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Abstract

Vector
 field visualization� is an� importanttopic in scientificvisual-
ization. Its


aim is

�
to graphically� represent� field dataon� two and�

three-dimensionaldomains
�

and� on� surfaces� in anintuitiv� ely under-
standableway� . Herea� new� approach� basedonanisotropicnonlinear
diffusionis introduced.

�
It


enables
 aneasyperceptionof vectorfield
�

dataand� serv� es
 as� an� appropriatescalespacemethodfor the
�

vi-�
sualizationof� complicatedflow� pattern.� The approachis

�
closely�

relatedto
�

nonlineardiffusionmethodsin imageanalysiswhereim-
agesaresmoothed� while� still� retainingand� enhancingedges.
 Here
an initial noisy� imageintensity

�
is
�

smoothedalong inte
�

gral� lines,
whereasthe imageis sharpenedin the orthogonaldirection.

�
The

methodis basedon a continuous� modelandrequiresthe
�

solution
of a parabolicPDEproblem. It is discretizedonly� in

�
the
�

final
�

im-
plementationalstep.Therefore,many� importantqualitati� v� e aspects�
canalreadybe

�
discussed
�

on a continuous� lev� el. Applications
�

are
shown for flow fields in 2D and3D

�
aswell as� for principal� direc-

tionsof� curvature� on� generaltriangulated
�

surfaces.Furthermorethe
provisions� for

�
flow� segmentationareoutlined.
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1 Introduction

The visualizationof field data,especiallyof v� elocity
 fields from
CFD computations� is oneof� the

�
fundamentaltasks

�
in scientificvi-�

sualization.A variety� of differentapproacheshas
"

been
�

presented.
Thesimplest� methodto draw� v� ectorplots� at� nodesof� some� o� v� erlaid
regular� grid in generalproducesvisual� clutter,# because

�
of� the
�

typi-
cally dif

�
ferent
�

localscalingof thefield
�

in
�

the
�

spatialdomain,
�

which�
leadsto disturbing

�
multiple ov� erlaps
 in certainregions,� whereas� in

otherareassmallstructures� suchas� eddiescan� not� beresolv� ed
 ad-�
equately.$ Thisgets� e
 venworse� if tangentialfields

�
on� highly
"

curv� ed
surfacesare� considered.�

Thecentral� goal� is to comeup with� intuitively better
�

receptible
methods,whichgive
 ano� v� erall aswell as� detailed

�
view on� theflow�

patterns.Singleparticlelinesonly� very
 partially� enlightenfeatures
of a complex flow� field. Thus,we� want� to

�
define
�

a te
�

xture which�
representsthe

�
field globallyon a2D or� 3D

�
domain
�

andon surfaces
respectiv� ely
 . Herewe� confineourselv� es
 to stationaryfields. In the
Euclidiancasewesuppose%'&)(+*-,/. for

�
somedomain0+132/4 ,#

whereasin caseof� a� manifold 5 embeddedin 687 we considera�
tangentialvectorfield 9 .$ W

:
e askfor

�
amethod; generatingstretched

streamlinetypepatterns,� whicharealignedto
�

thevectorfield
� <>=@?BA

.$
Furthermore,the

�
possibility to successi� vely coarsen� this patternis

obviously andesirableproperty� .$ Methods
C

whichare� basedon such
a scaleof� spacesandenhance
 certain� structuresof imagesarewell�
known� in image

�
processinganalysis.� Actually

�
nonlinear� dif

�
fusion
�

allows the
�

smoothing� of� gre� y� or color imageswhile� retainingand�
enhancingedges[18]. No

D
w� we� setup a diffusion problem,� with�

strongsmoothing� alonginte
�

gral� lines
E

and� edge
 enhancement
 in
�
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orthogonaldirections.Applying this to someinitial randomnoise
imageintensitywe� generate� a� scale� of� successi� vely
 coarser� patterns�
whichrepresentthev� ector
 field. Finiteelements
 in space� and� a� semi�
implicit time

�
steppingareappliedto

�
solve this

�
dif
�

fusion
�

problem�
numerically.$ Furthermorea� suitablemodificationof� the

�
approach

allows the
�

identificationof� topologicalregions.
Before we� explain in detail

�
the method,let usR discussrelated

work on� v� ector
 field visualization� and� imageprocessing.� Lateron
we will� identify someof thewell� known methodsas� equiv� alentto
specialcases,or asymptotic� limits

E
of� the presented� ne� w� method

respectiv� ely
 .

2 Related wS ork

Thespot� noisemethodproposed� by
�

v� anW
:

ijk [25] introducesspot
like textureT splatswhich� arealignedby deformation

�
to
�

the
�

v� elocity
field in 2D or onsurfacesin 3D.

�
Thesesplats� are� plottedin the

�
fluid

domainsho� wing� strong� alignmentpatterns� in the
�

flo
!

w direction.
Theoriginally� first orderapproximationto

�
the
�

flow was� improved
by deLeeuwand� vanW

:
ijk in
�

[6] by
�

usingR higher
"

order� polynomial�
deformationsof� thespotsin

�
areasof� significantvorticity� . In an� an-�

imatedsequencethesespots� canbe
�

mov� edalongstreamlines� of the
flow� .$ Furthermore

U
in 3D van W

:
ijk [26] applies� the

�
inte
�

gration� to
cloudsof orientedparticles� andanimatesthem

�
by
�

drawing� similar
moving� transparentandilluminatedsplats.
TheLine Integral Conv� olution(LIC)

V
approachof� Cabraland� Lee-

dom [4] integratesthe
�

fundamentalODE describingstreamlines�
forward andbackward

�
in
�

time
�

at ev� ery
 pixelizedpoint� in
�

the
�

do-
�

main,conv� olves
 awhite� noisealongthese
�

particlepaths� with� some
Gaussiantype

�
filter kernel,

W
and� takesthe resulting� valueasan in-

tensityvalue� for
�

the
�

corresponding� pix� el. According
�

to the
�

strong�
correlationof this

�
intensity
�

along� the
�

streamlines� and� the lack of
any correlationin the

�
orthogonaldirectiontheresulting� texturingT of

thedomain
�

shows dense
�

streamlinefilamentsof� v� aryingintensity.
Hege andStalling [21] increased

�
the performance� of� this method

especiallyby
�

reusingportionsof the
�

convolution integral already�
computedon� pointsalong� the streamline.� Forssell� [10] proposed
a similar methodon� surfacesand� Max

