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Abstract—A multiscale method in surface processings presentedwhich
carries over image processingmethodology basedon nonlinear diffusion
equationsto the fairing of noisy, textured, parametric surfaces.The aim is
to smoothnoisy, triangulated surfacesand accompanyingnoisytextures- as
they are delivered by new scanningtechnology- while enhancinggeometric
and texture features.For aninitial textured surfacea fairing methodis de-
scribed which simultaneously processeshe texture and the surface. Con-
sidering an appropriate coupling of the two smoothing processe®ne can
take advantage of the frequently presentstrong correlations betweenedge
featuresin the texture and on the surface edges. The method is basedon
an anisotropic curvature evolution of the surface itself and an anisotropic
diffusion on the processedurfaceapplied to the texture. Here, the involved
diffusion tensorsdependson a regularized shapeoperator of the evolving
surfaceand on regularizedtexture gradients.

A spatial finite elementdiscretization on arbitrary unstructured trian-
gular grids and a semi-implicit finite differencediscretization in time are
the building blocks of the correspondingnumerical algorithm. A normal
projection is applied to the discrete propagation velocity to avoid tangen-
tial drifting in the surface evolution. Different applications underline the
efficiencyand flexibility of the presentedsurfaceprocessingool.

Keywords: AnisotropicCurvatureFlow, SurfaceEvolution, Im-
ageProcessingScaleSpace

|. INTRODUCTION

The processingf detailedtriangulatedsurfacesis animpor-
tanttopicin computeraidedgeometricdesignandin computer
graphicd[1], [2], [3], [4]. Nowadaysyvarioussuchsurfacesare
deliveredfrom differentmeasuremertechniqueg5] or derived
from two- or threedimensionabatasets[6]. Recentlaserscan-
ning technologyfor exampleenablesvery fine triangulationof
realworld surfacesandsculptures Frequentlythey areaccom-
paniedby grey or colorvaluedtexture maps.Also from medical
imagegeneratiormethodssuchasCT and MRI devicesor 3D
ultrasound,certainsurfacesof interestcan be extracted- fre-
qguently in triangulatedform - at a high resolutionfor further
postprocessingndanalysis.Againthey oftencomealongwith
functionalinformation definedon the surfacesunderconsider
ation. Thesesurfacesandtexturesareusuallycharacterizedy
interestingfeaturessuchasedgesandcornerson the geometry
andin the texture intensity map. On the otherhand,they are
typically disturbedby noise,which is often dueto local mea-
suremenerrors.

The aim of this paperis to presenta methodwhich allows
thefairing of discretesurfacesoupledwith thesmoothingpfan
texture coatedonthesurfaceandthuspermitsadrasticimprove-
mentof the signalto noiseratio. Additionally the approachs
ableto retainandevenenhanceémportantfeatuessuc assur
faceandtexture edgesand corners. Frequentlythereis a cor-
respondencef surfaceandtexture features. Edgefeatureson
the surfaceusually boundsggmentsin the texture image, e. g.
lips or hairlines. Vice-versajumpsin the texture intensityfre-

Fig. 1. A noisyinitial surface(top left) is evolvedby discrete meancurvatue
flow (topright) andbythenew anisotopic diffusionmethodbottomright). Fur-
thermoe for the latter surfacethe dominantprincipal curvatue - onwhich the
diffusiontensordepends is color coded(bottomleft). Thesnapshotsre taken
at thesametimesteps.

guentlyindicategeometricfeaturelines. Hence,we askfor a
fairing methodwhich takes advantageof this importantobser
vationandcoupleshefairing schemegor both quantities.

Figurel shovstheperformancef thebasicmethodandcom-
parest with thea simplesmoothingoy meancurvatureflow, the
appropriategeometric*Gaussian”’smoothingfilter. Resultson
the coupledevolution of geometryandtexture aregivenin Sec-
tionV

The core of the methodis a geometricformulation of scale
spaceevolution problemsfor surfaces. Thesetechniquesvere
originally developedfor imageprocessingpurposes.Thusthe
methodnot only deliversa singleresultingsurface,but a com-
plete scaleof surfacesin time. For increasingtime, we ob-
tain successiely smoothersurfaceswith continuouslysharp-
enededgesandatexture dependinggeometry

We deriveacontinuousnodel,whichleadsto anonlinearsys-
temof parabolicpartial differentialequationdor the coordinate
mappingof the surfaceandfor the texture. On the one hand



ananisotropiddiffusiontensordependingon the shapeoperator
andthuson the principal curvaturesand principal directionsof
cunvature,is sensitve to the identificationof theimportantsur
facefeatures.Thus, it decreasethe diffusivity for the surface
evolution in certaindirectionsin closevicinity to edgesor cor
ners. The correlationof surfacefeatureswith texture intensity
featuresnvokesafurtherpronouncingf thisdiffusivity control.

On the otherhand,anotheranisotropicdiffusion tensorcon-
trols the scalespaceevolution of the texture on the surfaces.
Here, the diffusivity on the tangentspaceof the surfaceis de-
creasedn the direction perpendiculato steepintensity gradi-
entsnormalon edgesin the intensity whereadinear diffusion
is allowedin tangentialdirectionalonganedgeandin all direc-
tions apartfrom edges.Again this effectis goingto be further
pronouncedn caseof the coupleevolution problemandcorre-
spondingfeaturedirection on the geometryandin the texture.
Mainly four parametersire at the disposalof the userto influ-
encethe performancef themethod:

- A thresholdvalue A for principal curvatureswhich are as-
sumedto indicatean edgeandthusrequirelocal sharpeningf
thegeometry

- athresholdvalue for the gradientslopeindicatingedgein-
tensitiesin the texture andthusrequiringthe sharpeningf the
intensitymap,and

- filter width parameters ande which controlthe noisereduc-
tion onthe actualsurfaceandtexture respectiely beforeevalu-
atingprincipal curvaturesandgradients.

Especiallythe latter is essentiato make the proposedmethod
robustandmathematicallywell-posed.

Themethodpresentedn this paperstartswith thedescription
of a continuousmodel, which hasmary nice qualitative prop-
erties. Thenin a secondstepwe seeka robust and efficient
discretization. Hence,we derive an appropriatfinite element
methodwith respecto aformulationof the continuougproblem
in variationalform.

Thepaperis organizedasfollows. First,in Sectionll we will
discussthe backgroundwork on surfacefairing by geometric
smoothingand on imageprocessing.In the following Section
Il we introducenecessarynathematicahotationand discuss
the basictype of geometricevolution problems.To preparethe
discussiorof the actualcombinedsurfaceandtexture diffusion
model, we recall scalespacemethodologyfor imagesi.e. tex-
tureson surfacesin SectionlV andpresenin SectionV andVI
the continuousevolution modelof the separatenisotropicgeo-
metric diffusion of surfaces.The actualcombinationof texture
andgeometrydiffusionis specifiedin SectionVIIl. Afterwards,
in SectionVIll, we considerthediscretizednodelby a suitable
andeffective finite elementapproach.Thedefinition of a shape
operatorontriangulatedsurfacedss givenin SectionlX. Finally,
in SectionX we draw conclusions.

