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Abstract—A multiscalemethod in surfaceprocessingis presentedwhich
carries over image processingmethodology basedon nonlinear diffusion
equationsto the fairing of noisy, textured, parametric surfaces.The aim is
to smoothnoisy, triangulated surfacesand accompanyingnoisytextures- as
they aredelivered by newscanningtechnology- while enhancinggeometric
and texture features.For an initial textured surfacea fairing method is de-
scribed which simultaneouslyprocessesthe texture and the surface. Con-
sidering an appropriate coupling of the two smoothing processesone can
take advantageof the fr equently presentstrong correlationsbetweenedge
features in the texture and on the surface edges.The method is basedon
an anisotropic curvature evolution of the surface itself and an anisotropic
diffusion on the processedsurfaceapplied to the texture. Here,the involved
diffusion tensorsdependson a regularized shapeoperator of the evolving
surfaceand on regularizedtexture gradients.

A spatial finite elementdiscretization on arbitrary unstructured trian-
gular grids and a semi-implicit finite differencediscretization in time are
the building blocks of the correspondingnumerical algorithm. A normal
projection is applied to the discrete propagation velocity to avoid tangen-
tial drifting in the surface evolution. Different applications underline the
efficiencyand flexibility of the presentedsurfaceprocessingtool.

Keywords: AnisotropicCurvatureFlow, SurfaceEvolution, Im-
ageProcessing,ScaleSpace

I . INTRODUCTION

Theprocessingof detailedtriangulatedsurfacesis an impor-
tant topic in computeraidedgeometricdesignandin computer
graphics[1], [2], [3], [4]. Nowadays,varioussuchsurfacesare
deliveredfrom differentmeasurementtechniques[5] or derived
from two- or threedimensionaldatasets[6]. Recentlaserscan-
ning technologyfor exampleenablesvery fine triangulationof
realworld surfacesandsculptures.Frequently, they areaccom-
paniedby grey or colorvaluedtexturemaps.Also from medical
imagegenerationmethodssuchasCT andMRI devicesor 3D
ultrasound,certainsurfacesof interestcan be extracted- fre-
quently in triangulatedform - at a high resolutionfor further
postprocessingandanalysis.Again they oftencomealongwith
functional informationdefinedon the surfacesunderconsider-
ation. Thesesurfacesandtexturesareusuallycharacterizedby
interestingfeatures,suchasedgesandcornerson thegeometry
and in the texture intensitymap. On the otherhand,they are
typically disturbedby noise,which is often due to local mea-
surementerrors.

The aim of this paperis to presenta methodwhich allows
thefairing of discretesurfacescoupledwith thesmoothingof an
texturecoatedonthesurfaceandthuspermitsadrasticimprove-
mentof the signalto noiseratio. Additionally the approachis
ableto retainandevenenhanceimportantfeaturessuch assur-
faceand texture edgesandcorners. Frequently, thereis a cor-
respondenceof surfaceandtexture features.Edgefeatureson
the surfaceusuallyboundsegmentsin the texture image,e. g.
lips or hair-lines. Vice-versajumpsin the texture intensityfre-

Fig. 1. A noisyinitial surface(top left) is evolvedby discretemeancurvature
flow(topright) andbythenew anisotropicdiffusionmethod(bottomright). Fur-
thermore for thelatter surfacethedominantprincipal curvature - on which the
diffusiontensordepends- is color coded(bottomleft). Thesnapshotsare taken
at thesametimesteps.

quently indicategeometricfeaturelines. Hence,we ask for a
fairing methodwhich takesadvantageof this importantobser-
vationandcouplesthefairing schemesfor bothquantities.

Figure1 showstheperformanceof thebasicmethodandcom-
paresit with theasimplesmoothingby meancurvatureflow, the
appropriategeometric“Gaussian”smoothingfilter. Resultson
thecoupledevolutionof geometryandtexturearegivenin Sec-
tion V

The coreof the methodis a geometricformulationof scale
spaceevolution problemsfor surfaces.Thesetechniqueswere
originally developedfor imageprocessingpurposes.Thusthe
methodnot only deliversa singleresultingsurface,but a com-
plete scaleof surfacesin time. For increasingtime, we ob-
tain successively smoothersurfaceswith continuouslysharp-
enededgesanda texturedependinggeometry.

Wederiveacontinuousmodel,whichleadsto anonlinearsys-
temof parabolicpartialdifferentialequationsfor thecoordinate
mappingof the surfaceand for the texture. On the one hand
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ananisotropicdiffusiontensordependingon theshapeoperator
andthuson theprincipalcurvaturesandprincipaldirectionsof
curvature,is sensitive to the identificationof the importantsur-
facefeatures.Thus,it decreasesthe diffusivity for the surface
evolution in certaindirectionsin closevicinity to edgesor cor-
ners. The correlationof surfacefeatureswith texture intensity
featuresinvokesafurtherpronouncingof thisdiffusivity control.

On the otherhand,anotheranisotropicdiffusion tensorcon-
trols the scalespaceevolution of the texture on the surfaces.
Here,the diffusivity on the tangentspaceof the surfaceis de-
creasedin the directionperpendicularto steepintensitygradi-
entsnormalon edgesin the intensity, whereaslinear diffusion
is allowedin tangentialdirectionalonganedgeandin all direc-
tions apartfrom edges.Again this effect is going to be further
pronouncedin caseof thecoupleevolution problemandcorre-
spondingfeaturedirectionon the geometryandin the texture.
Mainly four parametersareat the disposalof the userto influ-
encetheperformanceof themethod:
- A thresholdvalue

�
for principal curvatureswhich are as-

sumedto indicateanedgeandthusrequirelocal sharpeningof
thegeometry,
- a thresholdvalue � for thegradientslopeindicatingedgein-
tensitiesin the textureandthusrequiringthesharpeningof the
intensitymap,and
- filter width parameters� and � whichcontrolthenoisereduc-
tion on theactualsurfaceandtexturerespectively beforeevalu-
atingprincipalcurvaturesandgradients.
Especiallythe latter is essentialto make the proposedmethod
robustandmathematicallywell-posed.

Themethodpresentedin thispaperstartswith thedescription
of a continuousmodel,which hasmany nice qualitative prop-
erties. Then in a secondstepwe seeka robust and efficient
discretization.Hence,we derive an appropriatefinite element
methodwith respectto a formulationof thecontinuousproblem
in variationalform.

Thepaperis organizedasfollows. First, in SectionII wewill
discussthe backgroundwork on surfacefairing by geometric
smoothingandon imageprocessing.In the following Section
III we introducenecessarymathematicalnotationand discuss
thebasictypeof geometricevolution problems.To preparethe
discussionof theactualcombinedsurfaceandtexturediffusion
model,we recall scalespacemethodologyfor imagesi.e� tex-
tureson surfacesin SectionIV andpresentin SectionV andVI
thecontinuousevolutionmodelof theseparateanisotropicgeo-
metricdiffusionof surfaces.Theactualcombinationof texture
andgeometrydiffusionis specifiedin SectionVII. Afterwards,
in SectionVIII, we considerthediscretizedmodelby a suitable
andeffectivefinite elementapproach.Thedefinitionof a shape
operatorontriangulatedsurfacesis givenin SectionIX. Finally,
in SectionX we draw conclusions.

I I . IMAGE PROCESSING BACKGROUND

In physics,diffusion is known asa processthat equilibrates
spatialvariationsin concentration.If we considersomeinitial
noisyconcentrationor imageintensity ��� on a domain �
	�� 
��
andseeksolutionsof thelinearheatequation��� ����������� (1)

with initial data � � and natural boundaryconditionson
� � ,

we obtain a scale of successively smoothedconcentrations� ��� �"!$# �&%(' )+*
. For �,�-� 
.� thesolutionof thisparabolicproblem

coincideswith the filtering of the initial datausinga Gaussian
filter /+01� 2+!3�4�65879� � !;:9<$=�:+>@?BADC � 0 ?FE of width or standardde-
viation � , i. e. ���G� �8H 5�!I�J/ 0LK ��� . If we discretize(1) and
usean explicit Euler schemewe have to computea sequence� �NM+# MPO �DQSRSRSR with � M(T < �U� Id V�WX�ZYN![� M
where W is thetimestep,�ZY anapproximationof theLaplacian
and� � �\� � . Concerningthesmoothingof disturbedsurfacege-
ometriesonemayaskfor analoguesstrategies.Thegeometrical
counterpartof the Euclidian Laplacian � on smoothsurfaces
is the LaplaceBeltrami operator ��] [7], [8]. Thus,oneob-
tainsthegeometricdiffusion

� � 2^�
� ] C � E 2 for thecoordinates2 on the correspondingfamily of surfaces_`� �"! . On triangu-
latedsurfacesasthey frequentlyappearin geometricmodeling
andcomputergraphicsapplications,severalauthorsintroduced
appropriatediscretizedoperators.Taubin[4] discussedrelated
approachesin thecontext of generalizedfrequencieson meshes
andKobbelt[2] usedinterpolationschemes.Explicit time dis-
cretizationsare known to have strongtimesteprestrictionsto
ensurestability [9]. Thus,many iterationsarerequiredto ob-
tain appropriateresults.Kobbeltet al. [3] introducedmultilevel
strategiesin thecontext of multiresolutionaleditingto improve
the efficiency of thesemethods.Guskov et al. [10] discussed
relaxationschemeswith weightsdependingon the local geom-
etry.