X
et
 al. [17] discuss

�
flow� vi-�

sualizationby
�

te
�

xturing on contoursurfaces.� Max andBecker[16]
presenteda� methodfor visualizing� 2D and� 3D

�
flows� by

�
animating

textures.
Shenand� Kao [20] applied� a� LIC type methodto unsteadyR flow
fields. Recently

Y
a� method[2] has

"
beenpresented,which� generates

streaklinetype
�

patterns� by
�

numericalcalculationof� the transport
�

of inlet coordinatesand� inlet
�

position. InterranteandGrosch[12]
generalizedline inte

�
gral� con� volutionto

�
3D in terms

�
of volume� ren-�

dering
�

of� line
E

filaments.
�

In [24] T
Z

urkR discusses
�

anapproachwhichselects� acertain� num-
ber
�

of� streamlines.� They areautomatically� equallydistributedR all�
o� ver the

�
computationaldomainto

�
characterize� in a� sketch� type

�
rep-

resentation� the
�

significant� aspects� of theflo
!

w. An ener
 gy minimiz-;
ingprocess� is usedR togeneratetheactualdistributionR of� streamlines.�

Especiallyfor
�

3D
�

velocity fields
�

particletracing
�

is
�

a� very
 pop-�
ularR tool.

�
But a� few� particle� integrationsreleasedby the usercan�

hardly scopewith the
�

complexity of 3D vectorfields. Zöckler� et




al. [22] usepseudorandomlydistributed,R illuminatedandtranspar-
entstreamlines[ to

�
gi� v� ea� denser

�
andmorereceptiblerepresentation,�

whichsho� ws� theoverall
 structure� and� enhancesimportant
�

details.
�

Van� Wijk [27] proposed� the
�

implicit stream� surfacemethod.For a�
stationaryflow� field

�
the
�

transportequations
 \^]`_badcfe aresolved
for giv� en
 g andcertain� inflow andoutflo� w boundaryconditions� in
a pre-computingstep.Thenisosurfacesof� the

�
resultingfunction h

arestreamsurfaces� and� canef
 ficiently bee
 xtractedwith interacti
�

ve
frameratese
 venfor larger� data

�
sets.

Most of the
�

methodspresented� sofar hav� e
 in common,� that the
generationof� a coarser� scale� requiresa recomputation. For� in-
stance,if we� ask� for a� fineror� coarser� scaleof� the

�
line integral� con-�

volution� pattern,� the
�

computationhasto berestartedwith a� coarser�
initial imageintensity. In case� of spotnoiselargerspotshav� e to

�
be

selectedand� their
�

stretchingalong� the
�

field hasto beincreased.
�

The
Z

approachto
�

be
�

presented� here
"

will� incorporatea� successiv� e
 coars-�
eningastime

�
proceeds� in the

�
underlyingR diffusionproblem.�

As already� mentioned; in the
�

introduction our method; of�
anisotropicnonlineardif

�
fusion
�

to
�

visualize� vector
 fields is
�

deriv� ed
from well kno

W
wn� image
�

processingmethodology. Discrete
i

dif
�

fu-
�

sion type methodsareknown� for
�

a� long time.
�

Peronaand� Malik
j

[18] hav� e
 introduceda� continuous� diffusion modelwhich allo� ws�
thedenoising
�

of images
�

togetherwith the
�

enhancing
 of edges.
 Al-
varez,� Guichard,Lions and� Morel [1] have establisheda� rigorous
axiomatictheory of diffusive
 scalespacemethods. Kawohl� and�
KuteR v� [14] in

�
v� estigateaqualitative
 analysisof the

�
Perona
k

andMalik
j

model. The recov� ering
 of lower� dimensionalstructures� in images
is analyzedby

�
Weickert[28], who� introducedan� anisotropic� non-�

lineardif
�

fusionmethodwherethedif
�

fusionmatrix depends
�

on� the
socalled� structuretensorof the

�
image.A finite element
 discretiza-

tion andits
�

con� ver
 gence� propertiesha
"

v� e
 been
�

studied� by Ka
l

čurand
Mikula [13].

Concerningthe
�

applicationof diffusion type
�

methodson sur-
faces,a� general� introduction

�
to
�

differentialcalculus� on� manifolds;
canbe

�
foundfor instancein the

�
book
�

by
�

do Carmo[7].
m

Dziuk [8]
presentsan algorithmfor

�
the solutionof partial� differentialequa-


tions on� surfacesand in [9] he discusses
�

a� numericalmethodfor
geometricdiffusion appliedto

�
the
�

surfaceitself,
�

which� coincides�
with the

�
meancurv� aturemotion.

3 The
n

nonlinear diffusion problem

Let usnow deri
�

ve
 ourmethodbasedon� a� suitable� PDEproblem.At
first, weconfine� ourselv� es
 to the

�
case� of� planar� domainsin 2D and

3D. Here,
o

nonlinearanisotropicdiffusion applied� to
�

someinitial
randomnoisyimagewill enablean� intuitive
 andscalable� visualiza-
tion of� complicated� vectorfields. Therefore,

Z
we� pick up the idea

of line integral� con� volution,whereastrongcorrelation� in theimage
intensityalongintegral linesis achie� vedby

�
con� volutionof aninitial

white noise� along� these
�

lines.
E

As
�

proposed� alreadyby
�

Cabraland
Leedom[4] a suitable� choice� for the

�
con� volution� kernelis a� Gaus-

siankernel.
W

On the
�

other hand
"

an appropriately� scaledGaussian
kernel is known to be the fundamentalsolution� of� the heatequa-

tion. Thus, line integral� con� volution is nothingelsethan

�
solving

theheatequation
 in 1D on� an integral line parameterizedwith re-
spectto

�
arc� length.Onpix� els
 whichare� locatedondifferentintegral�

lines the resulting� image
�

intensitiesare� not correlated.� Hence,the
thicknessof the

�
resultingimagepatterns� in line integral conv� olu-�

tion is of thesizeof therandominitial patterns,� in general� a� single
pixel. Increasingthissizeas� it has

"
been
�

proposedby Kiu andBanks
p

[15] leadsto broader
�

stripes� andunfortunatelyR lesssharptransitions
acrossstreamlinepatterns.As

�
described
�

sofar
�

,# line integral con� vo-
lution is a� discrete

�
pixel basedmethod.If we askfor a well posed

continuousdif
�

fusion
�

problemwith similar� properties,we� areleadto
someanisotropicdiffusion,now controlledby a suitablediffusion
matrix.

d

G(d)

Figure1: Theshapeqbrts u which� appliedto
�

the
�

gradient� of� the
�

mol-
lified imageintensityservesasadiffusioncoef� ficientin imagepro-
cessing.