Il. IMAGE PROCESSING BACKGROUND

In physics,diffusionis known asa processhat equilibrates
spatialvariationsin concentration.If we considersomeinitial
noisy concentratioror imageintensity po onadomainQ C RR?
andseeksolutionsof thelinearheatequation

Op—Ap=0 (1)

with initial data po and natural boundaryconditionson 9f2,
we obtain a scale of successiely smoothedconcentrations
{p(t)}sem+- For Q = R? thesolutionof this parabolicproblem
coincideswith thefiltering of theinitial datausinga Gaussian
filter G,(z) = (2ro2)~te=2"/(2e%) of width or standardde-
viation o, i. €. p(6%/2) = G, * po. If we discretize(1) and
usean explicit Euler schemewe have to computea sequence
{pn}n:()’... with

p”+1 = (Id+ 7Ap)p"

wherer is thetimestep,A;, anapproximatiornof the Laplacian
andp® = po. Concerninghesmoothingof disturbedsurfacege-
ometriesonemay askfor analoguestratejies. Thegeometrical
counterpartof the Euclidian LaplacianA on smoothsurfaces
is the LaplaceBeltrami operatorA x4 [7], [8]. Thus, oneob-
tainsthegeometriadiffusiond;z = A x4y« for thecoordinates
x on the correspondindamily of surfacesM(t). On triangu-
latedsurfacesasthey frequentlyappearin geometricmodeling
andcomputergraphicsapplications severalauthorsintroduced
appropriatediscretizedoperators.Taubin[4] discussedelated
approaches the context of generalizedrequenciemn meshes
andKobbelt[2] usedinterpolationschemes Explicit time dis-
cretizationsare known to have strongtimesteprestrictionsto
ensurestability [9]. Thus, mary iterationsare requiredto ob-
tain appropriateesults.Kobbeltetal. [3] introducedmultilevel
stratgyiesin the context of multiresolutionaleditingto improve
the efficiency of thesemethods. Guslov et al. [10] discussed
relaxationschemesvith weightsdependingon the local geom-
etry.

RecentlyDesbruretal. [1] consideredinimplicit discretiza-
tion of geometricdiffusion to obtain strongly stable numeri-
cal smoothingschemes.Furthermorethey improved the con-
sisteny of the discreteoperatoron arbitrary meshessignifi-
cantly The problemof tangentialcoordinateshifts on the sur
face whichwould bea drawvbackof someexplicit methodscon-
cerningthe geometricpositioningof an accompaying texture,
could be avoided. The mathematicateasornfor sucha tangen-
tial shifting of the coordinatesin geometricdiffusion is that
the LaplaceBeltrami operatordependson the metric (cf. Sec-
tion Ill), thusthe metric of the discretesurfaceshouldbe kept
fixedduringa singleexplicit or implicit smoothingjteration.

¢ Fromdifferential geometry[11] we know that the mean-
cunaturevector HN equalsthe LaplaceBeltramioperatorap-
pliedto theidentity Id onasurface M:

H(z)N(z) = —Apmx. 2
Thusgeometridiffusionis equivalentto meancurvaturemotion
(MCM)

O = —H(z)N(z) , 3)
whereH (z) is the correspondingneancurvature(heredefined
asthe sum of the two principal curvatures),and N (z) is the
normal on the surfaceat point z. Already in '91 Dziuk [12]
presentech semiimplicit finite elementschemeor M CM on
triangulatedsurface. The approachoy Desbrunet al. [1] is es-
sentiallyidenticalto this earliermethod.



Fig. 2.
image (left).

Isotropic Perona-Malik diffusion (right) is appliedto a noisy initial

Unfortunately M C M doesnt only decreasehe geometric
noisedueto unprecisameasuremertiut alsosmoothe®ut geo-
metricfeaturessuchasedgesandcornersof thesurface.Hence,
we seekmodelswhichimprove a simplehigh passfiltering.

In imageprocessingPeronaandMalik [13] proposedinonlin-
eardiffusionmethodwhich modifiesthediffusioncoeficientat
edges. Edgesareindicatedby steepintensity gradients. For a
giveninitial imagep, they consideredheevolution problem

ao-av (6 (172 v7) o

for someparametei € R™. For increasingtime ¢ - the scale
parameter theoriginalimageattheinitial timeis now success-
fully smoothedandimage patternsare coarsened.But simul-
taneouslyedgesareenhancedf onechooses diffusion coefi-
cientG(.) which suppressediffusionin areasof high gradients
(cf. Fig. 2). A suitablechoicefor G is

(4)

1

G(s)=(1+5%) (5)

Thusedgesareclassifiedby theinvolvedparametei.

Kawohl and Kutev [14] gave a detailedanalysisof the dif-
fusiontypesin this method. In the axiomaticwork by Alvarez
etal. [15], generalnonlineardiffusion problemshave beenin-
troduced. More preciselythey derive parabolicequationswith
elliptic termswhich are basedon the curvature of isolinesor
isosuricesn images.

Unfortunatelythe above original Peronaand Malik modelis
still ill-posedbecaus¢hereis atrue backwarddiffusionin areas
of large gradients. Caté et al. [16] proposeda regularization
methodwherethediffusioncoeficientis nolongerevaluatedon
the exactintensitygradient. Insteadthey suggestedo consider
thegradientevaluationon a prefilteredimage,i.e., they consider
theequation

8p — div (G (M) Vp) =0

wherep, = G, * p with a suitablelocal corvolution kernel
G,, e.g. an Gaussiarfilter kernel. This modelturnsout to be
well-posededgesarestill enhancedTheevolution andthe pre-
filtering avoid the detectionand pronouncingof initial noiseas
artificial edges.

(6)

Weickert [17] improved this method taking into account
anisotropicdiffusion, wherethe PeronaMalik type diffusionis
concentratedn onedirection, for instancethe gradientdirec-
tion of a prefilteredimage. This leadsto an additionaltangen-
tial smoothingalongedgesand amplifiesintensity correlations
alonglines. PreuRerand Rumpf[18] took up this ideafor the
constructionof streamlinetype patterngn flow fields. Kimmel
[19] generalizedhe scalespaceapproacHor planarimagesto
the caseof imagesmappedon surfaces(cf. SectionlV). For a
nice expositionandfurtherreference®n geometricconceptsn
imageprocessingve referto the book of Sapiro[20].

Concerning the numerical implementationbeyond mary
otherauthorsWeickert proposedinite differencescheme$21]
andKatur andMikula [22] suggested semi-implicit finite el-
ementimplementationfor the isotropic model by Caté et al.,
Banschand Mikula [23] as well as Preuf3erand Rumpf [24]
discussechdaptve finite elementmethodsn 2D and3D image
processingoy anisotropicnonlineardiffusion. In [25] a finite
elementimplementationof a level set methodfor anisotropic
geometricdiffusionis discussedvhich is closelyrelatedto the
parametricsurfaceevolution problempresentedhere.

I1l. GEOMETRIC EVOLUTION PROBLEMS REVISITED

Beforewe developour modelof nonlineargeometricsurface
processinglet usfirst briefly review the basicnotationof man-
ifolds, differential calculusand geometricdiffusion. For a de-
tailed introductioninto geometryand differential calculuswe
referto [7] and[8, Chapterl]. For the sale of simplicity we as-
sumeour surfacesto be compactembeddednanifoldswithout
boundariesThuswe considera smoothmanifold M, whichwe
supposéo beembeddedn IR®. By (z, Q) we denotea chartof
M, where) ¢ R? is anopenreferencedomainand

z: Q> M;E- x(8)

is the correspondingoordinatemap. For eachpoint 2 on M
a tangentspace7, M is spannedy the basis{a—‘gl, 8—‘22}. We
regardtangentvectorsaslinearfunctionalson C*° (M), i. e. for
f € C®(M) wedefine

0 _ 0f(z)
3_&(x)f 04

wherez = z(¢). Dueto theembeddingn R? we identify 3%

with the tangentvector g—é. By 7 M we denotethe tangent
bundle. Integrationon M requiresthe definition of a metric
g(-,*) : TeM x T,M — R, whereg is supposedo be a
guadraticpositive definiteform. In our embedded i.e. espe-
cially immersed- casewe obtaina representatiortg;;);; with
respecto thebasis{ 52-, 5%, } of g

0 0 Oz

o _ ox
9ij = 9(6_&3 @) = E;

'6_5,1-’

(7)

where- indicatesthe scalarproductin R3. The inverseof
(935):; is denotedby (g9);;.

