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Abstract

A new approacho subdvision basedntheevolution of surfacesundercunaturemotionis
presentedSuchan evolution canbeunderstoodisa naturalgeometridilter processwhere
time correspondso thefilter width. Thus,subdvision canbeinterpretedasthe application
of ageometridilter onaninitial surface.Theconcreteschemas amodelof suchafiltering
basedon a successiely improved spatialapproximationstartingwith someinitial coarse
meshandleadingto a smoothlimit surface.

In every subdvision stepthe underlyinggrid is refinedby someregularrefinementule
andalinearfinite elementproblemis eithersolved exactly or, especiallyonfine grid levels,
oneconfinesgo asmallnumberof smoothingstepswithin thecorrespondingterative linear
solver. The approactclosely connectssubdvision to surfacefairing concerningthe geo-
metric smoothingandto cascadianultigrid methodswith respecto the actualnumerical
procedureThe derved methoddoesnot distinguishbetweendifferentvalencesof nodes
nor betweerdifferentmeshrefinementypes.Furthermorethe methodcomesalongwith a
new approacHor thetheoreticatreatmenof subdvision.
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Fig. 1. Startingfrom a coarse mesh(left) and consideringa spatially varying filter width
weobtaina limit surfacewith locally differentsmoothnessiodulus.

1 Intr oduction

Multiresolution meshrepresentatiorns a key tool usedin computergraphicsto

achieve real-timeinteractionwith large andcomplex objectmodels.In a multires-
olution modelingervironmentwe areableto dealwith globalshapeandstructural
detailsof the sameobjectmanagingmeshef it at differentlevels of refinement.
We then needtools to coarsena given fine meshas well astools for refining a

coarsemesh.From fine irregular meshesproducedfor exampleby 3D scanning
devices, several approachesave beenproposedas meshsimplification, progres-
sive meshesand surfacefairing to obtaina coarser/smootheneshthat forms a

surfaceof arbitrarytopology

Startingfrom coarsaepresentationsf surfaceswe cangenerateappealingsmooth
representatioiy iterative applicationsof refinementtepswhile keepingthe con-
nectvity of the original mesh.Meshrefinementapproachesangefrom multires-
olution wavelet-basednethodsto subdvision schemeswherethe quality of the
generateaneshis dependentn the subdvision maskused.

We proposea refinementapproachthat combinesthe advantagesof subdvision
(arbitrary topology local control and efficiengy) with thoseof variationaldesign
(high quality surfaces)30].

Thebasicideabehindthis strateyy, first proposedy Kobbelt[19] andnamedvari-
ational subdvision, is to apply, at eachsubdvision step,a splitting operationto
obtaina finer meshfollowed by a smoothingoperationto updatethe vertex mesh
locationsin orderto increasehe overall smoothnessKobbelt[21,26] considered
enepgieswhichinvolve curvaturequantitiesThecorrespondingvolution problems
would leadto Willmore flow and surfacediffusion respectiely, which are fourth
orderparabolicproblemsWhereasve hererestrictto secondrdermeancurvature

1 This work wassupportedy by MURST, Italy, grantnumberMM01111258.
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Fig. 2. Increasinga varyingfilter width oneobtainsa scaleof subdivisionsurfaceganging
fromsmoothedharpedgesupto a smoothingof the completegeometry Onthe bottomthe
correspondingmeancurvatues are color codedon the surfaces especiallyshowingthe
boundednessf the curvatue andgiving anindication of boundedsecondderivatives.

flow.

In this paperthe smoothingstepis basedon a geometricdiffusion and filtering
approacltrelatedto meancurvaturemotion, which hasalreadybeenprovedto be
very promisingfor surfacefairing purposegd6,7]. Actually, we considera single
fully implicit timestepof meancurvaturemotion asour smoothingmethod.In an
iterationwe successiely refinethe surlacemesh- which turnsthis approachnto
a subdvision scheme andsolve a semiimplicitproblemto approximatethe fully
implicit step.This semiimplicitschemas explicit with respecto the givenmetric
from the last stepandimplicit concerningthe new positionsof the nodes.Thus,
our methodcan be regardedas a fixed point iteration, wherewe simultaneously
expectto improve the metricandthe resolution.This leadsto a suitablegeometric
smoothingfilter on the initial mesh.Our approachs a usualsubdvision scheme,
but now foundedon toolsfrom the theoryof geometricevolution problems(mean
curvaturemotion)andnumericallinearalgebra/cascadianultigrid). We try to out-
line this new perspectie which we believe to offer strongprovisions concerning
thetheoreticabnalysisof subdvisionschemesswell astherangeof applications.
Furthermoreasalreadymentionedhis approachbridgesthe gapbetweersubdvi-
sionandsurfacefairingonarigorousbasis Not very surprisingly severalimportant
guestiongvithin thisnew perspectieremainopenandrequirefurtherinvestigation.
Concerningheregularity andcornvergencewe only stateconjecturedere.

