise distinct Fl(l), ey Fl(kl) € £(Q) with k1 € N and Fl(J)ﬂFl(jfl) # () for
all j =2,...,k; and conv{P, P,} = Fl(l) u--- UFl(kl). Suppose P € N(Fl(l))
and P, € /\/'(Fl(kl)) such that (F, Fl(l), e ,Fl(kl)) is an edge-path in 7 from
Q to P». For any j =2,...,J, let

E; = j(l) u---U Fj(kj) = conv{ P}, Pj;1}

for distinct Fj(l),...,Fj(kj) in £(Q) such that (F]-(l),...,F](kj)) defines an
edge-path from P; to Pj;1 along Ej in the fine triangulation 7. This com-
poses to an edge-path from @ to Pyy1 in T.

Suppose that £/ C Ej. In case J = 1, P is connected to F’ and therefore
S(F,E:(Q)) =1 <34 2|&(Q)]. Otherwise J > 2 and k; € {0,1}. Since
J is minimal, ky, ..., ks_1 € {1,2} and F?"™*?) ¢ £,(Q) implies that the
edge-path

(F, Fl(kl)7 (1) gplk2) (1) ples-1) p(1) Fmin(’w,?))

I R B iy S I AR
connects F to £(€) in 7. This and J < |&(Q)| prove
J-1
S(F, () =Y kg +min(ky,2) — 1< 2] -1 <3+ 2[E(Q)].
=1

In the remaining case F’ is contained in wg)J) but F/ ¢ Ej. Since J
is minimal, k1 € {0,1} and ko,...,k;j—1 € {1,2} and so the edge-path
(F, Fl(l),...,F}lijl’l)) connects @ with P; = N(E;j_1) N N(E;) and has
length smaller than or equal to 2J. Recall that F' € £.(Q2) belongs to some
K = conv{Py, Pyi1, Prio} € Top with edge Ey = conv{Py, P;11} and oppo-
site vertex Pyyo € Np. The conclusion of the proof consists in the design of
some edge-path F(l)7 ... ,F}k") in 7 which connects Py and F}k‘]) € &.(Q)
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with k; < 4. Indeed, this implies that the edge-path (F, Fl(l), .. 7F}k"))
connects F' and &:(Q2) and proves

S(F,E(Q)) <2J4+ky—1<3+2J<342[5(Q).

Three cases have to be considered to design such an edge-path F' 51), cee F}k" )
with k; < 4.

(a) In the first case assume that F’ € & (int(K)). Hence, N (int(K)) # 0
and Lemma 2.1.i implies that all edges of K are at least bisected. Since
F' ¢ E;, E; is at most bisected once. Thus, Lemma 2.1.iv leads to an
edge-path of length k; = 2 with F}Q) = conv{y, mid(E;)} € £.(Q), for some
y € N(int(K)).

(b) In the second case assume F' C 0K \ Ej. If F' C conv{Py, Pyi2},
one finds an edge-path from Pj to &(Q2) of length k; < 2. It remains the
case that F' C conv{Pjsi1, Pyi2}. Since Ej is at most bisected once, an
edge-path of length k; < 4 connects Py with £.(2).

(c) In the remaining case suppose F’ € &.(Q) \ E.(int(K)) and so there
is an edge E € £(K) of K with F' N E # (). Moreover, F’ has at least one
vertex on the boundary 0K of K and, hence, E is an interior edge E € £(12).
If E=FEjor E =conv{Py, Prio}, this leads to a path of length k; < 2. If
E = conv{Pji1, Pyio}, the fact that E; is at most bisected once, leads to
an edge-path of length k; < 4. O

3. DISCRETE EFFICIENCY

This section introduces the discrete efficiency of the explicit edge-residual
based a posteriori error estimator 7 in the context of (1.1)—(1.2). For any
interior edge E € £(12), there exist two adjacent triangles T, T € T such
that £ = 0Ty NOT_ and wg := int(T.UT_). Let vy denote the fixed normal
vector of E that points from Ty to T—. Given any (possibly vector-valued)
function v, define the jump of v across £ by [v]g := v|r, — v|r_ with the
traces v|r, and v|y_ on E with length |E|.

