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Abstract

A new multiscalemethodin surfaceprocessingis presentedhere
which combinestheimageprocessingmethodologybasedon non-
linear diffusion equationsand the theory of geometricevolution
problems. Its aim is to smoothdiscretizedsurfaceswhile simul-
taneouslyenhancinggeometricfeaturessuchasedgesandcorners.
This is obtainedby ananisotropiccurvatureevolution, wheretime
is themultiscaleparameter. Here,thediffusion tensordependson
theshapeoperatorof theevolving surface.

A spatialfinite elementdiscretizationon arbitraryunstructured
triangularmeshesanda semi-implicit finite differencediscretiza-
tion in time arethe building blocksof the easyto codealgorithm
presentedhere. The systemsof linear equationsin eachtimestep
aresolvedby appropriate,preconditionediterative solvers. Differ-
ent applicationsunderlinethe efficiency andflexibility of the pre-
sentedtypeof surfaceprocessingtool.

Keywords: Image Processing,GeometricModeling, Numerical
Analysis

1 INTRODUCTION

The processingof detailedtriangulatedsurfacesis an important
topic in computergraphics[5, 12,13, 19]. Nowadays,varioussuch
surfacesaredeliveredfrom differentmeasurementtechniques[4] or
derivedfrom two- or threedimensionaldatasets[14]. Recentlaser
scanningtechnologyfor exampleenablesveryfine triangulationof
realworld surfacesandsculptures.Also from medicalimagegen-
erationmethodssuchasCT andMRI devicesor 3D ultrasoundcer-
tainsurfacesof interestcanbeextracted- frequentlyin triangulated
form - at a high resolutionfor further postprocessingandanaly-
sis. Thesesurfacesareoftencharacterizedby interestingfeatures,
suchasedgesandcorners. On the otherhand,they are typically
disturbedby somenoise,which is oftendueto local measurement
errors.

The aim of this paperis to discussa methodwhich allows the
smoothingof discretesurfacesandthuspermitsa drasticreduction
of high frequency perturbations.Additionally it is able to retain
and even enhanceimportant features such as edges and corners
on the surface. Figure1 shows the performanceof this method
andcomparesit with the smoothingby meancurvatureflow, the
appropriategeometric“Gaussian”smoothingfilter.

Thecoreof themethodis ageometricformulationof scalespace
evolution problemsfor surfaces.Thesetechniqueswereoriginally
developedfor imageprocessingpurposes. Thus the methodnot
only deliversasingleresultingsurface,but a completescaleof sur-
facesin time. For increasingtime,weobtainsuccessively smoother
surfaceswith continuouslysharpenededges.

First, we derive a continuousmodel, which leadsto a nonlin-
earsystemof parabolicpartial differentialequationsfor the coor-
dinatemappingof the evolving surface. An anisotropicdiffusion�
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Figure1: A noisy initial surface(top left) is evolved by discrete
meancurvatureflow (top right) andby the new anisotropicdiffu-
sionmethod(bottomright). Furthermorefor the latter surfacethe
dominantprincipal curvature- on which the diffusion tensorde-
pends- is color coded(bottomleft). Thesnapshotsaretakenat the
sametimesteps.

tensordependingon the shapeoperatorand thuson the principal
curvaturesandprincipaldirectionsof curvature,is sensitive to the
identificationof the importantsurfacefeaturesand decreasesthe
diffusivity in certaindirectionsin closevicinity to edgesor corners.

Two parametersareat the disposalof the userto influencethe
performanceof themethod:

- A thresholdvalue � for principal curvatureswhich are as-
sumedto indicatean edgeandthusrequirelocal sharpening
and

- afilter width � whichcontrolsthenoisereductionontheactual
surfacebeforeevaluatingprincipalcurvatures.

Especiallythe latter is essentialto make the proposedmethodro-
bustandmathematicallywell-posed.Themethodpresentedin this
paperstartswith thedescriptionof a continuousmodel,which has
many nicequalitative properties.Thenin a secondstepwe seeka
robustandefficientdiscretization.Hence,we derive anappropriate
finite elementmethodwith respectto a formulationof thecontinu-
ousproblemin variationalform.

Thepaperis organizedasfollows.



First, in Section2 we will discussthebackgroundwork on sur-
facef� airing by geometricsmoothingandon imageprocessingon
planar images. In the following Section3 we introduceneces-
sarymathematicalnotationanddiscussthebasictypeof geometric
evolution problems.Thenin Section4 we presentthe continuous
modelof anisotropicdiffusion, which afterwards,in Section5, is
discretizedby finite elements.The definition of a shapeoperator
on triangulatedsurfacesis given in Section6. Finally, Section7 is
concernedwith the concreteimplementationand in Section8 we
draw conclusions.

2 REVIEW OF RELATED WORK

In physics,diffusionis known asa processthatequilibratesspatial
variationsin concentration.If we considersomeinitial noisycon-
centrationor imageintensity �
	 on a domain �
��� ��� andseek
solutionsof thelinearheatequation�
� ����������� (1)

with initial data�
	 andnaturalboundaryconditionson
� � , we ob-

tain a scaleof successively smoothedconcentrations���! #"%$%& �('*) +-, .
For � � � � � the solution of this parabolic problem coin-
cideswith the filtering of the initial datausing a Gaussianfilter.0/  21!$3�4 (57698:�;$=<?>A@B<DC�EAFHGI� / E=J of width or standarddeviation 8 ,
i. e. �! 28 �;K 5L$3� . /NM �
	 . If we discretize(1) anduseanexplicit
Eulerschemewe have to computea sequence�H�
OD& OBP 	;Q R R R with� OLS > �T Id UWVD�NXB$Y� O
whereV is thetimestep,�NX anapproximationof theLaplacianand� 	 �Z� . Concerningthesmoothingof disturbedsurfacegeometries
onemay askfor analoguesstrategies. The counterpartof the Eu-
clidian Laplacian � on smoothsurfacesis the LaplaceBeltrami
operator ��[ [6, 3]. Thus, one obtainsthe geometricdiffusion� � 1Z�\� [ G � J 1 for the coordinates1 on the correspondingfam-
ily of surfaces]^ #"%$ . On triangulatedsurfacesasthey frequently
appearin computergraphicsapplications,several authorsintro-
ducedappropriatediscretizedoperators.Taubin[19] discussedthis
and relatedapproachesin the context of generalizedfrequencies
on meshesandKobbelt [12] usedinterpolationschemes.Explicit
time discretizationsareknown to have strongtimesteprestrictions
to ensurestability [20]. Thus,many iterationsarerequiredto ob-
tain appropriateresults. Kobbeltet al. [13] introducedmultilevel
strategiesin thecontext of multiresolutionaleditingto improve the
efficiency of thesemethods.Guskov et al. [8] discussedrelaxation
schemeswith weightsdependingon thelocalgeometry.