Integratingeithera productof two functionsf, g on M or the
productof two vectorfieldsv, w on 7T M we obtainthe follow-



ing scalarproductson C°(M) andC%(T M), respectiely:

M=/mm,@wwm:/mmwm.
M

M

As the closureof C'*° (M) with respectto the inducednorm
[ llz2my = V(- ) m We obtainL?(M).

Next we proceedconsideringhefundamentadlifferentialop-
eratorson M. Supposef € C!'(M) thenthe total differ-
ential df is a linear functionalon TM (df € TM'), i. e.
(525 df)ae) = a(ggm) (€). The gradientVf of f is de-
fined as the representatiorf df with respectto the metric g:

(VMf, 8—&) = <a€ ,df> In coordinatesve obtain

foz) 0

0o 0&

Vmf = Zg” ®)

Furthermorethe divergencediv , v for avectorfieldv € T M
is definedasthe dual operatorof the gradientby

/¢diva dr := —

M

/ 9(Vri,0) do

M

(9)

for all ¢ € C§°(M). Inlocalcoordinatesve ha/ethefollowing

representationf the divergence.Let v = v* ag ; thendiv v
canberepresenteds:
divaw = —— 9 ( faet(gir) ) (10)
M \/det(gi]-) o&; 94 ’

Oncewe have introducedthe gradientof a function on M,
we directly obtainthe Dirichlet form (V apu, Vav) 701
The closureof the C*° (M) with respecto theinducednorm

(w,w) i () = /Ml Bz gy + (Varw, Vo) 7

is denotedH ! (M). Furthermorethe weak LaplaceBeltrami
operatorA ,, appliedto ary functionu € H'(M) is definedas
afunctionalon H' (M) makinguseof the duality

(=Amu, ) = (Vamu, Vaud)Tm

for all € H'(M). Using(8) and(10) we obtainthe follow-
ing representatiomf A rqu in local coordinatedor a smooth
functionu:

(11)

1 0 ( i 6u)
= — det(gij) == ) -
¢ % \/det(gij) o&; (g et(gj)aé‘j

In the anisotropicdiffusion methodto be presentedn this pa-
per we will make intensive use of somefundamentalcurva-
ture quantities. Let us assumehat M is orientable;thenwe
have a well definednormal N : M — S$? ¢ R® on M.

Using the notation 3? = z,; the secondfundamentalform

II:T,M x T,M — Rislocally givenby

- E v'w? hyj = E v'w N;-z;,
i, i,J

wherethe Gaussmap N : 2 — S? is a representationf the

normal with respectto acoordinatemapa; : Q - M and
v = vla‘z +0P, w = wl% + w? f aretwo tangent
vectorsn 7, M. Wepointoutthat/T is well defined,. e. it isin-

variantunderreparametrizatiorf-urthermore/I is asymmetric
bilinearform andthereforethereis a symmetricendomorphism
Stom : ToM — T, M suchthat

9(ST, mu,w) = (v,w); v,w € ToM.

The endomorphisnSt, o4 is called shapeoperator Its eigen-
valuesarethe principal curvaturesof M at the point 2 andthe
eigervectorsarethe principaldirectionsof curvature.Now, one
candefinenotionsof curvaturesuchasthe mean-curvatue H
andthe Gaussiarcurvatue K by

H :=tr SﬁM y K = det S’TEM (12)

(Note thatin our notationthe mean-curatureH is the sumin-
steadof the arithmeticmeanof the principal curvatures.)With
the LaplaceBeltrami operatorat handwe canfinally introduce
ageometriadiffusion problemin analogyto thelineardiffusion
problemin Euclidianspace We seekasolutionu : R x M —
R of the parabolicequationdyu(t, z) — Apu(t,z) = 0 on
R x M for giveninitial datau(0, -) = uo. Here,uq is some
function on M. Furthermorewe can considera diffusion of
the manifold geometryitself (cf. Sectionll). 1. e., we seeka
one parametefamily of embeddednanifolds { M (¢)};>0 and
correspondingparametrizations(¢), suchthat

Oz (t) — Apmpz(t) = 0, (13)

M(@0) = M.
For the sale of simplicity we define MCM (Moy,t) :=
M(t), where M(t) is the solution surface at time ¢. Thus

MCM(M,o?/2) canberegardedasthe applicationof a “geo-
metric” Gaussiarfilter of width o to M. Applying integration
by parts,we obtain

(042, 0) pm) + (VY rm V)0 Taa) = 0. (14)

This is the correspondingveak variationalformulation which

holdsfor all testfunctionsf € [C>°(M(t))]®. Thefundamen-
tal obsenation is that this geometricdiffusion of the coordi-
nate mappingitself coincideswith the motion by meancurva-
ture (M CM); in factfor ary manifold M we have Apz =

—H(z) N (z) asalreadystatedabove in Sectionll.

IV. ANISOTROPIC DIFFUSION FOR TEXTURES ON FIXED
SURFACES

The aim of this sectionis to recall scalespacemethodsfor
imagesnow given as mapson manifolds. The conceptsfrom
the Euclidiancaseof planarimagescanbeinheritedto the Rie-
manniancaseof textureson fixed surfaces(cf. Kimmel [19]).
We simply have to replacethe involved differential operators
form the Euclidiansettingby the correspondinglifferentialop-
eratorson manifolds. Here we alreadytranscribethe basic
anisotropidiffusionmethodintroducedby Weickert[26] to de-
fine ananisotropiaexture diffusionon a givenmanifoldthatre-
tainsedgefeaturesn the texture andsimultaneoushallows for



tangentialsmoothingalong the edgeline on the fixed surface.
Thus,let
u : M—->R (15)

be a giventexture on a fixed surface M. We considerthe fol-
lowing diffusionprocess:

Opu(t) — divag (b°V pmu(t)) = 0,
u(0) = uo,

wherethediffusiontenson® is supposedo beapositive definite
endomorphisron the tangentbundle 7, M for every xz € M.

Thesuperscript indicatesaregularizationinvolvedin the eval-
uation of the diffusivity. Thuswe apply a Gaussiarfilter of
width € to the currenttexture mapu(t) beforewe computegra-
dients. l.e. we defineu® asthe solutionof the parabolicinitial

value problemd;u(t) — Apu(t) = 0 on M with initial data
u(0) = ug attimet = €2/2. In matrix representatiomwith

respecto thebasis{v; = ”—gﬁg—zn,w = vi-} we obtain

b€:<G(”V(;MTue”) g)

for someedgeindicatingparameteys € R*. As nonlinearity
G(-) we considerthe function alreadygivenin (5). Let usem-
phasizethatfor vanishinggradientsv yqu€ the diffusiontensor
b¢ tendsto theidentity on T, M andwe locally moreor lessend
up with lineardiffusionin regionsapartfrom textureedges.

