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Abstract

A new approachto subdivisionbasedontheevolutionof surfacesundercurvaturemotionis
presented.Suchanevolution canbeunderstoodasanaturalgeometricfilter processwhere
timecorrespondsto thefilter width. Thus,subdivision canbeinterpretedastheapplication
of ageometricfilter onaninitial surface.Theconcreteschemeis amodelof suchafiltering
basedon a successively improved spatialapproximationstartingwith someinitial coarse
meshandleadingto a smoothlimit surface.

In every subdivision steptheunderlyinggrid is refinedby someregularrefinementrule
andalinearfinite elementproblemis eithersolvedexactlyor, especiallyonfinegrid levels,
oneconfinesto asmallnumberof smoothingstepswithin thecorrespondingiterative linear
solver. The approachcloselyconnectssubdivision to surfacefairing concerningthe geo-
metric smoothingandto cascadicmultigrid methodswith respectto theactualnumerical
procedure.The derived methoddoesnot distinguishbetweendifferentvalencesof nodes
norbetweendifferentmeshrefinementtypes.Furthermore,themethodcomesalongwith a
new approachfor thetheoreticaltreatmentof subdivision.
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Fig. 1. Startingfrom a coarsemesh(left) andconsideringa spatially varyingfilter width
weobtaina limit surfacewith locally differentsmoothnessmodulus.

1 Intr oduction

Multiresolution meshrepresentationis a key tool usedin computergraphicsto
achieve real-timeinteractionwith largeandcomplex objectmodels.In a multires-
olution modelingenvironmentwe areableto dealwith globalshapeandstructural
detailsof thesameobjectmanagingmeshesof it at differentlevelsof refinement.
We then needtools to coarsena given fine meshas well as tools for refining a
coarsemesh.From fine irregular meshes,producedfor exampleby 3D scanning
devices,several approacheshave beenproposedasmeshsimplification,progres-
sive meshes,andsurfacefairing to obtaina coarser/smoothermeshthat forms a
surfaceof arbitrarytopology.

Startingfrom coarserepresentationsof surfaceswecangenerateappealingsmooth
representationby iterative applicationsof refinementstepswhile keepingthecon-
nectivity of the original mesh.Meshrefinementapproachesrangefrom multires-
olution wavelet-basedmethodsto subdivision schemes,wherethe quality of the
generatedmeshis dependenton thesubdivisionmaskused.

We proposea refinementapproachthat combinesthe advantagesof subdivision
(arbitrary topology, local control andefficiency) with thoseof variationaldesign
(highquality surfaces)[30].

Thebasicideabehindthisstrategy, first proposedby Kobbelt[19] andnamedvari-
ational subdivision, is to apply, at eachsubdivision step,a splitting operationto
obtaina finer meshfollowedby a smoothingoperationto updatethevertex mesh
locationsin orderto increasethe overall smoothness.Kobbelt[21,26] considered
energieswhichinvolvecurvaturequantities.Thecorrespondingevolutionproblems
would leadto Willmore flow andsurfacediffusion respectively, which arefourth
orderparabolicproblems.Whereaswehererestrictto secondordermeancurvature�
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Fig. 2. Increasinga varyingfilter widthoneobtainsa scaleof subdivisionsurfacesranging
fromsmoothedsharpedgesupto a smoothingof thecompletegeometry. Onthebottomthe
correspondingmeancurvatures are color codedon the surfaces,especiallyshowingthe
boundednessof thecurvature andgivingan indicationof boundedsecondderivatives.

flow.

In this paperthe smoothingstepis basedon a geometricdiffusion and filtering
approachrelatedto meancurvaturemotion,which hasalreadybeenproved to be
very promisingfor surfacefairing purposes[6,7]. Actually, we considera single
fully implicit timestepof meancurvaturemotion asour smoothingmethod.In an
iterationwe successively refinethesurfacemesh- which turnsthis approachinto
a subdivision scheme- andsolve a semiimplicitproblemto approximatethe fully
implicit step.This semiimplicitschemeis explicit with respectto thegivenmetric
from the last stepand implicit concerningthe new positionsof the nodes.Thus,
our methodcanbe regardedasa fixed point iteration,wherewe simultaneously
expectto improve themetricandtheresolution.This leadsto a suitablegeometric
smoothingfilter on the initial mesh.Our approachis a usualsubdivision scheme,
but now foundedon toolsfrom thetheoryof geometricevolution problems(mean
curvaturemotion)andnumericallinearalgebra(cascadicmultigrid). Wetry to out-
line this new perspective which we believe to offer strongprovisionsconcerning
thetheoreticalanalysisof subdivisionschemesaswell astherangeof applications.
Furthermore,asalreadymentionedthisapproachbridgesthegapbetweensubdivi-
sionandsurfacefairingonarigorousbasis.Not verysurprisingly, severalimportant
questionswithin thisnew perspectiveremainopenandrequirefurtherinvestigation.
Concerningtheregularityandconvergenceweonly stateconjectureshere.

The key aspectfor the smoothingstepis the geometricdiffusion, strictly related
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to a well-known physicalconcept.In physics,in fact,diffusionis known asa pro-
cessthatequilibratesspatialvariationsin concentration.If weconsidersomeinitial
concentrationfunction ��� on a domain ���	� 
�� andseeksolutionsof the linear
heatequation
�������������� with initial data ��� andnaturalboundaryconditions
on 
�� , weobtainascaleof successively smoothedconcentrations����� �"!$# �&%(' )+* . For�,�-� 
 � the solutionof this parabolicproblemcoincideswith the filtering of the
initial datausingaGaussianfilter .0/+�213!4�5�76�8:9 � !<; �>= ;@?$ACB"D � / AFE of width or standard
deviation 9 , i. e. ���G9 �IH 6�!J�K.0/MLN��� . In caseof surfaceswhich aregraphswe may
considerthesameprocessto obtaina smoothrepresentationof an initially coarse
graph.

Concerninggeneralsurfacesonemay ask for analogousevolutionarysmoothing
strategies.Thecounterpartof theEuclideanLaplacian� onsmoothsurfacesO is
theLaplaceBeltramioperator�QP andthecorrespondingevolution appliedto the
surfacecoincideswith the motion driven by the meancurvature.The aim of this
paperis to developeanovel approachto subdivisionbasedon thisobservation.

Curvaturemotion is a continuousmodel,thuswe have to discretizeit in time and
spaceandto incorporatethe iterative processof refinementandsubdivision.Con-
cerningthediscretizationin time it turnsout thatwe canconfineto onefully im-
plicit time stepof the curvatureevolution, like in theheatequationcase,wherea
singleimplicit timestepalreadyhasnicesmoothingproperties.With respectto the
spatialdiscretizationwe will pick up thecascadicmultigrid approach[1] coupled
with asuitablefix point iterationin thesurfacemetric.

We obtaina subdivision methodwhich is closely relatedto standardsubdivision
schemesconcerningthecomputationalcomplexity. Our approachhowever hasthe
following advantages:

- Many qualitative propertiesof theapproachcanbestudiedalreadyon thecon-
tinuouslevel anddo not requireadetailedanalysisof thediscretization.