RescentlyDesbrunetal. [5] consideredanimplicit discretization
of geometricdiffusionto obtainstronglystablenumericalsmooth-
ing schemes.Furthermorethey improved the consistency of the
discreteoperatoron arbitrarymeshessignificantly. Theproblemof
tangentialcoordinateshiftson thesurfacecouldbeavoided,which
is a drawbackof someexplicit methodsconcerningthe geometric
positioningof anaccompanying texture. Themathematicalreason
for this shifting problemin geometricdiffusion is that theLaplace
Beltrami operatordependson the metric (cf. Section3), thusthe
metric of thediscretesurfaceshouldbekept fixedduringa single
explicit or implicit smoothingiteration.

Fromdifferentialgeometry[6] weknow thatthemean-curvature
vector _a` equalsthe LaplaceBeltrami operatorapplied to the
identity Id ona surface] :_� 21!$b`c 21!$d�e��� [ 1gf (2)

Thusgeometricdiffusion is equivalent to meancurvaturemotion
( hji3h ) � � 1k�e�l_� 21!$b`c 21D$nm (3)

where _� 21!$ is thecorrespondingmeancurvature(heredefinedas
the sumof the two principal curvatures),and `c 21!$ is the normal
onthesurfaceatpoint 1 . Alreadyin ’91 Dziuk [7] presentedasemi
implicit finite elementschemefor hoi3h on triangulatedsurface.

Themeancurvaturemotionmodelis known asthenaturallocal
surfaceareadecreasingflow. I.e., we obtainfor theareaAr  qp0 #"%$%$
of a subsetp� #"r$ of a smoothsurface ] undergoing the hji3h
evolution (cf. [9])ss " Ar  qp� #"r$%$d�e� tu G � J _ � d1�f (4)

This is oneindicationfor thestrongregularizingeffect of hoi3h .
Unfortunately hoi3h not only decreasesthe geometricnoise

dueto unprecisemeasurementbut alsosmoothesoutgeometricfea-
turessuchas edgesandcornerson the surface. Hence,we seek
modelswhich improve a simplehighpassfiltering.
In imageprocessingPeronaandMalik [16] proposeda nonlinear
diffusionmethod,whichmodifiesthediffusioncoefficientatedges.
Edgesareindicatedby steepintensitygradients.For a giveninitial
image�
	 they consideredtheevolution problem�
� ��� div  .  rvHw��9vx$%w��y$z���{f
For increasingtime " - thescaleparameter- theoriginal imageat
theinitial timeis now successfullysmoothedandimagepatternsare
coarsened.But simultaneouslyedgesareenhancedif onechooses
a diffusioncoefficient

.  bf $ which suppressesdiffusion in areasof
highgradients. A suitablechoicefor | is.  (}~$z���:�nU }~�� �y� <?> (5)

for a positive constant� . Thus edgesare classifiedby � . I. e.
sharpeningby backward diffusion is invoked whenever v;w��9v7�:�
whereastheimageis smoothedby forwarddiffusionfor v;w��9v7�d� .
Kawohl and Kutev [11] gave a detailedanalysisof the diffusion
typesin this method.Unfortunatelytheabove original Peronaand
Malik modelis still ill-posedbecausethereis a truebackwarddif-
fusionin areasof largegradients.Catt́eetal. [2] proposedaregula-
rization methodwherethe diffusion coefficient is no longereval-
uatedon the exact intensity gradient. Insteadthey suggestedto
considerthe gradientevaluationon a prefilteredimage,i.e., they
considertheequation� � ��� div  .  rvHw��
��vL$%w��y$z��� (6)

where �
�k� . � M � with a suitablelocal convolution kernel
. � .

For instanceweagaintake into accouttheGaussianfilter kernel.

This modelturnsout to bewell-posed,edgesarestill enhanced.
The evolution and the prefiltering avoid the detectionand pro-
nouncingof artificial edges,whicharedueto theinitial noise.

Weickert [22] improved this method taking into account
anisotropicdiffusion, where the PeronaMalik type diffusion is
concentratedin one direction, for instancethe gradientdirection
of a prefiltered image. This leads to an additional tangential
smoothingalong edgesandamplifiesintensity correlationsalong
lines.PreußerandRumpf[18] tookupthis ideafor theconstruction
of streamlinetypepatternsin flow fields.

ConcerningthenumericalimplementationWeickertproposedfi-
nitedifferenceschemes[21] andKac̆urandMikula [10] suggesteda
semi-implicitfinite elementimplementationfor theisotropicmodel
by Catt́e et al. Largestencilshave to be consideredin caseof the



implementationof anisotropicdiffusionby finite differences.This
is a crucial� shortcomingof suchmethods,especiallyif weconsider
a geometriccounterparton discretesurfaces.PreußerandRumpf
[17] discussedadaptivefinite elementmethodsin 2D and3D image
processingby anisotropicnonlineardiffusion.

In the axiomaticwork by Alvarezet al. [1], generalnonlinear
diffusion problemswere introduced. More preciselythey derive
parabolicequationswith elliptic termswhich arebasedon thecur-
vatureof isolinesor isosurfacesin images. Sethianand Malladi
[15] presenteda numericallevel setmethodwhich alsoconsiders
thecurvatureof level lines.

3 NOTATION AND GEOMETRIC SETTING

Beforewe develop our modelof nonlineargeometricsurfacepro-
cessing,let us first briefly review the basicnotationof manifolds,
differentialcalculusandgeometricdiffusion. For a detailedintro-
duction to geometryanddifferential calculuswe refer to [6] and
[3, Chapter1]. For thesake of simplicity we assumeour surfaces
to becompactembeddedmanifoldswithout boundaries.Thuswe
considerasmoothmanifold ] , whichwesupposeto beembedded
in � ��� . By �* 21-�?mr���9$r& � we denotea countableatlasof ] , where� � ��� � � is anopenreferencedomainand1 ��� � ��� ]��y� ���� 1 �  #� � $
is the correspondingcoordinatemap. For eachpoint 1 on ] a
tangentspace� C ] is spannedby thebasis�j��~�r�� m���~�r�E & . Weregard

tangentvectorsas linear functionalson i3�� 2]\$ , i. e. for ���i �  2]4$ we define�� � �   21!$%� � � � �? 21 � $� � �   #�*$
where1��Z1 �  #�B$ .

Due to the embeddingin � �l� we identify ��7� �¡ with the tangent

vector � C ��7� �¡ . By �3] we denotethetangentbundle.Integrationon] requiresthedefinitionof a metric|! b¢Im;¢ $ � � C ]¤£�� C ] � � �cm
where |W�� #|   ¥ $   ¥ is supposedto be a quadraticpositive definite
form. In ourembeddedcasewe obtain|   ¥ �¦|! �� � �  m �� � �¥ $§� � 1 �� � �  ¢ � 1 �� � �¥ m (7)

where ¢ indicatesthe scalarproductin � � � . The inverseof | is
denotedby | <g> �¨ #|   ¥ $   ¥ .