The key aspectfor the smoothingstepis the geometricdiffusion, strictly related



to awell-known physicalconceptlin physics,in fact, diffusionis known asa pro-

cesghatequilibratespatialvariationsin concentrationlf we considersomeinitial

concentratiorfunction p, on a domain2 ¢ R? andseeksolutionsof the linear
heatequationd;p — Ap = 0 with initial datap, andnaturalboundaryconditions
on 952, we obtaina scaleof successiely smoothedconcentrationg p(t) };cg+. For

Q) = R? the solutionof this parabolicproblemcoincideswith the filtering of the
initial datausingaGaussiafiilter G, (z) = (2r02) e **/(27*) of width or standard
deviation o, i. €. p(0%/2) = G, * py. In caseof surfaceswhich aregraphswe may
considerthe sameprocesgo obtaina smoothrepresentationf aninitially coarse
graph.

Concerninggeneralsurfacesone may ask for analogousevolutionary smoothing
stratgies.Thecounterparbf the EuclideanLaplacianA on smoothsurfacesM is
the LaplaceBeltramioperatorA ,, andthe correspondingvolution appliedto the
surfacecoincideswith the motion driven by the meancurvature.The aim of this
paperis to developea novel approacho subdvision basedn this obsenation.

Curvaturemotionis a continuousmodel,thuswe have to discretizeit in time and
spaceandto incorporatethe iterative procesof refinementandsubdvision. Con-
cerningthe discretizationin time it turnsout thatwe canconfineto onefully im-
plicit time stepof the curvatureevolution, like in the heatequationcase wherea
singleimplicit time stepalreadyhasnice smoothingpropertiesWith respecto the
spatialdiscretizatiorwe will pick up the cascadianultigrid approacH1] coupled
with a suitablefix pointiterationin the surfacemetric.

We obtaina subdvision methodwhich is closelyrelatedto standardsubdvision
schemegoncerninghe computationatompleity. Our approachowever hasthe
following advantages:

- Marny qualitative propertiesof the approachcanbe studiedalreadyon the con-
tinuouslevel anddo notrequirea detailedanalysisof the discretization.

- The modelis independenbf the type of meshesgespeciallyof the valencesof
the meshnodes,andthe consideredefinementrules. Thesecharacteristicare
naturally incorporatedn the finite elementmatricesand do not influencethe
methods performancesignificantly(cf. Fig. 6).

- Theresultingschemecaneasilybeadaptedo differentapplicationsge. g. to spa-
tially variationof thecorrespondinglter width (cf. Fig. 1) or to solelysmoothing
theedgesof coarsepolygonalmodels(cf. Fig. 2).

Furthermoreit carriesstrongprovisionsfor further extensiongcf. Section9). Fi-
nally, we expecttheresultinglimit surfacesto be C?%-smoothfor everya € [0, 1).
By C?“ we denotethe Holderspacej. e. f € C*¢ if f is two timesdifferentiable
andall secondorder partial derivativesare Holder continuouswith respecto the



exponent, cf. [14].

Thepapers organizedasfollows.In Section2 we will review subdvision method-
ology, in Section3 and4 the backgroundbf geometricdiffusion andcascadiau-
mericalmethodswill besketchedThesesectionsessentiallypreparetheterminol-
ogy andmay be skippedby readersalreadyfamiliar with thesetopics). Section5
outlinesa simplesubdvision schemeor graphswhich alreadyinvolvesthe basic
featuresof our approachThenSection6 developesthe new subdvision approach
and Section7 discusseshe algorithmicalaspectsespeciallygiving detailson the
involvedweightsandfinite elementmatrices An importantgeneralizatiorto non-
uniform geometricfilter width is givenin Section8. Finally we drav conclusions
in Section9.

Let us emphasizehat throughoutthis paperall surfacesaredravn flat shadedo
supporta betterinspectionof the resultingsurfacesmoothness.