To� begin with, let usR at first introducea� general� nonlineardiffu-
sionmethodfrom imageprocessingand� then

�
discuss
�

theselection�
of theappropriate� diffusiontensorandthe

�
right handside.� Here

o
we

considerfirst the
�

caseof� animagein Euclidianspace� eitherin 2D
or 3D.
�

In


Section
v

6 we� thengeneralize� this with� respectto te
�

xtures
onsurfaces.� Weconsiderafunction wyx{z/|}/~y�3��� which� solv� es

theparabolicproblem

�
���{�b� div �@�b���b���t�t�8���������@��� in �b�������

� �@¡�¢¤£ ¥�¦¨§ª© on «�¬
® ¯y°8±¨² on ³b´¶µ¶·�¸

for gi� veninitial density
� ¹ªº¼»�½3¾À¿ Á>ÂÄÃÆÅ

.$ Here Ç�ÈÊÉfË�ÌªÍ�Î is a� mol-
lification of thecurrentdensity, which will� later

E
on� turn
�

out� to
�

be
�

necessaryfor
�

the
�

wellposednessof theabov� e parabolic,boundary
�

andinitial valueproblem.In our� setting� we interpretthedensityas�
animage
�

intensity
�

,# a� scalar� greyscale� or� – with� a� slighte
 xtensionT to
thev� ector
 v� alued� case– asavectorvaluedcolor� .$ Thus,

Z
the
�

solution�Ï ÐtÑ Ò canbe
�

regardedas� a family of� imagesÓ{Ô Õ�Ö�×tØ`ÙÛÚÝÜÄÞß ,# wherethe
�

time à servesas� a� scaling� parameter� .$ Let
á

usremark,� thatby the
�

tri
�

v-
ial choice âäãæå and� ç�è@é�êìëäí we obtainthe

�
standardlinear

E
heat

equationwith� its
�

isotropic
�

smoothingeffect. In image
�

processing�îªï is
�

a� gi� v� en noisy initial
�

image. The diffusion is supposedto
�

be
�

controlledby thegradientof the imageintensity. Large gradients
markedgesin theimage,

�
which� shouldbeenhanced,whereassmall�

gradientsindicateareasof� approximatelyequal
 intensity.$ Herede-
�

noising,i. e.
 intensitydif
�

fusionis considered.For that
�

purposewe
prescribea� dif

�
fusion
�

coefficient
�

ðfñ�òbóÆô¤õbö�÷ÄøÄù

where úüûþý/ÿ������� is a monotonedecreasingfunction with��	��
�����������������
and ���� "!$#�% where&('*)�+ is

�
constant� (cf.

,
Fig. 1), e. g.� -�.�/�021 346587:9<;:= .$ If we� would� replace� the molli-;
fiedgradient>�?�@ as� ar� gumentof A by thetruegradient� BDC , which�
leadsto

�
the
�

original� PeronaMalik model,we� would in general� ob-�
taina� backwardparabolic� problem� in areas� of highgradients,� which�
is no longerwell� posed� [14]. Theinv� oked� mollificationa� voids� this
shortcomingandcomes� alongwith adesirablepresmoothingef
 fect.

�
Nevertheless
 the

�
enhancingof� steep� gradientsand� thereby

�
edgesin

theimage,
�

kno
W

wn� from
�

backwarddiffusionis
�

retained� if
�

we� adjust
themollification; carefully. A suitablechoice� [13] for

�
this
�

mollifi-
cationis a� con� volutionwith theheatequationkernel.I.e.


wedefine
�E�F8GIHJLKNMPO(QSR<TVUXW where� YZ is thesolution� of� the

�
heat
"

equationwith�
initial data [ .$ Then \ is the

�
width� of the

�
corresponding� Gaussian

filter. Figure2
]

gi� v� esan� e
 xampleof suchan image
�

smoothing� and
edgeenhancement

�
by nonlineardiffusion. Thefunction ^P_6`	a may

serve
 asa� penalty� which� forcesthescale� of imagesto
�

stay� close� to



Figure2:
]

The
Z

noisy� image
�

on theleft
E

is
�

successi� vely smoothedby
nonlineardiffusion.On

b
theright the

�
resultingsmoothed� imagewith�

enhancededgesis sho� wn.�

B

vcv1,..n−1

e0

e1,..n−1

Figure3: Thecoordinatetransformation
�

B(v).

the initial
�

image,e. g.� choosing� dPe�f�g�hjike�fml�npo�q where� r is a�
positiveconstant.�

Now we incorporate
�

anisotropic� dif
�

fusion. For a given vector
field sutwvyx{z�| we� consider� lineardiffusion in thedirectionof�
thevectorfield

�
and� a� Perona

k
Malik typediffusionorthogonal� to the

field. Let us supposethat } is continuous� and ~p���� on� � .$ Then
thereexists a� family of continuousorthogonal� mappings���N�m��������8���N���

such� that ���N�m�6�p�����L���<� , where�  ¢¡V£�¤X£�¥L¦�§ ¨ © ª�« ¬m�®
is thestandardbasein ¯�° (cf. Fig. 3).

�
W
:

e
 considera dif
�

fusion
matrix ±³²´±DµN¶¸·�¹�º�»6¼ and� define½D¾N¿¸À6Á�Â8ÃÅÄÇÆNÈmÂ6É�ÊÌË$Í�Î�ÏLÎ�ÐÒÑ�Ó�Ô�Õ

Id Öm×�ØÚÙÜÛ�ÝNÞmß
where àyákâ�ãpäæå�ç controls� the

�
linear diffusion in v� ectorfield

direction, i.
�

e.
 along� streamlines,and� the
�

abov� e introducededge
enhancingdif

�
fusion
�

coef� ficient è�é6ê	ë actsin the orthogonaldirec-
tions. HereId

 ìmí�î
is the identity

�
matrix; in dimension

� ïÜð(ñ
. W
:

e
mayeitherchoosea� linear

E
function
� ò

or in
�

caseof a velocityfield,
�

whichspatiallyvaries� over
 se� veralordersof magnitude,weselecta�
monotonefunction

� ó
(cf. Fig. 4) with�ô$õ�öm÷ùø�ö and�ú	û�üÜý6þ�ÿ��������	��


max.