Now we candefinethe integrationof a function � on ] . Let�~© � & � be a finite partition of unity on ] with ª%«­¬y¬®© � �¯��� ,
then t[ � d1 � �j° � tD± � © � �? 21 � $H² ³y´;µ
| d� � f (8)

Notethatthisdefinitionis independentof thechoiceof thepartition
of unity. Integratingeithera productof two functions � , | on ]
or the productof two vector fields ¶ , · on �3] we obtain the
following scalarproductson i 	  2]4$ and i 	  ¸�3]\$ respectively: (�-m¹|y$b[ � � t[ �y| d1�m

 2¶-m%·{$bº [ � � t[ |! 2¶-m%·0$ d1�f

In the following we usethesloppy notationdroppingthe index » .
Next weproceedconsideringthefundamentaldifferentialoperators
on ] . Suppose���ai >  2]4$ thenthetotaldifferential

s � isalinear
functionalon �3] (

s �W���3]¯¼ ), i. e. ½ ��7� ¡ m s �D¾ � � ��~� ¡  #�*$; (�D$l�� GI¿~ÀAC~J�7� ¡  #�*$ . Thegradientw�[�� of � is definedastherepresentation

of
s � with respectto the metric | : |NÁ¹w [ �­m���~� ¡7Â �ÄÃa��~� ¡ m s �gÅ .Weobtainin coordinatesw [ ��� °   Q ¥ |   ¥ �  (��ÆÇ1D$� � ¥ �� �   f (9)

Furthermore,wedefinethedivergencediv [�¶ for avectorfield ¶���3] asthedualoperatorof thegradientbyt[ div [�¶�È d1 � �T� t[ |! 2¶-mrw�[WÈ9$ d1
for all Èa�ai �	  2]4$ .

Oncewe have introducedthe gradientof a function on ] , we
directlyobtaintheDirichlet form on ] by (w [�É mAw [ ¶
$bº [ � � t[ |! (w [ÊÉ mAw [ ¶
$ d1�f
Furthermore,the LaplaceBeltrami operator ��[ applied to any
function É ��i3�L 2]4$ is givenby theduality b���Ë[ É mrÈ9$b[ � �¨ (w�[ É mrw�[WÈ9$ º [ (10)

for all ÈÌ��i �  2]\$ . A simplecomputationleadsto thefollow-
ing representationof ��[ É in local coordinates:� [WÉ �j°   Q ¥ �Í ³y´;µ
| �� �   �-|   ¥ ² ³y´;µy| � É� � ¥ � f

In theanisotropicdiffusionmethodto bepresentedin this paper
we will make intensive useof somefundamentalcurvaturequan-
tities. We are now introducing the correspondingnotation. Let
usassumethat ] is orientable;thenwe have a well definednor-
mal ` � ] �ÏÎ � �¨� � � on ] . ThesecondfundamentalformÐ(Ð � � C ]Ñ£�� C ] � � � is locally givenbyÐ(Ð  2¶-m%·0$ � �o°   Q ¥ ¶   · ¥ `ÒQ   ¢H1?Q ¥ m
wherethe Gaussmap ` � � �ÓÎ � is a representationof the
normal with respectto a coordinatemap 1 � � � ] and¶¨�Ô¶->Ì��~� � Ue¶
�c��~� E , ·Õ�Ô·�>Ì��~� � Ue·{�c��~� E , are two tangent
vectorsin � C ] . We point out that

Ð(Ð
is well defined,i. e. it is

invariant underreparametrization.Furthermore,
ÐYÐ

is a symmet-
ric bilinearform andthereforethereis a symmetricendomorphismÎ�� � C ] � � C ] with|! Î ¶-m%·{$z� Ð(Ð  2¶-m%·0$!�z¶-m%·e��� C ]�f
TheendomorphismÎ is calledshapeoperator. Its eigenvaluesare
theprincipalcurvaturesof ] atthepoint 1 andtheeigenvectorsare
theprincipal directionsof curvature. Now, onecandefinenotions
of curvatureasthemean-curvature _ andtheGaussiancurvatureÖ

by _ � �Zµ%× Î m Ö � ��³y´=µ Î f (11)



(Note that in our notationthe mean-curvature _ is only the sum
of theØ principalcurvatures.)With theLaplaceBeltramioperatorat
handwecanfinally defineageometricdiffusionproblemin analogy
to the linear diffusion problemin Euclidianspace.We look for a
solution É � � � S	 £�] � � � of theparabolicequation

� � É  #"=m%1!$:���[ É  #"=m%1!$��T� on � � S	 £�] for giveninitial data É  ¸�Ùm?¢A$�� É 	 .
Here, É 	 is somefunctionon ] . Furthermore,we canconsidera
diffusionof themanifoldgeometryitself (cf. Section2). I. e.,we
seekanoneparameterfamily of embeddedmanifolds ��]^ #"%$r& � � 	
andcorrespondingparametrizations1: #"%$ , suchthat� � 1? #"r$?�W� [ G � J 1: #"%$Ú� �®m (12)]Û ¸�B$Ü� ] 	 f
For the sake of simplicity we define hji3h¨ 2] 	 mb"%$ � �]Û #"r$ , where ]^ #"%$ is the solution surface at time " . Thushji3hÝ 2]�m%8 ��K 5L$ can be regardedas the applicationof a “geo-
metric” Gaussianfilter of width 8 to ] .

By integrationby parts,we obtain � � 1?m%ÞB$ [ G � J U� (w [ G � J 1?mAw [ G � J ÞB$ º [ G � J ����f (13)

This is thecorrespondingweakvariationalformulationwhichholds
for all testfunctions ÞÌ��i �  2]Û #"r$%$ . The fundamentalobserva-
tion is thatthisgeometricdiffusiononthecoordinatemappingitself
coincideswith themotionby meancurvature( hji3h ); in fact for
any manifold ] we have � [ 1��e�l_� 21!$*`c 21!$ asalreadystated
above in Section2.