- The model is independentof the type of meshes,especiallyof the valencesof
the meshnodes,andthe consideredrefinementrules.Thesecharacteristicsare
naturally incorporatedin the finite elementmatricesand do not influencethe
method’sperformancesignificantly(cf. Fig. 6).

- Theresultingschemecaneasilybeadaptedto differentapplications,e.g. to spa-
tially variationof thecorrespondingfilter width (cf. Fig.1)or tosolelysmoothing
theedgesof coarsepolygonalmodels(cf. Fig. 2).

Furthermore,it carriesstrongprovisionsfor furtherextensions(cf. Section9). Fi-
nally, weexpecttheresultinglimit surfacesto be R �TS U -smoothfor every VXWZY[�]\_^`! .
By R �TS U we denotetheHölderspace,i. e. abWcR �TS U if a is two timesdifferentiable
andall secondorderpartial derivativesareHölder continuouswith respectto the

4



exponentV , cf. [14].

Thepaperis organizedasfollows.In Section2 wewill review subdivisionmethod-
ology, in Section3 and4 thebackgroundof geometricdiffusionandcascadicnu-
mericalmethodswill besketched(Thesesectionsessentiallypreparetheterminol-
ogy andmay beskippedby readersalreadyfamiliar with thesetopics).Section5
outlinesa simplesubdivision schemefor graphs,which alreadyinvolvesthebasic
featuresof our approach.ThenSection6 developesthenew subdivision approach
andSection7 discussesthe algorithmicalaspectsespeciallygiving detailson the
involvedweightsandfinite elementmatrices.An importantgeneralizationto non-
uniform geometricfilter width is givenin Section8. Finally we draw conclusions
in Section9.

Let us emphasizethat throughoutthis paperall surfacesaredrawn flat shadedto
supportabetterinspectionof theresultingsurfacesmoothness.

2 Review of Subdivision

Classicalsplineapproachesfor generatingandmodelingsurfaces,have greatdif-
ficultieswith surfacesof arbitrarytopology. On theotherhandthevariationalap-
proachto surfacedesign,wheresurfacesarecomputedminimizing someenergy
functional,caneasilydealwith arbitrary topologyandsurfacemodificationsbut
thecomputationalcostcanbeveryhigh.Subdivisionschemesaddressthearbitrary
topology modelingpretty well, and in addition they comealong with resultson
certainordersof continuity.

Subdivisionsurfacemodelingis a lively areaof researchandapromisingapproach
to the efficient designof surfaceswith complex geometry. The basicideabehind
subdivision is to refineandsmootha givencoarsemeshuntil a smoothsurfaceis
obtained.Supposeour surfaceis representedasa triangularmesh O embedded
in � 
ed . Startingwith aninitial coarsemeshO � , successivemeshesaredetermined
iteratively by theequation

Ogf��ihJf��GOgf ; � !
where h f is the subdivision operatorat the j th level which takesthe pointsfrom
level j to pointson thefiner level j0ki^ . Assumingthatthesubdivisionconverges,
theactualsubdivisionsurfaceis definedasthelimit of this sequenceof successive
refinements:

O lm�onqpsrfutev w fyx w f ; � x{z`z`z`x w � O �_|
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Thesubdivisionschemesfor arbitrarytopologycontrolmeshescomein twoclasses:
approximatingandinterpolating.Many variantsof theapproximatingschemeshave
beenconsidered;the classicalonesaredueto Catmull-Clark[2], andDoo-Sabin
[9], who for rectangularmeshesconsideredan extensionof quadraticandcubic
B-splines,respectively, while a schemebasedon quarticbox splineson triangular
mesheswaspresentedby Loop [23]. An extensionof Loop’s scheme,introduced
by Hoppeet al. [16] incorporatessharpedgeson thefinal limit surface.

Sincetheability to control theresultingsurfaceexactly is very importantin many
applications,a numberof interpolatingschemeshave beenproposedto force the
limit surfaceto interpolateparticularpoints[10,11,18,33].

Dyn, Gregory andLevin [10] introducedthebutterfly scheme,a simpleinterpolat-
ing subdivision algorithmapplicableto arbitrarytriangularmeshes.Sinceit only
leadsto R �

surfacesin the regular setting(all verticesof the meshhave valence
6), an improved butterfly scheme,the so-calledmodified butterfly, resulting in
smoothersurfaces,hasbeenintroducedin [33].

All previously mentionedsubdivision schemesarebasedon oneof thetwo tilings
of theplane:thetiling with regular trianglesandthetiling with squares.However
thesearenot theonly refinabletilings: bisectionrefinementintroducedin [29], for
example,givesriseto thesocalled4-8 subdivisionscheme.

For subdivision schemes,the fundamentalissueis thataboutthepropertiesof the
limit surface.This includesdeterminingwhethera limit objectexistsandwhether
thatobjectis smooth.

Most known stationarysubdivision schemesgenerateat least R �
-continuity sur-

faceson arbitrarymeshesin the regular setting[25,31]; while additionalcriteria
basedon theeigenstructureof thesubdivisionmatrixarerequiredat theextraordi-
narypointsto guaranteethesmoothnessof thelimit surface.Recently, thesmooth-
nessof thesubdivision surfacesin irregularsetting(that is nearextraordinaryver-
tices)hasbeenrigorouslyproved in [25,32]. The Loop schemeandthe Catmull-
Clark schemes,for example,producesurfacesthatare R � -continuouseverywhere
exeptatextraordinaryvertices,wherethey are R �

-continuous.Thebutterflyscheme
is R �

on regular meshesbut not R �
-continuousat extraordinarypoints,while the

modifiedbutterfly schemeguaranteesR �
-continuityfor arbitraryirregularmeshes.

In [19,22]anapproachto meshrefinementbasedon variationalmethodshasbeen
proposedin ordertodefineunivariatevariationalsubdivisionschemes.Suchschemes
performtherefinementby uniform subdivision to generatesequencesof polygons
while the positionof the newly insertedverticesis determinedby the minimiza-
tion of a fairnessfunctionalmeasuringa discreteapproximationof somebending
energy. The well known classof stationaryinterpolatoryrefinementschemesis
provedto beaspecialcaseof thesevariationalschemes.In [20] asimilar approach
is studiedin thebivariatesettingof refinedtriangularmeshes.
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3 SurfaceFairing and Curvature Motion