In generalit doesnotmakesense� to considera� certain� initial image.
As initial data �� we thus

�
choosesomerandom� noise� of anappro-

priatefrequency� range.Thiscan� for instancebe
�

generated� running
a linearisotropicdif

�
fusion
�

simulationon� adiscretewhite noisefor
�

a shorttime.
�

Hencepatterns� will� grow� upstreamR and� do
�

wnstream,�
whereasthe

�
edgestangentialto

�
these
�

patterns� aresuccessi� vely en-

hanced. Still

v
there is

�
some� dif

�
fusion
�

perpendicular� to
�

the field
�

which supplies� usR for e
 volving time with� a scale� of progressiv� ely
coarserrepresentation� of the

�
flow� field. If we run� the

�
evolution� for

�
vanishing� right handside� � the

�
imagecontrastwill unfortunatelyR

decreasedue
�

to
�

the
�

dif
�

fusion along streamlines.� The asymptotic�

ρ

f(
�

ρ)
�

0.0                
�

                0.5                             1.0

r

α(r)

αmax

Figure 4: The graphs� of� the velocity
 dependent
�

linear diffusion����� � ,# respectively
 thescalarcontrastenhancingrighthandside� ����� � .

Figure5: A vector
 field
�

from
�

a 2D
]

magneto-hydrodynamicssimu-�
lation(MHD) is visualized� by

�
nonlineardif

�
fusion.A discrete

�
white�

noiseis
�

considered� as� initial data.We run thee
 volution on� the
�

left
E

for a� small� and� on� theright for a largeconstantdiffusioncoefficient� .

limit would� turn
�

out to
�

be an averaged
 grey� value. Therefore,we
strengthentheimage

�
contrastduring

�
theev� olution,� selectinganap-�

propriatefunction � �"! #%$'&)(+*-,/. (cf. Fig. 4) with0�132�4	56071�8:9	;�<
,#= >@?

on A3B%CED�F'G�H ,# and� IKJML on N3OQPSRQT UWV .
If we� - at� the

�
first glance� - neglect the

�
diffusive term in the

�
equa-


tion,one� realizes� that
�

perturbationsbelo
�

w theaverage
 value X%YEZ are�
pushedto

�
wards� the

�
zerovalueand� accordingly� v� alues� abov� e [%\E] are�

pushedto
�

wards� 1. Well-known maximumprinciples� ensure
 that
�

the
�

interval� of gre� y� v� alues� ^ _%`)acb is
�

not enlarged� running� the
�

nonlinear�
diffusion. Herethefirst propertyof� d is of� great� importance.Fi-
nally we� end
 up with� themethodof nonlinearanisotropicdiffusion
to visualize� comple� x vectorfields. Therebywe solv� e
 thenonlinear
parabolicprobleme

fhgjilk di
�

v� m3nom�pQqSros%t�u�vxw%uzy|{�}3w%u
startingfrom some� randominitial image ~�� andobtain� a scale� of�
imagesrepresentingthe

�
vectorfield in an� intuitive way� (cf.

,
Fig. 5).

�
Thecorrespondingvariational� formulationis ob� viously� gi� v� enby�3�%���"�������@�3�o���Q�c�x�������o�"�c�o���	�����"���� ¢¡



[0,1]m

f (ρ£ )¤

Figure6: A sketchof� the
�

v� ector
 valuedcontrastenhancingfunc-
�

tion ¥ which leadsto asymptotic� states¦"§�¨@©�ªE«¬¯®±°�²´³¶µ�·	¸º¹+»�¼½ ¾Q¿'ÀcÁ3ÂÄÃ
. Here, the components� of the

�
densityare interpretedas�

bluerespectiv� ely green� color� v� alues.Thearro� ws indicatethedirec-
tion of contrast� enhancemen
 t.

for all� ÅÇÆÉÈoÊÌË�Í´Î , where Ï�ÐÒÑ'ÓEÔ denotes
�

the Õ	Ö product� on the
domain× .$ Our

b
later
E

finite
�

element
 implementation
�

will� bebasedon
thisformulationby

�
restrictiontofinite dimensional

�
functionspaces.

4 Coupled system of diffusion equations

If we askfor point� wiseasymptotic� limits of� thee
 volution,we� ex-T
pectanalmost� ev� erywhere
 con� vergenceto Ø"Ù�ÚÜÛ�Ý Þßáà�âQã�ä�å dueto

�
thechoiceof the

�
contrast� enhancingfunction æ�ç�è é . Analytically êQë ì

is a third,
�

butR unstablefix pointof� thedynamics.Thusnumerically
it will not turn out� to

�
be
�

locally
E

dominant.
�

The
Z

space� of� asymptotic�
limits significantlyinfluencestherichnessof thedeveloping
 vector
field aligned� structures.W

:
e mayaskhow to

�
furtheron enrich
 the

patternwhich is settled� by anisotropic� diffusion. This
Z

turns
�

out� to
�

bepossibleby increasingtheset� of� asymptotic� states.We
 nolonger
restrictourselv� es
 to a� scalar� density

� í
but considera� vector
 valuedîáïhð6ñóò ôQõ'öc÷3ø for some� ùûúýü and� a correspondingsystemof�

parabolicequations.Thecoupling� is gi� v� en by
�

thenonlineardif
�

fu-
sioncoefficient

� þoÿ����
which� no� w� dependson� the

�
norm� �����	� of� the

Jacobianof� the vector
 v� alued� density 
�� andthe right handside������
. We
 define

�����������������	�����

with �� "!$#&%(')�*"+-,�./+ for 021354 ,# where 67 is the
�

old right handside
from the scalarcase,� and� 8�9�:<;>=?: .$ Furthermorewe selectan
initial density

�
which� is now� a� discrete

�
“white noisewith valuesin

�@BA$C�DFEHG�I JLK$M�N�O
. Thusthe

�
contrastenhancing
 now pushesthe

�
point

wisev� ector
 densityP eitherto
�

the Q or� to
�

somev� alue� on� thesphere
sectorR�S&T	UWV>X YLZ�[�\�] in ^`_ (cf.

,
Fig. 6).

a
Againa� straightforward

applicationof� the
�

maximumprinciple ensuresbdc"egf"h	ikjml�nporqBst uLv�w�x�y
for all� z and� {2|~} .$

Figure7 shows� an� e
 xamplefor the
�

application� of� thev� ector
 val-�
uedanisotropicdif

�
fusion methodappliedto a 2D flow� field from

a MHD simulationcon� v� ecti
 v� e flow� field. Furthermore,Figure 8
�

showsresultsof� thismethodappliedto
�

sev� eraltimestepsof acon-�
vecti
 v� e flow� field.