(16)

V. ANISOTROPIC GEOMETRIC DIFFUSION

We arenow preparedo discusghe concepf anisotropicqe-
ometricdiffusion asa powerful multiscalemethodfor the pro-
cessingof the surfacegeometryitself. The aimis to appropri-
ately carry over approvedmethodologyfrom scalespacetheory
in imageprocessingnow not only appliedto imageintensities
on surfacesbut to the surfaceitself. Herewe restrictoursehes
to the smoothingof anoisysurfacewithouttexture. Preliminary
resultson this restrictedcasehave beenpresentedn [27]. In
the following paragraphespeciallyan considerablémplemen-
tational improvementbasedon the splitting in tangentialand
normalvelocity componentss presentedFor the generalcase
couplingsurfaceandtexture evolution we referto SectionViIl.
Let usfirst summarizethe building blocksof the method:

e We considera noisy initial surface M, to be smoothed.
Thuswe replacethe linear diffusionfrom the Euclidiancaseof
flatimagesby anappropriateanisotropidiffusionof thesurface
geometryitself. Therebya family of surfaces{M(t)}teRg is
generatedwherethetime ¢t senesasthescaleparameter

¢ In additionto the smoothingof the surface,our aim is to
maintainor evenenhanceharpedgesf thesurface. Thecanon-
ical quantityfor thedetectionof edgess thecurvaturetensorin
the caseof codimensionl representedy the symmetricshape
operatorS7, 4. An edgeis supposedo be indicatedby one
sufiiciently largeeigervalueof St (. Hencewe considera dif-
fusiontensordependin®n Sz ¢, Which enablesisto decrease
diffusionsignificantlyatedgesndicatedby St 4. Furthermore
we will introduceathresholdparameten asin (4) for theiden-
tification of edges.

e The evaluation of the shapeoperatoron a noisy surface
might be misleadingwith respectto the original but unknavn
surface and its edges. Thus we prefilter the current surface
M(t) beforewe evaluatethe shapeoperator The straightfor
ward “geometric Gaussianfilter is a shorttimestepof mean
cunvature flow. Hence,we computea shapeoperatorSs. ,,
on the resulting prefilteredsurface M, (t), wherethe param-
etero is the “geometricGaussian’ilterwidth, i.e. M, () =
MCM(M(t),0%/2) . Let usemphasizehat this choicealso
leadsto a mathematicallywell-posedparabolicproblem.Hence
we avoid ill-posedbackwarddiffusionin our model.

¢ With anappropriately}choserscaladiffusioncoeficientde-
pendingon the eigervaluesx'-?, k> of S ,,, which arethe
principal cunvaturesof M, (¢), it is alreadypossibleto smooth
in approximatelyflat surfaceareasandto enhancesdgessome-
whereelse.Along theseedgeghe surfacesM () still retainsits
noisystructurefrom M, (cf. Fig. 3). Weincorporateanisotropic
diffusion now basedon a properdiffusion tensora?. ,, which
enablegangentiasmoothingalongedgesTherebythetangen-
tial edgedirectionon thetangentspaceT, M(t) is indicatedby
the principal direction of curvature correspondingo the sub-
dominantprincipal curvature. The secondperpendiculadirec-
tion is consideredo betheactualsharpeninglirection. Figure3
clearlyoutlinestheadvantageof ananisotropiadiffusiontensor

e Theresultingmethodleadsto spatialdisplacemenandthe
volume enclosedby M(t) is changedn the evolution. Intro-
ducinganadditionalforce f in the evolution which depend®n
certainintegratedcurvatureexpressionseadsto volumepreser
vation andwe canfurtherimprove our multiscalemethod(see
SectionVI).

We endup with the following type of parabolicsurfaceevo-
lution problem. Given an initial compactembeddedmani-
fold Mg in IR?, we computea one parametefamily of man-
ifolds {M(t)}temg with correspondingcoordinatemappings

z(t) which solvesthe systenmof anisotropiageometricevolution
equationgwhich generalizeshe system(13)):

Ohx — diVM(t)(a%M VM(t)iL') =f on RT x M(t), a7
andsatisfiegheinitial condition

M(0) = M.

Here, for every point z on M(t) the diffusiontensoraZ- ,, is
supposedo be a symmetric,positive definite, linear mapping
onthetangentspace/, M:

a7 (@) : TeM = To M.

Furthermoref representtheforcing ontheright-handsidethat
maintainscertaingeometrigpropertiesof M ().

In the simplestmodelwe consideran isotropic scalardiffu-
sioncoeficientandset

(K19)2 + (K2,0)2> " (18)

a%M:G< A

for thefunctionG whichwasintroducedor the nonlineardiffu-
siononplanarimageg(cf. (5)) andacontrolparameted € R*.



Fig. 3. Comparisorof differentsurfaceevolutionmodelsappliedto theinitially

noisysurfacedepictedon top left. On thetop right the resultof the meancur-

vature motion (13) is shown. On the bottomleft the resultemployingthe new

isotropic diffusioncoeficient (18) and on the bottomright the resultingsurface
underthe new edge preservinganisotiopic evolution using the diffusion coef-
ficient (19) are shown. The different resultsare evaluatedfor the sametime
t = 0.0032 andthe parametes whee chosenaso = 0.02 and A = 5. The
diameterof initial surfaceis chosento be1l.

As alreadyannouncedanimprovedmodelintegratesangen-
tial smoothingalongedgesnto the multiscaleapproachThere-
fore we consideran anisotropicdiffusion tensoraZ- ,, which
is no longer restrictedto multiples of the identity and which
doesnt leadto a scalardiffusion coeficient. Thereis an or-
thonormalbasis{w', w?} of 7, M, suchthatS%. ,, is repre-

sentecby
- ,il,a 0
STm, = ( 0 K20 )

becausef the symmetryof the shapeoperator Now we con-
sider a diffusion tensorin equation(17) which is definedas
follows with respectto the above orthonormalbasis. First we
introduceadiffusionon 7, M, in thebasis{w!, w?} as

G (” ;) 0
0 (%)
with the function G from above. Finally, to definethe actual

diffusion on 7, M we decompose vectorz € R? in the or-
thogonabasis{w!, w?, N7}, i. e.

azm, = ST Mm,) = (19)

z=(z-wHw' + (z-w?)w? + (z- N)N?

where{w', w?>} Cc R® denoteghe embeddedangentvectors
correspondingo the above basisw!, w? and N7 is the surface
normalof M,. Thenwe definethe diffusioncoeficienta?- ,,

by
a2 = lrem (G(nl’”)(z ~wh)w!
+G(k*) (2 - w)w® + (2 - N")N") . (20)

Herellr, »s denoteghe orthogonalprojectionontothe tangent
spacef, M.

Hencedueto theanisotropy definedn (19),weenforceasig-
nal enhancemerih a principal directionof curvaturewith cur-
vaturelargerthanA. If the secondorincipal curvatureis smaller
than\ weregardthefirst directionasorthogonato animportant
edgeon the surfacewhichis goingto be sharpenedSimultane-
ously, in theotherdirection- thetangentdirectionalongtheedge
- we allow smoothing.At cornersboth principal curvaturesare
large, thussharpenindakesplacein bothdirections.

In variationalformulationthe evolution problem(17) is given

by

(0e,0) pmry + (@ pt VT Vs 0) Tme

= (£,0)m@) > (21)
forall § € [C>(M(t))]°. We canexpressthe abose equation
not only in variationalform but alsoin coordinateqcf. equa-
tions(8) and(10)):

y or
.. ij o ki —
Oy — E *det 0 7, (,/det (9i5) 97 a9 6&) f

i,7,k,1

onR* x M(t), wherea§, = g (“nM 5% Bex ) Wewill nev-
erthelessocuson the variationalformulation- especiallywhen
we implementa suitablefinite elementalgorithm.

For f = 0 andvanishingregularizationparametetr, we can
rewrite the evolution problem(see[28])

01 = ~Ha N+ (@Va 0, 00)(2)

Herewe denoteby

HaonM =tr (G%M o SgrzM,)

a generalizatiorof the classicalmeancurvature. In generalwe
proceedasfollows

Leta : T,M — T, M beanendomorphismof the tangent
space.Thecorresponding-meancunatureH, is givenas

H,:=tr(ao9),

whereS is the shapeoperatoron M.