RecentlyDesbrunet al. [1] consideredanimplicit discretiza-
tion of geometricdiffusion to obtain strongly stablenumeri-
cal smoothingschemes.Furthermorethey improved the con-
sistency of the discreteoperatoron arbitrary meshessignifi-
cantly. The problemof tangentialcoordinateshifts on the sur-
face,whichwouldbeadrawbackof someexplicit methodscon-
cerningthe geometricpositioningof an accompanying texture,
couldbeavoided. The mathematicalreasonfor sucha tangen-
tial shifting of the coordinatesin geometricdiffusion is that
the LaplaceBeltrami operatordependson the metric (cf. Sec-
tion III), thusthe metric of the discretesurfaceshouldbe kept
fixedduringa singleexplicit or implicit smoothingiteration.

¿Fromdifferential geometry[11] we know that the mean-
curvaturevector acb equalstheLaplaceBeltramioperatorap-
plied to theidentity Id on asurface_ :ad� 2+!"be� 2�!f�g�h��]d2i� (2)

Thusgeometricdiffusionis equivalentto meancurvaturemotion
( jgklj ) � � 2m�g��ae�G2+!"be� 2�!on (3)

where ae�G2+! is thecorrespondingmeancurvature(heredefined
as the sum of the two principal curvatures),and be� 2�! is the
normal on the surfaceat point 2 . Already in ’91 Dziuk [12]
presenteda semiimplicit finite elementschemefor jgklj on
triangulatedsurface.Theapproachby Desbrunet al. [1] is es-
sentiallyidenticalto this earliermethod.
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Fig. 2. Isotropic Perona-Malik diffusion (right) is applied to a noisy initial
image (left).

Unfortunately jgklj doesn’t only decreasethe geometric
noisedueto unprecisemeasurementbut alsosmoothesout geo-
metricfeaturessuchasedgesandcornersof thesurface.Hence,
we seekmodelswhich improvea simplehighpassfiltering.
In imageprocessing,PeronaandMalik [13] proposedanonlin-

eardiffusionmethod,whichmodifiesthediffusioncoefficientat
edges.Edgesareindicatedby steepintensitygradients.For a
giveninitial image��� they consideredtheevolutionproblem� � �p� div

qsrtqhuDv � u� w v � w �-� (4)

for someparameter
��x � 
 T . For increasingtime � - thescale

parameter- theoriginal imageat theinitial time is now success-
fully smoothedand imagepatternsare coarsened.But simul-
taneouslyedgesareenhancedif onechoosesa diffusioncoeffi-
cient

r �"� ! which suppressesdiffusionin areasof high gradients
(cf. Fig. 2). A suitablechoicefor

r
isr �zy@!f�|{B}fVdy �@~ :9< � (5)

Thusedgesareclassifiedby theinvolvedparameter
�
.

Kawohl andKutev [14] gave a detailedanalysisof the dif-
fusion typesin this method.In theaxiomaticwork by Alvarez
et al. [15], generalnonlineardiffusionproblemshave beenin-
troduced.More preciselythey derive parabolicequationswith
elliptic termswhich are basedon the curvatureof isolinesor
isosurfacesin images.

Unfortunatelytheabove original PeronaandMalik modelis
still ill-posedbecausethereis a truebackwarddiffusionin areas
of large gradients.Catt́e et al. [16] proposeda regularization
methodwherethediffusioncoefficient is nolongerevaluatedon
theexact intensitygradient.Insteadthey suggestedto consider
thegradientevaluationonaprefilteredimage,i.e., they consider
theequation� � ��� div

qsrtqhuDv �N0 u� w v � w ��� (6)

where �N0���/+0 K � with a suitablelocal convolution kernel/ 0 , e.g. an Gaussianfilter kernel. This model turnsout to be
well-posed,edgesarestill enhanced.Theevolutionandthepre-
filtering avoid thedetectionandpronouncingof initial noiseas
artificial edges.

Weickert [17] improved this method taking into account
anisotropicdiffusion,wherethePeronaMalik typediffusion is
concentratedin one direction, for instancethe gradientdirec-
tion of a prefilteredimage. This leadsto an additionaltangen-
tial smoothingalongedgesandamplifiesintensitycorrelations
alonglines. PreußerandRumpf [18] took up this ideafor the
constructionof streamlinetypepatternsin flow fields. Kimmel
[19] generalizedthe scalespaceapproachfor planarimagesto
thecaseof imagesmappedon surfaces(cf. SectionIV). For a
niceexpositionandfurtherreferenceson geometricconceptsin
imageprocessingwe referto thebookof Sapiro[20].

Concerning the numerical implementationbeyond many
otherauthorsWeickert proposedfinite differenceschemes[21]
andKac̆ur andMikula [22] suggesteda semi-implicit finite el-
ementimplementationfor the isotropic modelby Catt́e et al.,
Bänschand Mikula [23] as well as Preußerand Rumpf [24]
discussedadaptive finite elementmethodsin 2D and3D image
processingby anisotropicnonlineardiffusion. In [25] a finite
elementimplementationof a level set methodfor anisotropic
geometricdiffusion is discussedwhich is closelyrelatedto the
parametricsurfaceevolutionproblempresentedhere.

I I I . GEOMETRIC EVOLUTION PROBLEMS REVISITED

Beforewe developour modelof nonlineargeometricsurface
processing,let usfirst briefly review thebasicnotationof man-
ifolds, differentialcalculusandgeometricdiffusion. For a de-
tailed introductioninto geometryand differential calculuswe
referto [7] and[8, Chapter1]. For thesake of simplicity weas-
sumeour surfacesto be compactembeddedmanifoldswithout
boundaries.Thusweconsiderasmoothmanifold _ , whichwe
supposeto beembeddedin � 
.� . By � 2�nF�.! we denotea chartof_ , where ��	d� 
h� is anopenreferencedomainand2������`_��X�l���2�� �P!
is the correspondingcoordinatemap. For eachpoint 2 on _
a tangentspace� > _ is spannedby the basis

�e����B� n ���� ? # . We
regardtangentvectorsaslinearfunctionalson kl�c�G_�! , i. e. for� x k � �6_�! wedefine�� �D� � 2�! � �S� � � � 2�!� �D� � �P!
where 2��g2�� �P! . Dueto theembeddingin � 
�� we identify

������
with the tangentvector

� >��� � . By ��_ we denotethe tangent
bundle. Integration on _ requiresthe definition of a metric� ����nD�S!d��� > _ ��� > _ � � 
 , where � is supposedto be a
quadraticpositive definite form. In our embedded- i.e. espe-
cially immersed- casewe obtaina representation� � �S� ! �S� with
respectto thebasis

�e���� � n ���� ? # of �� �S��� � � �� � � n �� � � !f� � 2� � � � � 2� � � n (7)

where � indicatesthe scalarproduct in � 
 � . The inverseof� � ��� ! ��� is denotedby � � ��� ! ��� .
Integratingeitheraproductof two functions

�
, � on _ or the

productof two vectorfields � ,   on ��_ we obtainthefollow-
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ing scalarproductson k � �G_�! and k � �G��_�! , respectively:� � n � !"]��S�¢¡] � � d2cn£� �+n" �!B¤�]��S�¢¡] � � �+n" �! d2��
As the closureof kl�c�G_�! with respectto the inducednorm¥�¥ � ¥�¥ ¦ ? C ] E ��§ ���Dn�� !"] we obtain ¨ � �6_�! .

Next weproceedconsideringthefundamentaldifferentialop-
eratorson _ . Suppose

� x k�<(�G_�! then the total differ-
ential © � is a linear functional on ��_ ( © � x ��_«ª ), i. e.¬p���� � nB© �1­ >PC � E ��� � C¯®@°F>@E��� � � �P! . The gradient

v ] �
of

�
is de-

fined as the representationof © � with respectto the metric � :�²± v ] � n ���� �D³ �µ´ ���� � nF© ��¶
. In coordinatesweobtainv ] � ��· � Q � � �S� � � �Z¸ 2+!� �;� �� �D� � (8)

Furthermore,thedivergencediv ] � for a vectorfield � x �p_
is definedasthedualoperatorof thegradientby¡]º¹ div ] � d2��S�U� ¡] � � v ] ¹ n"�»! d2 (9)

for all ¹ x kl�� �G_�! . In localcoordinateswehavethefollowing
representationof the divergence.Let ���¼� � ���� � ; thendiv ] �
canberepresentedas:

div ] �²� }§ ½»¾À¿ � � ���@! �� �D� �"Á ½»¾D¿ � � ��� !N� � !�� (10)

Oncewe have introducedthe gradientof a function on _ ,
we directlyobtaintheDirichlet form � v ]dÂ n v ] �»! ¤�] .