In this sectionwe will outlineevolutionarysmoothingmethodsandtheir applica-
tions in surfacefairing. This will motivateour subdivision scheme(cf. Section7)
whichgeneratesnew triangulatedsurfacesinsteadof improving thequalityof given
surfacesreviewedin this section.Simultaneouslywewill introducethebasicnota-
tion of geometryand geometricdifferential operatorswhich will be usedin the
outline and discussionof our subdivision approach.For a detailedintroduction
to geometryand differential calculuswe refer to [8] and [3, Chapter1]. Let us
considera smoothcompactembeddedmanifold O �}� 
 d without boundary. Let1~l��5� O �+���� 1��2�@! besomecoordinatemapfrom anatlas.For eachpoint 1
on O the tangentspace� ? O is spannedby thebasis ��� ?�u�F� \�� ?�u� A # . By ��O we de-
notethetangentbundle.Measuringlengthon O requiresthedefinitionof ametric� �>zq\�z�!Jl@� ? O ��� ? O ��� 
 . As thecorrespondingmatrixnotationweobtain ama-
trix � whoseentriesaregivenby ���[� ��� ?�u��� z3� ?�u�s� , where z indicatesthescalarproduct

in � 
 d . The entriesof the inverseof � aredenotedby � �[�
. The gradient ��P�a of

a function a is definedasthe representationof �Fa with respectto themetric � . In
coordinatesweobtain

��P�a�lm��� � S �
� �[� 
���a�x�13!
+� � 

+� � |

We definethedivergencediv P�� of a vectorfield ��W ��O asthedualoperatorof
thegradientwith respectto the ¡ � -producton O andobtainin coordinates

divP��¢lm��� � 

+� � �T�G� � x�13!I£ ¤+¥$¦ � ! ^§ ¤+¥(¦ � |
Finally, theLaplaceBeltramioperator�QP is givenby

�QP�¨©lm� div P���P�¨ |
With this LaplaceBeltrami operatorat handwe candefinediffusion on surfaces
in analogyto thelineardiffusionproblemin theEuclideanspace.Furthermore,we
canconsideradiffusionof themanifoldgeometryitself. I. e.,weseekaoneparam-
eterfamily of embeddedmanifolds��O � �"!<#`�&ª«� andcorrespondingparametrizations1�� �"! , suchthat


��21�� �"!¬�­�QP D � E 1�� �"!�����\O �G��!+��Og� |
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Integrationby partsleadsto thevariationalformulation:

��
��21�\u®¯!CP D � E k�����P D � E 1�\I��P D � E ®¯!>°±P D � E �i�
for all test functions ®,WgR v � O � �"!"! . Here �7²�\<³N!CP lm� ´ P ²�³ d1 is the ¡ � -
producton O and � ��\Tµ{!CPol¶�·´ P � � ��\Tµ{! d1 is a scalarproducton �QO , respec-
tively. Already in ’91 Dziuk [12] presenteda semiimplicit finite elementscheme
for geometricdiffusionbasedon this formulation.Thefundamentalobservationis
that this geometricdiffusion of the coordinatemappingitself coincideswith the
motion by meancurvature( ¸�R¹¸ ) [17]; in fact for any manifold O we have�QPº1»�5�½¼¾� 13!+¿ � 13! , andthuswe obtain 
��21»�5�½¼¾�213!"¿X�213! , where ¼¾�213! is the
correspondingmeancurvature(heredefinedasthe sumof the two principal cur-
vatures),and ¿X�213! is the normalon the surfaceat eachpoint 1 . For the sake of
simplicity we define ¸�R¹¸À�2�"!>O � lm�ÁO �2�"! , where O � �"! is thesolutionsurface
for time � . Thus ¸�R¹¸À� 9 � H 6�!>O canberegardedastheapplicationof a“geometric
” Gaussianfilter of width 9 to O . Themeancurvaturemotionmodelis known as
thegradientflow with respectto surfacearea.This is oneindicationfor thestrong
regularizingeffectof ¸ÂRQ¸ .

Previouswork onsurfacefairinghasalreadyinvolvedtheconceptof curvaturemo-
tion. On triangulatedsurfacesasthey frequentlyappearin computergraphicsap-
plications,severalauthorsintroducedappropriatediscretizedoperators.Taubin[27]
andKobbelt[20] consideredanumbrellaoperator, which is a “spring force type”
implementationof theLaplaceBeltramioperator. Desbrunet al. [6] consideredan
implicit discretizationof geometricdiffusioncloselyrelatedto Dziuk’sapproachto
obtainstronglystablenumericalsmoothingschemes.

Finally, to underlinethesimilaritiesof our discrete,cascadiccurvaturemotionap-
proachto subdivision and the basicfinite elementimplementationof MCM we
shortly sketch the numericalalgorithm.We have to choosea spatialand a time
discretization.Herewe follow Dziuk’s approach[12]. To clarify the notationwe
will denotediscretequantitieswith uppercaselettersthroughoutthis paperto dis-
tinguishthemfrom the correspondingcontinuousquantitiesin lower caseletters.
For the easeof presentationwe restrictourselvesto triangularsurfaces.We seek
a family O fÃ of discretesuccessively smoothedsurfacesstartingfrom someini-
tial surface O �Ã . Herethe subscriptÄ indicatesthe grid sizeand j the time step.
On surfacesO Ã we definethefinite elementspaceof piecewiselinearcontinuous
functions Å Ã . The coordinatevector Æ can be regardedas a function in �7Å Ã ! d .
The metric and the gradientsof functionson O Ã are evaluatedaccordinglyon
eachtriangle.We expect Æ f to be an approximationof 1��7j«Ç±! where Ç is the se-
lectedtimestepanddiscretizethe time derivative by a backward Euler schemeas
��21��7j«Ç±!ºÈ Ç ; � � Æ f �ÂÆ f ; � ! . Now we are able to formulateour finite element
problemmakinguseof theabovevariationalformulation:

Find a family of triangularsurfaces��O f # f ª«� andcorrespondingparametrizations
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Æ f W­��Å Ã ! d , suchthat

� Æ f �bÆ f ; �
Ç \IÉ0! ÃP�Ê>Ë �Ì kÂ�7� P Ê>Ë �Ì Æ�f�\u� P Ê>Ë �Ì É0! °+P Ê>Ë �Ì �Â�

for all discretetest functions É WÍ��Å Ã ! d . Here,we usethe lumpedmassscalar
product �Fzq\_z¶! ÃP Ì , which is definedby �ÏÎJ\IÅQ! ÃP Ì lm� ´ P Ì+Ð Ã �ÏÎbÅQ! d1 for two dis-
crete functions ÎJ\IÑ WoÅ Ã , where Ð Ã lÒR � � O Ã !~� Å Ã denotesthe nodal
projectionoperator(cf. [28]). We canrewrite this using the notationfor the dis-
creteLaplaceBeltramioperator���QP Ì ÎJ\IÉ0! ÃP Ì lm��������P Ì ÎJ\I��P Ì É0!>°+P Ì for allÉÓW�Å Ã . Hence,weobtain

Æ f � Æ f ; �
Ç �­� P ÊFË �Ì Æ�fÃ �i� |

Finally, in eachstepof thediscreteevolution we have to solve a singlesystemof
linearequations.In termsof nodalvectors,whichweindicateby abarontopof the
correspondingdiscretefunctionwecanrewrite theschemeandget

�7¸Âf ; � k¾Ç±¡Ôf ; � !NÕÆºf���¸Âf ; � ÕÆºf ; �
for thenew vertex positions ÕÆ f attime � f �ÖjNÇ . Here,weassumethelumpedmass
matrix ¸ f andthestiffnessmatrix ¡ f , whoseentriesaregivenby

¸Âf�[� �Ó�7× � \I× � ! ÃP ÊÌ \M¡Ôf�[� �À��� P ÊÌ × � \I� P ÊÌ × � ! °+P ÊÌ \
to beappliedsimultaneouslyto eachof thethreecoordinatecomponents.

