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Abstract

A new multiscalemethodin surfaceprocessings presentechere
which combinegheimageprocessingnethodologybasedon non-
linear diffusion equationsand the theory of geometricevolution

problems. Its aim is to smoothdiscretizedsurfaceswhile simul-

taneouslyenhancinggeometricfeaturessuchasedgesandcorners.
This is obtainedby ananisotropiccurvatureevolution, wheretime

is the multiscaleparameter Here, the diffusion tensordependson

the shapeoperatorof the evolving surface.

A spatialfinite elementdiscretizationon arbitrary unstructured
triangularmeshesand a semi-implicit finite differencediscretiza-
tion in time arethe building blocks of the easyto codealgorithm
presentechere. The systemsof linear equationsn eachtimestep
aresolved by appropriatepreconditionedterative solvers. Differ-
entapplicationsunderlinethe efficiengy andflexibility of the pre-
sentedype of surfaceprocessingool.

Keywords: Image Processing,Geometric Modeling, Numerical
Analysis

1 INTRODUCTION

The processingof detailedtriangulatedsurfacesis an important
topicin computemgraphicg5, 12,13, 19]. Nowadaysyarioussuch
surfacesaredeliveredfrom differentmeasuremeriechnique$4] or
derived from two- or threedimensionabatasets[14]. Recentaser
scanningechnologyfor exampleenablessery fine triangulationof
realworld surfacesandsculptures.Also from medicalimagegen-
erationmethodssuchasCT andMRI devicesor 3D ultrasoundcer
tain surfacesof interestcanbeextracted- frequentlyin triangulated
form - at a high resolutionfor further postprocessingand analy-
sis. Thesesurfacesareoften characterizedby interestingfeatures,
suchas edgesand corners. On the otherhand,they aretypically
disturbedby somenoise,which is often dueto local measurement
errors.

The aim of this paperis to discussa methodwhich allows the
smoothingof discretesurfacesandthuspermitsa drasticreduction
of high frequeng perturbations.Additionally it is ableto retain
and even enhancemportant featues sud as edges and corneis
onthesurface. Figurel shaws the performanceof this method
and comparest with the smoothingby meancunatureflow, the
appropriatggeometric‘Gaussian”smoothindfilter.

Thecoreof themethodis ageometridormulationof scalespace
evolution problemsfor surfaces.Thesetechniquesvereoriginally
developedfor image processingourposes. Thus the methodnot
only deliversasingleresultingsurface,but a completescaleof sur
facesn time. For increasingime, we obtainsuccessiely smoother
surfaceswith continuouslysharpene@dges.

First, we derive a continuousmodel, which leadsto a nonlin-
ear systemof parabolicpartial differentialequationsfor the coor
dinatemappingof the evolving surface. An anisotropicdiffusion
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Figure 1. A noisy initial surface (top left) is evolved by discrete
meancurvatureflow (top right) andby the new anisotropicdiffu-

sionmethod(bottomright). Furthermorefor the latter surfacethe
dominantprincipal curvature - on which the diffusion tensorde-
pends- is color coded(bottomleft). Thesnapshotaretakenatthe
sametimesteps.

tensordependingon the shapeoperatorand thus on the principal
curvaturesand principal directionsof curvature,is sensitve to the
identificationof the importantsurface featuresand decreaseshe
diffusivity in certaindirectionsin closevicinity to edgesor corners.

Two parametersre at the disposalof the userto influencethe
performancef the method:

- A thresholdvalue X for principal curvatureswhich are as-
sumedto indicatean edgeandthusrequirelocal sharpening
and

- afilter width e which controlsthenoisereductionontheactual
surfacebeforeevaluatingprincipalcunatures.

Especiallythe latter is essentiato make the proposedmethodro-
bustandmathematicallywvell-posed.The methodpresentedn this
paperstartswith the descriptionof a continuousmodel,which has
mary nice qualitative properties.Thenin a secondstepwe seeka
robustandefficient discretization Hence we derive anappropriate
finite elementmethodwith respecto aformulationof the continu-
ousproblemin variationalform.
The paperis organizedasfollows.



First, in Section2 we will discussthe backgroundvork on sur
facefairing by geometricsmoothingand on image processingon
planarimages. In the following Section3 we introduce neces-
sarymathematicahotationanddiscusghebasictype of geometric
evolution problems. Thenin Section4 we presenthe continuous
model of anisotropicdiffusion, which afterwards,in Section5, is
discretizedby finite elements. The definition of a shapeoperator
ontriangulatedsurfacesis givenin Section6. Finally, Section7 is
concernedwith the concreteimplementationrandin Section8 we
draw conclusions.

2 REVIEW OF RELATED WORK

In physics diffusionis known asa procesghatequilibratesspatial
variationsin concentrationIf we considersomeinitial noisy con-
centrationor imageintensity po on a domainQ C R? andseek
solutionsof thelinearheatequation

Op—Ap=0 (1)

with initial datapo andnaturalboundaryconditionson 052, we ob-
tain a scaleof successiely smoothedconcentrationgp(t) };c g+ -
For @ = IR? the solution of this parabolic problem coin-
cideswith the filtering of the initial datausinga Gaussiarfilter

G, (z) = (2102~ e=="/27*) of width or standardieviation o,
i. e. p(6%/2) = G, * po. If we discretize(1) andusean explicit
Eulerschemeve have to computea sequencgp™ }»—o,... with

p" T = (1d +7AR)p"

wherer is thetimestep A, anapproximatiorof the Laplacianand
p° = p. Concerninghesmoothingof disturbedsurfacegeometries
onemay askfor analoguestratgies. The counterparbf the Eu-
clidian LaplacianA on smoothsurfacesis the LaplaceBeltrami
operatorA ¢ [6, 3]. Thus, one obtainsthe geometricdiffusion
Oix = Apqyz for the coordinatese on the correspondingam-
ily of surlacesM(t). On triangulatedsurfacesasthey frequently
appearin computergraphicsapplications,several authorsintro-
ducedappropriatediscretizedoperators Taubin[19] discussedhis
and relatedapproachesn the contet of generalizedrequencies
on meshesaand Kobbelt[12] usedinterpolationschemes Explicit
time discretizationsareknown to have strongtimesteprestrictions
to ensurestability [20]. Thus, mary iterationsarerequiredto ob-
tain appropriateresults. Kobbeltet al. [13] introducedmultilevel
stratgiesin the context of multiresolutionaleditingto improve the
efficieng of thesemethods.Guslov etal. [8] discussedelaxation
schemesvith weightsdependingn thelocal geometry