Theclosureof the kl���G_�! with respectto theinducednorm� Â n Â !"Ã � C ] E � Á ¥Ä¥ Â ¥�¥ �¦ ? C ] E V-� v ] Â n v ] Â !"¤�]
is denoteda3<8�G_�! . Furthermore,the weakLaplaceBeltrami
operator� ] appliedto any function Â x aÅ<(�G_�! is definedas
a functionalon aÅ<8�6_�! makinguseof theduality���h� ]ÆÂ n ¹ ! ] ���U� v ]dÂ n v ] ¹ ! ¤�] (11)

for all ¹ x aÅ<8�6_�! . Using (8) and(10) we obtainthe follow-
ing representationof � ]eÂ in local coordinatesfor a smooth
function Â :� ]eÂ � · � Q � }§ ½s¾À¿ � � �S�8! �� �D� q � ��� Á ½s¾À¿ � � �S� ! � Â� �;� w �
In the anisotropicdiffusion methodto be presentedin this pa-
per we will make intensive use of somefundamentalcurva-
ture quantities. Let us assumethat _ is orientable;thenwe
have a well definednormal b �Z_ � Ç � 	�� 
 � on _ .
Using the notation

� >�D�[È �É2iQ � the secondfundamentalformÊ&Ê ��� > _ �Ë� > _Ì�J� 
 is locally givenbyÊ&Ê � �+n" �!.�S�U�Í· � Q � � �   �iÎ ���l����· � Q � � �   � b Q ���D2 Q �Ïn

wherethe Gaussmap bÐ�Ñ�¼�ÒÇ � is a representationof the
normal with respectto a coordinatemap 2������ _ and�����s< ����B� V
� � ��D� ? ,  J�� Ó< ����B� V
  � ���� ? , are two tangent
vectorsin � > _ . Wepointoutthat

ÊzÊ
is well defined,i. e. it is in-

variantunderreparametrization.Furthermore,
Ê&Ê

is asymmetric
bilinearform andthereforethereis a symmetricendomorphismÇ ¤@ÔÀ] �P� > _Ì�`� > _ suchthat� �6Ç9¤ Ô ]d�ÕnB �!Ñ� ÊzÊ � �+n" Ö!��Ï�+n"  x � > _Ò�
The endomorphismÇ ¤@ÔÀ] is calledshapeoperator. Its eigen-
valuesaretheprincipalcurvaturesof _ at thepoint 2 andthe
eigenvectorsaretheprincipaldirectionsof curvature.Now, one
candefinenotionsof curvaturesuchasthe mean-curvature a
andtheGaussiancurvature × bya���� ¿FØ Ç ¤@ÔÀ] nÙ×���� ½s¾À¿ Ç ¤@ÔÀ] � (12)

(Note that in our notationthemean-curvaturea is thesumin-
steadof thearithmeticmeanof theprincipal curvatures.)With
theLaplaceBeltramioperatorat handwe canfinally introduce
a geometricdiffusionproblemin analogyto thelineardiffusion
problemin Euclidianspace.Weseekasolution Â �P� 
 T� ��_Ú�� 
 of the parabolicequation

� � Â � �$nB2+!Ö�¢��] Â �G�$n"2+!���� on� 
 T� �c_ for giveninitial data Â �6�sn1�;!Û� Â � . Here, Â � is some
function on _ . Furthermore,we can considera diffusion of
the manifold geometryitself (cf. SectionII). I. e., we seeka
oneparameterfamily of embeddedmanifolds

� _`�G�"!;# �&Ü � and
correspondingparametrizations2��G�"! , suchthat� � 2��G�"!Ý��� ] C � E 2�� �"!Ð� �.n (13)_`�6��!Ù� _ � �
For the sake of simplicity we define jgkljt�6_Þ�(n"�"!����_`� �"! , where _`�G�"! is the solution surface at time � . Thusjgkljt�G_JnF� �@H 5P! canberegardedastheapplicationof a “geo-
metric” Gaussianfilter of width � to _ . Applying integration
by parts,weobtain� � � 2in"ß�! ] C � E V�� v ] C � E 2�n v ] C � E ß�! ¤i] C � E �\�.� (14)

This is the correspondingweakvariationalformulationwhich
holdsfor all testfunctions ß x�à kl�c�G_`� �"!B!&á � . Thefundamen-
tal observation is that this geometricdiffusion of the coordi-
natemappingitself coincideswith the motion by meancurva-
ture ( jgklj ); in fact for any manifold _ we have ��]e2g���ae�G2+!»be�G2+! asalreadystatedabove in SectionII.

IV. ANISOTROPIC DIFFUSION FOR TEXTURES ON FIXED

SURFACES

The aim of this sectionis to recall scalespacemethodsfor
imagesnow given asmapson manifolds. The conceptsfrom
theEuclidiancaseof planarimagescanbeinheritedto theRie-
manniancaseof textureson fixed surfaces(cf. Kimmel [19]).
We simply have to replacethe involved differential operators
form theEuclidiansettingby thecorrespondingdifferentialop-
eratorson manifolds. Here we already transcribethe basic
anisotropicdiffusionmethodintroducedby Weickert [26] to de-
fineananisotropictexturediffusiononagivenmanifoldthatre-
tainsedgefeaturesin thetextureandsimultaneouslyallows for
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tangentialsmoothingalongthe edgeline on the fixed surface.
Thus,let Â �l��_Ì��� 
 (15)

be a given textureon a fixed surface _ . We considerthe fol-
lowing diffusionprocess:� � Â �G�"!Ý� div ]
�6âÀã v ] Â �G�"!"!Ï���snÂ �G��!Ï� Â � n
wherethediffusiontensorâ ã is supposedto beapositivedefinite
endomorphismon the tangentbundle � > _ for every 2 x _ .
Thesuperscript� indicatesa regularizationinvolvedin theeval-
uation of the diffusivity. Thus we apply a Gaussianfilter of
width � to thecurrenttexturemap Â �G�"! beforewe computegra-
dients. I.e. we define Â ã asthe solutionof theparabolicinitial
valueproblem

��� Â �G�"!o�\� ]ÆÂ � �"!Z�Þ� on _ with initial dataÂ �G��!Å� Â � at time �Å�ä� �åH 5 . In matrix representationwith
respectto thebasis

� � < � æÝç²è8éê æ ç è é ê nB� � �\�»ë< # we obtain

âÀãÏ�íì r ± ê æ ç è8é êî ³ �� }Åï (16)

for someedgeindicatingparameter� x � 
 T . As nonlinearityr ���S! we considerthe functionalreadygiven in (5). Let usem-
phasizethat for vanishinggradients

v ]eÂ ã thediffusiontensorâ ã tendsto theidentityon ð > _ andwelocally moreor lessend
up with lineardiffusionin regionsapartfrom textureedges.

V. ANISOTROPIC GEOMETRIC DIFFUSION

Wearenow preparedto discusstheconceptof anisotropicge-
ometricdiffusionasa powerful multiscalemethodfor the pro-
cessingof the surfacegeometryitself. The aim is to appropri-
atelycarryoverapprovedmethodologyfrom scalespacetheory
in imageprocessing,now not only appliedto imageintensities
on surfacesbut to thesurfaceitself. Herewe restrictourselves
to thesmoothingof anoisysurfacewithout texture.Preliminary
resultson this restrictedcasehave beenpresentedin [27]. In
the following paragraphespeciallyan considerableimplemen-
tational improvementbasedon the splitting in tangentialand
normalvelocity componentsis presented.For thegeneralcase
couplingsurfaceandtextureevolution we refer to SectionVII.
Let usfirst summarizethebuilding blocksof themethod:ñ We considera noisy initial surface _ � to be smoothed.
Thuswe replacethe lineardiffusionfrom theEuclidiancaseof
flat imagesby anappropriateanisotropicdiffusionof thesurface
geometryitself. Therebya family of surfaces

� _`� �"!;# �&%(' ) *ò is
generated,wherethetime � servesasthescaleparameter.ñ In addition to the smoothingof the surface,our aim is to
maintainor evenenhancesharpedgesof thesurface.Thecanon-
ical quantityfor thedetectionof edgesis thecurvaturetensor, in
the caseof codimension} representedby thesymmetricshape
operator Ç9¤ Ô ] . An edgeis supposedto be indicatedby one
sufficiently largeeigenvalueof Ç ¤@ÔÀ] . Henceweconsideradif-
fusiontensordependingon Ç ¤@ÔÀ] , whichenablesusto decrease
diffusionsignificantlyatedgesindicatedby Ç9¤ Ô ] . Furthermore
we will introducea thresholdparameter

�
asin (4) for theiden-

tificationof edges.