�
An
�

incompressible
�

Bénardconv� ectionis sim-�
ulatedin a rectangularbox

�
with� heatingfrom below� and� cooling

from abov� e.
 Theformation
�

of� con� vectionrolls� will leadto
�

an� ex-T
changeof� temperature.

�
W
:

e
 recognizethat
�

thepresented� methodis
ableto

�
nicely� depict

�
the
�

global� structure� of� the
�

flow� field,
�

including
�

its saddle� points,v� ortices,and� stagnationpoints� on the
�

boundary
�

.
Figure9 sho� ws� resultsfor the

�
same� datasetsobtainedby

�
line in-

tegral� conv� olution (Here
,

we� usedtheimplementation
�

of He
o

geand�
Stalling [21]). Finally, Fig. 10 sho� ws a dif

�
ferentapplicationto

�
a�

porousmediaflow� field.

Figure 7: Different
�

snapshotsfrom the multiscale based
�

on
anisotropicdiffusion aredepictedfor a� 2D MHD simulationvec-

tor field. Herewe considera two

�
dimensionaldiffusion problem�

andinterpretedtheresultingdensity
�

asacolor in a� blue/green
�

color
space

Figure8: Con
�

v� ecti
 vepatterns� in a 2D flow field aredisplayed
�

and
emphasizedby

�
themethodof anisotropicnonlineardiffusion. The

imagesshow the
�

v� elocity field
�

of the flo
!

w at� dif
�

ferent
�

time
�

steps.
Therebythe resultingalignmentis with respectto

�
streamlines� of�

this timedependent
�

flo
!

w.



Figure9: LIC
á

image
�

generatedfor
�

one� of� the datasetsthat ha
"

v� e

alreadybeenprocessed� in

�
Fig.
U

8 by
�

nonlineardiffusion (cf. lo
E

wer�
left imagein Fig.

U
8).

Figure10: Field aligneddif
�

fusion clearly� outlines� the principle
featuresof a porousmediaflow� in the vicinity� of a salt dome.
Lensesof� lower� permeability� forcetheflow to

�
passthroughnarrow

bridges.W
:

e
 depict
�

two timesteps� of thediffusionprocess.

5 Application in 3D

The anisotropic� nonlineardiffusion problem� hasbeen
�

formulated
in Section
v

3
�

for arbitraryspacedimension.It


results� in a� scale� of�
vectorfield alignedpatterns� which we thenhav� e
 to visualize.� In
2D this hasalready� beendonein a straightforwardmannerin the

�
abov� e
 figures.

�
In


3D
�

we� have
 someho� w to
�

breakupR thevolume� and
openupR the

�
vie� w� to innerregions.Otherwisewe� mustconfine� our-

selveswith� somepattern� closeto
�

theboundary
�

representingsolely
theshearflow� .$

Herea furtherbenefitof thev� ector
 valued� dif
�

fusioncomes� into
operation.We know that for ����� the

�
asymptoticlimits - which�

differ from � - are in meanequally distributedR on� ������� �L������� .
Hence,we� reducethe informationalcontent� and focus on a ball

�
shapedneighborhood���H����� of� a certainpoint� ���m���p���  L¡�¢�£�¤ .
Now we� can� eitherlook at isosurfacesof the

�
function

¥�¦�§	¨�©5ª¬«d¦�§	¨�>®&ª¬¯±°
wherethe

�
isolevel
 ²-³ allowsusto

�
depict
�

the
�

boundaryof� thepreim-�
age of ´�µ-¶�·�¸ with respectto

�
the
�

mapping ¹ (cf.
,

Fig. 11 and
Fig. 12). Alternati

�
v� ely we might usev� olumerenderingto

�
visual-

ize this
�

type of� sub� volumes. A detaileddiscussion
�

of the
�

latter
approachis

�
beyondthe

�
scope� of� this

�
paper� .$

6 Anisotropic diffusion on surfaces

In the abov� e
 sectionswe have
 discussed
�

anisotropic� diffusion in
vectorfield visualization� on domainswhicharesubsets� of� two-

�
and

threedimensionalEuclidianspace. In what follows we will out-�
line how� to

�
carryover
 thismethodologyto displaytangential

�
v� ector


fields on� surfaces.� Important


e
 xamplesareresults� from
�

meteoro-;
logical simulations,flow� fields on streamsurfaces,or v� ector
 fields
in differentialgeometry� .$ Theapplicationspresented� here

"
will� focus

on the latter case� andpresentmultiscaletexturesT on surfaces� rep-�
resentingthe

�
principal� directions

�
of� curv� ature. Basedon the well

establishedintrinsic
�

differentialcalculus� on� manifolds; [7], we can
pick up the

�
samediffusion problemswith an appropriate� reinter-

pretationof� theoperators.Thus,let usR first briefly review thebasic
notationof manifolds,differentialcalculusandgeometric� dif

�
fusion.

For adetailedintroductionto geometry� and� dif
�

ferentialcalculuswe
referto [7] and� [5, Chapter

�
1]. F
U
or� the
�

sakeof� simplicity weassume�
oursurfaces� to becompact� embeddedmanifoldswithoutboundary

�
.

Thuswe considera� smooth� manifold; º ,# which� we� suppose� to
�

be
�

embeddedin
� »½¼

.$ Let
á ¾À¿WÁÃÂÅÄÇÆ�ÈÊÉËÍÌ�Î�Ï<Ð

be
�

a coordinate�
mapfrom

�
an� atlasof� Ñ . For eachpoint Ò on Ó the embedded

tangentspace� Ô�Õ-Ö is
�

spannedby the
�

basis×�ØÚÙÛ$Ü�ÝdÞàß$áâ-ã"äLå . By
æ çéè

wedenote
�

the
�

tangentb
�
undle.R On ê themetric; ëLì�íïî�ð�ñ as� a� bilinear

form on� òéóõô½öé÷ is prescribedby the
�

metrictensor
� øúùüû�ø<ý þ/ÿ�� �

with ��� ��� 	�
������ ����������
where � indicates

�
thescalar� product� in

� ���
.$ Thein

�
v� erseof� � is de-

�
notedby

�  �!#"%$'&)(+* ,.-�/ 0
. Basedon� the

�
metric we� can� define

�
the
�

integrationof� a function 1 on 2 .3 W
:

e4 split up an5 integral6 over4 7
into separate8 integralso9 v: ersubsets,whichare5 in the