4 Cascadiciteration schemes

Multigrid methods[15] areknown to beefficientsolversfor systemsof linearequa-
tions Ø ÕÆÙ�ÛÚ characterizedby anintrinsic hierarchicalstructurefor examplere-
sultingfrom a finite elementdiscretization.Typically anunderlyinggrid hierarchy
inducesa hierarchicalstructureon thecorrespondingdiscretefunctionspaces.Let
usconsidera sequenceof finite elementspaces��Å � # , with Å±�Ü�KÅ � �·Å � �5z`z`z��Å � � z`z`z0�oÅ �

max correspondingto a hierarchyof nestedgrids Og�_\_z`z`z�\TO �
max.

In the solutionprocessonetypically iteratesover Ý , solving an appropriatelyre-
strictedsystemØ � ÕÆ � �iÚ � onlevel Ý andthenrefinesthegrid. Here Ø � and Ú � are
restrictionsof ØÓ�ÂØ �

max and ÚÖ��Ú �
max, respectively.

Thus,thepreviouslycalculatedsolution ÕÆ � ; � canbeconsideredasgoodinitial data
for aniterativesolveron level Ý . Somewhatsurprisingthis naivestrategy turnsout
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to be theoreticallywell foundedandrobust [1] as long asan error control in the
energy norm is considered.Indeed,the numberof requirediterationsor smooth-
ing stepsÞ � on level Ý canbe fixed a priori. On coarselevelsmoreiterationsare
requiredthanon finer levels,wherevery few iterationsaresufficient to ensurea
requiredapproximationquality on the finest grid level. Even better, Bornemann
andDeuflhard[1] provedoptimality for this cascadicschemein thesensethat the
overall costof thesolutionprocessis ßà�Gá�! where á is thenumberof unknowns
on the finestgrid level. Henceunderthesecircumstancesonecanavoid themore
complex nestediterationswhich a moregeneralmultigrid solverwould use.In the
caseof theabovesurfaceevolutionproblems(cf. Section3), in timestepj wehave
to solve for ÕÆ�� ÕÆ f given Ø,����¸ f ; � kZÇ±¡ f ; � ! and ÚK�K¸ f ; � ÕÆ f ; �

. Hereone
mightapplycascadiciterationsaswell. But wehaveto takecareof thedependence
of thematriceson themetric,which differswith a varyingresolutionof themesh.
Neverthelesson sufficiently fine gridswe expecta negligible impactof this effect
on theperformanceof a cascadiciteration.Obviously, in principlesubdivisioncan
beregardedasa cascadiciterationscheme,whereonesuccessively appliesrefine-
mentandsmoothingsteps.In what follows we will work out this observation in
detail.

5 A cascadiclinear filtering approachon graphs

At first, let usconsiderthecaseof surfacesO , whicharegraphsin the 1 � direction
over a polygonaldomain � in the 1��`\T1 � plane.Herewe will outline a very sim-
ple but effective subdivision schemeasa first modelcase, which canactuallybe
interpretedasa variationalsubdivisionscheme.We denoteby ¨ thecorresponding
graphfunction.Givenaninitial grapḧ � - whichwill laterbeourcoarsepolygonal
mesh- wecanaskfor a solution ¨�â of theelliptic partialdifferentialequation

�>^e�­ãN�ä!F¨ â �Â¨ �
with naturalboundaryconditionson 
�� . This problemcorrespondsto a singleap-
proximatetimestepfor theheatequationwith timestepsize Ç ��ã or theapprox-
imation of a Gaussianfilter of width

§ 6åÇ , respectively. For Lipschitzcontinuous
initial data ¨�� it is known [13] that thesolutionis uniqueand R �TS U regular for anyV,WÁYæ�]\�^�! . Now we approximatë â by a sequenceof linear finite elementsolu-
tions ��Î f # f<ç � Séèéèéè onsuccessively refinedregulargrids � f for theparameterdomain� . Dueto theconvergencepropertiesof linearfinite elements[4] weknow thatforjê� ë andcorrespondingvanishinggrid size Ä f on � f thesequenceÎ f converges
to ¨�â in the energy aswell asin the ¡ v norm. In eachstepof this procedurewe
have to solvea linearsystemof equationsof thetype

�7¸ kìãJ¡J!3ÕÎ½fM��¸íÕî Ã Ê ¨ �
10



where ¸ , ¡ arethemassandstiffnessmatrix, respectively, and Õî Ã Ê ¨ � is thelinear
interpolationof ¨ � on � f . Thesolution Î f minimizestheenergy

ï �ÏÎ{!�lm�Öðñ �ÏÎÒ�X¨ � ! � kZãóò[�¢Îäò �
over all admissiblefunctions Î in the j th finite elementspace.Hence,if ¨ � is
thefunctioncorrespondingto a polygonalsurfacegraphover � , we caninterprete
this approachasa variationalsubdivisionapproach.As usualthelinearsystemsof
equationsaresolvedapplyingiterativesolvers.If weconsideracascadicmultigrid
method,we canreducethe requirednumberof iterationsenormouslywithout ef-
fectingtheconvergenceproperties(cf. Section4). Givena final level of resolutionj¯ô�õ7ö weapriori fix therequirednumberof smoothingstepswithin thecascadical-
gorithmon all levelsfollowing therecipegivenby BornemannandDeuflhard[1].
Thenwe consideran interpolationof the solutionon the previous coarselevel as
our initial datafor the iterative solver on thenext level. Finally we endup with a
subdivisionschemeof optimalcomplexity. I. e.thecostis proportionalto thenum-
berof verticeson thefinestgrid level. Still we know thattheresultingsequenceof
solutions��Î f"÷�ø&ù # convergencesto ¨�â . Thus,oursimpleiterationleadsto R �TS U regu-
larity in thelimit, independentof thegrid typeandtheappliedrefinementscheme.
Let us briefly summarizethe bricks which build up this regularity result for the
limit surface.We referenceelliptic regularity [13] to checkfor the regularity of
thelimit graph,convergenceresultsfrom basicfinite elementcalculus[4] to prove
convergenceof the exact finite elementsolutionsto this limit graph,andfinally
convergenceresultsfor thecascadicmultigrid to verify that thealgebraicerror for
themultigrid solutionof the involvedlinearsystemsis of theorderof thealready
controlledfinite elementerror. Hence,applyingthesewell establishedtheorieswe
getnicesmoothnesspropertiesin thissimplecasefor granted.Unfortunately, most
surfacesin computationalgeometryarenot graphs,except from a local perspec-
tive. Furthermore,the selectionof a parameterdomainintroducesthe metric on
thatdomainasthevalid metricfor thesmoothingprocess.Thussubdivisionresults
significantlydependon this metricandtherebyon theproperchoiceof theparam-
eterdomain.It would be muchmorenaturalto apply the sameconceptbasedon
a singlediffusiontime stepbut taking into accountthemetricon the limit surface
or suitableapproximationsof it, respectively. This will be what we aregoing to
investigatein thefollowing sections.