ñ The evaluationof the shapeoperatoron a noisy surface
might be misleadingwith respectto the original but unknown
surface and its edges. Thus we prefilter the current surface_`� �"! beforewe evaluatethe shapeoperator. The straightfor-
ward “geometricGaussian”filter is a short timestepof mean
curvatureflow. Hence,we computea shapeoperator Ç 0¤ Ô ]
on the resultingprefilteredsurface _ 0 � �"! , wherethe param-
eter � is the “geometricGaussian”filterwidth, i.e. _«01� �"!m�jgkljt�G_`�G�"!$nF� �åH 5P! . Let us emphasizethat this choicealso
leadsto amathematicallywell-posedparabolicproblem.Hence
we avoid ill-posedbackwarddiffusionin our model.ñ With anappropriatelychosenscalardiffusioncoefficientde-
pendingon the eigenvaluesó�< Q 0 n;ó � Q 0 of Ç 0¤�Ô$] , which arethe
principalcurvaturesof _«01� �"! , it is alreadypossibleto smooth
in approximatelyflat surfaceareasandto enhanceedgessome-
whereelse.Along theseedgesthesurfaces_`�G�"! still retainsits
noisystructurefrom _ � (cf. Fig.3). Weincorporateanisotropic
diffusion now basedon a properdiffusion tensor ô 0 ¤ Ô ] which
enablestangentialsmoothingalongedges.Thereby, thetangen-
tial edgedirectionon thetangentspace� > _J� �"! is indicatedby
the principal direction of curvaturecorrespondingto the sub-
dominantprincipalcurvature.Thesecond,perpendiculardirec-
tion is consideredto betheactualsharpeningdirection.Figure3
clearlyoutlinestheadvantageof ananisotropicdiffusiontensor.ñ Theresultingmethodleadsto spatialdisplacementandthe
volumeenclosedby _`�G�"! is changedin the evolution. Intro-
ducinganadditionalforce

�
in theevolution which dependson

certainintegratedcurvatureexpressionsleadsto volumepreser-
vation andwe canfurther improve our multiscalemethod(see
SectionVI).

We endup with the following typeof parabolicsurfaceevo-
lution problem. Given an initial compactembeddedmani-
fold _ � in � 
 � , we computea oneparameterfamily of man-
ifolds

� _`�G�"!F# �&%(' ) *ò with correspondingcoordinatemappings2��G�"! whichsolvesthesystemof anisotropicgeometricevolution
equations(whichgeneralizesthesystem(13)):� � 2I� div ] C � E �6ô 0 ¤ Ô ] v ] C � E 2�!Ñ� �

on � 
 T �Ë_`� �"!Àn (17)

andsatisfiestheinitial condition_`�G��!Ï�-_ � �
Here,for every point 2 on _`� �"! the diffusion tensor ô 0 ¤ Ô ] is
supposedto be a symmetric,positive definite, linear mapping
on thetangentspace� > _ :ô 0 ¤@ÔÀ] � 2�!o�P� > _õ�J� > _ �
Furthermore,

�
representstheforcingontheright-handsidethat

maintainscertaingeometricpropertiesof _`�G�"! .
In the simplestmodelwe consideran isotropicscalardiffu-

sioncoefficientandsetô 0 ¤ Ô ] � r ì § �6ó < Q 0 ! � V��6ó � Q 0 ! �� ï Id n (18)

for thefunction

r
whichwasintroducedfor thenonlineardiffu-

siononplanarimages(cf. (5)) andacontrolparameter
�Ëx � 
 T .
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Fig. 3. Comparisonof differentsurfaceevolutionmodelsappliedto theinitially
noisysurfacedepictedon top left. On the top right the resultof themeancur-
vature motion (13) is shown. On the bottomleft the resultemployingthe new
isotropic diffusioncoefficient (18) andon thebottomright theresultingsurface
under the new edge preservinganisotropic evolution using the diffusioncoef-
ficient (19) are shown. The different resultsare evaluatedfor the sametimeöø÷eù@ú ù$ù$û$ü

and the parameters where chosenas ý ÷eù@ú ù$ü
and þ ÷dÿ

. The
diameterof initial surfaceis chosento be � .

As alreadyannounced,animprovedmodelintegratestangen-
tial smoothingalongedgesinto themultiscaleapproach.There-
fore we consideran anisotropicdiffusion tensor ô 0 ¤ Ô ] which
is no longer restrictedto multiples of the identity and which
doesn’t lead to a scalardiffusion coefficient. Thereis an or-
thonormalbasis

�   < n"  � # of � > _ 0 suchthat Ç 0¤@Ô$]�� is repre-
sentedby Ç 0¤ Ô ] � � q ó+< Q 0 �� ó � Q 0 w
becauseof the symmetryof the shapeoperator. Now we con-
sider a diffusion tensorin equation(17) which is definedas
follows with respectto the above orthonormalbasis. First we
introducea diffusionon � > _«0 in thebasis

�  Ö<ånB  � # as

ô 0 ¤ Ô ] � �\ô��6Ç 0¤ Ô ] � !Ï� �� r ±�� ��� �	 ³ �� r ± � ? � �	 ³ 
�
(19)

with the function

r
from above. Finally, to definethe actual

diffusion on � > _ we decomposea vector � x � 
 � in the or-
thogonalbasis

�  Ö<(n"  � nBb 0 # , i. e.

���g�
���D  < ![  < V-���l�D  � ![  � V-���l��b 0 !"b 0
where

�  Ö<(n»  � #c	µ� 
�� denotesthe embeddedtangentvectors
correspondingto theabove basis Ö< ,   � and b 0 is thesurface
normalof _ 0 . Thenwe definethediffusioncoefficient ô 0 ¤ Ô ]

byô 0 ¤ Ô ] �Z������� >�� ± r �6ó < Q 0 !D�
�l��  < ![  <V r �6ó � Q 0 !D�
�p�À  � ![  � V-���l�Db 0 !"b 0 ³ � (20)

Here � ¤@ÔÀ] denotestheorthogonalprojectionontothetangent
space� > _ .

Hence,dueto theanisotropy definedin (19),weenforceasig-
nal enhancementin a principaldirectionof curvaturewith cur-
vaturelargerthan

�
. If thesecondprincipalcurvatureis smaller

than
�

weregardthefirst directionasorthogonalto animportant
edgeon thesurfacewhich is goingto besharpened.Simultane-
ously, in theotherdirection- thetangentdirectionalongtheedge
- we allow smoothing.At cornersbothprincipalcurvaturesare
large,thussharpeningtakesplacein bothdirections.

In variationalformulationtheevolutionproblem(17) is given
by � � � 2inBß�! ] C � E V��Gô 0¤@ÔÀ] v ] C � E 2in v ] C � E ß�! ¤�] C � E��� � nBß�! ] C � E n (21)

for all ß x¢à kl�Ë�G_`�G�"!"![á � . We canexpressthe above equation
not only in variationalform but also in coordinates(cf. equa-
tions(8) and(10)):� � 2I�Ö·� Q � Q �@Q � }§ ½s¾À¿ � � �S� ! �� � � q Á ½»¾À¿ � � �S�@! � �S� ô 0� � � ��� � 2� ��� w � �
on � 
 T �²_`� �"! , whereô 0� � � �Z± ô 0 ¤ Ô ] ��D�[È n ������ ³ . Wewill nev-

erthelessfocuson thevariationalformulation- especiallywhen
we implementa suitablefinite elementalgorithm.

For
� �U� andvanishingregularizationparameter� , we can

rewrite theevolutionproblem(see[28])� � 2m�U��a�� �� Ô ç b V�� div ]|ô 0¤@ÔÀ] !À� 2�!on
Herewe denotebya � �� Ô ç ��� ¿BØ �Gô 0 ¤ Ô ] ¸ Ç 0¤ Ô ] � !
a generalizationof theclassicalmeancurvature. In generalwe
proceedasfollows

Let ôÆ��� > _ � � > _ be an endomorphismof the tangent
space.Thecorrespondingô -meancurvaturea � is givenasa������ ¿BØ �! ¸�" !�n
where Ç is theshapeoperatoron _ .

Hence
� � 2 splits into a tangentialcomponentanda compo-

nentorthogonalto thesurface,� C ¤@ÔÀ] E�# ��� 2 � ��a � �� Ô ç b� ¤@ÔÀ] ��� 2 � � div ] ô 0 ¤�ÔÀ] !À�G2+!��
Here � C ¤�ÔD] E�#%$ � ¬ $ nFb ­ b (with b beingthesurfacenor-
mal), is theorthogonalprojectiononto thenormal-spaceof the
surface,and ��¤ Ô ] $ � $ �&� C ¤ Ô ] E #'$ is thecorresponding
projectionontothetangent-space.
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Thetangentialpart ��� Ô ] � � 2 causesa tangentialdrift of the
surfacecoordinateson the surfacebut it doesnot influencethe
shapeof thesurfaceitself. Neverthelessthispropertymayresult
in degenerationof trianglesin thecaseof discretesurfaces,c.f.
Figure9. To avoid this problemwe reformulate(17)by� � 2I��� C ¤ Ô ] E # div ] {6ô 0 ¤@Ô$] v ]Æ2 ~ ��� C ¤ Ô ] E # � � (22)

Cf. Figure10 for numericalresultsusingthis evolution formu-
lation.