RescentlyDesbruretal. [5] considerednimplicit discretization
of geometricdiffusionto obtainstronglystablenumericalsmooth-
ing schemes. Furthermorethey improved the consisteng of the
discreteoperatoron arbitrarymeshesignificantly The problemof
tangentialcoordinateshifts on the surfacecould be avoided,which
is a dravbackof someexplicit methodsconcerningthe geometric
positioningof anaccompaying texture. The mathematicateason
for this shifting problemin geometricdiffusionis thatthe Laplace
Beltrami operatordependson the metric (cf. Section3), thusthe
metric of the discretesuriaceshouldbe kept fixed during a single
explicit or implicit smoothingteration.

Fromdifferentialgeometry[6] we know thatthe mean-curature
vector HN equalsthe LaplaceBeltrami operatorappliedto the
identity Id onasurface M:

H(z)N(z) = —Apmz. (2

Thus geometricdiffusion is equivalentto meancurvature motion
(MCM)

dux = —H(z)N(z), ®)

where H(z) is the correspondingneancunvature (heredefinedas
the sumof the two principal cunatures),and N (x) is the normal
onthesurfaceatpointz. Alreadyin '91 Dziuk [7] presente@semi
implicit finite elementschemdor M C M ontriangulatedsurface.

The meancurvaturemotion modelis known asthe naturallocal
surfaceareadecreasindlow. |.e., we obtainfor the areaAr(w(t))
of a subsetw(t) of a smoothsurface M undegoing the M CM
evolution (cf. [9])

aAr(w(t)):-/Hzokc. 4)

Thisis oneindicationfor the strongregularizingeffectof MCM.
Unfortunately M C M not only decreaseshe geometricnoise
dueto unpreciseneasuremeriut alsosmoothesutgeometridea-
turessuchas edgesand cornerson the surface. Hence,we seek
modelswhichimprove a simplehigh passfiltering.
In imageprocessingPeronaand Malik [16] proposeda nonlinear
diffusionmethod which modifiesthediffusioncoeficientatedges.
Edgesareindicatedby steepintensitygradients.For a giveninitial
imagepo they consideredheevolution problem

Oep — dv(G([|Vpl)Vp) = 0.

For increasingime ¢ - the scaleparameter the original imageat
theinitial timeis now successfullysmoothedndimagepatternsare
coarsenedBut simultaneouslyedgesareenhancedf onechooses
a diffusion coeficient G(.) which suppressediffusionin areasof
highgradients A suitablechoicefor g is

O(s) = (1 N A—) (5)

for a positve constantA. Thus edgesare classifiedby . I. e.
sharpeningoy backward diffusion is invoked whenever ||V p||> A
whereagheimageis smoothedy forward diffusionfor ||V p||< A.
Kawohl and Kutev [11] gave a detailedanalysisof the diffusion
typesin this method.Unfortunatelythe above original Peronaand
Malik modelis still ill-posedbecausehereis a true backward dif-
fusionin areasf largegradients Catié etal. [2] proposedaregula-
rization methodwherethe diffusion coeficient is no longereval-
uatedon the exact intensity gradient. Insteadthey suggestedo
considerthe gradientevaluationon a prefilteredimage, i.e., they
considertheequation

Oip — dv(G(||Vpel)Vp) = 0 (6)

wherep. = G * p with a suitablelocal convolution kernel Ge.
For instancewe againtake into accoutthe Gaussiariilter kernel.

This modelturnsoutto be well-posed edgesarestill enhanced.
The evolution and the prefiltering avoid the detectionand pro-
nouncingof artificial edgeswhich aredueto theinitial noise.

Weickert [22] improved this method taking into account
anisotropicdiffusion, where the PeronaMalik type diffusion is
concentratedn one direction, for instancethe gradientdirection
of a prefilteredimage. This leadsto an additional tangential
smoothingalong edgesand amplifiesintensity correlationsalong
lines. PreuReandRumpf[18] took upthisideafor theconstruction
of streamlingtype patternsn flow fields.

ConcerninghenumericaimplementationVeickert proposedi-
nitedifferencescheme§21] andKacurandMikula [10] suggested
semi-implicitfinite elemenimplementatiorfor theisotropicmodel
by Caté et al. Large stencilshave to be consideredn caseof the



implementatiorof anisotropicdiffusion by finite differences.This
is a crucialshortcomingof suchmethodsgspeciallyif we consider
a geometriccounterparpn discretesurfaces. Preu3erand Rumpf
[17] discusse@daptve finite elemenmethodsn 2D and3D image
processingy anisotropicnonlineardiffusion.

In the axiomaticwork by Alvarezet al. [1], generalnonlinear
diffusion problemswere introduced. More preciselythey derive
parabolicequationswith elliptic termswhich arebasedon the cur
vature of isolinesor isosurficesin images. Sethianand Malladi
[15] presentedh numericallevel setmethodwhich also considers
the cunatureof level lines.