6 The actual geometricfilter process

In Section3 an 4 we reviewed meancurvaturemotion and cascadicnumerical
solvers,respectively. Wewill now integratethismethodologyto deriveanew class
of subdivision methods.Hencecurvaturemotion and its time discretizationwill
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Fig.3.Comparisonof differentsubdivisionresults.Fromleft to right theimagescorrespond
to exactsolutionof thelinear systemsin each subdivisionstep,cascadiccg-iterations,and
cascadicJacobi-iterations.Visually there is more or lessno differenceexceptcloseto the
boundaryin theneck region.Thisclearlyreflectstheconvergencepropertiesof thecascadic
scheme.

be regardedasappropriategeometricfilters andcascadiciterationswill serve as
suitablesolvers.As initial surfacewe considerany discrete,typically triangulated
surface Og� anddenoteits parameterizationby 1�� . To underlinethegeometricori-
gin andto straightenthepresentationwederiveourfinal methodin severalsteps:

Step1. As it hasalreadybeenmentionedmeancurvaturemotion is thegeometric
counterpartof Gaussianfiltering andsolving the heatequation,respectively. Sin-
gularitiesmay arisein MCM of two dimensionalsurfaces[17], but startingwith
properpiecewise polygonalsurfacesandconsideringrelatively small times � we
can assumethe evolving surfacesto stay away from the singularities.Then for
shorttimesa uniquesolutionexistsandit is R v -regular. Thuswe apply themean
curvaturemotion semigroup( ¸�RQ¸ ) asa geometricfilter of width 9 to Og� and
obtainfor a timestepÇà� / A�

O lm�Ö¸�R¹¸À�2Ç�!>Og��\
wherethecorrespondingparametrizationis definedby 1©l¶��1�� Ç±! . A suitablechoice
for thefilter width onapolygonalsurfacewith grid size Ä±� appearsto be 9ºÈ·Ä+� . At
first, we assumethe triangulationof our initial surfacesto beuniform. In Section
8 we will generalizeour methodto nonuniformfilter width. Alternatively to the
correspondenceof the filter width andthe timestepof MCM, we canincorporate
thefilter width in thediffusioncoefficientandconfineto atimestepÇà�Ó^ . Thatis,
weconsiderfor aspatiallyfixedfilter width 9
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with ã­l¶� / A� andevaluatethe evolution at time �Q�í^ . As oneadvantageof this
rewriting wecannow consideraspatiallyvaryingfilter width 9 (cf. Fig. 1).

Step2. We canreplacethecontinuousnonlinearsemigroupby a timediscreteevo-
lution andfocuson thefirst step.In theresultingimplicit schemewehave to select
a metric (cf. Section3). We approximatea fully implicit scheme,wherethe met-
ric is evaluatedon theunknown surface,by a sequenceof semiimplicit schemes.
Hence,in eachiterationweconsiderthemetricfrom thepreviousstepandcalculate
parameterizations1 f of surfacesO f for j¢ú�� solvingthelinearproblem

� 1�f��X1��$!û�­ãJ� P Ê>Ë � 1�fM�Â� |
Let usemphasizethattheindex j doesnot indicateacurvaturemotiontimestepbut
only successively improvedapproximationsof thefully implicit scheme

� 1 â �X1��$!û�¾ã@�QP»üT1 â ��� |
Becauseof the identity �QP»üT1 â �ý�M¼ â ¿ â , we have òé¼ â ò±�ÀãJ�@þÏÿ��(� 1 â \T1��$! where¼ºâ and ¿»â arethemeancurvatureandthesurfacenormalsof O�â and ��þCÿ��(�21�â_\T1��$!
denotesthe onesideddistancebetweenO�â and Og� . Hence,an alternative geo-
metric interpretationof themeancurvaturediffusion is thataftera timestepã the
meancurvatureontheresultingsurfacewill beproportionalto its distancefrom the
initial surface.Thus,oneexpectsa non-uniformcurvaturedistribution in thefinal
surface,cf. Fig. 10.

For j­� ë we expectthe above iterationto be a fix point iterationwith a con-
vergenceof the parametrizations1 f at leastpointwiseto a parametrization1 â of
a uniquefix point surface O â . Our numericalresultsgive a strongindicationfor
this convergence.In Section5 we have alreadymentionedthat a regularity result
holdsin thesimplifiedcase.GivenLipschitzcontinuousinitial datä�� thesolution¨�â of � Id �»ã«��!F¨�â��i¨�� is R �TS U -continuousfor any V¾W­Y[�]\_^�! (cf. Sec.5). Ourcon-
jectureis thatananalogousregularity resultholdsfor the implicit MCM timestep
problemandtheLaplaceBeltramioperator. Thus,weexpectour limit surfaceto beR �TS U -continuousfor a triangularinitial surface(cf. Fig. 6). Experimentallywehave
verified at leastboundeddiscretesecondderivatives(cf. Fig. 2). Rigorousproofs
for boththeconvergenceandthesmoothnessof the limit surfacearestill missing.
Weabbreviatethenotationandwrite

O f �ihÜ�GO f ; � !FOg�
wheretheargumentof thetimestepoperatorhÜ�>z¶! indicatesthecorrespondingmet-
ric. The limit surfaces O�â turns out to be a fix point of the mapping hÜ�>z¶!>Og� ,
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i. e. O â �ýhÜ�GO â !>Og� . So far we have derived a geometricallynaturalsmooth-
ing method,which resultsin solvinga sequenceof spatiallycontinuousandlinear
problems.

Step3. Now we discretizein space,consideringtriangularsurfaces Og� of dif-
ferentgrid size Ä andcorrespondinglinear finite elementspacesÅ Ã andask for
parametrizationsÆÙWZ�7Å Ã ! d of surfacesO Ã (cf. Section3). Thus,weconsider

OgfÃ �Òh Ã �GOgf ; �Ã !>Og�
whereh Ã �>z¶! denotesthecorrespondingspatiallydiscretetimestepoperator. I. e.for
theparameterizationÆ f of O fÃ weget

� Æ�f�� Ð Ã 1��$!û�­ãN� P Ê>Ë �Ì Æ�f��i� |
Here Ð Ã againindicatesthenodalprojectiononto Å Ã

. We expect O fÃ to converge
to O�â for Äê� � (cf. theconvergenceresultby Deckelnick andDziuk [5]).