2 Review of Subdivision

Classicalsplineapproache$or generatingand modelingsurfaces have greatdif-
ficultieswith surfacesof arbitrarytopology On the otherhandthe variationalap-
proachto surfacedesign,wheresurfacesare computedminimizing someenegy
functional, can easily deal with arbitrary topology and surface modificationsbut
thecomputationatostcanbevery high. Subdvision schemesddresshearbitrary
topology modelingpretty well, andin additionthey comealong with resultson
certainordersof continuity.

Subdvision surfacemodelingis alively areaof researclanda promisingapproach
to the efficient designof surfaceswith complex geometry The basicideabehind
subdvision is to refineandsmootha given coarsemeshuntil a smoothsurfaceis
obtained.Supposeour surfaceis represente@s a triangularmesh.M embedded
in R3. Startingwith aninitial coarsemeshM?, successie meshesaredetermined
iteratively by theequation

Mk — Sk(Mlc—l)

whereS* is the subdvision operatorat the %t level which takesthe pointsfrom
level k to pointsonthefinerlevel k + 1. Assumingthatthe subdvision corverges,
theactualsubdvision surfaceis definedasthelimit of this sequencef successie
refinements:

M:=lim S*0 5% 1o...0 STMC.

k—o0



Thesubdvisionschemesor arbitrarytopologycontrolmeshegomein two classes:
approximatingandinterpolating Many variantsof theapproximatingscheme$iave

beenconsideredihe classicalonesare dueto Catmull-Clark[2], and Doo-Sabin
[9], who for rectangulammeshesconsideredan extensionof quadraticand cubic

B-splines,respectiely, while a schemebasedon quarticbox splineson triangular
meshesvaspresentedy Loop [23]. An extensionof Loop’s schemejntroduced
by Hoppeetal. [16] incorporatesharpedgeson thefinal limit surface.

Sincethe ability to controlthe resultingsurfaceexactly is very importantin mary
applicationsa numberof interpolatingschemesave beenproposedo force the
limit surfaceto interpolateparticularpoints[10,11,18,33].

Dyn, Gregory andLevin [10] introducedthe butterfly schemea simpleinterpolat-
ing subdvision algorithmapplicableto arbitrary triangularmeshesSinceit only

leadsto C'! surfacesin the regular setting(all verticesof the meshhave valence
6), an improved butterfly scheme the so-calledmodified butterfly, resultingin

smoothemsurfaceshasbeenintroducedn [33].

All previously mentionedsubdvision schemesrebasedon oneof thetwo tilings
of the plane:thetiling with regulartrianglesandthetiling with squaresHowever
thesearenottheonly refinabletilings: bisectionrefinemenintroducedn [29], for
example,givesriseto the socalled4-8 subdvision scheme.

For subdvision schemesthe fundamentalssueis that aboutthe propertiesof the
limit surface.This includesdeterminingwhethera limit objectexistsandwhether
thatobjectis smooth.

Most known stationarysubdvision schemegyenerateat leastC''-continuity sur
faceson arbitrary meshedn the regular setting[25,31]; while additionalcriteria
basedn the eigenstructureof the subdvision matrix arerequiredatthe extraordi-
nary pointsto guarante¢he smoothnessf thelimit surface.Recentlythe smooth-
nessof the subdvision surfacesin irregular setting(thatis nearextraordinaryver
tices) hasbeenrigorously provedin [25,32]. The Loop schemeandthe Catmull-
Clark schemesfor example,producesurfacesthatare C2-continuouseverywhere
exeptatextraordinaryerticeswherethey areC*-continuousThebutterflyscheme
is C! on regular meshesut not C!-continuousat extraordinarypoints,while the
modifiedbutterfly schemeguarantee€! -continuity for arbitraryirregularmeshes.

In [19,22] anapproachto meshrefinementbasedon variationalmethodshasbeen
proposedn orderto defineunivariatevariationalsubdvisionschemesSuchschemes
performthe refinementy uniform subdvision to generatesequencesf polygons
while the positionof the newly insertedverticesis determinedoy the minimiza-
tion of a fairnessfunctionalmeasuringa discreteapproximationof somebending
enegy. The well known classof stationaryinterpolatoryrefinementschemess
provedto beaspecialcaseof thesevariationalschemesin [20] a similar approach
is studiedin thebivariatesettingof refinedtriangularmeshes.