3 NOTATION AND GEOMETRIC SETTING

Beforewe develop our modelof nonlineargeometricsurfacepro-
cessing et usfirst briefly review the basicnotationof manifolds,
differential calculusand geometricdiffusion. For a detailedintro-
ductionto geometryand differential calculuswe refer to [6] and
[3, Chapterl]. For the sale of simplicity we assumeour surfaces
to be compactembeddednanifoldswithout boundaries. Thuswe
considerasmoothmanifold M, whichwe supposéo beembedded
in R3. By {(z%,Q%)}~ we denotea countableatlasof M, where
0* CR?is anopenreferencedomalnand

= M€ e 2 (€7)
is the correspondingcoordinatemap. For eachpoint z on M a
tangenspacef, M is spannedy thebasis{ 52, 5= }. Weregard
1 2
tangentvectorsas linear functionalson C*°(M), i. e. for f €
C*° (M) wedefine

0 _ Of(z*)
5w (0)f = "5 (©

wherezx = z%(¢).
Dueto the embeddingn R?® we identify a%, with the tangent

6§°‘ :
M requwesthe definitionof ametric

g(,) : TetM X ToM = R,

whereg = (gi;)i; is supposedo be a quadraticpositive definite
form. In ourembeddeaasewe obtain

gy g( D DO oa
“ dge’ ogx’ T oty ot

where- indicatesthe scalarproductin R®. Theinverseof g is
denotedby g~ = (g*);;.

Now we candefinethe integration of a function f on M. Let
{na }o be afinite partition of unity on M with suppn., C Q¢,
then

@)

/f dz :Z/ Na f()/det g de* . (8)
M a V0%

Notethatthis definitionis independentf the choiceof thepartition
of unity. Integratingeithera productof two functions f, g on M
or the productof two vector fields v, w on T.M we obtainthe
following scalamproductson C°(M) andC° (7T M) respectiely:

[raas.
M
/g(v,w) dzx .

M

(fa g)M

(Ua w)TM

In the following we usethe sloppy notationdroppingthe index c.
Next we proceedconsideringhefundamentatlifferentialoperators
onM. Suppose € C'(M) thenthetotaldifferentialdf isalinear

functionalon T M (df € TM'),i. e. (ag ,dfy = ( )(f) =
822l (¢). ThegradientV a f of f is deflnedastherepresentatlon
of df with respectto the metricg: g (Vaf, 5%) = (5% df)-
We obtainin coordinates

Vamf = Z ij f‘:x) a‘zz . (9)

Furthermorewe definethedivergencediv o4 v for avectorfieldv €
T M asthedualoperatorof the gradientby

/diva¢ dz = — /g(U,VM¢) dz

M M

forall ¢ € C§°(M).
Oncewe have introducedthe gradientof a functionon M, we
directly obtainthe Dirichlet form on M by

(Vamu, VMo)Tam = /g(VMu, Vmo) dz.
M

Furthermore the Laplace Beltrami operatorA s appliedto ary
functionu € C?(M) is givenby theduality

(_AMU: ¢)M

forall ¢ € C*°(M). A simplecomputatiorieadsto thefollow-
ing representationf A oqu in local coordinates

. 1 1o} ou
u—izj —detg(%i( \/det 85)

In the anisotropiadiffusionmethodto be presentedh this paper
we will make intensve useof somefundamentakunaturequan-
tities. We are now introducing the correspondingnotation. Let
usassumehat M is orientable;thenwe have a well definednor
malN : M — §% c R?® on M. Thesecondundamentaform
II: T.M x T.M — Rislocally givenby

= (Vamu, VAo)TMm (10)

(v, w) = Zviwj N;-z;,
]

wherethe Gaussmap N : Q — S2 is a representatiorf the

normal with respectto a coordlnatemapa: : Q0 - M and

v = vl + 075k, w = wlzk 4+ w’sE, aretwo tangent
vectorsin 7, M. We point out that IT is well deflned,l. e.itis

invariant underreparametrization.Furthermore I is a symmet-
ric bilinearform andthereforethereis a symmetricendomorphism
S: TeM — To M with

g(Sv,w) = II(v,w); v,w € TaM.

The endomorphisn® is calledshapeoperator Its eigervaluesare
theprincipalcunaturesof M atthepointz andtheeigervectorsare
the principal directionsof curvature. Now, one candefinenotions
of cunatureasthe mean-curvatue H andthe Gaussiarcurvatue
K by

H:=trS, K:=detS. (11)



(Note thatin our notationthe mean-curature H is only the sum
of the principal cunatures.)With the LaplaceBeltramioperatorat
handwe canfinally defineageometridiffusionproblemin analogy
to the linear diffusion problemin Euclidian space.We look for a
solutionu : R x M — R of the parabolicequationd,u(t, z) —

Anmu(t,z) = 0 onRF x M for giveninitial datau(0, -) = uo.

Here,uo is somefunctionon M. Furthermorewe canconsidera
diffusion of the manifold geometryitself (cf. Section2). I. e.,we
seekan oneparametefamily of embeddednanifolds{ M () }:>o0

andcorrespondingparametrizations(t), suchthat

atil?(t) - AM(t)iB(t) = 0 ; (12)
M(@O0) = Mo.

For the sale of simplicity we define MCM(Mo,t) :=
M(t), where M(t) is the solution surface at time ¢. Thus
MCM (M, a?/2) canbe regardedas the applicationof a “geo-
metric” Gaussiarfilter of width o to M.

By integrationby parts,we obtain

Oz, ) mety + (V@ Vi) 7me =0. (13)

Thisis thecorrespondingveakvariationalformulationwhich holds
for all testfunctionsé € C*°(M(t)). Thefundamentabbsenra-
tionis thatthisgeometriadiffusiononthecoordinatenappingtself
coincideswith the motion by meancurvature(M C M); in factfor
ary manifold M we have A iz = —H (z) N(z) asalreadystated
abosein Section2.