VI . VOLUME CONSERVATION

Thevolumeenclosedby asurfacewithoutboundaryis anim-
portantcharacteristic,which we shouldtry to preserve during
processing.Using the following Theoremit is possibleto de-
fine an algorithm for imageprocessingthat keepsthe volume
enclosedby theconsideredsurfacefixed.

Theorem1: Let ôt�l� > _ � � > _ be an endomorphism
of the tangent-spacein every point on _ . Thenthe enclosed
volumeof thesurfacedoesnot changeundertheevolution� � 2I� div ]��Gô v ]e2�!Ñ� Î � �"!"b
if wechooseÎ � �"!Û��� <( ç%)+*-,/. >�0 ] C � E a�� d2 .

The proof of the above Theoremis analoguesto the one
given in caseof meancurvaturemotion in [29]. Using theno-
tion of the ô 0 ¤ Ô ] -meancurvature a�� �� Ô ç , we canexpressthe
changing-rateof theareaAr �G_`� �"!B! andthevolumeVol �G_`�G�"!"!
enclosedby the compactsurface _`�G�"! . Here _`� �"! is as-
sumedto bethesolutionof thehomogeneousevolutionproblem��� 2I� div ] C � E �6ô 0 ¤ Ô ] v ] C � E 2�!Ñ�\� :©©�� à

Ar �G_`� �"!B!&á � O � ò � � ¡ ] C � ò E aga � �� Ô ç d2pn©©P� à
Vol �G_`� �"!B!&á � O � ò � �Í¡ ] C � ò E a1� �� Ô ç d2p�

Thefirst equationunderlinesthesmoothingeffect in ourmodel.
Thereis a significantregularization,indicatedby theareamin-
imization in areaswhich areexpectedto beratherflat basedon
the classificationafter the prefiltering. The secondequationis
thekey in thedefinitionof a volumepreservingforceterm

�
on

theright handside.To achieve this we have to selecta function�
which compensatesthe overall changein volumeby a con-

stantforcing in normaldirection,i. e., we considerthe force
�

givenin theabovetheorem.Alternatively andmuchsimpler, we
canselecta retrieving force� � �$n"2�!Ñ�-k��G2 � �32��G�"!"! (23)

where2 � is theoriginalpoint locationontheinitial surface_ � .
This will keepthesurfacecloseto theinitial surfacebut in gen-
eraldoesnot guaranteeany conservationprinciple.

VI I . COUPLING ANISOTROPIC TEXTURE AND SURFACE

DIFFUSION

Up to now, wehaveconsideredanisotropicdiffusionfor noisy
texturesonfixedsurfaces(cf. SectionIV) andfor noisysurfaces
without texture(cf. SectionV). Recallingour original intention

Fig. 4. Examplefor the evolution of a surfacewith texture informationunder
thecombineddiffusion(24)and(26). Becauseof thedependencyof thediffusion
coefficient 2�3 on the texture during the evolution geometryedges develop in
areasof high texture gradients. Theparameters are chosenas 4 ÷Æù@ú ù$ù$ù$ù � ,ý ÷Ëù@ú ù$ù�5Àÿ

, þ ÷Ëü$ù
, 6 ÷^ü

, andthediameterof thesurfaceis scaledto � . On
top theinitial surfaceis shownwith andwithouttexture information,belowtwo
timestepsfor

öX÷mù@ú ù$ù$ù$ù � ÿ and
öX÷Ëù@ú ù$ù$ù$ù$û

aredepicted.

we now focuson thecouplingof thesetwo diffusionprocesses,
making useof characteristiccorrelationsbetweensurfaceand
texture features.Usually texturesarecolour valuedmaps.For
theeaseof presentationweconfinehereto anexpositionof grey
valuedintensities.In the vectorvaluedcaseof colour textures
oneproceedsalongtheline describedin [30]. Let usemphasize
thatthechoiceof asuitablecolourmodelis of particularimpor-
tancefor theappropriatenessof the results.For a discretionof
the RGB- or HSV-colour modelwe refer to [31]. The figures
depictedherealreadyshow colourtextures.

As explainedin theintroductionweaimto intensifythemod-
ulationof thediffusivity aswell in thesurfaceasin the texture
diffusion model whenever edgetype featuresare detectednot
only in theonebut alsosimultaneouslyin theotherquantity.

Hence,for the surfaceevolution we decomposethe texture
intensitygradientwith respectto thecoordinatesystemaligned
to the principal directionsof curvatureon the surfaceandvice
versafor texture diffusion the curvaturedirectionsaredecom-
posedinto thedirectionsof thetexturegradientandperpendic-
ular to it:

If the texture gradient points in the direction of the domi-
nantcurvaturewefurther reducethediffusivityin thisdirection.
Analogouslywe reducethe diffusioncoefficient corresponding
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7� 0 Q 8�
7� 0 Q 8<

v ]eÂ ãv ]dÂ ã Q �
v ] Â ã Q <

Fig. 5. Decompositionof the texture gradient 9;:�<>= into the
componentsparallel to the two principal directions of curvature?@BA�C D/C EGF ?@IHJC D/C E .

to the texture gradientdirectionif thegeometryis significantly
curvedin this direction.

In whatfollowswewill givethedetailsseparatelyfor thesur-
faceandtexturediffusionproblem.

Respectingtexture featuresin thesurfaceevolution

Let us start consideringthe local situationneara geometry
edgewith principalcurvaturesó�< Q 0 nÕó � Q 0 and KK ó�< Q 0 KKML KK ó � Q 0 KK .
The principal directionof curvature � � Q 0 correspondingto the
curvature ó � Q 0 pointsalongthegeometryedge,whereas� < Q 0 is
orthogonalto theedge.Thetexture informationon thesurface
will againbe denotedby Â . Assuminga correlationbetween
geometryandtexture we expect the anglebetweenthe texture
gradient

v ] Â ã and the direction �s< Q 0 to be small, cf � Fig � 5.
(Here,theindices � and � denotethesmoothingparametersin-
troducedin SectionIV andSectionV.)

We assumein the following that
¥ ó�< Q 0 ¥ON ¥ ó � Q 0 ¥

wheneveró�< Q 0QP�tó � Q 0 . Furthermore,we alwayschoosethedirectionsof� � Q 0 for R��U}Pn;5 suchthat� � Q 0 � v ] � Â ã;S �.�
To setup a geometricevolution which is able to take into ac-
countalsotextureinformation,wechoosetwo orthogonaldirec-
tions

7� < Q 0 n 7� � Q 0 x � > _ – the expecteddirectionsnormaland
tangentialto theedge– in everypoint 2 x _ asfollows:

{ 7� < Q 0 n 7� � Q 0 ~ �S�
TUUUUUUUV UUUUUUUW

±YXê X ê n X #ê X ê ³ n X % ¤ Ô ] arbitrary� v ] ��Â ã ���.nXó < ��ó �{G��n"� ë ~ nB��� Z X ��� � T C¯<;: Z E\[ ç �^] é_ [ ç �>] é _ê Z X ��� � T C¯<;: Z E [ ç � ] é_ [ ç �>] é _ ê� otherwise n
where � ë is a vector orthogonalto � with

u � u � u � ë u
and` �P� 
 T� � à �snD}Dá is amonotonedecreasingblendingfunctionde-

pendingon theratio
¥ ó < Q 0 H ó � Q 0 ¥

. It returns } for
¥ ó < Q 0 H ó � Q 0 ¥ S}�VQa and � for

¥ ó+< Q 0 H ó � Q 0 ¥ � } . Hencè is responsiblefor a
blendingfrom theframe � �s< Q 0 nB� � Q 0 ! to theframe �  �nB  ë ! with 
� v ]��PÂ ã H ¥ v ]��PÂ ã ¥ .

If the edgeis alreadybeenclassifiedvia the shapeoperatorÇ 0¤@ÔÀ] we pick up directionscloseto thosechosenin the pure
geometricevolution problem. Alternatively for “softer” geo-
metricedges- thosenotclearlyclassifiedvia ó+< Q 0 and ó � Q 0 with

� 0 Q 8�

� 0 Q 8NQ ê� � 0 Q 8NQ ê<  

 �ë
� 0 Q 8»Q ë< � 0 Q 8<

� 0 Q 8NQ ë�

Fig. 6. Decompositionof the two principal directionsof curvature@BA�C D/C EGF�@IHJC D/C E into thecomponentsparallel andorthogonalto b .u ó�< Q 0 u L u ó � Q 0 u
- we assumethe texture gradientto be the

canonicalcandidatefor thedirectionperpendicularto ageomet-
ric edgeon thesurface.