;
image<>=@?BA of9

somecoordinatemap C anddefineD�EGFIH�JLKNM OQP+RTS>UWVXUWY[Z�Z�\ ]_^a`_b
d
c dfe

Integrating6 either4 a5 productof two
;

functionsg , h on i or9 theprod-j
uctof9 two v: ectorfields k , l on9 mon weobtainthefollowingp scalar



Figure13: Theprincipaldirectionsof9 curvq atureare5 visualized: by anisotropic5 dif
c

fusionon a5 minimalsurface.8
productson9 rosutWvxw and yoz�{@|o}�~ respecti� vely:�@�����L��� �I� ����_� d���

�@�_�������>� �I� �� ��¡@¢_£a¤o¥ d
c ¦�§

Next,¨ we hav: e to
;

introducethe
;

fundamentalintrinsic gradientand5
div: er4 genceoperatorson9 © .3 Thegradientª¬«® of ¯ is defined

c
as5

therepresentation� of9 °�± with respect� to
;

the
;

metric ² . We obtainin
³

coordinates ´¬µ®¶�·Q¸
¹)º »T¼L½ ¾#¿>À@Á¬ÂfÃ#ÄÅ�Æ�Ç È�ÉÊ�Ë�Ì�Í

Furthermore,wep define
c

the
;

di
c

vergence6 di
c

v ÎÐÏ for a5 vector4 field
Ñ Ò¬ÓÔ�Õ

as5 the
;

dual
c

operatorof9 the
;

gradient6 by
Ö×Ø di

c
v ÙÛÚ¬Ü d

c Ý%ÞIßáàãâä'å�æ@ç_èaé¬êìëXí dî
for all5 ï%ð%ñóòôÐõWöx÷ .3

Finally,ø with thesedif
c

ferential
ù

operators9 at5 hand
ú

wecandiscussa5
generaland5 intrinsicdif

c
fusionon9 a5 manifoldin analogyto

;
dif
c

fusion
in Euclidian
û

space:8 W
ü

e4 ask5 for
ù

a5 solution ýÿþ���������
	�� of9 the
parabolicequation4 ������� div �����������! #"%$'&��! 
on (�)*,+.- for giv: en4 initial

³
data /10�2436587�9;:=< on9 > .3 Herewe

suppose? to
;

be somepositij ve4 definitesymmetric8 endomorphism4
on @BA . Testingwith any function C�D�E�F�G�HIGKJMLNL andintegrat-6
ing over4 O weobtainthe

;
v: ariational5 formulation

ùP�Q!RTS1UNVXWNY[Z]\�^�_�`.a1bdc�e�f=gNhjiIkmlKnjl�o!prqMsXtNuwv
Now weconsiderour actualgoal,6 which is

³
the
;

generationof a5 tex-¨
ture by nonlinearanisotropicdiffusion to

;
representa5 gi6 ven vector

field x�y{z}| onthesurface.8 Thus,wep suppose8 ~ todepend
c

onthe
vector4 field � andthe

;
normof9 the

;
gradient6 of9 a5 conq voluted9 intensity�!� : � � ��� �4���������!�����

For no v: anishing5 � let �����4��� besomeunit� v: ectornormalto � ,ø
i. e. ���K 4¡�¢¤£�¥w¦ .3 Hence, §]¨©Kª�«�¬8¤® is

³
a5 basis
Ö

of9 ¯!°�± andwithp
respectto thisbasiswep define

c
as5 beforein theEuclidiancaseq

²�³K´4µN¶!·¹¸[º¼»¾½8¿�À1¿�ÁÃÂ�Ä�Å!Æ�ÇÉÈ

As right� hand
ú

side8 ÊjËNÌ Í we pick up� the
;

onealreadyintroduced
³

in
Section3and5 againassumeÎ=Ï to

;
bea5 randomnoise,eitherscalar8 or9

vectorv: alued,but noÐ wp prescribedon thesurfaceÑ .3 Furthermore,
Ò

wehave4 to
;

gi6 v: e a5 suitable8 definitionof theregularizing6 presmooth-j
ing to obtain9 Ó!Ô from

ù
the original intensity

³ Õ
. Again wep proceedj

in analogy5 to
;

the
;

Euclidian
û

caseq anddefine Ö!× asthe
;

result� of the
;

abov: e4 dif
c

fusionproblemj withp Ø%Ù Id at time
; ÚjÛwÜ�ÝÞ and5 for initial

dataß .3
Finally
Ò

, theresulting� family à�á1âKãMäKå�æTç�è of9 intensitieson é gives4
a multiscaleê of representations� of9 the gi6 v: en vector4 field ë .3 Fig-
ure13,14sho8 w results� on9 dif

c
ferent
ù

surfaces.8 We considerq the
;

prin-j
cipaldirections

c
of9 curvq ature5 astangential

;
vectorfieldsonwhichp we

applythe
;

anisotropic5 diffusionmethod.ê Onthe
;

underlying� triangu-
;

lar grids,6 the
;

shape8 operator,ø whosep eigenv: alues5 are5 the principalj
curvatures,5 is approximated5 asfollows. Locally wep regard6 a5 single
triangle ì andall5 theneighboringtriangles

;
which havea5 nonÐ zero

intersectionwith í as5 a5 grapho9 ver theplanecontainingq î andcal-q
culatethe ïñð projectionof this piecewisep lineargraph6 onto9 the

;
set

of quadraticò graphswhichare5 tangentialto the
;

plane.Thenwee4 val-
uatethe

;
constantq shape8 operator9 on9 this graph. Let us� emphasize4

that the óñô projectionj is always5 defined,
c

although5 the
;

local
õ

graph6
propertyof9 the

;
triangulargrid might nothold in certainq de

c
generate6

cases.

7 Discretization in 2D and 3D

In whatfollo
ù

wswep discussthe
;

discretization
c

and5 implementation
³

of9
thefield
Ñ

aligneddif
c

fusion
ù

method.ê We will first
Ñ

focus
ù

on9 domains
in 2D and5 3D Euclidianspace. For9 this purposej a5 finite element4
discretizationin

³
spaceand5 a5 semiimplicit

³
backward
Ö

Euler
û

or9 sec-8
ond order9 Crank

ö
Nicolssonschemein time

;
are5 considered.Here

we have restrictedourselv9 es4 to
;

regular grids6 in 2D and5 3D gener6 -
atedby

Ö
recursive4 subdivision. On thesegridsweconsiderbilinear,

respectiv: ely4 trilinear finite elementspaces.Numerical
÷

integration
is based
Ö

on thelumpedmassesproduct øNùûúrü ýNþ [23] for
ù

the
; ÿ��

prod-j
uct

������� 	
in the
;

variationalformulationanda onepointj quadratureò
rule for the

;
bilinearform

ù 
�������������
.3 Semi
�

implicit
³

meansê for the
;

schemesconsideredherethat
;

the
;

nonlinearity ����� � is
³

e4 valuated5 at
theold time.