4 ANISOTROPIC GEOMETRIC DIFFU-
SION

Wearenow preparedto discusstheconceptof anisotropicgeomet-
ric diffusionasapowerful multiscalemethodin surfaceprocessing.
Theaim is to appropriatelycarryover approvedmethodologyfrom
scalespacetheoryin imageprocessing.Let usfirst summarizethe
building blocksof thenew method:ß Weconsideranoisyinitial surface]¯	 to besmoothedandre-
placethelineardiffusionfrom theEuclidiancaseof flat imagesby
anappropriatediffusionof thesurfacegeometryitself. Thenatural
geometricdiffusionprocessis curvatureflow, which leadsto anal-
readynonlinearparabolicsystemof equationswith initial data] 	 .
Therebya family of surfaces�~]Û #"r$r& �('*) + ,à is generated,wherethe

time " servesasthescaleparameter.ß In additionto thesmoothingof thesurfaceour aim is to main-
tain or even enhancesharpedgeson the surface. Gradientsof a
coordinatemappingare not intrinsic objectson manifolds. The
canonicalquantityis thecurvaturetensor, in thecaseof embedded
surfacesrepresentedby theshapeoperatorÎ . An edgeis indicated
by a sufficiently large eigenvalue. Hencewe considera diffusion
tensordependingon Î , which enablesusto decreasediffusionsig-
nificantlyatedgesindicatedby Î . Furthermorewewill introducea
thresholdparameter� asin (5) for theidentificationof edges.ß Theevaluationof theshapeoperatoron a noisysurfacemight
bemisleadingwith respectto theoriginalbut unknown surfaceand
its edges. Thus we prefilter the currentsurface ]Û #"r$ beforewe
evaluatetheshapeoperator. Thestraightforward“geometricGaus-
sian” filter is a shorttimestepof meancurvatureflow. Hence,we
computea shapeoperator Î � on the resultingprefilteredsurface] �  #"r$ , where � is the “geometricGaussian”filter. Let us em-
phasizethat this choicealsoleadsto a mathematicallywell-posed
parabolicproblem.Henceweavoid ill-posedbackwarddiffusionin
ourmodel.ß With an appropriatelychosenscalardiffusion coefficient á
�
dependingon theeigenvalues â �bQ > mrâ �%Q � of Î � , which aretheprin-
cipal curvaturesof ]¯�H #"r$ , it is alreadypossibleto smoothin ap-
proximatelyflat surfaceareasandto enhanceedges.Along these

Figure 2: Different discreteevolution problemsare solved for
a noisy initial surface (top left): hji3h evolution (top right),
isotropic nonlinearevolution (bottom left), anisotropicnonlinear
evolution (bottomright).

edgesthe surfaces]^ #"%$ still retainsits noisy structurefrom ]¯	
(cf. Fig. 2). We incorporateanisotropicdiffusion now basedon
a properdiffusion tensor á
� which enablestangentialsmoothing
alongedges.Thereby, the tangentialedgedirectionon the tangent
space� C ]Û #"r$ is indicatedby the principal directionof curvature
correspondingto thesubdominantprincipalcurvature.Thesecond,
perpendiculardirection is consideredto be the actualsharpening
direction.Figure2 clearlyoutlinestheadvantageof ananisotropic
diffusiontensor.ß Theresultingmethodleadsto spatialdisplacementandthevol-
umeenclosedby ]^ #"%$ is changedin theevolution. Selectingeither
aretrieving forcetowardstheinitial surface] 	 or aconstantforc-
ing whichleadsto volumepreservation,wecanfurtherimproveour
multiscalemethod.

We endup with thefollowing typeof parabolicproblem.Given
an initial compactembeddedmanifold ]¯	 in � � � , we computea
oneparameterfamily of manifolds �~]Û #"r$r& �('*) + ,à with correspon-

dingcoordinatemappings1: #"%$ whichsolvetheanisotropicgeomet-
ric evolution equationgeneralizingthesystem(12):�
� 1N� div [ G � J  2á � w [ G � J 1!$z��� on � � S £�]Û #"r$=m (14)

andsatisfytheinitial condition]^ ¸�L$§�Z]¯	Lf
Here,for everypoint 1 on ]Û #"r$ thediffusiontensorá
� is supposed
to bea symmetric,positive definite,linearmappingon thetangent
space� C ] : á
�H 21!$ � � C ] � � C ]¤f
Furthermore,� representsthe forcing on the right-handside that
maintainscertaingeometricpropertiesof ]^ #"%$ .

Let uspoint out thatananisotropictimestepV correspondsto a
nonlinear ã -filtering, where V���ã � K 5 . The correspondingvaria-
tional formulationis givenby � � 1gmrÞB$ [ G � J UZ 2á
�-w [ G � J 1?mrw [ G � J ÞL$ º [ G � J �T (�­mrÞL$ º [ G � J m (15)



for all Þ��Ti3�� 2]Û #"r$%$ . We canexpressthe above equationnot
only in thevariationalform but alsoin coordinates.This formula-
tion is asfollows (cf. equation(10)):�
� 1Ò�\°  Q ¥ Q ä7Q å �Í ³y´;µ®| �� �   �z² ³y´=µ®|o|   ¥ á
�bQ ¥ ä7| ä;å � 1� � å � ���
on � � S £�]^ #"%$ , where á �%Q ¥ ä �T|kæ7á
� ��7�Yç m ��~�%è!é . We will never-

thelessfocuson the variationalformulation- especiallywhenwe
implementa suitablefinite elementalgorithm.

In thesimplestmodelwe considera scalardiffusioncoefficient
andset á
�§� . æ­ê â ��%Q > U�â ��bQ � é Id m
for a function

.
similar to the onewhich was introducedfor the

nonlineardiffusionon planarimages(see(5)). We slightly modify
the original definition of

.
for the following reason.We already

know thatthefundamentalhoi3h evolvesthesurfaceonly in nor-
maldirection(cf. equations(12)and(2) ). This is nolongertruefor
anedgeenhancingevolutionasproposedhere.It is aconcentration
effect in the coordinatemappingaccompaniedby sometangential
displacementwhich allows theactualsharpeningat anedge.Nev-
erthelesswe wantto restrictany necessarytangentialdisplacement
in closevicinity to anedgeandwe intendto prescribethestandardhji3h evolutionoutsidethisarea.Thuswedefineageneralization
of (5) .  (}~$z�ìë � ��í }*í
î¦ï3�æÙ�ÇU G2ð ñ;ð <!ò9óxJqEGq>%<!ò9J E ó E é <g> ��í }*í
ô¦ï3� f
Here � servesasa thresholdvaluefor the identificationof edges.
If oneof theprincipalcurvaturesis larger than � , thenwe suppose
thereis anedgewhichwewantto besharpened.In themodelwith-
out prefilteringthis shows up in thesteepeningbehaviour of back-
warddiffusionfor í }*íDôo� . Below a fraction ï of this threshold�
wesetfast hji3h typesmoothingwithout tangentialdisplacement
andin betweenï3� and � somesuitabletransitionis prescribed.In
ourapplicationswe alwaysconsiderï��j�Ùf õ .