Define 1 := n(€(52)) := /IPE() by
n*(E) = |E||[AVU] - VE||%2(E) for any F € £(Q2) and

n*(F) = Z n*(E) for any subset F C £(Q).
EeF
A refined analysis of the results from [CV99, Rod94] shows that the error

estimator 7 is reliable and efficient up to oscillations. The definition of the
oscillations relies on the following extended nodal patches of [CB02].

Definition 3.1 (extended nodal patch). Let (¢, | z € N') denote the nodal
basis of P1(T) N HY(Q) with ¢.(2) =1 and ¢,(y) =0 for ally € N'\ {z}.
Assume that there is a map ¢ : N — N(Q) which assigns to each vertex
z € N an interior vertex ((z) € N(Q) where ((z) = z for all z € N(Q).
Define the functions

), = Z ©. for any z € N(Q).
yeN
y=((2)
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The functions (¢, | z € N(Q)) define a partition of unity. For each interior
vertex z € N'(Q), the extended nodal patch reads

Q,={xeQ|0<,(x)}
Throughout this paper we assume that 2, is connected for any z € N ().

For the extended nodal patch €2, and the integral mean fﬂz fdzx of the
right-hand side f € L?(Q) of (1.1), the oscillations read

OSCQ(f7 Q) = |QIIf - sz fda;HZLQ(QZ) and
osc?(f,N) := Z osc?(f, Q) with osc(f,N) := \Josc2(f,N).
2eN(Q)

Theorem 3.1. There exists some constant Crel =~ 1 which depends on the
initial triangulation Ty and the coefficient matriz A such that any right-
hand side f € L*(Q) and any T € T with exact solution u € V to (1.1) and
discrete solution U € V(T) to (1.2) satisfy

lu = UI? < Cra(n® + osc*(f,N)).

Proof. Let e := u — U. It is proven in [CB02, Thm. 2.1] that there exists a
quasi-interpolation Ze € V(T) (which is essentially that of [Car99]) with

lle = Zel S llell and /Qf(e—le)dx,S|||€|||OSC(f,N)-

This, the discrete problem and the integration by parts together with the
techniques of [Ver96] lead to

lelf = [ fe=Teydr— 3" [ (¢~ T0)lAVUIg v ds

Eee() ' E
S (osc(f,N) +1) [lell-
This concludes the proof. O

The further analysis of the discrete efficiency employs the following lemma
on the oscillations.

Lemma 3.1 (oscillations). Suppose T is a regular triangulation of the
bounded Lipschitz domain Q' into J triangles with Cyeq := maxper|QY|/|T).
Assume that any triangle T € T contains at least one interior vertex N (T')N
N(Y) # 0. Then any function f € L*>(Y) satisfies

8+ J3C2,
VI f — fo f dg:||%2(9,) < — g Z lwel|lf — wafdl‘H%?(wE)
EeE(Q)
8+ J°C?,
< fg Z I f - J[Q/Zfdx”%%%)'
zeN (V)

Proof. First consider the special case of a piecewise constant function f €
Py(T). Let T = {T1,...,Ts} and denote f; := f|r, \j := |T;|/|€|. Then

J J
=t fdz=) _Xf; and Y X\ =1
j=1 j=1
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It follows that

J
1f = Py = S (55— PAIT]
j=1
and
) J J
Fi=F=0=2)F=> Mefe=> lfj -
= =
Hence,

2
17~ Pl = 19130 <ZM )
1
A =+
The Cauchy inequality in R/~ implies for any j € {1,...,J} that
2

J J J
St = | = () (X s - 5?)
= e

< (=X D (fi = fu)

-

k=
k#j
The combination of the previous two displayed inequalities results in
7112
1f = FlIF2y < 1€ ZZA — fi)?

(3.1)

On the other hand, for any E € £(Q) with wg = T4 UT-, fy = flr,,
f—:=flr_, and fg := wa f dz it holds that

1 = Folagup = (F+ — FBlPITL] + 16 — foPIT]).