Step4.Furthermore,weconsidersequencesof nestedgridsgeneratedby any recur-
siveandregularrefinementruleandapplyadiagonalizationargumentwith respect
to thegrid level andtheaboveiteration.After eachiterationwerefinethegrid once
andobtainthefollowing subdivisionscheme:

OgfÃ Ê �ih Ã Ê � O f ; �Ã Ê>Ë � !>Og� |
(1)

Thiscorrespondsto theoperatorequation

� Æ fÃ Ê � Ð Ã Ê 1��$!û�¾ãN� P Ê>Ë �Ì Ê>Ë � Æ fÃ Ê ���
for theparameterizationsÆ fÃ Ê of O fÃ Ê . For thesakeof simplicity wewrite Æ ff , h f ,
and O ff insteadof 1 fÃ Ê , h Ã Ê , and O fÃ Ê , respectively. We supposegeometricdecay
of thesequenceof grid sizesÄ f , i. e. � ; Ä f � Ä f�� � � � � Ä f . In caseof a standard
butterfly like refinementrule without smoothing,which resultsin the splitting of
eachtriangleinto four up to scalingidenticalchildren,weobtain � � ���¬;¢� �� .

Step5. In eachstepof the above subdivision schemethe solutionof a systemof
linearequations(cf. Section3) is required.As usualin finite elementcalculusthis
systemis sparseanditerative solverscanbe applied.In eachsubdivision stepwe
modify themetricandrefinetheunderlyinggrid. Thisobviously is acascadicstrat-
egy (cf. Section4) andwe know that for increasingiterationindicesa decreasing
numberof smoothingstepsÞ f in the linearsolver hasto beperformedif we con-
siderappropriatelyprolongatedsolutionsfrom thepreviouslevel asinitial data.Let
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Fig. 4. A triangulatedcubeis undergoing two stepsof “r efineandsmooth” following the
proposedsubdivisionscheme.

us indicatethe numberof smoothingstepsÞ f on grid level j by an upperindex.
BornemannandDeuflhardprovedthattherequirednumberof iterationsdecaysge-
ometrically, i. e.in caseof conjugategradientiterations(CG) Þ f �iÞ f"÷�ø&ù 6�� A D f>÷�ø&ù ; f E
andfor thedampedJacobiiteration Þ f �iÞ f ÷�ø&ù 6 � D f>÷�ø&ù ; f E . Givenanerrortolerance
for thealgebraicerrorwecanpresettherequirednumberof smoothingstepsÞ f ÷�ø&ù
on the finest grid level j¯ô�õ7ö . In our applicationwe always set Þ f ÷�ø&ù � ^ . Thus
givenafinal level of refinementj¯ô�õ7ö upto whichwewantto iteratetheoverallcost
of the resultingalgorithmhasoptimal complexity for CG in caseof a quartering
type refinementandnearlyoptimal complexity for the dampedJacobiiterations.
Optimalheremeansthecostis proportionalto thenumberof finegrid nodes.If the
goal is only to ensureappropriatesmoothingresults,basedon our experienceone
canfurtherreducethenumberof iterationsÞ f especiallyon fine grid levels j and
confineto a fixednumberof iterationsÞ . Thuswe obtaina suitableapproximation
of our originalmodelby theiteration

Ogff �ih�� Êf � O f ; �f ; � !FOg� |
Here h	� Êf representsany iterative solver restrictedto Þ f iterationsin our original
subdivisionscheme(1) above.Fig. 4 showsasketchof thegeneralprocedurefor a
verysimpleexample(cf. Fig. 3 andFig. 5).

As initial dataandfor theevaluationof themetricweconsiderthecoordinatevector
of Ogf ; �f ; � prolongatedto level j by trivial interpolation.Let us remarkthat the
numberof consideredsmoothingstepswill correspondto thestencilwidth of our
schememeasuredin cells(cf. Sec.7).

To bemorepreciseaboutthe linearfinite elementproblemsto besolvedin the it-
erationlet us first reformulatethe implicit definition of the sequence��O ff # f . In
discretevariationalform weobtainthefollowing problem:

Find a sequenceof discretecoordinatemaps�`Æ ff # fuç � Séèéèéè with Æ ff WZ�7Å Ã Ê ! d , which
definesa family of triangular surfaces��O ff # fuç � Séèéèéè such that
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Fig. 5. A sequenceof flat shadedsubdivisionsurfacessubdividingeach triangle into four
childrenin each refinementstep.� Æ�ff �bÆ�f� \IÉ0! ÃP Ê>Ë �Ê>Ë � kÂ��ã«� P Ê>Ë �Ê>Ë � Æºff \I� P Ê>Ë �Ê>Ë � É0! °+P Ê>Ë �Ê>Ë � �Â�
for all discretetestfunctionsÉÓW­�7Å Ã Ê ! d .
Hence,in eachiterationstepwe have to solve thelinearsystem

�7¸Âf ; � kZ¡4f ; � !NÕÆ�ff ��¸Âf ; � ÕÆ�f� \ (2)

where ÕÆ ff denotesthe nodalvectorcorrespondingto the coordinatefunction Æ ffand ÕÆ f� is thenodalvectorcorrespondingto thetrivial interpolationof nodesduring
the recursive refinementof the initial surface Og� on grid level j . For thesake of
completenesswegiveprecisedefinitionsof theinvolvedlumpedmassmatrix

¸Âf ; ��[� �À�7×Nf� \I×Nf� ! ÃP Ê>Ë �Ê>Ë �
andthestiffnessmatrix

¡Ôf ; ��[� �5��ã«� P ÊFË �ÊFË � ×Nf� \I� P ÊFË �ÊFË � ×Nf� ! °+P Ê>Ë �Ê>Ë �
whichareagainsimultaneouslyappliedto eachof thethreecoordinatecomponents.
Thesedefinitionsimplicitly involvea straightforwardprolongationfrom grid leveljº�À^ on which the correspondingmetric is given to grid level j on which the
basisfunctionsaredefined.Here ��× f� # � denotesthenodalbasisof thelinearfinite
elementspaceÅ Ã Ê on O ff .
7 Algorithmical aspects

In theprecedingsectionswe have introducedevolutionarysubdivision schemesin
a ratherabstractframe.Now wewill discussconcreteimplementationissues.