3 SurfaceFairing and Curvature Motion

In this sectionwe will outline evolutionary smoothingmethodsandtheir applica-
tionsin surfacefairing. This will motivateour subdvision scheme(cf. Section7)
whichgeneratesew triangulatedsurfacesnsteadof improving thequality of given
surfacesreviewedin this section.Simultaneouslyve will introducethe basicnota-
tion of geometryand geometricdifferential operatorswhich will be usedin the
outline and discussionof our subdvision approach.For a detailedintroduction
to geometryand differential calculuswe refer to [8] and[3, Chapterl]. Let us
considera smoothcompactembeddednanifold M c R? without boundary Let
z:Q = M; ¢ x(§) besomecoordinatemapfrom an atlas.For eachpoint
on M thetangentspace7, M is spannedy the basis{g—g, g—é}. By 7 M we de-
notethetangentundle.Measuringengthon M requireshedefinitionof ametric
g(-, ) : TeM x T,M — R. Asthecorrespondingnatrix notationwe obtain a ma-

trix g whoseentriesaregivenby g;; = g—g . g—gj, where- indicateshescalarproduct

in R?. The entriesof the inverseof ¢ aredenotedby ¢*/. The gradientV . f of
afunction f is definedasthe representationf df with respecto the metricg. In
coordinatesve obtain

O(fox) O
Vpf =S g o) 7
mf %9 % 96

We definethe divergencediv v of avectorfield v € T M asthe dual operatorof
the gradientwith respecto the L2-producton M andobtainin coordinates

: 0 1
divpyw =) 8—§((UZ o x)\/detg)\/de_tg .

1

Finally, the LaplaceBeltramioperatorA ,, is givenby
Apu = divy Vau.

With this LaplaceBeltrami operatorat handwe candefinediffusion on surfaces
in analogyto thelineardiffusionproblemin the EuclideanspaceFurthermorewe
canconsideradiffusionof themanifoldgeometnyitself. I. e.,we seekaoneparam-
eterfamily of embeddednanifolds{ M (¢) },>, andcorrespondingarametrizations
z(t), suchthat

(9t.’L‘(t) — AM(t),T(t) =0,
M(0) =M, .



Integrationby partsleadsto thevariationalformulation:

(O, ) pmy + (V@ Vi) rme =0

for all testfunctionsf € C*°(M(t)). Here (¢, ) = [y ¢ dz is the L?-
producton M and (v, w)r == [, 9(v,w) dz is ascalarproducton 7 M, respec-
tively. Alreadyin '91 Dziuk [12] presentedh semiimplicit finite elementscheme
for geometriadiffusionbasedon this formulation. The fundamentabbsenationis
that this geometricdiffusion of the coordinatemappingitself coincideswith the
motion by meancunature (M CM) [17]; in fact for any manifold M we have
Apzx = —H(x) N(z), andthuswe obtaind,x = —H (z) N (z), whereH (z) is the
correspondingneancurvature (heredefinedasthe sum of the two principal cur
vatures),and N (z) is the normalon the surfaceat eachpoint z. For the sale of
simplicity we define M C' M (t)M° := M(t), where M(t) is the solutionsurface
for timet. ThusM C M (0% /2) M canberegardedastheapplicationof a“geometric
" Gaussiarfilter of width o to M. The meancurvaturemotion modelis known as
the gradientflow with respecto surfacearea.This is oneindicationfor the strong
regularizingeffectof MC M.

Previouswork on surfacefairing hasalreadyinvolvedthe concepf curvaturemo-
tion. On triangulatedsurfacesasthey frequentlyappealin computergraphicsap-
plications,severalauthorantroducedappropriateliscretizeperatorsTaubin[27]
andKobbelt[20] considerecan umbrellaoperatoy which is a “spring force type”
implementatiorof the LaplaceBeltramioperator Desbrunet al. [6] consideredan
implicit discretizatiorof geometriadiffusioncloselyrelatedto Dziuk’s approacho
obtainstronglystablenumericalsmoothingschemes.