Elementary algebraic manipulations with |7 | + |T_| = |wg| prove
T_ T
R T B R R A )
wE] wel
Hence,
(3.2) willlf = fBll 2y = lwel 7 f+ = F-P(TT-? + T3P T-)

— [T s — S P

Given any j,k € {1,...,J} with j # k, there exists some 2 < ¢ < J with
pairwise distinct triangles T; =: T{y), T(g),. .., T(¢—1), T(¢) := Tk and edges
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AAAAA

qu)dx——% 7 ©.dr =0 fT<I>dx——% 7 ®.dr =0 fT<I>dx——i2

FIGURE 5. Sub-triangulations for a triangle 7' C w, in the
proof of Theorem 3.2 with values of . ®.dx < 0.

E(l)a . )E(Z—l) with T(m+1) U T(m) = wE(m) forallm=1,...,£—1. Then
the Cauchy inequality and (3.2) imply
2

\fe — fiI? =

/-1
Z (f‘T(m—l) - f|T(m))
< 9] ( Z AL mH>>(Z\T<m+1 T [Pl sy — Pl )?

/—1
< 0120 =06 ( Sloro I - £, Fdell,, )

m=1
This and (3.1) prove the assertion with constant (J — 1)2.J C’feg /4.

In the case of a general function f € L?(Y), let f := fo f dz and fo =
foIlof dx, Iy f € Py(T). Orthogonality leads to

1f = P22y = I = Tof32(p) + 1Mo f = foll 22 + 1 = foll 22
For the last term on the right hand side, Holder’s inequality shows

17 = follZaiery < If = Mo fll72(qry-
This together with

f -~ Tof gy < S Nwpllf = £, f del3a,

EeE(Y)

and the above estimate for piecewise constant functions proves the assertion
with constant (84 (J—1)2JC2,)/4. The proof of the second stated inequality

reg
is immediate. O

A key ingredient for the proof of the strong saturation is some fine-grid
function .

Definition 3.2. Let p, € V(T) denote the nodal basis function associated
with the node z € N'(Q). Define the set of edges that contain z by E(z) =
{E€&Q)|z€E}. Let Y := omiqg) be the linear shape function of the

refined triangulation T € unif(7") associated with the midpoint of the edge
E € £(2), and introduce

O.i=p.— Y g€ Hj(w:) SV(T).
Ec&(z)
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Theorem 3.2. For any compactly interior edge E = conv{a,b} € &.()
with the vertices a,b € N (Q), at least one vertex z € N(E) = {a, b} satisfies

][ O, dr~1= |, and ][ $.ds =0 forall Fe&(Q).
Wy F

Proof. The proof employs the technique of [CGMM14, Theorem 3.1]. The
second assertion, namely f. ®. ds = 0 for all F € £(12), follows directly from
the definition of ®, for any z € N (FE). For the proof of the first assertion,
all possible configurations together with the values of fT ®,dx for some T €
T(z) :={K €T | z € K} are depicted in Figure 5. All values of [, ®_ dx are
nonpositive and so fwz P, dr~1or fwz ®, dx = 0. The exceptional situation
fwz ®, dr = 0 implies the refinement pattern with bisecd and refinement
edges opposite of z in all triangles 7' € T (z). This pattern is possible for at
most one vertex a or b. In other words fwa ®,dr = 0 implies fwb Oydr # 0.
This proves the assertion for at least one z € {a,b}. The scaling ||®,|| ~ 1
follows from the shape-regularity and an inverse estimate. O

Some hard analysis in the remaining parts of this section proves (SA) for
a large class of triangulations T.

Definition 3.3. Ty := {7 € T | £&(Q) # 0}

Theorem 3.3 (discrete efficiency). There exists some constant Caeg ~ 1
which depends on the initial triangulation Ty and on the coefficient matriz A
such that any T € Ty and T € unif(T) and any right-hand side f € L(Q)
with discrete solutions U € V(T) and U € V(T) to the Poisson model
problem f 4+ div AVu = 0 in Q satisfy

(3.3) 7 < Caert (10 = UI? + 05e*(f, ) )

Proof. Note that, for any E € £(Q2)\ E,(R), the error estimator contribution
vanishes, n?(E) = 0.