4 ANISOTROPIC GEOMETRIC DIFFU-
SION

We arenow preparedo discusghe concepbf anisotropicgeomet-
ric diffusionasa powerful multiscalemethodin surfaceprocessing.
Theaimis to appropriatelycarry over appraved methodologyfrom
scalespacetheoryin imageprocessingLet usfirst summarizehe
building blocksof the newv method:

o \We consideranoisyinitial surface M, to besmoothedandre-
placethelineardiffusionfrom the Euclidiancaseof flat imagesby
anappropriatediffusion of the surfacegeometnyitself. The natural
geometriadiffusion processs curvatureflow, which leadsto anal-
readynonlineamparabolicsystenmof equationgvith initial dataM..
Therebyafamily of surfaces{/\/t(t)}tEROJr is generatedwherethe

timet senesasthe scaleparameter

o In additionto the smoothingof the surfaceour aimis to main-
tain or even enhancesharpedgeson the surface. Gradientsof a
coordinatemappingare not intrinsic objectson manifolds. The
canonicalquantityis the cunaturetensor in the caseof embedded
surfacesrepresentedly the shapeoperatorS. An edgeis indicated
by a sufficiently large eigervalue. Hencewe considera diffusion
tensordependingn S, which enablesisto decreaseéiffusionsig-
nificantly atedgesndicatedby S. Furthermorave will introducea
thresholdparametei\ asin (5) for theidentificationof edges.

e The evaluationof the shapeoperatoron a noisy surlacemight
be misleadingwith respecto the original but unknawn surfaceand
its edges. Thuswe prefilter the currentsurface M (t) beforewe
evaluatethe shapeoperator The straightforvard “geometricGaus-
sian” filter is a shorttimestepof meancurvatureflow. Hence,we
computea shapeoperatorS. on the resulting prefilteredsurface
M.(t), wheree is the “geometric Gaussianfilter. Let us em-
phasizethat this choicealsoleadsto a mathematicallywell-posed
paraboliproblem.Hencewe avoid ill-posedbackward diffusionin
our model.

e With an appropriatelychosenscalardiffusion coeficient a.
dependingon the eigevaluesk,,1, ke,2 Of S, which arethe prin-
cipal curvaturesof M. (t), it is alreadypossibleto smoothin ap-
proximatelyflat surfaceareasandto enhancesdges. Along these

Figure 2: Different discrete evolution problemsare solved for
a noisy initial surface (top left): MCM evolution (top right),
isotropic nonlinearevolution (bottom left), anisotropicnonlinear
evolution (bottomright).

edgesthe surfacesM((t) still retainsits noisy structurefrom M,
(cf. Fig. 2). We incorporateanisotropicdiffusion nov basedon
a properdiffusion tensora. which enablestangentialsmoothing
alongedges.Thereby the tangentialedgedirectionon the tangent
space7, M(t) is indicatedby the principal directionof cunature
correspondingo the subdominanprincipalcurvature. Thesecond,
perpendiculadirectionis consideredo be the actualsharpening
direction. Figure2 clearly outlinesthe adwvantageof ananisotropic
diffusiontensor

e Theresultingmethodeadsto spatialdisplacemenandthevol-
umeenclosedy M (t) is changedn theevolution. Selectingeither
aretrieving forcetowardstheinitial surfaceM, or aconstanforc-
ing whichleadsto volumepreseration,we canfurtherimprove our
multiscalemethod.

We endup with the following type of parabolicproblem.Given
aninitial compactembeddednanifold M, in R?, we computea
one parametefamily of manifolds{M(t)}teRg with correspon-

dingcoordinatemappingse(t) whichsolve theanisotropigyeomet-
ric evolution equationgeneralizinghe system(12):

Az — divag(ry (ae Vamnz) = f on RY x M(¢), (14)
andsatisfytheinitial condition
M(0) = M.

Here for every pointz on M (t) thediffusiontensora. is supposed
to bea symmetric,positive definite,linear mappingon the tangent
spacef, M:

ae(x) : TaeM = ToM .

Furthermore,f representshe forcing on the right-handside that
maintainscertaingeometrigpropertiesof M (t).

Let us point out thatan anisotropictimestepr corresponds$o a
nonlinears-filtering, wherer = §*/2. The correspondingaria-
tional formulationis givenby

(0:, ) mry + (e VM), Vi) Tamey = (F, D71y, (15)



for all § € C*°(M(t)). We canexpressthe above equationnot
only in the variationalform but alsoin coordinates.This formula-
tion is asfollows (cf. equation(10)):

1 0 i klax
ohx — E ——— — | v/det I . — | =
* ikl det g 0% ( g ekd 651) d

onR* x M(t), wherea. jx = g (a6 22+ e ) Wewill never-
J

%)
thelessfocus on the variationalformulation - especiallywhenwe
implementa suitablefinite elementalgorithm.

In the simplestmodelwe considera scalardiffusion coeficient

andset
a.=G (\/”?,1 + nfﬂ) Id,

for a function G similar to the one which was introducedfor the
nonlineardiffusion on planarimages(see(5)). We slightly modify
the original definition of G for the following reason. We already
know thatthe fundamentall C M evolvesthe surfaceonly in nor
maldirection(cf. equationg12)and(2)). Thisis nolongertruefor
anedgeenhancingvolution asproposecdhere.lt is aconcentration
effectin the coordinatemappingaccompaniedy sometangential
displacementvhich allows the actualsharpeningat anedge. Nev-
erthelessve wantto restrictary necessaryangentiadisplacement
in closevicinity to anedgeandwe intendto prescribethe standard
M C M evolution outsidethis area.Thuswe defineageneralization
of (5)

1 sl < ©x
G = ol 2\ —1
= (+82385) 75 15l > o

Here )\ senesasa thresholdvaluefor the identificationof edges.
If oneof the principal curvaturesis largerthan, thenwe suppose
thereis anedgewhich we wantto be sharpenedin themodelwith-
out prefilteringthis shaws up in the steepenindpehaiour of back-
warddiffusionfor |s| > A. Below afraction® of this threshold\
we setfastM C M type smoothingwithouttangentiadisplacement
andin betweer®)\ and\ somesuitabletransitionis prescribedIn
our applicationsve alwaysconsider® = 0.5.