As alreadyannounced,an improvedmodelintegratestangential
smoothingalongedgesinto themultiscaleapproach.Thereforewe
considera true diffusion tensor á
� which is no longer restricted
to multiples of the identity and which leadsin sucha way to a
scalardiffusioncoefficient. We introducetheprefilteringby mean-
curvatureflow as follows: ]¯�H #"r$ � �öhji3hÝ 2]Û #"r$=m%� ��K 5L$ . At
any point 1 on theprefilteredsurface ] �  #"%$ theshapeoperatorÎ �
is a symmetricendomorphism� C ] � � � C ] � . Thusthereis an
orthonormalbasis ��· > m%· � & of � C ] � suchthat Î � is represented
by Î �§��� â �%Q > �� â-�bQ � � f

Now we considera diffusion tensorin equation(14) which is
definedwith respectto theabove orthonormalbasisbyá
�§�Zá! Î �r$z�
� .  ¸â-�bQ > $ �� .  ¸â-�bQ � $ � (16)

with the function
.

from above. Hence,in a principal direction
of curvaturewith curvaturelarger than � we enforcea signalen-
hancement.If thesecondprincipal curvatureis smallerthan � we
regardthefirst directionasanorthogonaldirectionof animportant
edgeon thesurfacewhich hasto besharpened.Simultaneously, in

the otherdirection- the tangentdirectionalongthe edge- we al-
low smoothing.At cornersbothprincipalcurvaturesarelarge,thus
sharpeningtakesplacein both directions. Here,we againexpect
tangentialshifting only if oneof the principal curvaturesis larger
then ï3� .

In thesimplecaseof á � �Ý÷ Id, where ÷ is a smoothfunction,
we can determinethe tangentialpart of div [ G � J  2á
�-w [ G � J 1!$ ex-
plicitly. It is simplygivenby thedifferential

s ÷§ 21!$ . Thustangential
displacementis just causedby thechangeof ÷ .

With respectto a concreteimplementationlet usremarkthatwe
caninterpreteá � alsoasa mappingon the productof the embed-
dedtangentspaceandthe onedimensionalspacespannedby the
normal. In orderto do this we decomposea vector ø���� � � in the
orthogonalbasis�~¶ > mb¶ � mr`Ì&øË�T ¸ø{¢H¶ > $¹¶ > U� ¸ø{¢H¶ � $¹¶ � U� ¸ø{¢H`a$b`
where ¶ > , ¶ � denotethe embeddedtangentvectorscorresponding
to ·�> , ·0� (after projectionandrenormalization).Thenusingthe
definitionof á
� in equation(16),we haveá
�yø�� .  ¸â-�bQ > $; ¸ø{¢�¶ > $¹¶ > U .  ¸â-�bQ � $; ¸ø{¢H¶ � $¹¶ � UZ ¸ø{¢~`a$b`\f (17)

Motivatedby our definitionof thediffusiontensorwe defineas
ageneralizationof themeancurvature(see(11))_�ù~ú � �¦µ%×~ 2á
�gÆ Î $
asa generalizationof themeancurvature(see(11)). This we will
call á � -meancurvature. Using this notion, we can expressthe
changing-rateof the areaAr  2]^ #"%$%$ and the volume Vol  2]^ #"%$%$
enclosedby the compactsurface ]Û #"r$ . Here ]Û #"r$ is assumed
to be the solution of the homogenousevolution problem

�y� 1��
div [ G � J  2á
�-w [ G � J 1!$d��� :ss "­ûAr  2]Û #"r$%$Yü � P � à � � t [ G � à J _o_Ëù ú d1�mss " ûVol  2]Û #"r$%$Yü � P � à � � t [ G � à J _�ù~ú d13f
Thefirst equationexpressesoneaspectof smoothingin our model.
There is a significant regularization,indicatedby the areamini-
mizationin areaswhich areexpectedto beflat with respectto the
prefiltering. Thesecondequationleadsto a formulationof a flow
which keepsthevolumeenclosedby theevolution surfaces]^ #"%$
constant(cf. Huisken [9] for the hoi3h case). To achieve this
we have to selecta right-handsidewhich compensatestheoverall
changein volumeby aconstantforcingin normaldirection,i. e. we
considerin equation(14)�? #";mr1D$d��ýg #"r$y`Ê 21!$Çm (18)

whereý? #"r$ � � >Ar G [ G � J#J�þ[ G � J _�ù ú d1 . Alternatively, wecanselect

asimpleretrieving force�? #"=m%1!$d��i� 21-	®�Ê1: #"%$%$ (19)

where1D	 is theoriginalpoint locationon theinitial surface ]¯	 .
5 FINITE ELEMENT DISCRETIZATION

Up to now we have consideredsurfaces] which have beencon-
tinuousmanifolds.Concerningtheimplementationof theproposed
multiscalemethodwe now discretizeour model. We usea finite
elementdiscretizationto avoid largestencilsasthey would appear



in our problemusinge.g.finite differenceschemes.Thus,we have
to chooseÿ a spatialdiscretizationandsometimesteppingscheme.
To clarify the notationwe will always denotediscretequantities
with uppercaselettersto distinguishthemfrom thecorresponding
continuousquantitiesin lower caseletters. In the applicationsur-
facesare typically representedby triangularmeshes.Hence,we
supposeour meshesto be triangulationsas well. Let us denote
sucha discretesurface ]4X . We areinterestedin a family of dis-
cretesuccessively smoothedandsharpenedsurfacesstartingfrom
someinitially given noisy surface ]4X Q 	 . We supposethemall to
beequivalentwith respectto a uniquetopologicaltriangulation�e�j���   í��n� Ð &�m
where

Ð
is someindex set.For thesakeof convenience,weidentify

a discretesurfaceandits triangulation.Herethe subscriptý indi-
catesthegrid size,whichweregardasapiecewiseconstantfunction
on thecurrenttriangulation.Its valueon a triangleis thelengthof
the longestedge. On � andthereforealsoon ]4X we definethe
spaceof piecewiselinearcontinuousfunctions� X �o�����ai 	  2]4X*$gí��{í � ¡ �
	 > � �§� Ð &�m
where	 > is thespaceof linearpolynomials.Theidentity Id  2] X $
on the triangulation ]4X , which coincideswith the pointwiseco-
ordinatevector � canbe regardedasa function in  � X $ � . Here,
we considerevery referencemapfrom a singlereferencetriangle
�4��� � � onto some �   on ]4X asa coordinatemap. Integration
over ]4X is definedin analogyto thecontinuouscase(seedefini-
tion (8)), now summingover local contributionson thetrianglesof
the mesh. The metric and the gradientsof functionson ]4X are
evaluatedaccordinglyon eachtriangle � with respectto therefer-
encetriangle


� .
Now we areableto formulateour discreteproblem. Discretiz-

ing first only in spacewe obtaina variationalformulation(cf. for
the continuouscase(14)) of an evolution problem for a family�~] X  #"r$%& of discretesurfaceswith coordinatemaps�� #"r$ . In anal-
ogy to (15)we obtain � � �c #"r$=mAï3$ X[�� G � J U �� � w [ � G � J �� #"r$=mAw [ � G � J ï3$ º [ � G � J �¨ (�? #"%$=mAï3$ X[ � G � J
for all test functions ï �  � X $b� and ]\X­ ¸�L$ � ]4X Q 	 . Here,
we usethe lumpedmassscalarproduct  b¢ mH¢ $ X[ � , which is the ge-
ometric counterpartof the lumpedmassesfor standardparabolic
problemsondomainsin � ��� . It replacesthescalarproductfrom the
variationalformulationof our problemin thecontinuouscaseand
is definedby ���m � $ X[�� � �Ó°� ' [�� t � � X  �� � $ d1
for two discretefunctions ��m � � � X (cf. [20]). Here,

� X �i 	  2] O X $ � � X denotesthe nodal projectionoperator. As an
immediateconsequencethe massmatrix is diagonal. This sim-
plifies the resultingschemesignificantly. Our discreteanisotropic
diffusiontensor� � , to bedefinedlater, is supposedto beanendo-
morphismonthediscretetangentspace��]4X­ #"r$ approximatingá
�
from thecontinuouscase.