Let us give somedetailson the non exact solution of the linear systemin each
stepof our subdivisionschemeat leastin caseof dampedJacobiiterations.In fact,
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Fig. 6. A coarsetorus(top left) is processedbyour subdivisionmethodleadingto a smooth
limit surface(bottomleft). Wehaveuseda quarteringscheme(top) anda bisectionrefine-
mentstrategy (bottom).

we confineto a few smoothingsteps.We define ÕÆ�
­l¶� w � Ê �ûÕÆ�! where
w

is a
suitablesmoothingoperatordefinedon coordinatevectors,and the exponent Þ f
indicatesthenumberof consideredsmoothingsteps,i. e.

w � � � �ûÕÆc!�lm� w x w � �ûÕÆc! .
ThedampedJacobiiteration

w
�
is definedby

w
� ÕÆ l¶� ÕÆ	�­®�� ; � �7¸ f ; � �ûÕÆÍ� ÕÆ f� !:kì¡ f ; � ÕÆ�!
where� is thematrix representingthediagonalpartof �7¸ f ; � kº¡ f ; � ! and ® is the
dampingfactor. We alwayshaveset ®ó� d� .
So far we have not specifiedthe refinementmethodto be appliedin every iter-
ation of the presentedsubdivision schemes.As long asa regular refinementrule
is consideredwhich guaranteessuitableupperandlower boundsfor theanglesof
the generatedtrianglesour approachin principle is independentof the concrete
scheme.Figure6 depictstwo frequentlyusedrefinementschemes,the quartering
schemeandtherecursivebisectionscheme. Let usnow considerthecomputation
of theinvolvedmatrices.Theassemblyof eachmatrix ¸ f ; �

, ¡ f ; �
- heredenoted

by Ø - is basedon the standardFinite Elementprocedure.It consistsof an ini-
tialization Ø �o� followed by a traversalof all surfacetriangles � . On each �
with nodes� � \�� � \�� � , a correspondinglocal matrix ��� �[� is computedfirst. It cor-
respondsto all pairingsof local nodalbasisfunctions.Thenthematrix entriesare
addedto the matchingentriesin the global matrix Ø , i. e. for every pair þT\ÏÝ we
updateØ U D � E S U D � E �ÀØ U D � E S U D � E k�� � �[� . Here V�� þC! is definedastheglobal index of the
nodewith local index þ . Thuswe canconcentrateon thecomputationof the local
massmatrix á�� andthe local stiffnessmatrix ��� , respectively. Dueto theapplied
lumpedmassintegrationwe immediatelyverify á�� �[� � �d � �[� ò ��ò where ò �äò is the
areaof the triangle � and

� �é� the usualKronecker symbol.For the local stiffness
matrixweobtain
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Fig. 7. A sequenceof flatshadedsubdivisionsurfacesis generated using the local filter
width algorithm. Thestarting surfacecomesalong with a very irregular triangular grid
(differentvalencesof thenodes,thin triangles,nonhomogeneousgrid size),which wekeep
withoutchanges.Theproposedmethodis ableto effectivelydealwith such surfaces.� ��[� �Âã ð� � � ² � zå� � ² � �Âãóò ��ò �`�Ä � z �$�Ä �

�Âãóò ��ò = �
Ä ��� = ��� z = �

Ä ��� = ��� �Âã = � z = � ò ��ò
where² � denotesthenodalbasefunctioncorrespondingto thenode1 � for any local
index þ , � � thegradienton � , and �`� theouternormalto theedge

= � oppositeof1 � . Finally Ä � is theheightof thetriangleover theedge
= � . By construction,these

weightscoincidewith thosederivedby Pinkall andPolthier, cf. [24].

Let us emphasizethat � �[� is scaleinvarianton 2D simplices.After the assembly
we obtainthe global massmatrix ¸ f ; �

givenby ¸ f ; �! � andthe stiffnessmatrix¡ f ; �
givenby ¡Ôf ; �! � . Hereuppercaseindicesareconsideredasglobal indices.We

immediatelyget ¸ f ; �! � �Û¸ ! � ! � where ¸ f ; �! �#" � S $&% nodeof � ' � 'd . In caseof an á -
valencenode ¡ f ; �

has áÀki^ nonvanishingentries,which correspondto thenode1 ! itself andall nodes1)( D ! S � E which areconnectedto 1 ! by anedge* !� (cf. Fig. 8).
Here �J� î \CÝ«! for Ý��Ó^�\�z`z`z(\<á aretheglobalindicescorrespondingto local indicesÝ of pointscyclically orderedaround1 ! .
Let usdenoteby � !� the trianglespannedby * !� and * !� � � andsuppose

= !� to be the
edgeof � !� oppositeto 1 ! . Thenweget

¡ f ; �! S ( D ! S � E �cã + = !� z,* !� � � ò � !� ò � = !� ; � z,* !� ; � ò � !� ; � ò�- \
¡Ôf ; �!.! �cã ��0/ � /21 � = !� � � ò � !� ò |

Now wehavecollectedall requiredbuilding blocksof oursubdivisionscheme.The
matrixcoefficientsturnout to bebasedonsimplegeometriccalculations.Thus,we
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Fig. 8. A sketch of thelocal meshconfiguration around D ! .
canwrite our subdivisionschemein pseudocodenotationasfollows:

Define O l¶�ÂO � astheinitial mesh;jê�i� ;
do �j lm��jóki^ ;O lm� Refinement�GOÙ! ;

Compute ¸ lm� MassMatrix( O )
and ¡ lm� StiffnessMatrix( O );ÕÆÙlm� nodalvectorof O ;ÕÆ � lm� Ð PºO � ;
for ( Þ©�Â�]�<ÞFE Þ f �<Þ»�ÂÞäkÒ^ ) �ÕÆ lm� w ��ÕÆ � \I¸Â\u¡y!¢ÕÆ ;#O lm� surfaceO with updatednodes ÕÆ ;# while ( j � j¯ô�õ7ö );

Herethe operatorRefinement(z ) denotesany regular refinementscheme,whereas
MassMatrix(z ) andStiffnessMatrix(z ) computethecorrespondingmatricesonagiven
surfaceand Ð P representsthe trivial interpolationof the nodalpositionsof O �
on O . By trivial interpolationwe meanthe build in recursive interpolationdue
to the appliedrefinementrules without any smoothingoperations.Furthermore,w �¬ÕÆ � \u¸Â\u¡y! is a singlesmoothingstepof aniterative solver for thelinearsystem
(2), e.g.

w �¬ÕÆ � \u¸Â\u¡y!4� w
� |
Finally we have to discussthestencilsof dependency duringoursubdivision itera-
tion. Hence,wecall thesetof nodeswhichareconnectedby atmostÝ edgeswith a
node1 the Ý -neighborhoodof 1 . Multiplying thestiffnessmatrix ¡ f ; �

with thevec-
tor consistingof thecoordinatesof thenodes,we obtaina new vector, whereeach
coordinateentrydependsonthecorrespondingold coordinateentryandthecoordi-
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Fig. 9. The resultsof the subdivisionalgorithm applied to a valence G node. The base
triangle formedby theadjacentnodeshasuniformedge length H , whereastheheightof the
valenceG nodeover this triangle is

��JI KML GNH (on the left) and K�I KML GOH (on the right). On
theleft a significanthigherrefinementlevel is depictedthanon theright dueto limitations
causedby theinstability for sharpcorners at thevalenceG nodeon theright.

nateentriesof a ^ -neighbourhoodof thespecificvertex, dueto theaboveexplained
sparsitypatternof ¡ f ; �

. Hence,we straightforwardly verify that in eachiteration
of our subdivisionschemewith Þ f involvedsmoothingstepsthenew positionof a
nodedependson thecoordinatesof nodesin its Þ f -neighborhood.