In the first step of the proof let E = E; € £,(2). Theorem 2.1 implies
that there exists a compactly interior edge E' € £.(Q) and a connected path
of interior edges Ei,...,E; with J < C1(7p) ~ 1 such that £ C Wg, and
E' C Wg,. Denote the endpoints of those edges by Pi, ..., Pyi1 such that
E; = conv{P;j, Pj1} for all j = 1,...J and note that the union of nodal
patches

J+1
QE = U WPJ.
Jj=1

is a connected open set.
The second step consists in the proof of

(34)  n(B) S |APV(U = U)l 2y + diam(Q8)||f = fosllz2@p)-

Since [AVU]g -vg is constant along the edge E of length |E| with some sign
+ as indicated below, it follows that

+n(E) = |E|[AVU]g - vE.
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The edge-basis function ¢ g from Definition 3.2 satisfies |E| = 2 [ ¥ g ds.
Hence,

tn(E)/2 = /El/)E[AVU]E v ds.

Theorem 3.2 implies the existence of some node z € N(E’) such that
[z ®.ds = 0 and fwz O.dr # 0. With o = wa szdx/fwz b,.dr ~ 1
(from shape-regularity) this implies

:|:’I7(E)/2 = /E (¢E + OécI)z) [AVU]E Vg ds.

Note that the function v =Yg +a®, € V(T) satisfies Jpvsds =0 on all
other edges F' € E\{E}. Therefore, the piecewise Gauss divergence theorem
leads to

+n(E)/2 = Vuz - AVUdzx
Qp
(In fact all the edge contributions and all other volume contributions vanish.)
Consider the split

(3.5) +n(E)/2 = o Vs AV(U = U)dz + o Vuz - AVUdz.

Recall ||®.] ~ 1 from Theorem 3.2 and compute |[¢g| =~ 1 to see that
|a| & 1 proves [|v4|| < 1. This and the Cauchy-Schwarz inequality imply

(3.6) Voz - AV(U — U)dz S |AY2V(U = 0)|l 120,
Qp

for the first term on the right-hand side of (3.5). Since vz is supported on
Qp, the second term in (3.5) reads

V’U,?\-'AV[jdl':/VU,T-'AVUd{L‘:/fU?dl'.
Qp Q Q

The choice of a shows fQE vzdr = 0. Hence fo, = fQE fdz satisfies

VU,T--AVUCZ.Z‘:/ (f = fap)vsdz.

Qg Qg

The Friedrichs inequality and the aforementioned bounds show
[v#ll 20y S diam(Qp) A Voz | 12(q,) < diam(Qp).

The previous two displayed formulas and the Cauchy-Schwarz inequality
imply

(3.7) Voz - AVUdz < diam(Qp)|| f — foullr2(0)-
Qp

The combination of (3.5)—(3.7) conclude the proof of (3.4).
Step three is the conclusion of the proof of Theorem 3.3. Since J < 1 is
uniformly bounded, Lemma 3.1 (applied to Qg) and (3.4) result in

(38)  n(B) SIAVVU = D)lfzapm + D 05(f, ),
ZEN(QE)
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The design of Qg as the union of a finite number < C(7p) of nodal patches
and the shape-regularity of 7 € T imply the finite overlap

mélg}z(‘{E €EQ)|zeQp} <1

independent of 7 € Ty, which concludes the assertion (3.3). O

Theorem 3.4 (saturation property). There ezists some constant Cpy €
(1,00) which only depends on the interior angles of To and the coefficient
matriz A such that for all T € TH and for all f € L?(Q) with evact solution

w €V and discrete solutions U, U with respect to T and T € unif (7)), any
0 < e <1 satisfies

(3.9) lu—UI* < (1 —¢/Cu(To)) llu = UlI* + e os*(f, N).
Proof. Theorem 3.3 and the reliability of n imply that
lu = UI? < Cra(n? + 056 (f,N) < Craa(Caetr + 1)(IU = U[J* + 0s¢*(f, N)).
This and the Galerkin-orthogonality
1T = Ul = lu—=UJ? = Jlu— 0>
guarantee that Cg (7o) := Crel(Caest + 1) satisfies
luw = UIP/Cr(To) < llu— Ul = flu = U* + osc®(f, N).