We endup with a systemof ordinarydifferentialequationsfor
thethreecoordinatesof all triangulationnodes.

Next, wehave to discretizein time,which includesthechoiceof
sometimesteppingschemeandthedecisionwhich termsto behan-
dledimplicitly andwhichexplicitly. Hereweproceedin analogyto
theapproachpresentedby Dziuk [7] for thediscretizationof mean

Figure3: Triangulargridsat differenttimestepsof theanisotropic
evolution.

curvaturemotion.Weexpect � O to beanapproximationof �� ��!VD$
whereV is theselectedtimestep.Hence,thetime derivative canbe
discretizedapplyinga backwardEulerscheme� � �� % ��kU¦�~$¹V-$�� � OLS > ��� OV f
Weobtain:

Find a sequenceof discretecoordinatemaps��� OX & OBP 	;Q R R R which
definesa familyof triangular surfaces��] O X & OLP 	;Q R R R such that �aOBS > ���aOV mAï3$ X[��� U �� O� w [��� � OBS > mAw [��� ï3$ º [��� �T �� O mrï3$ X[ � � f
for all discretetestfunctionsïe�c � X $ � .

Fig. 3 shows evolving finite elementmeshesunderthe discrete
anisotropicflow. In what follows we explain in detail the above
notationanddiscussatwhichtimestepto evaluatefunctions,metric
anddiffusion tensor. As thegoverningmetric we alwaysconsider
the oneat the old timestep,hereindicatedby the subscript] O X ,�3] OX respectively. Thus,alsothegradientsw [ � � areconsidered
with respectto the metric on �3]4OX . Furthermore,the diffusion
tensor � � is evaluatedexplicitly at time " O , which we indicateby
anupperindex � . Concerningtheright handside,we evaluate� at
theold time " O anddefine�3OÒ���? #" O $ .

Finally, in eachstepof thediscreteevolution we have to solve a
singlesystemof linearequations.In termsof nodalvectors,which
we indicateby a baron top of thecorrespondingdiscretefunction
wecanrewrite theschemeandget (h O UWV�� O  �� O� $%$! � OLS > ��h O  � O UWVDh O  � O (20)

for thenew vertex positions  � OBS > at time " OBS > �T ���U���$¹V . Here,
weassumethelumpedmassmatrixh O � æ
 "�   m#� ¥ $ X[ � � é   ¥



Figure4: Thenoisyinitial venushead(thediameteris scaledto � ).
andthenonlinearstiffnessmatrix� O  �� O� $z� Á  �� O� w [ � � �   mAw [ � � � ¥ $ º [ � � Â   ¥
to beappliedsimultaneouslyto eachof thethreecoordinatecompo-
nents. If in additiona nonvanishingright-handsideis considered,
we have to evaluatethevector  � O representingtheright-handside
on eachnode � , i. e.  � � O $   �$� O  �� O  $ . Here,we eitherchoose
in caseof the retrieving force � O  ��a$�� i� �� 	 �%�Ì$ , which has
to beevaluatedonly at thenodesof thecurrenttriangulationdueto
theselectedlumpedmassintegrationformula,or theconstantforce� O  ��Ì$n� >ð [��� ð þ[ � � µ%×~ �� O Î O� $ d10`Ê ��Ì$ for aninterpolatednor-

mal `c ��a$ , which correspondsto theareapreservingevolution in
thecontinuousmodel(comparetheforcesin (18)and(19)).

Thediffusiontensor� O� is supposedto bepiecewiseconstanton
thetrianglesof ourmesh.As in thecontinuousmodeltheevaluation
of thediffusiontensorhasto bebasedon a regularized,prefiltered
surface. Herewe considera single timestepof the discretemean
curvatureevolution asa geometricappropriateregularization,i. e.
we compute  � O� �T Id U � �5 h O � O  Id $%$ <g>  � O (21)

where � O  Id $ is the above stiffnessmatrix for the isotropicdiffu-
siontensorId. Thenthecorrespondingcoordinatemap � O� defines
a discretesurface ] O X Q � . Thus,we have filteredtheprobablynoisy
initial coordinateswith a“geometric”anddiscreteGaussianfilter of
width � beforewe identify edgesto beenhancedby our actualdis-
creteevolution. Hence,high frequency noiseis suppressedandwe
obtainwell-poseddiscreteproblemswhoseasymptoticbehaviour
is independentof the grid size. Let us emphasizethat we apply
this geometricfilter only to evaluatethediffusiontensorandnotas
anevolution stepof thesurfaceitself. Therequiredsolver for this
smoothingproblemis alreadyavailableby a slight modificationof
ouroriginal schemefor a singletimestep.

In the continuousmodel a suitableconstructionof a diffusion
tensor, which incorporatesedgesharpeningandtangentialsmooth-
ing alongedges,involvestheprincipalcurvaturesandcurvaturedi-
rectionsdeducedfrom theshapeoperator. Now in thediscretecase,
weareinterestedin somediscretecounterpart.At first, triangulated
surfaceshave no canonicalcurvaturetensor. For every triangle �
thecurvatureevaluationis basedon local �n� -projectionsof thetri-
angulatedandregularizedsurface ] O X Q � onto graphsof quadratic
polynomialsover thetangentspace.In our casetheembeddedtan-
gentspacecoincideswith theplanecontaining� . For thesepoly-
nomialsthecorrespondingshapeoperatorÎ O� canbecomputedex-
plicitly. For detailswe referto Section6. Finally, we evaluatethe
requireddiffusiontensor� O� on every triangle � by (see(16))� O� í � �Zá! ÎdO� $Çm

Figure5: Four timesteps(top left to bottomright) from the evo-
lution of a venusheadconsistingof 5'&'(*)*�,+ triangles( �T� ��� ,�N� �Ùf �L5 ). The evolution timesare �Ùf �x�L�L5 , �
f �L�x�'+ , �Ùf �x�L�'& , and�
f �x�L�-( .
wherewetakeupouroriginaldefinition(cf. Section4) for thecon-
tinuousproblemandapplyit now to thenumericallyapproximated
shapeoperatorÎ O� .