As alreadyannouncedanimproved modelintegratestangential
smoothingalongedgesnto the multiscaleapproachThereforewe
considera true diffusion tensora. which is no longer restricted
to multiples of the identity and which leadsin sucha way to a
scalardiffusioncoeficient. We introducethe prefilteringby mean-
cunatureflow asfollows: M.(t) := MCM(M(t),€?/2). At
ary pointz onthe prefilteredsurface M. (t) the shapeoperatorS.
is a symmetricendomorphisn¥, M, — 7. M.. Thusthereis an
orthonormalbasis{w", w?} of 7, M, suchthatS. is represented

by
_ Re,1 0
s=(52)

Now we considera diffusion tensorin equation(14) which is
definedwith respecto theabore orthonormabasisby

o —a(S,) = ( G(f('i)e,l) G(;SE,Q) ) (16)

with the function G from above. Hence,in a principal direction
of cunaturewith curvaturelargerthan A we enforcea signalen-
hancementlf the secondorincipal cunatureis smallerthan A we
regardthefirst directionasanorthogonaldirectionof animportant
edgeon the surfacewhich hasto be sharpenedSimultaneouslyin

the otherdirection - the tangentdirectionalongthe edge- we al-
low smoothing.At cornersboth principalcurvaturesarelarge,thus
sharpeningakes placein both directions. Here, we againexpect
tangentialshifting only if oneof the principal cunaturesis larger
then©A.

In the simplecaseof a. = p Id, wherey is a smoothfunction,
we can determinethe tangentialpart of div sy (ac Vaq)z) ex-
plicitly. It is simply givenby thedifferentialdu(x). Thustangential
displacemenis just causedy the changeof p.

With respecto a concretaémplementatioriet usremarkthatwe
caninterpretea. alsoasa mappingon the productof the embed-
dedtangentspaceandthe one dimensionalspacespannedy the
normal. In orderto do this we decompos@ vectorz € R? in the
orthogonabasis{v',v?, N'}

z=(z-v")" + (20" + (- N)N

wherev?!, v? denotethe embeddedangentvectorscorresponding
to w', w? (after projectionand renormalization). Then usingthe
definitionof a. in equation(16), we have

ez =G(ke1)(z- VW' + G(ke2)(z- v + (z- N)N . (17)

Motivatedby our definition of the diffusiontensorwe defineas
ageneralizatiorof the meancurvature(see(11))

H,, :=tr(acoS)

asa generalizatiorof the meancunature(see(11)). This we will
call a.-meancunature. Using this notion, we can expressthe
changing-rateof the areaAr(M(¢)) and the volume Vol(M((t))
enclosedby the compactsurface M(t). Here M(t) is assumed
to be the solution of the homogenousvolution problem d,x —
diVM(t) (ae VM(t).’I}) =0:

) L
M(to)

d
—[Vol t—tg = — o, dz.
p [Vol(M(t))] /M(to) H,

Thefirst equationexpresse®neaspecif smoothingn our model.
Thereis a significantregularization,indicatedby the areamini-
mizationin areaswhich areexpectedto be flat with respecto the
prefiltering. The secondequationleadsto a formulationof a flow
which keepsthe volume enclosedy the evolution surfacesM (t)
constant(cf. Huisken [9] for the MCM case). To achiese this
we have to selecta right-handside which compensatethe overall
changén volumeby a constanforcingin normaldirection,i. e. we
considerin equation(14)

f(t,x) = h(t) N(z), (18)
— 1 i
whereh(t) := mem H,, dz. Alternatively, we canselect
asimpleretrieving force
ft,x) = C (2o — z(t)) (19)

wherezy is theoriginal pointlocationon theinitial surface M.

5 FINITE ELEMENT DISCRETIZATION

Up to now we have consideredsurfacesM which have beencon-
tinuousmanifolds.Concerningheimplementatiorof the proposed
multiscalemethodwe now discretizeour model. We usea finite

elementdiscretizatiorto avoid large stencilsasthey would appear



in our problemusinge.g.finite differenceschemesThus,we have
to choosea spatialdiscretizationand sometimesteppingscheme.
To clarify the notationwe will always denotediscretequantities
with uppercaselettersto distinguishthemfrom the corresponding
continuousguantitiesin lower caseletters. In the applicationsur
facesaretypically representedby triangularmeshes. Hence,we
supposeour mesheso be triangulationsas well. Let us denote
sucha discretesurface M;,. We areinterestedn a family of dis-
cretesuccessiely smoothedand sharpenedurfacesstartingfrom
someinitially given noisy surface My, . We supposahemaill to
be equialentwith respecto a uniquetopologicaltriangulation

T={T;|i eI},

wherel is someindex set.For thesale of convenienceweidentify
a discretesurfaceandits triangulation. Herethe subscripth indi-
categhegrid size ,whichwe regardasa pieceviseconstanfunction
on the currenttriangulation. Its valueon a triangleis thelengthof
thelongestedge. On 7" andthereforealsoon M, we definethe
spaceof piecaviselinearcontinuousunctions

VP ={® e C°M,) | ®|r, € P1Vi € I},

where?P; is the spaceof linearpolynomials.Theidentity Id(M3)
on the triangulation M ,, which coincideswith the pointwiseco-
ordinatevector X canbe regardedasa functionin (V*)3. Here,
we considerevery referencemap from a single referencetriangle
T c R? ontosomeT; on My, asa coordinatemap. Integration
over My, is definedin analogyto the continuouscase(seedefini-
tion (8)), now summingover local contrikutionson thetrianglesof
the mesh. The metric and the gradientsof functionson M, are
evaluatedaccordinglyon eachtriangleT” with respecto therefer
encetriangle?'.

Now we areableto formulateour discreteproblem. Discretiz-
ing first only in spacewe obtaina variationalformulation (cf. for
the continuouscase(14)) of an evolution problemfor a family
{Mn(¢)} of discretesurfaceswith coordinatemapsX (¢). In anal-
ogyto (15) we obtain

(2 X (1), ©) K, 0y +
(AeV )X (1), Vortn (69O) Tty = (F(£),0) 50, )

for all testfunctions® € (V")* and Mn(0) = My,. Here,
we usethe lumpedmassscalarproduct(-, -)ﬁ,lh, which is the ge-
ometric counterpartof the lumpedmassedor standardparabolic
problemsondomainsin IR?. It replaceghescalaproductfrom the
variationalformulationof our problemin the continuouscaseand
is definedby

Uk, = > /Ih(UV) do

TeEMy,

for two discretefunctionsU,V € V" (cf. [20]). Here, 7y
C°(M?) — V" denotesthe nodal projectionoperator As an
immediateconsequencéhe massmatrix is diagonal. This sim-
plifies the resultingschemesignificantly Our discreteanisotropic
diffusiontensorA., to be definedlater, is supposedo be anendo-
morphismonthediscretetangenspacel My, (t) approximatingz.
from the continuouscase.