;
Finally,ø in eachstepof thediscretee4 v: olutionwehave4

to solv8 e4 a singlesystemof9 linearequations.We4 obtain9 for a5 back-
Ö

wardEulerdiscretization
c���! #"%$'&( )��*+ -,�,/.021�35476�8:9<;=2>7?A@'B:>7CDFE#G

Here HI2J%KML�NO2PQSR�T is the
;

vector4 of nodal intensity v: alues5 at5 time
;UWVYX[Z]\

,ø wherê is
³

theselectedtimestepsize.Furthermore,
Ò

if
³

we
denotethe

;
“hat shaped”8 multilinearbasisfunctionsby

Ö _a`
and5 the

;
diffusion tensorwithp respectto thediscrete

c
intensityat5 time

; b�c
by



Figure14: For both
Ö

principaldirections
c

of9 curvq aturedifferenttimestepsof9 the
;

anisotropicdiffusionaredisplayed
c

on the
;

surface8 of9 a pres-j
moothedStanfordb

Ö
unn� y.3 In addition5 the

;
correspondingq principlej curvq ature5 v: alues5 arecolorq coded.d�e

,ø f!gih�j k-l�m7nporqtsvu�w-xzy {|~}'���+}/����� �-���������7�������~�/�W�F� �
arethe lumpedmassmatrix and5 nonlinearstif8 fnessmatrix respec-
tively.3 Finally,ø the

;
componentsof the

;
right� hand

ú
side ��F� aree4 valu-

atedby �]��F�-�� ¢¡�£¢¤�¥¦2§¨�© .3
Theglobalmatricesª:« and5 ¬~¯®�°�±�² are5 assembledfrom local

matrices ³µ´ and ¶¸· with respectto
;

a singleelement. Thereen-
triescorrespondto

;
all5 pairingsj of9 local basis

Ö
functions.Dueto the

appliedlumpedmassê integrationwe immediately
³

v: erify¹»º¼ ½a¾À¿Á-Â~Ã/Ä ÅÇÆ È�É
where Ê Ë�Ì is³ thev: olumeof the rectangularelementÍ and ÎvÏ Ð the
usualKroneckersymbol.8 For9 thenonlinearstif8 fnessmatrixweob-
tainÑ�ÒÓ Ô�Õ�Ö�×(ØÚÙ Û�Ü'Ý¯Þ#ßáà�âãà�ä#å]æ�ç7è<éëêì�íîì2ïÚð]ñ�ò~ó7ôÚõö�÷ãö'øúùûýü�þãÿ��������	��
���	��������������������� �"!�#�$ %'&)(*�+,*.-0/�1,243
where 57698;:=<?> @ for thecenterq of massACB of D , E the

;
gradient

of the presmootheddiscrete
c

intensityat5 F?G ,ø and5 HJI�K=LJM the
;

setof9
localbasisfunctions.

ù
In eachtimestep8 the

;
computationof theprefilteredj intensityv: ec-4

tor NOQPR is basedon a5 single8 implicit
³

time
;

step S�TCUWV for the corre-q
spondingdiscreteheatequationscheme8 with respectto

;
initial dataXYQZ .3

In our9 implementationthe
;

regular grids areprocedurallyinter-
pretedas5 quadtrees,ò respectiv: ely4 octtrees9 [19]. Finally no matrix
is explicitly stored.8 ThenecessaryÐ matrixê multiplicationsin

³
theap-5

pliediterativeCG
ö

solverare5 performedin successiv: e4 treetra
;

versals.
HierarchicalBPX

[
type[3] preconditioningj is used� to accelerate5 the

convergenceof9 the
;

linear
õ

solv8 er4 . The
\

computationq of9 asingle8 time
;

stepon9 a ]W^J_a` grid6 performedon a5 Silicon
�

Graphicsworkstationp
with anR10000

b
processorj requires� cWdfe seconds.8 Computingtimein

³
3D is currentlyq muchmoreexpensiv: e.4 But thereis still a5 greatpo-
tential to speed8 up� thealgorithm5 considerablyq , for instance

³
by
Ö

tak-
ing into account5 better

Ö
ordering9 strategiesfor theunkno� wnswhichp

correspondto
;

the
;

anisotropy5 .3 This will be
Ö

exploited in the
;

future.

Furthermore,the
;

codeq is preparedto
;

incorporatespatial8 grid6 adap-5
tivity: if

³
possiblej (cf. Fig. 17).

8 Discretization on surfaces

Thediscretizationof9 the
;

proposedanisotropicdif
c

fusion
ù

methodon
surfacesis completelyq analogousto

;
theabov: e Euclidiancase.q We

only hav: e to
;

replacethe
;

discretedif
c

ferentialoperators9 and5 bilinear
formsby

Ö
their
;

intrinsicgeometric6 counterparts.Wesuppose8 the
;

sur-
face g to beapproximated5 with a sufficiently fine triangulargrid6hji

consistingof9 nondegeneratetrianglesk withp maximaldiam-
eter l .3 Thus,wep only9 focuson thecomputationof9 the

;
local mass

matrix mon and5 the local nonlinearstiffnessmatrix p=q r=sut respec-
tiv: ely4 .3 W

ü
e4 obtainagainby lumpedmassintegration

v,wx y{z}|~��C� �Q� ���
where � ��� is

³
the
;

area5 of9 the triangle � .3 Next,¨ let us considerq for
ev: ery4 triangle � the

;
referencetriangle ��������

withp independent
variables�C�a����� and5 nodes �W�����= Q¡�¢¤£ ,ø ¥¤¦¨§�©�ªW«�¬® ,ø and5 ¯J°²±³=´;µ�¶C·

. Then
\

an af5 fine coordinatemappingê ¸ maps ¹º onto9 » and
its nodesÐ ¼¤½ onto9 the

;
correspondingq nodes¾�¿ of À on9 the

;
discrete
c

surfacein Á�Â .3 Hencethe correspondingmetric tensoris as5 in the
;

continuouscasegi6 v: en4 by Ã¤Ä Å�Æ�ÇCÈÉCÊ�ËÍÌ0ÎCÏÐCÑÓÒ , wherep Ô?ÕÍÖ×?ØÚÙÜÛÞÝ�ßà áãâåäæ .