Figure 5 shows resultsfrom the semi-implicit algorithm for a
venusheaddataset. The correspondinginitial datais displayed
in Fig. 4. Figure6 givesa comparisonof the evolution resultsat
time "Ë� �Ùf �x�L��+ for differentprefilter width � . Finally, we com-
parein Fig. 7 the dependanceof the solutionon the parameter� .
For smallervaluesof � moreandmorefeatureedgesareenhanced.
Hereweconsiderthedatasetfrom Fig. 1, with initial diameter� of
theobject.

6 CURVATURE ON A DISCRETE SUR-
FACE

Let � be an element of a triangulation ]4X with vertices. > m . � m . � andbarycenteri/�j� >�  . > U . � U . � $ . The nor-
mal of � is denotedby ` . First we assumea normalizedsituation
suchthat i/���T� and `��  ¸�ÙmA�
mH��$ , i.e.

. > m . � m . � ���7ø����*& ,
wherepointsin � ��� aredenotedby  21gm�0Dmrø*$ . This canbeobtained
by a rotationwith somematrix 1¨� Î32  �4L$ anda translation.

In the following we will assume that p5� ���� ¼ ��]4X�í�� ¼76 �98�;:*& is given as a graph over the plane�7ø����Ù& . The image of the projection of p3� on �7ø����*& is
denotedby


p � . Then the graph p � is representedby a piece-
wise linear function < � 
p � � � � . Now we computethe� �  
p3�d$ -projection of < onto the subspace= of the spaceof
quadraticpolynomials 	 � spannedby ��1!�7m%1>0!m?0y��& . To this end,
let @? 21?mA0y$d�Z»:1 � U�Bg1�0�U�CD0 � bethis 	 � -function,characterized
by E��¯ 2»ÇmAB§mAC9$���� �l� andlet < > �Ý1!�7m#< � �Ý1�0Dm#< � �F0­� be
thecanonicalbasisof = . Then E is givenby thelinearequation



Figure6: Thediscretesolutionsat time "§���Ùf �x�L�x�Bõ arecalculated
for differentvaluesof theprefilterwidth ( � �o�Ùf �x�Bõ (left) and � ��
f �'( (right)).

Figure7: For ���Ý�H� (top left) and ���G4x� (top right) thediscrete
solutionsare shows at time "�� �Ùf �x�L�Ù� (the dominantprincipal
curvatureis depictedin color, �¦�\��� (bottomleft) and � �H4x�
(bottomright)).

° ¥ IJ tKu7L <   < ¥ s 1 s 07MNOE ¥ � tKu7L <5<   s 1 s 0Dm7�d�e�Lm=5*mP4�f
Thediscreteprincipalcurvaturesâ > mrâ � andtheprincipaldirec-

tionsof curvatureof ]\X on � will bedefinedasthecorresponding
quantitiesfor thesmoothsurface  21?m�0Dm�@: 21?m?0y$%$ in theorigin � .

The matrix representingthe shapeoperator Î  ¸�B$ in the basis���� C ml���Q & is givenby:

� 5~» BB 5�C � f
For the mean-curvature _ and the Gaussiancurvature

Ö
in the

point � we obtain _ � 5¦ 2»�U�C9$Ö � +x»RCk��B � f

Figure8: The dominantprincipal curvatureis color codedon the
evolutionshown in Figure5.

Thisenablesusto computeâ > mrâ � asfollows:â > Q � � _ 5TS;U _ �+ � Ö f
Figure8 shows thenumericallycalculateddominantprincipalcur-

vaturefor thetimestepsof ananisotropicevolution.
Then we easily obtain the embeddedprincipal directions of

curvature
� > m � � . If » �VC and B^�Ï� , one can chooseas� � >Hm � �~& any orthonormalbasisof thetangentialspace.Otherwise

let W > �¨ "W >> m#W >� $=m!W � �¨ "W �> m#W �� $ benon-zerosolutionsofæ7»Ì��Ck� ² _ � K +3� Ö é W >> UXBYW >� � �æ7»Ì��C�U ² _ � K +3� Ö é W �� UXBYW �> � �Ëf
In a last stepwe normalizethevectors WÝ>HmDWe� andcomputethe
embeddedprincipaldirectionsof curvature

� >;m � � by a pushfor-
wardonto theembeddedtangentspaceapplyingtheinverseof the
rotation 1 from ournormalizationstepabove� > � 1 <g>²  "W >> $ � U� "W >� $ �XZ W >>W >��\[ m (22)� � � 1 <g>²  "W �> $ � U� "W �� $ �XZ W >>W >��\[ f

Notethat
� > , � � arethediscreteanaloguesof ¶ > , ¶ � in Section

4. In our considerationswe obtaina regularizationby prefiltering
thecorrespondingsurface.Wewouldliketo pointoutthatchoosing
largerstencilsinsteadof p � is a furtherpossibilityfor a regulariza-
tion.

7 ALGORITHM AND IMPLEMENTATION

Basedon our descriptionof themethodof anisotropicdiffusion in
surfaceprocessinglet usnow focusontheconcreteimplementation



of the correspondingschemefor a single timestepof the discrete
evolution] problem. Due to the consideredsemi-implicit approach
thealgorithmis easyto codefollowing thestandardfinite element
procedure.Herewe will give a detailedexplanation,especiallyto
outlinehow thesolutionof thediscreteproblembreaksup into ele-
mentaryandmainly local calculationsteps.

Eachtimestepconsistsof the assemblyof the matrices,the so-
lution of the prefiltering problem,the evaluationof the diffusion
tensorandfinally thesolutionof theactualdiffusionproblem:

timestep(]¯O ) �
computetheprefilteredsurface ] O X Q � solving (h O U � E� � O  Id $%$� � O� ��h O  � O ;calculateÎ O� and � O� ;
compute] OBS >X solvingfor thenodalcoordinates (h�O�U�V>�nO! ��0O� $%$  �aOLS > �jhjO  �aO ;&

Theassemblyof eachmatrix h O , � O  �� O� $ or � O  Id $ - herede-
notedby ^ - is basedon thestandardFinite Elementprocedure.It
consistsof an initialization ^ �\� followed by a traversalof all
surfacetriangles � . On each � with nodes

. 	 m . > m . � , a corre-
spondinglocal matrix  �_ �  ¥ $   ¥ is computedfirst. It correspondsto
all pairingsof local nodalbasisfunctions.Thenthematrix entries
areaddedto thematchingentriesin theglobal matrix ^ , i. e. for
every pair �rm�` we updatê �-G   J Q �-G ¥ J �a^ �-G   J Q �-G ¥ J U%_ �  ¥ . Here »� ��Y$
is definedastheglobal index of thenodewith local index � . Thus
we cannow focuson thecomputationof thelocalmassmatrix b �
andthelocalstiffnessmatricesc �  ��{$ and c �  Id $ respectively. Due
to theappliedlumpedmassintegrationwe immediatelyverifyb �  ¥ � �4 ã   ¥ í �Ëí
where í �Ëí is theareaof thetriangle � and ã   ¥ theusualKronecker
symbol.