Wetestedthemethodwith respectto stability. Thus,weconsideredthecrutialcase
of a valence P node.We found that the methodsucceedsif the valence P node
doesnot form a too sharpcorner. However, if thetetrahedronspannedby thenode
andits adjacentnodesis very thin, numericalinstabilitiesmaydevelopduring the
evolutionprocessleadingto local degenerationof thetriangulation,cf. Figure9.

8 A local filter width expansion

In many applicationstheinitially coarsemeshwill becharacterizedby considerable
variationsin thelocal grid size.We cantake careof this by adaptationof thefilter
width in our implicit time stepschemeto the local grid size(cf. Fig. 7). Herethe
ideais to considerasmoothedlocalgrid sizeof theinitial grid asalocalfilter width
andmodify thediffusioncoefficientwith respectto thisfilter width. Let usempha-
size that this grid size function entersour model solely asa filter width. Hence
closecorrespondenceto the local edgelength is not required.Figure10 shows a
comparisonbetweentheexpandedmodelincorporatinga smoothlocal filter width
functionandthefixedfilter width problemstudiedsofar.

In our iterative schemewe apply the samesmoothingoperatorsin every stepto
this local filter width functionto ensurestill R �TS U -smoothnessof thelimit surface.
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Hence,weconsiderthefollowing continuousproblem:

�21�f��X1��$!û� divP Ê>Ë �RQ ã�f ; � � P Ê>Ë � 1�fTSJ�b�
�7Ä+f��ZÄ+�I!û� div P Ê>Ë � Q ã�f ; � � P Ê>Ë � Ä±f S �b� |

whereã f l¶�ÂR � D Ã Ê E A� and Ä � is theinitial grid sizefunction.Weexpectthesequence�`1 f \IÄ f # f to convergeto a solution 1 â , Ä â of thefully implicit problem:

�21 â �X1��$!û� divP»ü��Gã â ��P»ü"1 â !+�c��7Ä â �­Ä+�$!û� divP»ü���ã â ��P»üuÄ â !+�c� |
where ã@âÜl¶�ÖR � D Ã(ü EsA� and O�â is theresultingmeshwith parameterization1�â . Fur-
thermore,we expectthesameregularity resultasin thecaseof fixedfilter width,
i. e. R �TS U -smoothnessof the limit surface O â and of the smoothedfilter width
function Ä±â .
We discretizethis expandedmodelfollowing theabove guidelinesandobtainthe
following scheme:

Find a sequenceof discretecoordinatemaps �`Æ ff # fuç � Séèéèéè with Æ ff WÁ��Å Ã Ê ! d and
discretefunctions�å¼ ff # fuç � Séèéèéè with ¼ ff WbÅ Ã Ê , which definesa family of triangular
surfaces��O ff # fuç � Séèéèéè such that

� Æ�ff �bÆ �f \IÉ0! ÃP ÊFË �ÊFË � k��9UMf ; � �WV Ê>Ë �ÊFË � Æ�ff \I�WV Ê>Ë �Ê>Ë � É0! °+P ÊFË �ÊFË � ���
��¼ ff �­¼ �f \YX0! ÃP ÊFË �ÊFË � k��9U f ; � �WV Ê>Ë �ÊFË � ¼ ff \I�WV Ê>Ë �Ê>Ë � X0! °+P ÊFË �ÊFË � ���

for all discretetestfunctionsÉÓW­�7Å Ã Ê ! d and XÓW�Å Ã Ê .
Herewe define U f l¶�íR � D[Z ÊÊ E A� andtake ¼ �f WÛÅ � asthe nodal interpolationof
thegrid sizeon O � , that is we define thelocal filter width function ¼¾� 13! for any
node 1 on O � asthe averageedgelengthof all edgesform 1 to adjacentnodes.
Thus in eachstepof our subdivision methodwe solve the sametype of elliptic
finite elementproblemfor the coordinateand the filter width function. Besides
the additionalsmoothingof the filter width function the only changeconcerning
theimplementationis in thestiffnessmatrix,which now containsthelocal weightU f ; �

insteadof theglobalweight ã .
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Fig.10.Acomparisonof limit surfacesbasedonasmallandspatiallyfixedfilter width(left)
and the local filter width expansion(middle) for a coarse initial grid with considerable
variation in thegrid size. On the right thecolor codedmodulusof themeancurvature of
thesurfaceshownin themiddleis depicted.

9 Conclusions

We have reviewed subdivision methodson the backgroundof surfaceevolution
problems.Thereby, successive smoothingof thediscretesurfaceunderconsidera-
tion is linked to the probablymostnaturalsmoothingprocesson continuoussur-
faces,which is the motion by meancurvature.The presentedmethodhasbeen
embeddedin the framework of continuoussurfaceevolution, and corresponding
time/spacediscretemodels,respectively. Thesimultaneousrefinementin between
thesmoothingstepscanbeperformedby any typeof regularmeshrefinementrule.
Furthermore,incompletelinear solvers in the fully discreteschemeslead to the
structureof typical subdivisionmethods.Thisclassifiesthemethodsin termsof fi-
niteelementcalculusasanincompletecascadiciterationapproachin curvaturemo-
tion.Ourinterpretationcloselyrelatessubdivisionmethodologyandsurfacefairing.
Futurework mayfocuson

- closingthetheoreticalconvergenceandsmoothnessgap,
- comparingthenew methodwith otherrecentsubdivisionapproaches,
- incorporatinganisotropicdiffusionandconsideringadditionalforcing termson

theright handsideto enableaflexible fine level surfacemodeling,
- respectinginterpolationconstraintssuchasline constraintsoraverageconstraints

in orderto e.g. prescribesharpedgeson thelimit surfaceor to preserve thevol-
umeenclosedby the surfaceduring the subdivision process(Let us emphasize
thatpoint constraintsarenot allowedin our settingof a secondorderevolution
problem),

- consideringadaptive meshesandcorrespondingadaptive smoothnesscontrol to
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reducethemeshcomplexity significantly,
- replacingthe currentsettingof a 6 �]\ orderdiffusion modelby some

 � Ã order
diffusion,eithersurfacediffusionor Willmore flow.

As weusedanexperimentalcodefor computingthenumericalexamplesin thispa-
per, wedonotincludeany performancemeasurementsfor theproposedsubdivision
methodsandconfineto adiscussionof themethod’scomplexity.
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[9] D. Doo andM. Sabin. Analysisof thebehaviour of recursive division surfacesnear
extraordinarypoints.CAD, 10(4):356–360,1978.

[10] N. Dyn, D. Levin, andJ. Gregory. A 4-point interpolatorysubdivision schemefor
curve design.CAGD, 4:257–268,1987.

[11] N. Dyn, D. Levin, and J. Gregory. A butterfly subdivision schemefor surface
interpolationwith tensioncontrol. ACM Trans.onGraphics, 9:160–169,1990.

[12] G. Dziuk. An algorithmfor evolutionarysurfaces.Numer. Math., 58:603–611,1991.

[13] M. Giaquinta. Introduction to regularity theory for nonlinear elliptic systems.
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