Finally, to underlinethe similaritiesof our discrete cascadicurvaturemotionap-
proachto subdvision and the basicfinite elementimplementationof MCM we
shortly sketch the numericalalgorithm. We have to choosea spatialand a time
discretization Here we follow Dziuk’s approach12]. To clarify the notationwe
will denotediscretequantitieswith uppercaselettersthroughouthis paperto dis-
tinguishthemfrom the correspondingontinuousquantitiesin lower caseletters.
For the easeof presentatiorwe restrictourselesto triangularsurfaces.We seek
a family M% of discretesuccessiely smoothedsurfacesstartingfrom someini-
tial surface M. Herethe subscripth indicatesthe grid sizeandk the time step.
OnsurfacesM;, we definethefinite elementspaceof piecaviselinearcontinuous
functions V. The coordinatevector X can be regardedas a functionin (V/7)3.
The metric and the gradientsof functionson M,, are evaluatedaccordinglyon
eachtriangle. We expect X* to be an approximationof = (k1) wherer is the se-
lectedtimestepanddiscretizethe time derivative by a backward Euler schemeas
Oz (k) ~ 7 1(X* — X*1). Now we are able to formulateour finite element
problemmakinguseof the above variationalformulation:

Find a family of triangularsurfaces{ M*}-, andcorrespondingarametrizations



Xk e (Vh)3, suchthat

k k-1
(%, @)7\42—1 + (VMZ_IX,C’ VMZ—l@)TM:—l =0

for all discretetestfunctions® € (V")3. Here,we usethe lumpedmassscalar
product (-, )%, , which is definedby (U, V)%, = [\, Zo(U V) dz for two dis-
cretefunctionsU, W € V*, whereZ, : C°M;) — V" denotesthe nodal
projectionoperator(cf. [28]). We canrewrite this using the notationfor the dis-
creteLaplaceBeltramioperator(A,,, U, )% :== —(V.m,U, V., ©)7m, for all
© € V" Hencewe obtain

Xk _ ch—l

k

Finally, in eachstepof the discreteevolution we have to solve a single systemof
linearequationsln termsof nodalvectorswhichwe indicateby abarontop of the
correspondingliscretefunctionwe canrewrite the schemeandget

(Mk:—l + TLk—l)Xk — Mk—le—l

for thenew vertex positionsX* attimet, = k 7. Here,we assumehelumpedmass
matrix M* andthe stiffnessmatrix L*, whoseentriesaregivenby

M5 = (04, ®5) 3 5 Ly = (Vaue @i, Vart Bh) et

to beappliedsimultaneouslyo eachof thethreecoordinatecomponents.

4 Cascadiciteration schemes

Multigrid methodg15] areknown to beefficientsolversfor systemf linearequa-
tions B X = R characterizedy anintrinsic hierarchicalstructurefor examplere-
sultingfrom afinite elementdiscretizationTypically anunderlyinggrid hierarchy
inducesa hierarchicalstructureon the correspondingliscretefunction spacesLet

usconsidera sequencef finite elementspaceq V;}, with V, c V; C Vo C --- C

V; C --- C V. correspondingo a hierarchyof nestedgrids My, -- -, M;, ...

In the solution processonetypically iteratesover j, solving an appropriatelyre-
strictedsystemB; X; = R; onlevel j andthenrefinesthegrid. Here B; andR; are
restrictionsof B = B;, ., andR = R;_,, respectiely.

Thus,thepreviously calculatedsolutionX;_; canbeconsideredisgoodinitial data
for aniterative solver on level j. Someavhatsurprisingthis naive stratejy turnsout



to be theoreticallywell foundedandrobust[1] aslong asan error controlin the
enegy normis consideredindeed,the numberof requirediterationsor smooth-
ing stepsn; on level j canbe fixed a priori. On coarselevels moreiterationsare
requiredthanon finer levels, wherevery few iterationsare sufficient to ensurea
requiredapproximationquality on the finestgrid level. Even better Bornemann
andDeuflhard[1] provedoptimality for this cascadicschemeén the sensehatthe
overall costof the solutionprocesss O(m) wherem is the numberof unknovns
on the finestgrid level. Henceunderthesecircumstancesne canavoid the more
comple nestedterationswhich a moregeneraimultigrid solver would use.In the
caseof theabove surfaceevolution problemd(cf. Section3), in timestepk we have
to solvefor X = Xj givenB = (M*~! + 7L*"1) andR = M*~1X*~1. Hereone
mightapplycascadigterationsaswell. But we have to take careof thedependence
of the matriceson the metric, which differswith avarying resolutionof the mesh.
Nevertheleson sufficiently fine grids we expecta negligible impactof this effect
onthe performanceof a cascadiateration.Obviously, in principle subdvision can
be regardedasa cascadidterationschemewhereonesuccessiely appliesrefine-
mentand smoothingsteps.In what follows we will work out this obsenration in
detail.