This proves the assertion for € = 1. Multiply this inequality with 0 <e <1
and add to the inequality [[u—U||? < [lu—U]|? (from Galerkin orthogonality)
times (1 — €) to obtain

lu =TI < (1 —¢/Cu(To))llu — U* + £ osc?(f, N). O

Remark 3.1 (adaptive mesh-refinement). Theorem 3.4 can be applied to
adaptive mesh refinement as well, c.f. [CGMM14] for the Laplace eigenvalue
problem. The adaptive refinement is based on the bulk criterion [D6r96] on
nodal patches. For chosen bulk parameter 0 < 6 < 1, let M C N (Q) be the
minimal subset, such that

<Y nER)

zeM

Once a node is selected for refinement, all edges £(z) are refined by the
red-green-blue refinement algorithm resulting in a locally refined 7. Hence,
once a triangle is refined at least one interior edge is bisected and therefore
7 € T. Note that all nodes in the set of marked nodes M C N(Q) satisfy
Theorem 3.2. Hence, the arguments of Theorem 3.3 apply to all edges £(z)
for z € M and so yield the discrete efficiency

07N nHE() < Caor (I = UIP +0sc?(f,A)
zeM

This proves the saturation property (3.9) for adaptively refined meshes.
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4. WEAK SATURATION IMPLIES STRONG SATURATION

The proof that weak saturation implies strong saturation (Main Result I)
involves arguments from hard and soft analysis for the sets of triangulations

TH:{TET|(€C(Q)7£®} and Tg ::T\TH.

In view of Theorem 3.4, the assertion has to be verified only for Tg. Note
that the set Tg defines a finite set of finite element spaces

{V(T) I T € Ts} <o
while Tg may be infinite (cf. Example 2.2).

Theorem 4.1. Suppose that T € Ts and T € wnif(T) satisfy WS. Then
there exists some constant Cs(V (T)) such that, for all f € L*(Q), the exact

solution u and the discrete solutions U and U satisfy
lu—U1? < (1= &/Cs(V(T)) llu = UJ* + e 0s?(f, N).
The proof is based on a compactness argument.

Lemma 4.1. Given T € Tg with (WS) there exists some 0 < Cs(V(T)) <
oo such that any fi € Pi(bisec5(T)) and exact (resp. discrete) solutions u

(resp. U and U with respect to T and T € unif(T)) satisfy
lu—UI? < Cs(VIT))(IU = UI* + 0s¢?(f1,N)).
Proof. For any T € Tg, Theorem 3.1 implies

lu =UIP < Crar | D° nP(E) +o0sc?(f,N)

E€E(Q)

Let 7 € unif(7) and define the following semi-norms

()= | 5 nE) and da(f) = /10 — U +osc2(f1, )

EeE(Q)

for all f1 in the space Py (bisec5(T)) and exact (resp. discrete) solutions u
(resp. U and U). If ¥5(f1) = 0, then osc(fi,N) = 0 implies that f; equals
a global constant. This and the weak saturation imply f; = 0. Hence,
equivalence of semi-norms 11 < 19 and the reliability lead to a constant
C1(V(T),V(T)) such that

lu = UI? < CLV(T), V(T)(IT = UI? + osc®(f1,N).

It is correct that there is more than one realisation of 7~ € unif (T), but each
of these leads to some constant C1(V(7)),V(T)). This proves the lemma
with Cs(V(T)) = MAX ¢ i (7) Ci1(V(T),V(T)). O

Proof of Theorem 4.1. Given T € Tg and f € L*(Q), let f1 € Py(bisec5(T))
denote its L? projection onto piecewise affine (but possibly discontinuous)
functions with respect to bisec5 (7). Denote the solution to problem (1.1)
with right-hand side f; as u(f1) and note that U and U also solve (1.2) with
right-hand side f;. With v := u — u(f1), the triangle inequality reads

lu = Ul < ol + lu(f1) = Ul



SATURATION 17

Define the first-order oscillations of f by

osci(f,T) = Z|T’ [ Hlf”%%T)'