Henced;z splitsinto a tangentialcomponenianda compo-
nentorthogonalo thesurface,
—H -

ATy M
(divag ag. pq) () -

HereIl(7, o+ V = (V,N) N (with N beingthe surfacenor-

mal), is the orthogonalprojectiononto the normal-spacef the

surface,andllz, pm V =V — I, aqy+ V' is thecorresponding
projectionontothetangent-space.

H(TEM)J‘ 6,5.’15 =
HTEM 6,5.% =



ThetangentiapartIlz, o O;2 causestangentialdrift of the
surfacecoordinateson the surfacebut it doesnot influencethe
shapeof the surfaceitself. Neverthelesshis propertymayresult
in degeneratiorof trianglesin the caseof discretesurfacesc.f.
Figure9. To avoid this problemwe reformulate(17) by

oyx — H(’TEM)J_ dIVM (a‘7’—mM VM.'L') = H('TEM)J_f . (22)

Cf. Figure 10 for numericalresultsusingthis evolution formu-
lation.

V1. VOLUME CONSERVATION

Thevolumeenclosedy a surfacewithoutboundaryis anim-
portantcharacteristicwhich we shouldtry to presere during
processing.Using the following Theoremit is possibleto de-
fine an algorithmfor image processinghat keepsthe volume
enclosecy the consideredurfacefixed.

Theoeml: Leta : T, M — T, M beanendomorphism
of the tangent-space every point on M. Thenthe enclosed
volumeof the surfacedoesnot changeunderthe evolution

Ox — divag (@ Vmz) = h(E)N

if we chooseh(t) := ﬁ Jpgy Ha do.
M(t

The proof of the abose Theoremis analogueso the one
givenin caseof meancurvaturemotionin [29]. Usingthe no-
tion of the ar, M-meancurvatureHaaTzM, we canexpressthe
changing-ratef theareaAr(M(t)) andthevolumeVol(M (t))
enclosedby the compactsurface M(t). Here M(t) is as-
sumedo bethesolutionof thehomogeneousvolution problem
Oy — divaqg() (a% o V) = 0:

/M(to)

—/ Ha%_ M dz .
M(to) ®

Thefirst equationunderlineghe smoothingeffectin our model.
Thereis a significantregularization,indicatedby the areamin-
imizationin areaswhich areexpectedto be ratherflat basedon
the classificationafter the prefiltering. The secondequationis
thekey in thedefinitionof avolumepreservingorceterm f on
theright handside. To achiese this we have to selecta function
f which compensatethe overall changein volumeby a con-
stantforcing in normaldirection,i. e., we considerthe force f
givenin theabovetheorem Alternatively andmuchsimpler we
canselectaretrieving force

ft,2) = C (w0 — z(t))

wherez is theoriginal pointlocationontheinitial surfaceM,.
Thiswill keepthe surfacecloseto theinitial surfacebut in gen-
eraldoesnotguaranteary conserationprinciple.

HH,-

AT M

M=, d,

d
GV

(23)

VIl. COUPLING ANISOTROPIC TEXTURE AND SURFACE
DIFFUSION

Up to now, we have considereanisotropidiffusionfor noisy
texturesonfixedsurfaceqcf. SectionlV) andfor noisysurfaces
withouttexture (cf. SectionV). Recallingour original intention

Fig. 4. Examplefor the evolution of a surfacewith texture informationunder
thecombinediffusion(24)and(26). Because®f thedependencyf thediffusion
coeficient ag on the texture during the evolution geometryedges developin
areasof high texture gradients. The parametes are chosenas~ = 0.00001,
o = 0.0045, A = 20, u = 2, andthediameterof thesurfaceis scaledto 1. On
top theinitial surfaceis shownwith andwithouttexture information,belowtwo
timestepgor ¢ = 0.000015 and¢ = 0.00003 are depicted.

we now focuson the couplingof thesetwo diffusionprocesses,
making use of characteristiccorrelationsbetweensurfaceand
texture features.Usually texturesare colour valuedmaps. For
theeaseof presentationve confinehereto anexpositionof grey
valuedintensities. In the vectorvaluedcaseof colourtextures
oneproceedslongtheline describedn [30]. Let usemphasize
thatthe choiceof asuitablecolourmodelis of particularimpor-
tancefor the appropriatenessf the results. For a discretionof
the RGB- or HSV-colour modelwe referto [31]. The figures
depictedherealreadyshav colourtextures.

As explainedin theintroductionwe aimto intensifythe mod-
ulation of the diffusivity aswell in the surfaceasin the texture
diffusion modelwhenerer edgetype featuresare detectednot
only in theonebut alsosimultaneouslyn the otherquantity

Hence,for the surface evolution we decomposehe texture
intensitygradientwith respecto the coordinatesystemaligned
to the principal directionsof curvatureon the surfaceandvice
versafor texture diffusion the curvaturedirectionsare decom-
posedinto the directionsof the texture gradientand perpendic-
ulartoit:

If the texture gradient pointsin the direction of the domi-
nantcurvature wefurther reducethediffusivityin this direction.
Analagouslywe reducethe diffusion coeficient corresponding



€,1

Fig. 5.  Decompositionof the texture gradient V aqu€ into the
componentsparallel to the two principal directions of curvatue

171,0',7&', ,172,0',71'.

to the texture gradientdirectionif the geometryis significantly
curvedin thisdirection.

In whatfollowswe will givethedetailsseparatelyor thesur
faceandtexture diffusionproblem.

Respectingexture featuiesin the surfaceevolution

Let us start consideringthe local situationneara geometry
edgewith principal curvaturess'?, k> and |&"7| > |k>|.
The principal direction of curvaturev®? correspondingo the
curvaturex?° pointsalongthe geometryedge whereaa)™:“ is
orthogonalto the edge. The texture informationon the surface
will againbe denotedby u. Assuminga correlationbetween
geometryandtexture we expectthe anglebetweenthe texture
gradientV y4u¢ andthe directionv!:? to be small, cf. Fig. 5.
(Here,theindicese ando denotethe smoothingparametergn-
troducedn SectionlV andSectionV.)

We assumen the following that [s':9| > |k%°| wheneer
k17 # k%7, Furthermorewe alwayschoosethe directionsof
vhe for ¢ = 1,2 suchthat

047 - Vpeu® > 0.

To setup a geometricevolution which is ableto take into ac-
countalsotextureinformation,we choosewo orthogonallirec-
tions 347, 5%? € T,M — the expecteddirectionsnormal and
tangentiako theedge—in every pointz € M asfollows:

( 1
(L v—‘), vET-M arbitrary

[0l > [[v]

Vm,u¢ =0, kK1 = Ko

(ﬂl,a,,ﬁ?,a) = <

w€

v
avh? H(1—a) 7”Vﬁ"

1 s ucll
v,U V= —
%), vt + (1) iz |
L :  otherwise
wherev is a vectororthogonalto v with ||v|| = |vt]|| and

a: R — [0,1]isamonotonedecreasinglendingfunctionde-
pendingon theratio |17 /k%7|. It returnsl for |k!:7 /k*7| >
1 4+ n ando for |s!:2 /27| = 1. Hencea is responsibldor a
blendingfrom the frame (v!:7, v?:7) to the frame (w, w') with
w = Vg, u )|V, uf.

If the edgeis alreadybeenclassifiedvia the shapeoperator
S% am We pick up directionscloseto thosechosenin the pure
geometricevolution problem. Alternatively for “softer” geo-
metricedges thosenotclearlyclassifiedvia x!-7 andx?? with

Fig. 6. Decompositionof the two principal directionsof curvatue
v1:9:7 42,97 into the componentparallel andorthogonalto w.