5 A cascadiclinear filtering approachon graphs

At first, let usconsidetthe caseof surfacesM, which aregraphsn thez, direction
over a polygonaldomain(? in the z,, z; plane.Herewe will outline a very sim-
ple but effective subdvision schemeasa first modelcase, which canactuallybe
interpretedasa variationalsubdvision schemeWe denoteby u the corresponding
graphfunction.Givenaninitial graphu? - whichwill laterbeour coarsepolygonal
mesh- we canaskfor a solutionu* of theelliptic partialdifferentialequation

(1—alA)u* =u°

with naturalboundaryconditionson 0. This problemcorrespondso a singleap-
proximatetimestepfor the heatequationwith timestepsizer = a or the approx-
imation of a Gaussiarfilter of width v/27, respectiely. For Lipschitz continuous
initial dataw, it is known [13] thatthe solutionis unigueandC?“ regularfor ary

a € [0,1). Now we approximateu* by a sequencef linear finite elementsolu-
tions{U*},o.... onsuccessiely refinedregulargrids(;, for theparametedomain
Q2. Dueto the corvergencepropertiesof linearfinite elementg4] we know thatfor

k — oo andcorrespondinganishinggrid sizeh,, onQ, thesequencé&* cornverges
to v* in the enegy aswell asin the L>° norm.In eachstepof this procedurene

have to solve alinearsystemof equationsf thetype

(M +aL)U* = MT,,u°

10



whereM, L arethe massandstiffnessmatrix, respectiely, and I, u° is thelinear
interpolationof u° on€);,. ThesolutionU* minimizesthe enegy

EU) = /(U —u’)?+a|VUP

over all admissiblefunctionsU in the " finite elementspace.Hence,if u° is
thefunctioncorrespondindo a polygonalsurfacegraphover €2, we caninterprete
this approaclhasa variationalsubdvision approachAs usualthe linear systemsof
equationsaresolvedapplyingiterative solvers.If we considera cascadianultigrid
method,we canreducethe requirednumberof iterationsenormouslywithout ef-
fectingthe corvergencepropertieqcf. Sectiond). Givenafinal level of resolution
kmax We apriori fix therequirednumberof smoothingstepswithin the cascadial-
gorithmon all levelsfollowing the recipegivenby BornemanrandDeuflhard[1].
Thenwe consideran interpolationof the solutionon the previous coarselevel as
our initial datafor the iterative solver on the next level. Finally we endup with a
subdvision schemeof optimalcompleity. I. e.thecostis proportionatto the num-
berof verticeson thefinestgrid level. Still we know thattheresultingsequencef
solutions{U,... } convergencedo v*. Thus,oursimpleiterationleadsto C** regu-
larity in thelimit, independenof the grid type andthe appliedrefinemenscheme.
Let us briefly summarizethe bricks which build up this regularity resultfor the
limit surface.We referenceelliptic regularity [13] to checkfor the regularity of
thelimit graph,cornvergenceresultsfrom basicfinite elementcalculus[4] to prove
convergenceof the exact finite elementsolutionsto this limit graph,and finally
convergenceresultsfor the cascadianultigrid to verify thatthe algebraicerror for
the multigrid solutionof the involved linear systemds of the orderof the already
controlledfinite elementerror Hence,applyingthesewell establishedheorieswe
getnicesmoothnespropertiedn this simplecasefor granted Unfortunately most
surfacesin computationalgeometryare not graphs,exceptfrom a local perspec-
tive. Furthermorethe selectionof a parameteidomainintroducesthe metric on
thatdomainasthevalid metricfor the smoothingprocessThussubdvisionresults
significantlydependon this metricandtherebyon the properchoiceof the param-
eterdomain.It would be much more naturalto apply the sameconceptbasedon
a singlediffusiontime stepbut taking into accountthe metric on the limit surface
or suitableapproximationof it, respectrely. This will be what we are going to
investigatan thefollowing sections.