TeT

A piecewise Poincaré inequality shows for the constant C'p that

Jloll? = /Q(f — L f)(v — ) dz < Cposci(f, T)|v]-

Since oscy (f, T) + osc(f1,N) < osc(f,N), Lemma 4.1 proves leads to some
constant Cs(V (7)) with

lu— U < Cs(V(T)(IU = UI* + osc*(f,N).
This and the Galerkin orthogonality [|U — U||2 = |lu—U]|? — |lu— U||? prove,
for any 0 < € <1, that
Cs(V(T)) — e
Cs(V(T))

Proof of Main Result I. Although the set Tg may be infinite as indicated in
Example 2.2, the set {V(T) | T € Tg} is finite, whence

pax Cs(V(T)) < o0

lu = U)? < lu— UJ? + € os¢*(f,N). O

and Theorem 4.1 implies for any 0 < & < 1 that
b= 01 < (1 /(max Cs(V(T)) )lfu —~ UJP + £ 0se(£, ).
TeTs
Thus, Theorem 3.4 proves, for any 7 € T and
C5(Tp) := max {C’H(%), max C’S(V(T))}

TeTs
the strong saturation (SA) with p(e) :== 1 —¢/C2(Tp). O
Remark 4.1. The constant Cg(7p) depends only on the smallest angle ~
in T, while the constant Cs(V (7)) for T € Tg depends on V(T) and so
implicitly on 75. Since the entries in the global stiffness matrix depend on

the geometric data in a continuous way, small perturbations in the positions
of the vertices of 7 will preserve the weak saturation property.

5. A CHARACTERISATION OF DOMAINS WITH THE WEAK SATURATION
PROPERTY

This section is devoted to the proof of the Main Result II based on the
subsequent two lemmas.

Lemma 5.1. Let T be a regular triangulation of a bounded polygonal Lip-
schitz domain Q0 with exactly one interior vertex z. Then the solution U to
(1.2) with f =1 satisfies U(z) > 0.

Proof. Let ¢, denote the local basis function associated with z. Since there
is only one degree of freedom, the solution to (1.2) reads U = U(z)p,. The
one-dimensional discrete linear system of equations reads

UG) [ (AVe:) - Veoda= [ fi.do.
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Since f > 0 is constant and A is positive definite, U(z) is positive. O

Lemma 5.2. Suppose that E.(Q) = 0 and there exists an interior edge
E € &(Q) (with both end points on the boundary 02). Then either red or
bisec3 uniform refinement leads to weak saturation (WS).

Proof. Consider an edge E € &(Q2) with end points 21,20 € AN on the
boundary 0f) that is refined. Since F is an interior edge, there are two
adjacent triangles T = conv{z, 21,22} and T_ = conv{z_, z1, 22 }.

In the case that z1,z_ € N(99), it holds Ul,, = 0. Lemma 5.1 shows
that U # U.

In the case that some z € {z1,z_} NN (Q) is an interior vertex, then
all edges F = conv{y, z} with one vertex z have the second end-point y €
N (09Q) on the boundary, because £.(Q) = (). Therefore the local problem
on w, with only one degree of freedom decouples from the global system
and Lemma 5.1 implies U(z) > 0. Therefore Ul,, > 0. Since U is zero at
the endpoints z1, 29, U vanishes along F and since U is non-negative in € it
follows [VU]g - vg < 0 along E. Note that the jump [VU]g is a multiple of
the normal vg. The matrix A is positive definite and thus [AVU]g -vg < 0.
Let ¢ denote the hat-function of the refined triangulation associated with
the midpoint of E. Suppose for contradiction that U = U. Then

0</Qf<pEda::/ (AVU) - Voow dz = |E|([AVU] g - vi) /2.