Theprojectionof thetexturegradient
v ]dÂ ã in thedirections7� � Q 0 will bedenotedbyv ]ÆÂ ã Q � �S�dc v ]dÂ ã n 7� � Q 0fe 7� � Q 0 �

As geometricdiffusion problemfor the surfacecoordinates2 x _`� �"! wenow choose� � 2I��� C � Ô ] E # div ]µ{zôhg.�6Ç 0 n v ] Â ã"! v ]e2 ~ �-�_`�6��!Ï�-_ � n (24)

wherethediffusioncoefficient in thebasis
7�s< Q 0 n 7� � Q 0 is givenby

ôhge� �� r g ±�� �i� �	 n ê æ ç è8é � � êî ³ �� r g ± � ? � �	 n ê æ ç è8é � ? êî ³ 
� n
(25)

and

r g is definedasr g��6y�n"�"!f� }}fVÆy � V�� � �
Hence,in thecase

v ] Â ã ��� wegetbackthediffusioncoef-
ficientof thepuregeometricevolutionproblem(19),whereasin
caseó 0 < �-ó 0� ��� weobtainadiffusioncoefficientwhich takes
into accountananisotropy relatedto thetexturegradient(16).

In Fig. 4 a testcasefor theevolution (24) is depicted.In time
geometryedgesdeveloponaninitially smoothsurfacedueto the
dependency of thediffusioncoefficienton thetexturegradient.

Respectinggeometricfeaturesin thetextureevolution

Next, the formulationof a diffusionmodel for the texture Â
alsotakesinto accountinformationaboutthegeometricfeatures
on the surface. We proceedin an analogousway like above.
Again we defineanorthonormalbasis

�  �nB  ë #Z	
� > _ in ev-
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Fig. 7. A surfaceobtainedfroma laserscanwith an onscribedphotographic
texture (top left) and the samesurfacewith moderate superimposed,isotropic
noise(top right) aredepicted.Thelatter oneis consideredasinitial surfacefor
the combinedgeometryand texture evolution. In the secondrow we compare
resultsof the pure geometryevolution (left) and the combinedmodel(right).
Furthermore, two areaswith characteristic differencesare magnified (on the
remainingleft columnthe left eye and on the right columnthe mouthregion).
In thethird row theoriginal noisysubregionsare shown,whereasin thefourth
andfifth row wehavedepictedmagnifiedresultsof thepuregeometryevolution
and the combinedevolution, respectively. Alwaysthe sameevolution timestepöX÷Ëù@ú ù$ù$ù � ü is considered.

Fig. 8. Further fairing resultscorrespondingto thethird, fourthandfifth rowof
Figure7 areshown.Nowthey correspondto theactual3D scanningoutput(cf.
top left image in Figure 7) withoutanyadditionalnoise. On the left, wedepict
thesubregion arroundthe eye of the initial surface(top) and the resultsof the
puregeometricevolution(middle)andthecoupledtexture - geometryevolution
respectively. On the right the correspondingresultsfor the mouthregion are
shown.Thetimestep

ö�÷�ù@ú ù$ù$ù$ù$û
is evensmallerthan theoneconsidered in

Fig. 7. All surfacesare shownwithout color informationhere, not to hide the
significantchanges in the geometryby texturing. Indeed,let us emphasisthat
the superimposedtexture in Fig. 7 visually covers larger artifacts in the pure
geometryevolution(cf. especiallytheleft image in the

ü
nd row andtheimages

in thefourth rowof Fig. 7).

ery pointof _ by

{  �nB  ë ~ ���
TUUUUUUUV UUUUUUUW

±jXê X ê n X #ê X ê ³ n X % �IkD] arbitrary� ó+< Q 0 �
ó � Q 0 n v ] Â ã ���
{G�Ön"� ë ~ nø�Z� l [ ç � ] é_ [ ç � ] é _ T C¯<;: l E X ��� �ê l [ ç � ] é_ [ ç � ] é _ T C¯<;: l E X ��� � ê� otherwise

The blendingfunction m now dependson
¥Ä¥ v ]n��Â ã ¥�¥ . It is

assumedto bemonotoneincreasing,m equals} for
¥�¥ v ]ÆÂ ã ¥Ä¥ Sa , and mÑ�6��!Ñ�-� .

The projectionsof the two principal directionsof curvature� � Q 0 Q 8 ontothedirections �n"  ë x � > _ aredenotedby� � Q 0 ê �S� c � � Q 0 n"  e  � � Q 0 ë �S� cF� � Q 0 n"  ë e   ë n
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cf. Fig. 6.
Basedo on the pairs �G�»< Q 0 ê n"�s< Q 0 ë ! and �G� � Q 0 ê n"� � Q 0 ë ! we de-

ducedirections� ê n»� ë parallel,respectively perpendicularto  
whoselengthis weightedby thecorrespondingprincipalcurva-
tures: � ê ��� ó < Q 0 � < Q 0 ê VÆó � Q 0 � � Q 0 ê� ë ��� ó < Q 0 � < Q 0 ë VÆó � Q 0 � � Q 0 ë n

Now we prescribethe diffusion problemfor the texture Â �_õ��� 
 on thesurfaceas� � Â � div ] { ôh�Û� v ] Â ã$n;Ç 0 ! v ] Â ~ ���Â �6��!Ï� Â � (26)

wherethediffusioncoefficient in thebasis �  �nB  ë ! is givenby

ô^�Í� �� r � ± ê X _ ê	 n ê æ ç è8é êî ³ �� r � ± ê X # ê	 nF� ³ 
� �
with r � �6y�n"�"!Ï� }}fVdy � Ve� � �

Let ussummarizethemodelingof thecombinedanisotropic
diffusion method. The shapeof the diffusion coefficients ô^g
and ô � resultsin anadditionalsharpeningof edgesin thegeom-
etry in areasof high texturegradientsandviceversaof edgesin
thetexture in areasof alignedprincipaldirectionsof curvature.
Hereby alignmentwemeannearlyparalleltexturegradientand
principal directionof curvaturecorrespondingto the curvature
with thelargestabsolutevalue.

Furthermore,in caseof a locally flat surfacewith ó�< Q 0 �ó � Q 0 �`� we locally obtain a pure texture diffusion. On the
other hand in caseof a locally constanttexture indicatedbyv ]dÂ ã � � andeither ó < Q 0 H ó � Q 0 N }�Vpa or ó < Q 0 � ó � Q 0 we
locally getbackto thepureanisotropicgeometrydiffusion.

Differentfrom thepuregeometricdiffusionproblem,thepro-
jection of the divergencetermonto the normalspace�6� > _�! ë
in equation(24)now suppressesa tangentialshift of thesurface
coordinatesandavoidsa distortionof theassociatedtexture in-
formationon thesurface.Thusit is not only relevantfor imple-
mentationalpurposesbut alreadyessentialin themodeling.

Dependenton theapplicationonemight alsobeinterestedin
otherdiffusion coefficients,which for examplecould result in
an additionalsmoothingof the geometryin areasof low tex-
ture gradientsinsteadof the additionalsharpeningof geome-
try edgesin areasof high texturegradients.Suchmodifications
arestraightforwardto incorporatebasedonthegeneralapproach
presentedhere.

We have appliedthe combineddiffusion method(24), (26)
andthe puregeometricdiffusionmethod(22) to the surfaceof
a humanhead. This datasetwasgeneratedby a laserscanner
with anadditionalphotographyunit. Fig. 7 andFig. 8 demon-
stratethat thecombineddiffusionmethodis characterizedby a
significantlybettersharpeningof edges,geometriconeson the
surfaceaswell astextureedgesin thetexturemap.To underline
thiswestudythecasewith (cf. Figure7) andwithout(cf. Figure
8) additionalnoiseaddedto thetruesurfaceasdeliveredby the

scanner. This is relatedto thefactthatin this typicalapplication
we observe strongcorrelationof both typesof featuressurface
edgesandtextureedgesason mostnaturalsurfaces.

VI I I . DISCRETIZATION

Up to now we have consideredsurfaces _ and textures Â
which arecontinuousmanifoldsandtextureintensityfunctions,
respectively. Concerningthe implementationof the proposed
multiscalemethodwe now discretizeour model. We usefor
bothevolutionproblemsa finite elementdiscretization.To clar-
ify the notationwe will alwaysdenotediscretequantitieswith
uppercaselettersto distinguishthem from the corresponding
continuousquantitiesin lower caseletters. In the application
surfacesaretypically representedby triangularmeshes.Hence,
we supposeour meshesto betriangulationsaswell. Let usde-
notesucha discretesurface _�Y . For the easeof presentation
we will assumethat texturesarerepresentedby piecewise lin-
earcontinuousfinite elementfunctionson the sametriangula-
tion. Hence,we are interestedin a family of discretesucces-
sively smoothedandsharpenedsurfacesandcorrespondingtex-
turemapsstartingfrom someinitially givennoisysurface_�Y Q �
andan initial texture qÝ� , respectively. We supposeall discrete
surfacesto be equivalentwith respectto a uniquetopological
triangulation ��� � ð1� ¥ R x Ê #ln
where

Ê
is someindex set. For the sake of convenience,we

identify a discretesurfaceandits triangulation. Here the sub-
script Î indicatesthegrid size,which we regardasa piecewise
constantfunction on the current triangulation. Its value on a
triangle is supposedto be the length of the longestedge. On� andthereforealsoon _ Y we definethe spaceof piecewise
linearcontinuousfunctions

$ Y � �Br x k � �G_�Y�! ¥Jrts � � xvu <xw R x Ê #�n
where

u < is the spaceof linear polynomials. The identity
Id �G_ Y ! on the triangulation _ Y , which coincideswith the
pointwisecoordinatevector y , canbe regardedasa function
in � $ Y ! � . Furthermore,a discretetexturemap q is alsoa func-
tion in $ Y . Here,weconsidereveryreferencemapfrom asingle
referencetriangle zð¢	Æ� 
�� ontosomeð � on _ Y asacoordinate
map. Integrationover _�Y is definedin analogyto the contin-
uouscasesummingover local contributionson the trianglesof
themesh.Themetricandthegradientsof functionson _�Y are
evaluatedaccordinglyon eachtriangle ð .