We end up with a systemof ordinary differential equationsfor
thethreecoordinate®f all triangulationnodes.

Next, we have to discretizein time, which includesthe choiceof
sometimesteppingchemendthedecisionwhichtermsto be han-
dledimplicitly andwhichexplicitly. Herewe proceedn analogyto
the approactpresentedyy Dziuk [7] for thediscretizatiorof mean
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Figure3: Triangulargrids at differenttimestepsof the anisotropic
evolution.

cunvaturemotion. We expectX ™ to beanapproximatiorof X (nr)
wherer is the selectedimestep.Hence the time derivative canbe
discretizedapplyinga backward Eulerscheme

Xn+1 _ X"
HX((n+1)7) m =

We obtain:

Find a sequencef discretecoodinatemaps{ X} },—o,... which
definesa family of triangular surfaces{ M7 } n—o,... suc that

Xn+1 _ X"
X =X ) +
T

n n+1 _ n h
(ASVMmp X Vmn O)rmn = (F7,0) un -

for all discretetestfunctions® € (V*)3.

Fig. 3 shaws evolving finite elementmeshesinderthe discrete
anisotropicflow. In what follows we explain in detail the aboe
notationanddiscussatwhichtimestepo evaluatefunctions,metric
anddiffusiontensor As the governingmetric we alwaysconsider
the one at the old timestep,hereindicatedby the subscriptM7,
T M7, respectiely. Thus,alsothe gradientsVM: areconsidered
with respectto the metricon 7M7. Furthermore the diffusion
tensorA. is evaluatedexplicitly attime t,,, which we indicateby
anupperindex n. Concerningheright handside,we evaluatef at
theold timet,, anddefineF™ = f(t,).

Finally, in eachstepof the discreteevolution we have to solve a
singlesystemof linearequationsIn termsof nodalvectors which
we indicateby a bar on top of the correspondingliscretefunction
we canrewrite the schemendget

(M" + rL"(A’)X" ' = M" X" + TM"F" (20)

for thenew vertex positionsX™*! attimet,+1 = (n+ 1)7. Here,
we assuméhelumpedmassmatrix

" = ((@,2)key)

ij



Figure4: Thenoisyinitial venushead(thediameteris scaledto 1).

andthenonlinearstiffnessmatrix

L"(A?) = ((A2V g @i, Vaup ¢j)TM2)ij
to beappliedsimultaneouslyo eachof thethreecoordinatecompo-
nents. If in additiona norvanishingright-handsideis considered,
we have to evaluatethevector F'" representinghe right-handside
oneachnodeX, i. e. (F*); = F™(X}*). Here,we eitherchoose
in caseof the retrieving force F™(X) = C(X°® — X), which has
to beevaluatedonly atthe nodesof the currenttriangulationdueto
theselectedumpedmassintegrationformula, or the constanforce
F*"(X) = W J tr(A™ S?) dz N(X) for aninterpolatechor

M3

mal N (X), which correspondso the areapreservingevolution in
the continuousmodel(comparetheforcesin (18) and(19)).

ThediffusiontensorA¢ is supposedo bepiecavise constanbn
thetrianglesof ourmesh.As in thecontinuousnodeltheevaluation
of the diffusiontensorhasto be basedon a regularized prefiltered
surface. Herewe considera single timestepof the discretemean
cunvatureevolution asa geometricappropriateregularization,i. e.
we compute

2
X =(1d+ %M"L"(Id))_l)_(“ 1)

whereL"™(Id) is the above stiffnessmatrix for the isotropic diffu-

siontensorld. Thenthecorrespondingoordinatenap X defines
adiscretesurface M}, .. Thus,we have filteredthe probablynoisy
initial coordinatesvith a“geometric’anddiscreteGaussiatriilter of

width e beforewe identify edgeso be enhancedy our actualdis-

creteevolution. Hence high frequeng noiseis suppressedndwe

obtain well-poseddiscreteproblemswhoseasymptoticbehaiour

is independendf the grid size. Let us emphasizehat we apply
this geometridilter only to evaluatethe diffusiontensorandnotas
an evolution stepof the surfaceitself. The requiredsolver for this

smoothingproblemis alreadyavailableby a slight modificationof

our original schemdor a singletimestep.

In the continuousmodel a suitableconstructionof a diffusion
tensorwhich incorporategdgesharpening@ndtangentiasmooth-
ing alongedgesijnvolvesthe principal curvaturesandcurvaturedi-
rectionsdeducedrom theshapeoperator Now in thediscretecase,
we areinterestedn somediscretecounterpartAt first, triangulated
surfaceshave no canonicalcunaturetensor For every triangleT
the cunatureevaluationis basecbn local L2-projectionsof the tri-
angulatedand regularizedsurface M}, . onto graphsof quadratic
polynomialsover thetangentspace.In our casethe embeddedan-
gentspacecoincideswith the planecontainingZ. For thesepoly-
nomialsthe correspondinghapeoperatorS,” canbe computedex-
plicitly. For detailswe referto Section6. Finally, we evaluatethe
requireddiffusiontensorA? oneverytriangleT by (see(16))

Allr = a(SS),

Figure5: Four timestepg(top left to bottomright) from the evo-
lution of a venusheadconsistingof 268714 triangles(A = 10,
e = 0.02). Theevolutiontimesare0.0002, 0.0004, 0.0006, and
0.0008.

wherewe take up our original definition(cf. Sectiord) for thecon-
tinuousproblemandapplyit now to thenumericallyapproximated
shapeoperatorSy.