This implies f # 1 which is a contradiction. U

Proof of Main Result II. Theorem 3.3 proves the strong saturation (SA) for
any T € Ty, that is if there exists a compactly interior edge £.(Q2) # 0. In
case that any interior edge has one endpoint on the boundary 0f2 and there
exists one interior edge E € £(2) with both endpoints on the boundary
N(E) C N(09), Lemma 5.2 proves weak saturation (WS). The remaining
configuration is that each interior edge has exactly one endpoint on the
boundary, which implies that the domain €2 equals the nodal patch w, of
the only interior node z. If at least one T' € T is not refined using bisec3 or
if not all refinement edges in T are opposite to z, the discrete test function
®, from Definition 3.2 satisfies

][ O,dr~1 and ][(I)ZdSZOfOI‘ all Fe&(N).
Wy F

Hence, the discrete efficiency technique of Theorem 3.3 leads to strong sat-
uration. The only remaining case is that all triangles T' € T are refined by
bisecd with refinement edges opposite to z. U

The Main Result IT reduces possible counterexamples of (WS) to config-
urations with 1 degree of freedom and bisec8 refinement with all refinement
edges opposite to the one interior node. The following result illustrates that
under certain angle conditions even in this situation (WS) is valid.

Theorem 5.1. Suppose that there exists exactly one interior vertex which
1s contained by all interior edges and that there exists an interior edge E €
E(2) with one interior end point z € N'(Q) and one end point P; € N (0)
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Pj_l S /\/'(8(2)

Pj+1 S N(QQ)

FIGURE 6. Angles in an edge patch.

on the boundary O such that the angles depicted in Figure 6 satisfy cot 8+
cot 8 < 0. Then (WS) holds.

Proof. Suppose that U = U. Then the local basis function wg that is 1 at
mid(E) and 0 at all other nodes of the refined triangulation satisfies

(5.1) 0</Qfg0Ed:c:/ (AVU) - Vygdz = |E|([AVU]g - vg)/2.

Note that all nodes of wg NN except z are boundary nodes. Hence,
|E|([AVU]E - vE)/2 = U(2)|E|([AVe:]E - vE) /2.

The value of V. - vgp with respect to the angles of the two triangles as
depicted in Figure 6 reads

|E|([Ve:lE - vE) = cot B + cot 3.

Since the jump [V¢.]g is a multiple of the normal vy and the matrix A is
positive definite, the case cot S+ cot 8 < 0 leads to a contradiction of (5.1)
to f=1. O

Remark 5.1. Theorem 5.2 shows error reduction for triangulations with non-
convex corners. Note that the criss-cross counter-example for error reduction
does not fulfill the condition of Theorem 5.1 for error reduction.

Remark 5.2. In particular, Main Result I & II imply that the following
saturation test can be employed to decide whether the strong saturation
property is valid.

compute discrete solutions U and U with respect to 7 and T € unif (7))
and f=1

if U = U then no saturation else (SA) for all f € L%(2) end if

This test is very simple because it is only performed for f = 1 and has to
be only performed for configurations with one degree of freedom.

6. LINEAR SECOND-ORDER ELLIPTIC PROBLEMS

This section extends the results of the foregoing sections to elliptic linear
second-order equations with constant coefficients, namely with a symmetric
positive definite A € R?*2, b € R?, and v € R. Given f € L%(Q), the general
second-order linear PDE assumes the form

Lu:=—div(AVu) +b-Vu+yu = f.
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Its weak formulation seeks u € V := H}(f2) such that, for all v € V,
(6.1) B(u,v) := /((AVu) - Vv +vb-Vu+ yuv) de = / fvdz.
Q Q

Assume that the constant coefficients b and ~ are such that the bilinear
form B is V-elliptic, i.e., there exists some constant ce; = 1 such that, for
allv eV,

(6.2) can([[vl3ay + 1V 0l32ay) < Blo,v) = [[o]}3.

(For constant coefficient b, [yvb- Vvdz = [,b- V|v|*/2dz = 0. Hence,
it suffices to consider v > —Cp(2) for the Friedrichs constant Cr(Q) <
diam(Q)/7.) Under the above ellipticity condition, ||-||s := B(-,-)'/? defines
the energy norm. The finite element method computes a unique uy € V(7))
such that, for all vy € V(T),

(6.3) B(ur,vr) :/vaTd:v.