[lb7]] > ||x*°|| - we assumethe texture gradientto be the
canonicakandidatdor thedirectionperpendiculato ageomet-
ric edgeonthesurface.

Theprojectionof thetexturegradientV ,u€ in thedirections
o7 will bedenotedoy

Vau®t == (V pqus, 557) 57 .

As geometricdiffusion problemfor the surface coordinates
x € M(t) wenow choose

Oix — H(TEM)L diVM (aG(S", VMUC) VMSL') =0

M) = My, &Y

wherethediffusioncoeficientin thebasiss!?, 5 is givenby

£H7 [ Vaust|
ag = Ge (T’ %) 0
- 527 [ Vau®? ’
0 Go (557, el
(25)
andGg is definedas
1
Colot) = arp-

Hencejn thecaseV pu¢ = 0 we getbackthediffusioncoef-
ficient of the puregeometricevolution problem(19), whereasn
casex{ = k3 = 0 we obtainadiffusioncoeficientwhichtakes
into accountananisotropy relatedto the texture gradient(16).

In Fig. 4 atestcasefor theevolution (24) is depicted.In time
geometryedgegleveloponaninitially smoothsurfacedueto the
dependengof thediffusioncoeficientonthetexturegradient.

Respectingieometricfeatuiesin the texture evolution

Next, the formulation of a diffusion modelfor the texture u
alsotakesinto accouninformationaboutthe geometrideatures
on the surface. We proceedin an analogouswvay like above.
Again we definean orthonormabasis{w, w'} C T, M in ev-



Fig. 7. A surfaceobtainedfroma laser scanwith an onscribedphotaraphic
texture (top left) and the samesurfacewith modeate superimposedsotropic
noise(top right) are depicted.Thelatter oneis consideed asinitial surfacefor
the combinedgeometryand texture evolution. In the secondrow we compae
resultsof the pure geometryevolution (left) and the combinedmodel (right).
Furthermoe, two areaswith characteristic differencesare magnified (on the
remainingleft columnthe left eye and on the right columnthe mouthregion).
In thethird row the original noisysubiegionsare shown,wheeasin the fourth
andfifth row we havedepictedmagnifiedresultsof the pure geometryevolution
and the combinedevolution, respectively Alwaysthe sameevolution timestep
t = 0.00012 is consideed.

Fig. 8. Furtherfairing resultscorrespondindo thethird, fourth andfifth row of
Figure 7 are shown.Nowthey correspondo the actual 3D scanningoutput(cf.
top left image in Figure 7) withoutany additional noise On theleft, we depict
the subregion arroundthe eye of theinitial surface(top) and the resultsof the
pure geometricevolution (middle)and the coupledtexture - geometryevolution
respectively On the right the correspondingresultsfor the mouthregion are
shown. Thetime stept = 0.00003 is evensmallerthanthe oneconsideedin
Fig. 7. All surfacesare shownwithout color informationhere, not to hide the
significantchangesin the geometryby texturing Indeed,let us emphasighat
the superimposedexture in Fig. 7 visually covers larger artifacts in the pure
geometryevolution (cf. especiallytheleftimage in the 2nd row andtheimages
in thefourth row of Fig. 7).

ery pointof M by

L
( (L |l|)T||)’ veT, M arbitrary

[v]] >
ko = KZ2’U, Vamut =0

Vmor€ 1,0
1 _ ﬂ”vMaue”‘i‘(l*ﬁ)v
(v,0h), v= M= -
Hﬂm+(1*5)v <l
L : otherwise

The blendingfunction 8 now dependon ||V aq, uf||. It is
assumedo bemonotonencreasing equalsl for ||V au€|| >
n, and3(0) = 0.

The projectionsof the two principal directionsof curvature
v&%™ ontothedirectionsw, w' € 7, M aredenotedoy
i,0]| — <,Ui,a ,’U))’U)

<,Ui,<7 : wJ.),wJ_ :

v

Ui,a'J_ =



cf. Fig. 6.

Basedon the pairs (v'°ll, v+ and (v>71l v%71) we de-
ducedirectionsuv!l, v parallel,respectiely perpendiculato w
whoselengthis weightedby the correspondingrincipal curva-
tures:

Iﬁ]l’UUI’Ull +K/2,0'1}2,0'||
1 - Kl,le,O'L + H2,0'U2,0'L,

ol
v

Now we prescribethe diffusion problemfor the texture v :
M — R onthesurfaceas

O — diVM (aT(VMM,S") VMU) =0

u(0) = ug (26)

wherethe diffusioncoeficientin thebasis(w, w) is givenby

U IV
GT M7 ” M O
ar = ( A [ )

0 Gr (I5L,0)

with
1
1+s2+182°

Let us summarizehe modelingof the combinedanisotropic
diffusion method. The shapeof the diffusion coeficients ag
anda7 resultsin anadditionalsharpeningf edgesn thegeom-
etryin areasf high texturegradientsandvice versaof edgedn
thetexturein areasof alignedprincipal directionsof curvature.
Hereby alignmentwe meannearlyparalleltexture gradientand
principal direction of curvaturecorrespondindo the curvature
with thelargestabsolutevalue.

Furthermore,in caseof a locally flat surfacewith £« =
k%> = 0 we locally obtain a pure texture diffusion. On the
other handin caseof a locally constanttexture indicatedby
Vmu® = 0 andeithers®? /6> > 1+ nor k7 = k%7 we
locally getbackto the pureanisotropicgeometrydiffusion.

Differentfrom the puregeometriadiffusionproblem,thepro-
jection of the divergenceterm onto the normalspace(ﬂ/\/t)L
in equation(24) now suppresseatangentiakhift of thesurface
coordinatesandavoids a distortionof the associatedexture in-
formationon the surface.Thusit is not only relevantfor imple-
mentationapurposedut alreadyessentialn themodeling.

Dependenbn the applicationonemight alsobeinterestedn
other diffusion coeficients, which for examplecould resultin
an additional smoothingof the geometryin areasof low tex-
ture gradientsinsteadof the additional sharpeningof geome-
try edgesdn areasf high texture gradients.Suchmodifications
arestraightforvardto incorporatebasednthegenerabpproach
presentedhere.

We have appliedthe combineddiffusion method(24), (26)
andthe pure geometricdiffusion method(22) to the surfaceof
a humanhead. This datasetwas generatedy a laserscanner
with anadditionalphotographyunit. Fig. 7 andFig. 8 demon-
stratethatthe combineddiffusion methodis characterizedby a
significantly bettersharpeningf edgesgeometriconeson the
surfaceaswell astextureedgesn thetexturemap. To underline
thiswe studythecasewith (cf. Figure7) andwithout (cf. Figure
8) additionalnoiseaddedto the true surfaceasdeliveredby the

Gr(s,t) =

scannerThisis relatedto thefactthatin this typical application
we obsene strongcorrelationof both typesof featuressurface
edgesandtexture edgesason mostnaturalsurfaces.