Figure 5 shavs resultsfrom the semi-implicit algorithm for a
venusheaddataset. The correspondingnitial datais displayed
in Fig. 4. Figure6 givesa comparisorof the evolution resultsat
timet = 0.0004 for differentprefilter width e. Finally, we com-
parein Fig. 7 the dependancef the solutionon the parameter.
For smallervaluesof A moreandmorefeatureedgesareenhanced.
Herewe considetthedatasetfrom Fig. 1, with initial diameterl of
theobject.

6 CURVATURE ON A DISCRETE SUR-
FACE

Let T be an element of a triangulation M, with vertices
P', P?, P* andbarycentelCr = L(P' + P? + P%). Thenor
mal of T" is denotecby N. Firstwe assumeanormalizedsituation
suchthatCr = 0 andN = (0,0,1),i.e. P', P>, P® € {z =0},
wherepointsin R?® aredenotedby (z, y, z). This canbe obtained
by arotationwith somematrix @ € SO(3) andatranslation.

In the following we will assume that wr =
{T" € My, |T'NT # 0} is given as a graph over the plane
{z =0}. The image of the projection of wr on {z =0} is
denotedby wr. Thenthe graphwr is representedy a piece-
wise linear function ¢ : @r — R. Now we computethe
L?(&r)-projection of ¢ onto the subspaceQ of the spaceof
quadraticpolynomialsP, spannedsy {z?, zy,4>}. To this end,
letp(z,y) = az?® + Bzy + vy? bethis Po-function,characterized
by = = (a,8,7) € R® andlet o1 = 2%, 02 = zy, o3 = y° be
thecanonicabasisof Q. ThenZ is givenby thelinearequation



Figure6: Thediscretesolutionsattime ¢ = 0.00005 arecalculated
for differentvaluesof the prefilterwidth (e = 0.005 (left) ande =
0.08 (right)).

i
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Figure7: For A = 10 (topleft) andX = 30 (top right) the discrete
solutionsare shaws at time ¢ = 0.0001 (the dominantprincipal
cunatureis depictedin color, A = 10 (bottomleft) and A = 30
(bottomright)).

(1]

Z /saisajdwdy j =/<p<pidwdy,i=1,2,3-
I \op O

Thediscreteprincipal curvaturess, k2 andthe principaldirec-
tionsof curvatureof M, onT will bedefinedasthecorresponding
guantitiesfor the smoothsurface(z, y, p(z,y)) in theorigin 0.

The matrix representinghe shapeoperatorS(0) in the basis

{35+ 2 } isgivenby:
2a S
B 2y )’

For the mean-curature H and the Gaussiancurvature K in the
point0 we obtain

H
K =

2 (a+7)
407—52.

Figure 8: The dominantprincipal cunatureis color codedon the
evolution shavn in Figure5.

This enablesisto computex, k2 asfollows:

H H?
=2 44/ - K.
B2 =1 4

Figure8 shavs thenumericallycalculatecddominantprincipalcur
vaturefor thetimestepf ananisotropicevolution.

Then we easily obtain the embeddedprincipal directions of
cunature VY, V2 If o = v and8 = 0, one can chooseas
{V', V?} ary orthonormabasisof thetangentiaspace Otherwise
letWw' = (W}, Ws), W? = (W7, W3) benon-zerosolutionsof

(a—’y— H2/4—K)W11+ﬂW21 - 0
(a—*/+\/H2/4—K) W24BW2 = 0.

In alaststepwe normalizethe vectorsW*, W2 andcomputethe
embeddedgbrincipal directionsof cunvatureV*, V2 by a pushfor-
ward onto the embeddedangentspaceapplyingthe inverseof the
rotation@ from our normalizationstepabove

1 Q! Wli
Vs Voo ) @
-1 wi
Vo= ) wi o .
(Wf)2+(W22)2< 0 )

NotethatV!, V2 arethediscreteanaloguesf v*, v? in Section
4. In our considerationsve obtaina regularizationby prefiltering
thecorrespondingurface.Wewouldliketo pointoutthatchoosing
largerstencilsinsteadof wr is afurtherpossibilityfor aregulariza-
tion.

7 ALGORITHM AND IMPLEMENTATION

Basedon our descriptionof the methodof anisotropicdiffusionin
surfaceprocessinget usnow focusontheconcretdmplementation



of the correspondingschemefor a singletimestepof the discrete
evolution problem. Due to the consideredsemi-implicit approach
the algorithmis easyto codefollowing the standardinite element
procedure.Herewe will give a detailedexplanation,especiallyto
outline haw thesolutionof thediscreteproblembreaksupinto ele-
mentaryandmainly local calculationsteps.
Eachtimestepconsistsof the assemblyof the matrices,the so-
lution of the prefiltering problem, the evaluationof the diffusion
tensorandfinally the solutionof the actualdiffusion problem:

timestepM™) {
computethe prefilteredsurface M7 _ solving
(M™ + < L*(Id)) X = M"X™;
calculateS? and A7;
computeM}t* solvingfor the nodalcoordinates
(M™ + L™ (A?) X"t = M X™;

Theassemblyf eachmatrix M™, L™ (AZ) or L™(ld) - herede-
notedby B - is basedon the standard=inite Elementprocedure t
consistsof aninitialization B = 0 followed by a traversalof all
surfacetrianglesT. On eachT with nodesP’, P!, P2, a corre-
spondinglocal matrix (biTj)ij is computedfirst. It correspondso
all pairingsof local nodalbasisfunctions. Thenthe matrix entries
areaddedto the matchingentriesin the global matrix B, i. e. for
every pairi, j we updateBq;),a(j) = Ba(i),a() + bij- Herea(s)
is definedasthe globalindex of the nodewith localindex 7. Thus
we cannow focuson the computatiorof thelocal massmatrix m”
andthelocal stiffnessmatrices™ (4) andi” (1d) respectiely. Due
to the appliedlumpedmassintegrationwe immediatelyverify

1

where|T| is theareaof thetriangleT andd;; the usualKronecler
symbol.