The following generalization of the Main Result I states that ellipticity
plus small skew-symmetry implies saturation. The saturation test from Re-
mark 5.2 and the notion of weak saturation still concern the reduced problem
—div(AVu) = f, whereas strong saturation for problem (6.1) states that
for any 0 < & <1 there exists p(¢) := 1 —¢/C(7Ty) < 1 such that

(SA%) lu = Ul < o(e)llu— Ul +cosce(f —b- VU = U, N)

holds with a universal constant C'(7y) which exclusively depends on 7y and
the coefficients A, b, 7.

Theorem 6.1 (weak saturation implies strong saturation). Assume B is
elliptic with (6.2) and the convection parameter b satisfies |b| < Cey. Then
there exists a global constant C(Ty) which depends only on Ty such that for
any T € T and T € unif(7), (WS) implies (SA’) with o(e) =1 —e/C(Tp).

The proof will be given throughout the remaining parts of this section.

Lemma 6.1. For any 7 € T with T € unif(T), the ezact and discrete
solutions u, U, U to (6.1) and (6.3) with right-hand side f € L*(Q) satisfy

(6.4) lu—Ulp Sn+osc(f—b-VU —~U,N).
If, in addition T € Ty, it holds that
lu—Uls < U = Ulls +ose(f —b- VU — U, N).

Proof. Note that U solves (1.2) with right-hand side f —b- VU —~U instead
of f. The reliability of the error estimator from Theorem 3.1 translates
directly into

u—Ul|% <n?+osc*(f —b-VU —yUN
B

for the oscillations osc(-, ) of Section 3. For any T € Ty, the discrete
efficiency techniques from Theorem 3.3 imply

n S| —Ulg +osc(f —b- VU —~yU,N).
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The triangle inequality reveals
osc(f —b-VU —~yU,N) <osc(f —b-VU —~U,N)
+osc(b- V(U =U) —~(U - U),N).

The combination with the reliability (6.4) leads to the second stated esti-
mate. (]

For the finite set {V(7) | T € Tg}, the following analogue of Lemma 4.1
follows from a compactness argument.

Lemma 6.2. For any T € Tg with weak saturation (WS), there ezists some
constant Cs(V (T)) such that any fi € Pi(bisec5(T)) with exact and discrete
solutions u,U,U to (6.1) and (6.3) with right-hand side fi satisfies

lu=Ulls < Cs(V(T)) (10 = Ulls + ose(fs — b- VU = 40,N)) .

Proof. For all f in the space Pj(bisec5(T)), define the semi-norms

()= | 3 nA(B) and

E€E(Q)

9s(f1) = /10 = UII3 + 02y = b- VU — U, N).

If 92(f1) = 0, then U = U and osc(fi —b-VU —~U,N) = 0 imply that
fi—b-VU =AU € Py(Q) is constant. Hence, U = U solves (1.2) with
constant right-hand side and the weak saturation implies U = U = 0 and
f1 € Py(2) vanishes. Equivalence of semi-norms in the finite-dimensional
space Py (bisec5(T)) and the reliability (6.4) lead to a constant Cs(V(T))
such that ¥; < Cg(V(T))J2. This is the assertion. O

Proof of Theorem 6.1. Equation (6.4) and Lemma 6.2 plus the arguments
from the proof of Maip Result I imply that there exists a constant C =~ 1
such that any 7 and 7 € unif(7") with (WS) satisfy

lu—Ulls S 10— Ulls + osc(f — b VU =AU, ).
Since the bilinear form B is not symmetric, it holds
1T~ Ul = llu— Ul ~ Hu—ﬁH%Jr?/Q(U—U)b'V(U—U)dm-
The Cauchy and Young inequalities imply
(6.5) 2/9((7 — 0V~ 0)de < C' bl (Jlu—~UJs + 10~ UJ3)
Provided |b| < Cqy, these terms can be absorbed. This results in

(6.6) 10~ Ul < llu = Ul — llu—Ull3.

The techniques from the proof of Theorem 3.4 conclude the proof of Theo-
rem 6.1. O
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Remark 6.1. For a general parameter b and v € R such that £ is injective,
the estimate (6.6) follows for sufficiently small mesh-size. The proof is a
combination of (6.5) and the higher-order convergence of the error in the
L? norm, which is also employed in [SW96]. This leads to saturation in an
asymptotic regime.
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