Now we areableto formulateour discreteproblem(cf. (22)
for thecontinuouscase).Discretizingfirst only in spacewe ob-
tainavariationalformulationof anevolutionproblemfor afam-
ily

� _�YX� �"!;# of discretesurfaceswith coordinatemapsyÆ� �"! and
anevolution problemfor thecorrespondingtexturemapsq²� �"! .
In analogyto (21)weobtain� � y � ¬ $ nFb ­ b�n where� $ n�{Ó! Y]n| � ���
} 0 v ]�|~ytn v ]�|h{Ó! ¤9]�| V��
�on�{Ó! ]�|� ��� qon��Ó! Y] | � ���
� ã v ]n| qon v ]n| �Ó! ¤�]n|
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Fig. 9. Triangular grids at different timestepsof theanisotropic evolution(17).
Theaboveevolutionprocessworkswithoutprojectionontothesurfacenormals
andhenceis characterizedbya tangentialshiftof thevertices,cf

ú
thediscussion

SectionIII andFig. 10.

for all test functions { x � $ Y ! � , � x $ Y and initial condi-
tions _�Ys�G��!�� _�Y Q � , qZ�6��!���q � . Here,we usethe lumped
massscalarproduct ����nD�S! Y]�| , which is the geometriccounter-
part of the lumpedmassesfor standardparabolicproblemson
domainsin � 
�� . As an immediateconsequencethe massma-
trix is diagonal. This simplifies the resultingschemesignifi-
cantly. Furthermore,� is anapproximationof thevolumecon-
servingforce

�
. We either choose�²��yÅ!�� kZ�
y � ��yÅ! in

caseof the retrieving force (which has to be evaluatedonly
at the nodesof the current triangulationdue to the selected
lumpedmassintegrationformula)or theconstantforce �²�
yÅ!Ï�<s ]�| s 0]�| ¿BØ �
} 0 ¸ Ç 0 ! d2Ibe��y3! , whichcorrespondsto thevol-

umepreservingevolution in thecontinuousmodel(comparethe
force in (23)). Here, Ç 0 denotesa discreteshapeoperator. As
a discreteinterpolatednormal be��y3! on thenodesof thetrian-
gulation we considera weightedsum of the adjacenttriangle
normals. As weightswe choosethe areaof the corresponding
triangle. Our discreteanisotropicdiffusiontensors} 0 and � ã ,
to be definedlater, aresupposedto be endomorphismson the
discretetangentbundle �p_�Ys�G�"! approximatingthecontinuous
tensorsô 0 and â ã , respectively. We end up with a systemof
ordinary differential equationsfor the threecoordinatesof all
triangulationnodesandthenodalvaluesof thetexturemap.

Next, wehaveto discretizein time,whichincludesthechoice
of sometimesteppingschemeandthe decisionwhich termsto
be handledimplicitly and which explicitly. Here we proceed
in analogyto theapproachpresentedby Dziuk [12] for thedis-
cretizationof meancurvaturemotion.We expect y M and q M to
beapproximationsof yd���1WX! and qZ�
�1WX! , respectively, where W
is theselectedtimestep.Now, thetime derivative is discretized

Fig. 10. Here theevolutionof theinitial surfacefromFig. 9 is shownusingthe
modeldefinedbyequation(22)which suppressestangential shiftsof thesurface
coordinates. Thusthe tangential drift of the verticesis drastically reducedin
comparisonto Fig. 9.

applyinga backwardEulerscheme� � yd�"�
�²V-}@!�WX!�� y M(T <f�ny MW �
Finally, we obtainthefollowing fully discreteproblem:

Find a sequence
� yÅMY # M(O ��QSRSRSR 	
� $ Y ! � of discretecoordinate

mapswhich definesa familyof triangular surfaces
� _ M Y # M(O ��QSRSRSR

anda sequenceof discretetexturemaps
� q MY # M(O �DQSRSRSRX	 $ Y such

that y M(T < ��y M V�W c $ M(T < nBb M e b M n with{ $ M(T < n�{ ~ Y]n�| V { } 0M v ] � | ��y M VeW $ M(T < !$n v ] � | { ~ ¤�]n�|�U��� M n�{Ó! ]n�| andq q MPT <Û�Yq MW n�� w Y]n�| V��
� ãM v ]n�| q M(T < n v ]��| �Ó!B¤i]n�| �\�
for all discretetestfunctions{ x � $ Y ! � and � x $ Y .

Fig. 9 and10 show theevolving finite elementmeshesunder
the discreteflow excluding andincluding the projectionof the
velocityfield $ MPT < in directionof thenormalfield b M , respec-
tively. In what follows we explain in detail the notationused
aboveanddiscussat which timestepto evaluatefunctions,met-
ric and diffusion tensor. As the governing metric we always
considerthe oneat the old timestep,hereindicatedby the su-
perscriptsin _ M Y and ��_ MY . Thus,alsothegradients

v ]��| are
consideredwith respectto the metric on �p_ MY . Furthermore,
thediffusiontensors} 0 and � ã areevaluatedexplicitly at time� M �p�1W , whichweindicateby a lower index � . Concerningthe
right handside,wealsoevaluate� at theold time � M anddefine� M ���²� � M ! . Finally, in eachstepof thediscreteevolution we
have to solve four systemsof linear equations.Up to the right
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handside,threetimesthesamesystemfor thethreecoordinate
componentsandonesystemfor thediscreteevolutionof thetex-
turehaveto besolvedin eachtimestep.Let usnow focuson the
geometricevolution problem. In termsof nodalvectors,which
we indicateby a baron top of thecorrespondingdiscretefunc-
tion we canrewrite theschemeandgetin matrix formulation�y M(T < � �y M VeW ¬ �$ M(T < n �b M ­ �b M�6j M V�Ws¨ M �
} 0M !"! �$ M(T < �
j M �� M ��¨ M ��} 0M ! �y M�6j M VeWs¨ M ����ãM !B! �q M(T < � ��¨ M ��} 0M ! �q M (27)

for the new velocities
�$ M(T < , the new vertex positions

�y M(T <
andthenew texturemapvalues

�qÓMPT < at time � M(T < ������V,}@![W .
Here,we assumethelumpedmassmatrixj M � ± � r � n r � ! Y]n�| ³ ���
andthenonlinearstiffnessmatrix¨ M �
} 0M !Ï� { ��} 0M v ]n�| r ��n v ]n�| r �@!"¤�]��| ~ ���
to be applied simultaneouslyto eachof the three coordinate
components.Theset

�Br � n�R x Ê # is thecanonicalbasisof $ Y .
If in additiona nonvanishingright-handsideis considered,we
have to evaluatethevector

�� M representingtheright-handside
on eachnode y , i. e. � ��lMs!"�o���lM1�
yÍM� ! . Thediffusiontensor} 0M is supposedto bepiecewiseconstanton thetrianglesof our
mesh. As in the continuousmodel the evaluationof the diffu-
siontensorhasto bebasedon a regularized,prefilteredsurface.
Here we considera single timestepof the discretemeancur-
vatureevolution asanappropriategeometricregularizationand
a timestepof linear diffusion asa regularizationof the texture
information,i. e. wecompute�y M0 � q j M V � �5 ¨ M � Id ! w :1< �y M

�q M0 � q j M V � �5 ¨ M � Id ! w :1< �q M (28)

where ¨ M � Id ! is the above stiffnessmatrix for the isotropic
diffusion tensorId. Then the correspondingcoordinatemapyÍM0 definesa discretesurface _«MY Q 0 . Thus, we have filtered
theprobablynoisy initial coordinatesandtexturevalueswith a
“geometric” anddiscreteGaussianfilter of width � beforewe
identify edgesto be enhancedby our actualdiscreteevolution.
Hence,high frequency noiseis suppressedandwe obtainwell-
poseddiscreteproblemswhoseasymptoticbehaviour is inde-
pendentof thegrid size.Let usemphasizethatweapplythisreg-
ularizationfilters only to evaluatethe diffusiontensorsandnot
asanevolutionstepof thesurfaceor textureitself. Therequired
solverfor thissmoothingproblemis alreadyavailableby aslight
modificationof ouroriginal schemefor a singletimestep.