6 The actual geometricfilter process

In Section3 an 4 we reviewed meancurvature motion and cascadicnumerical
solvers,respectiely. We will now integratethis methodologyto derive anew class
of subdvision methods.Hencecurvature motion andits time discretizationwill

11



Fig. 3. Comparisorof differentsubdivisiorresults Fromleft to right theimagescorrespond
to exactsolutionof thelinear systemén ead subdivisionstep,cascadiccg-iterations,and
cascadicJacobi-iteations. Visually there is more or lessno differenceexceptcloseto the
boundaryin thened region. Thisclearlyreflectsheconvergencepropertiesof thecascadic
scheme

be regardedas appropriategeometricfilters and cascadidterationswill sene as
suitablesolvers.As initial surfacewe considerary discrete typically triangulated
surface M, anddenoteits parameterizatioby x,. To underlinethe geometricori-
gin andto straighterthe presentationve derive our final methodin severalsteps:

Stepl. As it hasalreadybeenmentionedmeancurvaturemotionis the geometric
counterparbf Gaussiarfiltering andsolving the heatequation respectrely. Sin-

gularitiesmay arisein MCM of two dimensionalsurfaces[17], but startingwith

properpiecavise polygonalsurfacesand consideringrelatively small timest¢ we

can assumethe evolving surfacesto stay away from the singularities.Then for

shorttimesa uniquesolutionexistsandit is C*°-regular Thuswe applythe mean
curvaturemotion semigroup(M C M) asa geometricfilter of width ¢ to M, and
obtainfor atime stepr = %

M = MCM(T)Mo,

wherethecorrespondingarametrizatiotis definedby x := z(7). A suitablechoice
for thefilter width onapolygonalsurfacewith grid sizeh, appearso beo ~ hy. At

first, we assumehe triangulationof our initial surfacesto be uniform. In Section
8 we will generalizeour methodto nonuniformfilter width. Alternatively to the
correspondencef the filter width andthe timestepof MCM, we canincorporate
thefilter width in thediffusioncoeficientandconfineto atime stepr = 1. Thatis,

we considerfor a spatiallyfixedfilter width o

12



O (t) — a Apmx(t) =0,

with ¢ := "72 andevaluatethe evolution attime t = 1. As one adwantageof this
rewriting we cannow considera spatiallyvaryingfilter width o (cf. Fig. 1).

Step2. We canreplacethe continuoushonlinearsemigrougby atime discreteevo-
lution andfocuson thefirst step.In theresultingimplicit schemeave have to select
a metric (cf. Section3). We approximatea fully implicit schemewherethe met-
ric is evaluatedon the unknown surface,by a sequencef semiimplicit schemes.
Hencen eachiterationwe considetthemetricfrom the previousstepandcalculate
parameterizations® of surfacesM* for k > 0 solvingthelinearproblem

(2% — 20) —a App—r2® = 0.

Letusemphasiz¢hattheindex & doesnotindicatea curvaturemotiontimestepout
only successiely improvedapproximation®f thefully implicit scheme

(" — x9) —aApp2" = 0.

Becauseof theidentity Ay«2* = —H*N*, we have |H*| = adist(z*, o) Where
H* and N* arethemeancurvatureandthe surfacenormalsof M* anddist(z*, x¢)
denoteghe one sideddistancebetweenM* and M. Hence,an alternatve geo-
metric interpretationof the meancurvaturediffusionis thatafter a timestepa the
meancunatureontheresultingsurfacewill beproportionatto its distancerom the
initial surface.Thus,oneexpectsa non-uniformcurvaturedistribution in the final
surface,cf. Fig. 10.

For k — oo we expectthe above iterationto be a fix point iterationwith a con-
vergenceof the parametrizationg* at leastpointwiseto a parametrization:* of
a uniquefix point surface M*. Our numericalresultsgive a strongindicationfor
this corvergence.In Section5 we have alreadymentionecdthat a regularity result
holdsin thesimplified case GivenLipschitzcontinuousnitial datau, the solution
v* of (Id — aA)u* = ug is C*»*-continuoudor ary « € [0, 1) (cf. Sec.5). Ourcon-
jectureis thatan analogousegularity resultholdsfor the implicit MCM timestep
problemandthe LaplaceBeltramioperator Thus,we expectour limit surfaceto be
C?<-continuoudor atriangularinitial surface(cf. Fig. 6). Experimentallywe have
verified at leastboundeddiscretesecondderivatives(cf. Fig. 2). Rigorousproofs
for boththe corvergenceandthe smoothnessf the limit surfacearestill missing.
We abbreviate the notationandwrite

ME = S(MF-H M,

wheretheargumentof thetime stepoperatorS(-) indicateshe correspondingnet-
ric. The limit surfacesM* turnsout to be a fix point of the mappingS(-) Mo,
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i. e. M* = §(M*)M,. Sofar we have derived a geometricallynaturalsmooth-
ing method ,which resultsin solving a sequencef spatiallycontinuousandlinear
problems.