Next, let usconsiderfor every triangle � the referencetriangle
�¨��� � � with independentvariables� > m%� � andnodes� 	 �� ¸�
mr�L$ ,�
>Ò�� b�Lmr�L$ , and �B���
 ¸�
mH��$ . Thenan affine coordinatemap �
maps


� onto � andits nodes�   onto thecorrespondingnodes
.  

of � onthediscretesurfacein � � � . Hencethecorrespondingmetric
tensoris asin thecontinuouscase(7) givenby|   ¥ � � �� �   ¢ � �� � ¥ m
where ��d è�~� ¡ � .  ä � . 	ä . Now weareableto evaluatethegradients

of the linear basisfunctions � å correspondingto the nodes
. å in

the embeddedtangentspacespannedby
. > � . 	 and

. � � . 	 ,
i. e. (cf. equation(9))w [��� � å �j°   Q ¥ |   ¥ � � å� � ¥  .   � . 	 $Çm
wherewereferto thederivativesof � å with respectto thereference
coordinates� :

Z �'e>f�~� ��'e>f�~� E [ ��� �3��3� � m9� �� � m!� � � � f
Thus for the linear stiffnessmatrix requiredin the presmoothing
stepweobtain c �  ¥ �¨í �Ëí w [ � � �   ¢;w [ � � � ¥ . If ouractualdiffusion
tensor �0� on � diagonalizeswith respectto an orthogonalbasis� � >�m � ��& with entries| > , | � on thediagonalin thecorresponding

Figure9: Theresultingsurfacemesh(top) from anadaptive algo-
rithm is comparedwith thecorrespondinggrid of anevolutionwith
fixedtriangulation(bottom).Theareasof highcurvatureareclearly
visibleasrefinementregions.

representation(seedefinition(16)), for thelocalnonlinearstiffness
matrixwe finally obtainc �  ¥  ��0$d� í �Ëí û | >  (w [��� �   ¢ � > $; (w [��� � ¥ ¢ � > $gU| �  (w [ � � �   ¢ � � $; (w [ � � � ¥ ¢ � � $Yügf
Grid Adaptivity

Dueto thepossibletangentialdisplacementin thevicinity of edges
the resultsof the evolution can be significantly improved taking
into accountadaptive grid refinementdependingon the dominant
principal curvature(cf. Fig. 9). Here,we apply a Delauney type
refinement.

Iterative Solver

The resulting systemsof linear equations,which arise in each
timestepof the discreteanisotropiccurvatureevolution aresolved
eitherby a preconditionedconjugategradientmethodor by anal-
gebraic multigrid method. For smalltimestepsandmoderatelyfine
meshesthe conjugategradientmethodconvergesin several itera-
tions in caseof a diagonalpreconditioning. For instancefor the
venusdatasetandtimestepõn¢=���Ù<hg therelative residualin c2� norm
dropsbelow �H� <?>Y� after + iterations.

If weconsiderlargertimestepsandfinegridstheconditionof the
matrix 2  b� U�V-ýg<D�H$ becomeslarge. Thusthenumberof required
iterationsincreasessignificantly. Unfortunatlystandardmultigrid
strategiesarenot availableon arbitrarymeshes.But applyingan
algebraicmultigrid solver 2  b��$ iterationsarerequiredto solve the
systemindependentof thegrid sizeandthetimestep.In theappli-
cationwe obtaina reductionof the residualin eachtimestepby a
factorof �Ùf õ .



8 COMPARISON AND CONCLUSIONS

We have presenteda novel multiscaletechniquefor surfacefair-
ing. It is able to successively smoothnoisy initial surfaceswhile
simultaneouslyenhancingedgesandcornerson the surface. The
evolution time is thescaleparameter.

Themethodis basedonananisotropiccurvatureevolutionprob-
lem. The correspondingnonlinearpartial differential equations
have beendiscretizedby finite elementsin spaceanda semi im-
plicit backwardEulerschemein time. Thisallows theefficientand
flexible processingof arbitrary triangulatedsurfaces,as they are
commonin computergraphicsapplications.Theusercontrolsthe
surfaceevolutionmainlyby two parameterswhichhaveanintuitive
meaning.A regularizationparameter� hasto bechosento filter out
high frequency noisebeforethe diffusion coefficient is evaluated.
Hereasuitablechoicein theapplicationis ����i{ý with iT� û �xmP+xü .Furthermore,� canberegardedasa usergiven thresholdfor edge
detecting,with themeaningthata principalcurvaturelargerthan �
indicatesanedgewhich is to bepreservedby thefairing scheme.

Previouswork onsurfacefairingalreadyinvolvestheideaof cur-
vaturemotion. Taubin [19] andKobbelt [12] consideredan um-
brella operator, which is a “spring force type” implementationof
theLaplaceBeltramioperatorandthey usedanonlinearGaussSei-
del iterationfor therelatedsecondorder, respectively fourth order
geometricdiffusionproblem.Theshortcomingof tangentialshifts
in their work is mainly due to the successive local changeof the
metricin theinterationschemeitself. Moving a singlenodethelo-
cal metric is alreadynon properlymodified,which influencesthe
adjustmentof theneighbouringnodesin thesameinteration.Fur-
thermore,dueto theexplicit characterof thescheme,timesteplim-
itationsshow up. Desburn et al. [5] avoidedbothshortcomingsby
consideringan implicit schemewhich holds the metric fixed and
is unconditionallystable. Sharpedgeson the surfaceare rapidly
smoothedby all previousapproachesbecauseof thehigh local cur-
vaturewhich leadsto fastsmoothingin theseregions.Our method
is ableto detectsuchedgesandtheirdirectionandincorporatesap-
propriatedirectiondependentsmoothingonly. Concerningmulti-
grid methodsfor thesmoothing,Kobbeltetal. [13] discussa V cy-
cle type smoothingwith straightforward prolongationandrestric-
tion, wherewe proposea true algebraicmultigrid which involves
appropriatematrix dependentprolongationsandrestrictions.

Interestingfutureresearchdirectionsareß thecombinationof thepresentedmultiscalemethodwith mul-
tiresolutional techniques,which should appropriatelyreflect the
continuouscoarseningin theevolution,ß furtherinvestigationson surfacemodelingconcerningsuitable
choicesof thediffusiontensorandtheforcingontheright handside
of theparabolicsystem,andß thesimultaneousprocessingof thegeometryandthetextureif
suchanadditionaltextureis givenon thesurface.
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