In the continuousmodel a suitableconstructionof a diffu-
sion tensor, which incorporatesedgesharpeningandtangential
smoothingalong edges,involves the principal curvaturesand
principaldirectionsof curvaturededucedfrom theshapeopera-
tor. Now in thediscretecase,we areinterestedin somediscrete

Fig. 11. Theinitial surface(top left) andthreetimestepsfromtheevolution(22)
of a venusheadconsistingof

ü������ � 5 trianglesare shown.Theevolutiontimes
are

ù@ú ù$ù$ù$ù$ÿ
,
ù@ú ù$ù$ù � , and

ù@ú ù$ù$ù$ü
andtheparameters are þ ÷ � ù , ý ÷^ù@ú ù$ü

.

counterpart. At first, triangulatedsurfaceshave no canonical
curvaturetensor. For every triangle ð the curvatureevaluation
is basedon local ¨ � -projectionsof thetriangulatedandregular-
ized surface _ M Y Q 0 onto graphsof quadraticpolynomialsover
the tangentspace.In our casetheembeddedtangentspaceco-
incideswith theplanecontainingð . For thesepolynomialsthe
correspondingshapeoperator Ç M0 can be computedexplicitly.
For detailswe refer to SectionIX. Finally, we evaluatethe re-
quireddiffusiontensor} 0M on every triangle ð by (see(19) and
(20))

} 0M ¥ �Å�-ô 0¤�ÔD] �6Ç 0M !Ûn
wherewe take up our original definition(cf. SectionV) for the
continuousproblemandapply it now to thenumericalapproxi-
mation Ç 0M of thecontinuousoperatorÇ 0¤�ÔD]n� .

Figure11 shows aninitial surfaceandresultsfrom thesemi-
implicit algorithm for a venusheaddataset. Figure 12 gives
a comparisonof the evolution resultsat time ��� �X� ���P�P�^� for
differentprefilterwidth values� . Finally, in Fig.13wecompare
thedependenceof thesolutionon theparameter

�
. For smaller

valuesof
�

moreandmorefeatureedgesareenhanced.Here
we considerthedatasetfrom Fig. 1. Theinitial diameterof the
objectis alwayssetto } .

IX. CURVATURE ON A DISCRETE SURFACE

Let ð be an elementof a triangulation _�Y with vertices� <ån � � n � � andbarycenterk � � <� � � <PV � � V � � ! . Thenormal



13

Fig. 12. Thediscretesolutionsof (22) at time
ö1÷3ù@ú ù$ù$ù$ù$ÿ

are calculatedfor
differentvaluesof theprefilterwidth ( ý ÷Ëù@ú ù$ù$ÿ

(left) and ý ÷Ëù@ú ù��
(right)).

Fig. 13. For þ ÷ � ù (left) and þ ÷Ëû$ù
(right) thediscretesolutionsof (22)are

shownat time
ö+÷Ëù@ú ù$ù$ù � . In thebottomrow thedominantprincipal curvature

correspondingto thesurfacesabovearedepictedin color.

of ð is denotedby b . Firstweassumeanormalizedsettingwithk;��� � and bä� �G�XnB�XnD}@! , i.e.
� <8n � � n � � x � �p�\�s# , where

pointsin � 
 � aredenotedby � 2�n���nJ�N! . This canbeobtainedby
rotationwith somematrix � x Ç��Z�
��! andtranslation.

We will now assumethat ���«� � ðhª x _�Y ¥ ðhª��Lð P���N#
is given asa graphover the plane

� �p�-�»# . This is expected
to hold true if a smooth manifold _ is discretizedwith a
sufficiently small gridsize Î . If, however, ��� is not a graph
over the plane

� �Æ� �»# the following methoddoesnot break
down but it may lead to meaniglessdiscretecurvatures. The
imageof the projectionof � � on

� �p�-�»# is denotedby z� � .
Then the graph ��� is representedby a piecewise linear func-
tion �¼� z��� � � 
 . Now we computethe ¨ � � z����! -projection
of � onto the spaceof quadraticpolynomials

u � . To this end,
let  ��G2in��s!Ë� ` 2 � V¡m92x�mV�¢�� � V¡£å2cV�¤B�LV¡a be this

u � -
function, characterizedby ¥���� ` nJmÏn¦¢ÝnJ£(n!¤»nJas! x � 
¨§ andlet� < �µ2 � nJ� � �µ2x��nJ� � �©� � nJ��ªL�µ2in!��«²�¬�+n!� § � } be the
canonicalbasisof

u � . Then ¥ is givenby thelinearequation

Fig. 14. The dominantprincipal curvature is color codedfor the evolution
sequenceshownin Figure11.

· � �� ¡­®h¯ � � � � ©P2+©�� 
� ¥ � � ¡­®^¯ ��� � ©�2Õ©>�+n°R��U}PnD���D�Àn!±.�
Finally, thediscreteprincipalcurvaturesó < n;ó � andtheprin-

cipaldirectionsof curvatureof _�Y on ð aredefinedasthecor-
respondingquantitiesfor the smoothsurface � 2�n���n
 �� 2inJ�s!"! in
theorigin.

X. COMPARISON AND CONCLUSIONS

Wehavepresentedanovelcoupledmultiscalemethodfor sur-
face fairing and texture denoising. It is able to successively
smoothnoisyinitial surfaceswith onscribedtextureinformation
while simultaneouslyenhancingedgesandcornersof the sur-
faceandedgetypefeaturesof the texturemaps.Theevolution
timeplaystheroleof thescaleparameter.

The methodis basedon an anisotropiccurvatureevolution
problem.Thecorrespondingnonlinearpartialdifferentialequa-
tions have beendiscretizedby finite elementsin spaceand a
semiimplicit backwardEulerschemein time. A projectionap-
proachhasbeenconsideredto copewith the tangentialshifts
dueto thenonvanishingdivergenceof theanisotropy in thepre-
sentedmodel.Themethodallows theefficient andflexible pro-
cessingof arbitrarytriangulatedsurfacesandaccompanyingtex-
turemaps,asthey arecommonin geometricmodelingandcom-
putergraphicsapplications.Theusercontrolsthesurfaceevolu-
tion mainlyby four parameterswhichhaveanintuitivemeaning.



14

Two regularizationparameters��nF� have to be chosento filter
out high² frequency noisein thegeometryandtexturebeforethe
diffusion coefficientsareevaluated. Here a suitablechoicein
the applicationis �
�Þk Î with k xµà }�n�³(á and �I�Þ× Î with× xeà �sn�}Àá . Furthermore,

�
and � canberegardedasusergiven

thresholdvaluesfor theedgedetectiononthesurfaceandonthe
textureintensitymap,respectively.

Interestingfutureresearchdirectionsareñ the combinationof the presentedmultiscalemethodwith
multiresolutionaltechniques,whichshouldappropriatelyreflect
thecontinuouscoarseningin theevolution,ñ further investigationson surfacemodelingconcerningsuit-
ablechoicesof thediffusiontensorandtheforcing on theright
handsideof theparabolicsystem,andñ investigationsconcerninga naturalenergy quantity, such
thatevolutionproblemsof thekind consideredherearegradient
flows of this energy, as it is known for cristalline anisotropic
curvatureflow [32].

Additionalmaterialandhighresolutionpicturesof thefigures
containedin this paperareavailableat http://numerik.math.uni-
duisburg.de.
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[11] U. Dierkes,S.Hildebrandt,A. Küster, andO.Wohlrab,Minimal Surfaces,
GrundlehrenderMathematischenWissenschaften.295.Berlin: Springer-
Verlag,1992.

[12] G. Dziuk, “An algorithmfor evolutionarysurfaces,” Numer. Math., vol.
58,pp.603–611,1991.

[13] P. PeronaandJ.Malik, “Scalespaceandedgedetectionusinganisotropic
diffusion,” in IEEE ComputerSocietyWorkshopon ComputerVision,
1987.

[14] B. Kawohl andN. Kutev, “Maximum andcomparisonprinciple for one-
dimensionalanisotropicdiffusion.,” Math.Ann., vol. 311(1),pp.107–123,
1998.

[15] L. Alvarez,F. Guichard,P. L. Lions, andJ. M. Morel, “Axioms andfun-
damentalequationsof imageprocessing,” Arch. Ration.Mech. Anal., vol.
123,pp.199–257,1993.

[16] F. Catt́e,P. L. Lions,J.M. Morel, andT. Coll, “Imageselective smoothing
andedgedetectionby nonlineardiffusion,” SIAMJ. Numer. Anal., vol. 29,
pp.182–193,1992.

[17] J.Weickert, “Foundationsandapplicationsof nonlinearanisotropicdiffu-
sionfiltering,” Z. Angew. Math.Mech., vol. 76,pp.283–286,1996.

[18] T. PreußerandM. Rumpf, “Anisotropicnonlineardiffusion in flow visu-
alization,” in ProceedingsVisualization1999, 1999.

[19] R. Kimmel, “Intrinsic scalespacefor imageson surfaces:The geodesic
curvatureflow,” GraphicalModelsandImage Processing, vol. 59(5),pp.
365–372,1997.

[20] G. Sapiro, GeometricPartial Differential EquationsandImage Process-
ing, CambridgeUniversityPress,2001.

[21] J.Weickert, Anisotropic diffusionin image processing, Teubner, 1998.
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