Step3. Now we discretizein space,consideringtriangular surfaces M, of dif-
ferentgrid size h and correspondindinear finite elementspaces/’” and ask for
parametrization&X € (V")? of surfacesM,, (cf. Section3). Thus,we consider

M = Sp(MEHY M,

whereS,, () denoteghecorrespondingpatiallydiscretetime stepoperatorl. e.for
the parameterizatio * of M¥ we get

(X* — Tha) — aAMi_lxk =0.

HereZ, againindicatesthe nodalprojectiononto V", We expect M¥ to corverge
to M* for h — 0 (cf. thecorvergenceresultby Deckelnick andDziuk [5]).

Stepd. Furthermorewe considersequencesf nestedyridsgeneratedby ary recur
sive andregularrefinementule andapply a diagonalizatiorargumentwith respect
to thegrid level andtheabove iteration.After eachiterationwe refinethegrid once
andobtainthefollowing subdvision scheme:

M, = Sp (M~ Y M. 1)

This correspondso the operatorequation

(XF — Tn,0) — @ AMﬁgllek =0
for theparameterizationXf, of Mj . For thesale of simplicity we write X}, S,
and My}, insteadof = , S;,, and My, , respectiely. We supposegeometricdecay
of the sequencef grid sizeshy, i. €. 8 hy < hyy1 < B1hy. In caseof astandard
butterfly lik e refinementrule without smoothing,which resultsin the splitting of
eachtriangleinto four up to scalingidenticalchildren,we obtaing*™ = g~ = %

Step5. In eachstepof the above subdvision schemethe solution of a systemof
linearequationgcf. Section3) is required.As usualin finite elementcalculusthis
systemis sparseanditerative solverscanbe applied.In eachsubdvision stepwe
modify the metricandrefinetheunderlyinggrid. This obviouslyis a cascadicstrat-
egy (cf. Section4) andwe know thatfor increasingterationindicesa decreasing
numberof smoothingstepsn, in the linear solver hasto be performedif we con-
siderappropriatelyprolongatedolutionsfrom the previouslevel asinitial data.Let
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Fig. 4. A triangulatedcubeis undegoing two stepsof “r efineand smooth”following the
proposedsubdivisionscheme

us indicatethe numberof smoothingstepsn, on grid level & by an upperindex.
BornemanrandDeuflhardprovedthattherequirednumberof iterationsdecayge-
ometrically i. e.in caseof conjugategradientterations(CG) n;, = ny,, 22 Fmax—Fk)
andfor the dampedlacobiterationn; = ny,_, 2%*F==—*) Givenanerrortolerance
for the algebraicerrorwe canpresethe requirednumberof smoothingstepsny,,.
on the finestgrid level k... In our applicationwe alwayssetny, .. = 1. Thus
givenafinal level of refinement:,,., upto whichwe wantto iteratethe overall cost
of the resultingalgorithmhasoptimal compleity for CG in caseof a quartering
type refinementand nearly optimal compleity for the dampedJacobiiterations.
Optimalheremeanghe costis proportionalto the numberof fine grid nodes|f the
goalis only to ensureappropriatesmoothingresults,basedon our experienceone
canfurtherreducethe numberof iterationsn, especiallyon fine grid levelsk and
confineto afixednumberof iterationsn. Thuswe obtaina suitableapproximation
of our original modelby theiteration

My = SH M) M.

HereS,* representsary iterative solver restrictedto n, iterationsin our original
subdvisionschemg1) above. Fig. 4 shavs asketchof thegeneralbrocedurdor a
very simpleexample(cf. Fig. 3 andFig. 5).

As initial dataandfor theevaluationof themetricwe considethecoordinatevector
of M¥~1 prolongatedto level & by trivial interpolation.Let us remarkthat the
numberof consideredsmoothingstepswill correspondo the stencilwidth of our
schemeameasuredh cells(cf. Sec.7).

To be morepreciseaboutthe linearfinite elementproblemsto be solvedin theit-
erationlet us first reformulatethe implicit definition of the sequencg M¥},. In
discretevariationalform we obtainthe following problem:

Find a sequencef discretecoorinatemaps{ X} ;... with Xf € (V"*)3, which
definesa family of triangular surfaces{ M} };—,.... sud that
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