Next, let us considerfor every triangleT the referenceriangle
T ¢ R? with independentariablest:, & andnodest® = (0, 0),
&' = (1,0), and¢* = (0,1). Thenan affine coordinatemap X
maps’f’ ontoT" andits nodes¢® onto the correspondingnodesP®
of T onthediscretesurfacein IR®. Hencethecorrespondingnetric
tensoris asin the continuouscase(7) givenby

X ax
gij = 661 65] )
Where% = P} — P?. Now we areableto evaluatethe gradients

of the linear basisfunctions®' correspondindo the nodesP! in
the embeddedangentspacespannecy P! — P° and P? — P°,
i. e. (cf. equation(9))

L L
n I _ ij U+ i _ p0
Vo @' =D g7 5 (P =P,
)
wherewe referto thederivativesof &' with respecto thereference
coordinatesg:

%!
(8)-(3)(0)-(1)
ao! -1 /L0 )71
I3}
Thusfor the linear stiffnessmatrix requiredin the presmoothing
stepwe obtain/j; = IT|V pmrn @ - V gz @ If ouractualdiffusion

tensorA. on T diagonalizeswvith respectto an orthogonalbasis
{V', V?} with entriesg:, g2 onthediagonalin the corresponding

Figure9: Theresultingsurfacemesh(top) from an adaptve algo-
rithm is comparedwvith the correspondingrid of anevolution with
fixedtriangulation(bottom). Theareaf high curnvatureareclearly
visible asrefinementegions.

representatiofseedefinition (16)), for thelocal nonlinearstiffness
matrix we finally obtain

HA) = |T| [g(Var® - V(Y ® -V +
gz(sz‘I)i . Vz)(sz ‘I’j . Vz)] .

Grid Adaptivity

Dueto thepossibletangentiadisplacemenin thevicinity of edges
the resultsof the evolution can be significantly improved taking
into accountadaptve grid refinementdependingon the dominant
principal curvature (cf. Fig. 9). Here,we apply a Delaung type
refinement.

Iterative Solver

The resulting systemsof linear equations,which arise in each
timestepof the discreteanisotropiccurvature evolution are solved
eitherby a preconditionecconjugategradientmethodor by anal-
gebraic multigrid method For smalltimestepsandmoderatelyfine
mesheghe conjugategradientmethodcorvergesin several itera-
tionsin caseof a diagonalpreconditioning. For instancefor the
venusdatasetandtimesteps - 105 therelative residualin 1> norm
dropsbelav 102 after4 iterations.

If we consideldargertimestepandfine gridstheconditionof the
matrix O(1 4+ 7h~?) becomedarge. Thusthe numberof required
iterationsincreasesignificantly Unfortunatly standardmultigrid
strat@ies are not available on arbitrary meshes.But applyingan
algebraicmultigrid solver O(1) iterationsarerequiredto solve the
systemindependenof the grid sizeandthetimestep.In the appli-
cationwe obtaina reductionof the residualin eachtimestepby a
factorof 0.5.



8 COMPARISON AND CONCLUSIONS

We have presenteda novel multiscaletechniquefor surfacefair-
ing. It is ableto successiely smoothnoisy initial surfaceswhile
simultaneouslyenhancingedgesand cornerson the surface. The
evolutiontime is the scaleparameter

Themethodis basedon ananisotropiccunatureevolution prob-
lem. The correspondingnonlinear partial differential equations
have beendiscretizedby finite elementsn spaceanda semiim-
plicit backward Eulerschemen time. This allows the efficientand
flexible processingof arbitrary triangulatedsurfaces,as they are
commonin computergraphicsapplications.The usercontrolsthe
surfaceevolution mainly by two parametersvhich have anintuitive
meaning.A regularizationparametet hasto bechoserto filter out
high frequeng noisebeforethe diffusion coeficient is evaluated.
Herea suitablechoicein theapplicationise = Ch with C € [1, 4].
Furthermore\ canberegardedasa usergiventhresholdfor edge
detectingwith themeaningthata principalcurvaturelargerthan A
indicatesan edgewhichis to be presered by thefairing scheme.

Previouswork onsurfacefairing alreadyinvolvestheideaof cur
vaturemotion. Taubin[19] and Kobbelt[12] consideredan um-
brella operatoy which is a “spring force type” implementationof
theLaplaceBeltramioperatorandthey usedanonlinearGaussSei-
deliterationfor the relatedsecondorder respectiely fourth order
geometricdiffusion problem. The shortcomingof tangentialshifts
in their work is mainly dueto the successie local changeof the
metricin theinterationschemétself. Moving a singlenodethelo-
cal metric is alreadynon properly modified, which influencesthe
adjustmenbf the neighbouringnodesin the sameinteration. Fur-
thermoredueto theexplicit charactenf the schemetimesteplim-
itationsshawv up. Deshurn et al. [5] avoidedboth shortcomingy
consideringan implicit schemewhich holdsthe metric fixed and
is unconditionallystable. Sharpedgeson the surfaceare rapidly
smoothedy all previousapproachebecausef thehighlocal cur-
vaturewhich leadsto fastsmoothingin theseregions. Our method
is ableto detectsuchedgesandtheir directionandincorporatesp-
propriatedirection dependensmoothingonly. Concerningmulti-
grid methodsfor the smoothingKobbeltetal. [13] discussaV cy-
cle type smoothingwith straightforward prolongationand restric-
tion, wherewe proposea true algebraicmultigrid which involves
appropriatamatrix dependenprolongationsandrestrictions.

Interestingfutureresearclhdirectionsare

e the combinationof the presentednultiscalemethodwith mul-
tiresolutional techniques,which should appropriatelyreflect the
continuouscoarseningn the evolution,

e furtherinvestigationson surfacemodelingconcerningsuitable
choice=f thediffusiontensorandtheforcingontheright handside
of theparabolicsystemand

e the simultaneouprocessingf thegeometryandthetextureif
suchanadditionaltextureis givenonthe surface.
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