VIII. DISCRETIZATION

Up to now we have consideredsurfaces M and texturesu
which arecontinuousmanifoldsandtextureintensityfunctions,
respectiely. Concerningthe implementationof the proposed
multiscalemethodwe now discretizeour model. We usefor
bothevolution problemsa finite elementiscretization.To clar-
ify the notationwe will always denotediscretequantitieswith
uppercaselettersto distinguishthem from the corresponding
continuousquantitiesin lower caseletters. In the application
surfacesaretypically representetdy triangularmeshesHence,
we supposeur meshego betriangulationsaswell. Let usde-
note sucha discretesurface M. For the easeof presentation
we will assumehattexturesare representedby piecavise lin-
ear continuousfinite elementfunctionson the sametriangula-
tion. Hence,we areinterestedn a family of discretesucces-
sively smoothedandsharpeneadurfacesandcorrespondingex-
turemapsstartingfrom someinitially givennoisysurfaceMy, o
andaninitial texture Uy, respectiely. We supposell discrete
surfacesto be equivalentwith respectto a uniquetopological
triangulation

T={T;|i€ 1},

where ] is someindex set. For the sale of cornvenience we
identify a discretesurfaceandits triangulation. Here the sub-
scripth indicatesthe grid size,which we regardasa piecavise
constantfunction on the currenttriangulation. Its valueon a
triangleis supposedo be the length of the longestedge. On
T andthereforealsoon M, we definethe spaceof piecavise
linearcontinuougfunctions

Vi ={® e CO(My) | ® 1, € PLVi€ T},

where P; is the spaceof linear polynomials. The identity

Id(My,) on the triangulation My, which coincideswith the
pointwise coordinatevector X, can be regardedas a function

in (V1)3. Furthermorea discretetexturemapU is alsoa func-

tionin V. Here,we considereveryreferencenapfromasingle
referenceriangle?” C IR? ontosomeT; on M, asacoordinate
map. Integrationover My, is definedin analogyto the contin-
uouscasesummingover local contributionson the trianglesof

themesh.The metricandthe gradientsof functionson M, are
evaluatedaccordinglyon eachtriangleT'.

Now we areableto formulateour discreteproblem(cf. (22)
for thecontinuouscase).Discretizingfirst only in spacewe ob-
tainavariationalformulationof anevolution problemfor afam-
ily {My(t)} of discretesurfaceswith coordinatemapsX (¢t) and
an evolution problemfor the correspondingexture mapsU ().
In analogyto (21) we obtain

X
v, 0,

(V,N) N, where
—(AVa, X, VM, 0) g, + (F,0) 5,

(o, \I;)_’/lvth _(BethUa thlIJ)TMh



TR
OGS AN
YA LT
AT ;
e
FAY

T
b

[3
Y

-

=
o7

EA R
e L f‘

2
A

"-,‘év; i

il r“-,-‘hl
i

AT
T
O

'’ %‘ll'

<
!

i o

b
AT ATy
e

T

i, i
'-':jj@,"é'}%' >
I'p A

e

i,
;:9‘.'&.

P

Fig.9. Triangular grids at differenttimestep®f the anisotiopic evolution (17).
Theabove evolution processvorkswithoutprojectionontothe surfacenormals
andhenceis characterizedby a tangential shift of thevertices cf. thediscussion
Sectionlll andFig. 10.

for all testfunctions® € (V*)3, & € V" andinitial condi-
tions M (0) = My, U(0) = U,. Here,we usethelumped
massscalarproduct(-,-)% ., which is the geometriccounter
part of the lumpedmassedor standardparabolicproblemson
domainsin IR%. As animmediateconsequencéhe massma-
trix is diagonal. This simplifies the resulting schemesignifi-
cantly FurthermoreF is anapproximatiorof the volumecon-
servingforce f. We eitherchooseF(X) = C(X° — X) in
caseof the retrieving force (which hasto be evaluatedonly
at the nodesof the currenttriangulationdue to the selected
lumpedmassntegrationformula)or theconstanforce F(X) =
ﬁ/\/{h tr (A% o S,) dz N(X), whichcorrespondso thevol-

umepreservingavolutionin the continuouanodel(comparehe
forcein (23)). Here, S, denotesa discreteshapeoperator As
adiscreteinterpolatechormal N (X) on the nodesof thetrian-
gulation we considera weightedsum of the adjacenttriangle
normals. As weightswe choosethe areaof the corresponding
triangle. Our discreteanisotropicdiffusiontensorsA? and B¢,
to be definedlater, are supposedo be endomorphism®n the
discretetangentoundle7 M, (t) approximatinghe continuous
tensorsa® and b€, respectiely. We end up with a systemof
ordinary differential equationsfor the three coordinatesof all
triangulationnodesandthe nodalvaluesof thetexture map.

Next, we have to discretizein time,whichincludesthechoice
of sometimesteppingschemeandthe decisionwhich termsto
be handledimplicitly and which explicitly. Here we proceed
in analogyto the approactpresentedby Dziuk [12] for the dis-
cretizationof meancurvaturemotion. We expectX™ andU™ to
be approximationof X (n7) andU (n1), respectiely, wherer
is the selectedimestep.Now, thetime derivative is discretized
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Fig. 10. Heretheevolutionof theinitial surfacefromFig. 9 is shownusingthe
modeldefinedby equation(22) which suppessesangential shiftsof thesurface
coorinates. Thusthe tangential drift of the verticesis drastically reducedin
comparisorto Fig. 9.

applyinga backward Eulerscheme

Xn+1 —_Xn

X ((n+1)7)

~

T
Finally, we obtainthefollowing fully discreteproblem:

Find a sequencg X[},,—o,... C (V*)? of discretecoorinate
mapswhich definesa family of triangular surfaces{ M} } ,—o....
anda sequencef discretetexture maps{U}’ },—o,... C Vh suh
that

X" = X" 4 7 (VT N™) N™, with
(V™ 0) by + (A5Vr (X" + V™), Vrg©)
=(F", Q)Mz and

Un+1 _pyn h 1
(fﬂl’) + By Var U™ VA ¥)ran =0
M3

for all discretetestfunctions® € (V#)3 and¥ € V.

Fig. 9 and 10 show the evolving finite elementmeshesinder
the discreteflow excluding andincluding the projectionof the
velocity field ™+ in directionof the normalfield N7, respec-
tively. In what follows we explain in detail the notationused
above anddiscussat which timestepto evaluatefunctions,met-
ric and diffusion tensor As the governing metric we always
considerthe one at the old timestep,hereindicatedby the su-
perscriptdn M7 and7 Mj. Thus,alsothegradientsv o are
consideredwith respectto the metricon 7 Mj. Furthermore,
thediffusiontensors4? and B¢ areevaluatedexplicitly attime
t, = nt, whichweindicateby alowerindex n. Concerninghe
right handside,we alsoevaluateF' attheold timet, anddefine
F™ = F(t,). Finally, in eachstepof the discreteevolution we
have to solve four systemsof linear equations.Up to the right



handside, threetimesthe samesystemfor the threecoordinate
componentsindonesystentor thediscreteavolution of thetex-
turehave to besolvedin eachtimestep.Let usnow focusonthe
geometricevolution problem. In termsof nodalvectors,which
we indicateby a bar on top of the correspondingliscretefunc-
tion we canrewrite the schemendgetin matrix formulation

Xn—i—l — Xn + T(Vn—i—l’Nn)Nn
+ 7 rn — npn _ yn g\ yn
M™+7L™(A2)) V™ = M"F™ — L"(A2)X

(M™ 4+ 7L™(B¢)) U™t = —L™(A%)0™ 27)
for the new velocities V™!, the new vertex positions X" +1
andthenew texturemapvaluesU™*! attimet, 11 = (n + 1)7.
Here,we assuméhelumpedmassmatrix

M" = ((<I>,-, ‘I’j)'fvt;)

ij
andthe nonlinearstiffnessmatrix
LM(A7) = ((A7Vap @i, Varp @) Tz ) ;)
to be applied simultaneouslyto eachof the three coordinate
componentsTheset{®;,i € I} is the canonicalbasisof V.
If in additiona norvanishingright-handsideis consideredwe
have to evaluatethe vector F' representinghe right-handside
oneachnodeX, i. e. (F™); = F*(XP). Thediffusiontensor
A7 is supposedo be piecevise constanbn the trianglesof our
mesh. As in the continuousmodelthe evaluationof the diffu-
siontensorhasto be basedon aregularized prefilteredsurface.
Here we considera single timestepof the discretemeancur-
vatureevolution asan appropriategeometricregularizationand
a timestepof linear diffusion asa regularizationof the texture
information,i. e. we compute

o? -t
Xn = (M" + 7Ln(ml)) X

2 —1

or = (M" + %L”(Id)) on (28)
where L™(Id) is the above stiffness matrix for the isotropic
diffusion tensorld. Then the correspondingcoordinatemap
X7 definesa discretesurface My . Thus, we have filtered
the probablynoisy initial coordinatesandtexture valueswith a
“geometric” anddiscreteGaussiarfilter of width ¢ beforewe
identify edgesto be enhancedy our actualdiscreteevolution.
Hence high frequeng noiseis suppressedndwe obtainwell-
poseddiscreteproblemswhoseasymptoticbehaiour is inde-
pendentf thegrid size.Letusemphasizéhatwe applythisreg-
ularizationfilters only to evaluatethe diffusion tensorsandnot
asanevolution stepof the surfaceor textureitself. Therequired
solverfor thissmoothingproblemis alreadyavailableby aslight
modificationof our original schemdor a singletimestep.

In the continuousmodel a suitableconstructionof a diffu-
siontensor which incorporatesedgesharpeningandtangential
smoothingalong edges,involvesthe principal curvaturesand
principaldirectionsof curvaturededucedrom the shapeopera-
tor. Now in thediscretecasewe areinterestedn somediscrete

Fig. 11. Theinitial surface(top left) andthreetimestepsromtheevolution(22)
of a venusheadconsistingof 268714 trianglesare shown.Theevolutiontimes
are 0.00005, 0.0001, and0.0002 andtheparametes are A\ = 10, ¢ = 0.02.

counterpart. At first, triangulatedsurfaceshave no canonical
cunvaturetensor For every triangleT" the curvatureevaluation
is basedon local L2-projectionsof thetriangulatecandregular
ized surface M}, , onto graphsof quadraticpolynomialsover
thetangentspace.ln our casethe embeddedangentspaceco-
incideswith the planecontainingT’. For thesepolynomialsthe
correspondingshapeoperatorS? canbe computedexplicitly.
For detailswe referto SectionlX. Finally, we evaluatethere-
quireddiffusiontensorA? oneverytriangleT by (see(19)and

(20))
AZlr = a7, m(S7)

wherewe take up our original definition (cf. SectionV) for the
continuousproblemandapply it now to the numericalapproxi-
mationS;, of thecontinuousoperatorS%- ,, .

Figure11 shaws aninitial surfaceandresultsfrom the semi-
implicit algorithm for a venusheaddataset. Figure 12 gives
a comparisorof the evolution resultsat time ¢ = 0.00005 for
differentprefilterwidth valuess. Finally, in Fig. 13wecompare
the dependencef the solutionon the parameten. For smaller
valuesof A more and more featureedgesare enhanced.Here
we considerthedatasetfrom Fig. 1. Theinitial diameterof the
objectis alwayssetto 1.

IX. CURVATURE ON A DISCRETE SURFACE

Let T be an elementof a triangulation M, with vertices
P!, P%, P3 andbarycenteC'r = §(P'+P2?+P?). Thenormal



Fig. 12. Thediscretesolutionsof (22) attimet = 0.00005 are calculatedfor
differentvaluesof the prefilter width (¢ = 0.005 (left) ando = 0.08 (right)).

Fig. 13. For A = 10 (left) and A = 30 (right) the discretesolutionsof (22) are
shownattimet = 0.0001. In the bottomrow the dominantprincipal curvatue
correspondingo the surfacesabove are depictedn color.

of T'isdenotedby N. Firstwe assumeanormalizedsettingwith
Cr = 0andN = (0,0,1),i.e. P, P%2 P3 € {z =0}, where
pointsin R® aredenotecby (z,y, z). This canbe obtainedoy
rotationwith somematrix @ € SO(3) andtranslation.

We will now assumethatwy = {T' € M, |T'NT # 0}
is given asa graphover the plane{z = 0}. This is expected
to hold true if a smooth manifold M is discretizedwith a
sufficiently small gridsize h. If, however, wr is not a graph
over the plane{z = 0} the following methoddoesnot break
down but it may lead to meaniglesdiscretecurvatures. The
imageof the projectionof wr on {z = 0} is denotedby wr.
Thenthe graphwr is representedby a piecavise linear func-
tion ¢ : or — R. Now we computethe L?(wr)-projection
of ¢ ontothe spaceof quadraticpolynomialsP,. To this end,
let p(z,y) = az® + Bzy + vy> + 6z + Cy + n be this Ps-
function, characterizedy Z = (a, 3,7,6,¢,1) € R® andlet
o1 = 2%, 00 = 2y,03 = Y, 04 = T,5 = Y, 6 = 1 bethe
canonicabasisof P,. ThenZ is givenby thelinearequation

Fig. 14. The dominantprincipal curvatue is color codedfor the evolution
sequencshownin Figure 11.

/gocpid:vdy,izl,...,ﬁ.

Z (u/ pipjdedy | 25 =
i oT wT
Finally, the discreteprincipal curvaturesx,, k» andthe prin-
cipaldirectionsof curvatureof M;, onT aredefinedasthecor
respondingquantitiesfor the smoothsurface (z, y, p(z,y)) in

theorigin.

X. COMPARISON AND CONCLUSIONS

We have presente@novel coupledmultiscalemethodfor sur
facefairing and texture denoising. It is able to successiely
smoothnoisyinitial surfaceswith onscribedextureinformation
while simultaneouslyenhancingedgesand cornersof the sur
faceandedgetype featuresof the texture maps. The evolution
time playstherole of the scaleparameter

The methodis basedon an anisotropiccurvature evolution
problem.The correspondingionlinearpartial differentialequa-
tions have beendiscretizedby finite elementsin spaceand a
semiimplicit backward Eulerscheman time. A projectionap-
proachhasbeenconsideredo copewith the tangentialshifts
dueto the norvanishingdivergenceof the anisotroyy in the pre-
sentednodel. The methodallows the efficient andflexible pro-
cessingf arbitrarytriangulatedsurfacesandaccompawging tex-
turemaps,asthey arecommonin geometrianodelingandcom-
putergraphicsapplications.Theusercontrolsthe surfaceevolu-
tion mainly by four parametergvhich have anintuitivemeaning.



Two regularizationparameters, e have to be chosento filter
out highfrequeng noisein the geometryandtexture beforethe
diffusion coeficients are evaluated. Here a suitablechoicein
the applicationis ¢ = Ch with C € [1,4] ande = Kh with
K € [0,1]. Furthermore\ andy canberegardedasusergiven
thresholdvaluesfor theedgedetectioronthe surfaceandonthe
textureintensitymap,respectiely.

Interestingfutureresearchdirectionsare

e the combinationof the presentednultiscalemethodwith
multiresolutionatechniqueswhich shouldappropriatelyreflect
the continuouscoarseningn the evolution,

o furtherinvestigation®n surfacemodelingconcerningsuit-
ablechoicesof the diffusiontensorandthe forcing on the right
handsideof the parabolicsystemand

e investigationsconcerninga naturalenegy quantity such
thatevolution problemsof thekind considerederearegradient
flows of this enepgy, asit is known for cristalline anisotropic
cunvatureflow [32].

Additional materialandhigh resolutionpicturesof thefigures

containedn this paperareavailableat http://numerik.math.uni-

duishurg.de
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