Hencewep canq e4 v: aluategradients6 of9 the
;

linear basis
Ö

functions ç�è
correspondingto the

;
nodesé�ê by

Ö
ëíì¨îQï�ð	ñÞòfóõô öí÷Qø ù�ú0û�üý	þ�ÿ��������	��
���

wherethederi
c

vati5 v: esof9 ��� with respectto
;

thereferencecoordinates�
are �������������� !"�# $%'&)(+*�,-�.0/21�354687:9�;=< >0?)@



Figure11: The
\

incompressible
³

flowp in
³

a5 waterp basinwith two inte-
rior wallsp andan5 inlet (on

A
theleft) and5 an5 outlet(on

A
theright) is vi-:

sualizedby
Ö

theanisotropicnonlineardiffusionmethod.Isosurfaces
show thepreimagej of9 BDC�EFHGJI underthe

;
vectorv: aluedmappingê K

for somepoint L on9 the
;

sphere8 sector.3 ¿Fromtop
;

to bottom the
radius M is

³
successiv: ely increased.

³
A color rampblue–green–red

indicatesan5 increasingabsolutevalue5 of thevelocity. Thedif
c

fusion
is appliedto

;
initial data

c
which is a5 relativ: ely coarseq grain random

noise.

Figure12: Nonlinearanisotropic5 dif
c

fusionappliedto
;

thesame3D
N

datasetas in Fig.
Ò

11, but with a fine grain white noiseas initial
data.

Finally wecalculatethelocalnonlinearstif8 fnessmatrixOHPQ RTSHU�VXWY Z�[]\T^`_badceadfhgjilknmporqDsutvxwyv]zu{j|~}n�������=��x�y�]�n������y�h���l�n�]�������~���������¡ ¢d£y¢b¤¦¥�§¨�©jªl«n¬]�®`¯	°l±n²]³�´�µ·¶¸d¹y¸»º½¼�¾e¿ÁÀ
whereÂuÃÁÄ]ÅHÆÇ¦È for the

É
centerofÊ massË ÌÍ of Î ,Ï Ð thegeometric

gradientofÊ the
É

presmoothedÑ discreteintensity on Ò andÓ “ Ô ” stillÕ
indicatesthe

É
scalarÕ productin

Ö ×ÙØ
.

9 Comparison to
Ú

Other Methods

Sofar weÛ havÜ eÝ introducedanovÜ el approachwhichproÑ videsÜ usÞ withÛ
an intuiti
Ö

vÜ eÝ understandingÞ of complex vectorfields. W
ü

eÝ have dis-
ß

cussedaÓ vÜ arietyÓ ofÊ importantpropertiesÑ andadvantages.Ó Let usnowÛ
rankthis

É
methodamongotherÊ visualizationmethodsandcompare

it withÛ dif
ß

ferent
à

techniques.Here
á

we especiallypick upÞ the
É

line
â

integral convÜ olutionmethodandthespotnoiseapproach.
ForÊ stationaryÕ vÜ ectorfieldsweobtainsimilarÕ resultsby allÓ meth-

ods. Thin
ã

field
ä

alignedÓ patternsÑ aregenerated.Line
å

integral con-
volution leads

â
to
É

comparableresultsæ with the essentialÝ dif
ß

ference
à

thatthePDEbasedmethodË carriesaÓ niceç scaleÕ spaceproperty. I. e.
evÜ olvingÊ a longertime in

Ö
theanisotropicÓ dif

ß
fusion
à

methodË weÛ ob-Ê
tainasuccessivÜ ecoarseningof the

É
resultingpatternrepresentingthe

vectorfield.
ä

Furthermore,in
Ö

a restrictedæ sense,line
â

integral convolution
(LIC) andÓ spotÕ noise canè be regardedasÓ special casesof the
anisotropicnonlineardif

ß
fusion method. LIC withÛ Gaussianfilter

kernelcanè beidentifiedasthe
É

asymptoticlimit ofÊ the
É

lattermethod
for aÓ concentrationof the

É
edgeenhancingÝ function éÙê�ë ì atÓ í .î Other

ï
filter kernel

ð
shapesÕ correspondè to

É
dif
ß

ferent,
à

in
Ö

generalnonç linear
â

diffusionprocessesalongstreamlines.Õ Furtheron,generatingñ aÓ sin-Õ
gle deformed
ß

spoton the computationaldomain
ß

like
â

proposedin
[6] canè be regardedñ asan earlyÝ time stepÕ in the diffusion starting
with initial

Ö
data,that is a characteristicfunctionofÊ a circulardisk.

If we releaseaÓ b
ò
unchof suchdisksas initial

Ö
datain

Ö
sucha way

that the
É

eÝ volving patternsdo
ß

not oÊ verlap,then
É

the
É

resultingimage
is comparableto

É
spotÕ noise.Thus,

ã
the
É

originalÊ spotnoiseç technique
É

canbe
ò

regardedñ asÓ a parallelversionÝ of shorttime
É

diffusiveÝ vÜ ectorÝ
field visualization.Ü



v

v

Figure15: A sketchÕ of thefour sectorsÕ atacriticalè point, theinitial
spotfor thediffusioncalculationè andÓ the

É
orientedÊ systemÕ óõô]öd÷]øXù .

10 Towards Flow Segmentation

TheaboÓ veÝ applicationsalreadyÓ shoÕ wÛ thecapacityè ofÊ theanisotropicÓ
nonlineardif

ß
fusionmethodto outlineÊ the

É
flowÛ structureÕ notonlyÊ lo-

cally.î Indeed
ú

especiallyÝ for larger evÜ olutionÊ times
É

in the
É

dif
ß

fusion
à

processthe
É

topologicalskeletonÕ ofÊ a vectorfield becomesclearlyè
visible. We willÛ nowÛ in

Ö
vÜ estigateÝ a possibleÑ flo

û
w segmentationby

meansofÊ the
É

anisotropicÓ diffusion.Let usrestrictto
É

the
É

two dimen-
ß

sionalcaseofÊ anÓ incompressibleflowÛ with vÜ anishingÓ vÜ elocityÝ ü at
thedomainboundary

ò ý�þ
.î Thentopological

É
reæ gionsñ areseparatedÕ

by homoclinic,respectively heteroclinicorbits connectingcriticalè
points in the

É
interior
Ö

of the domain
ß

andstagnationpointson the
boundary.î Critical

ö
points,Ñ by

ò
definition
ß

pointswith vÜ anishingÓ ve-Ý
locity ÿ�� �

,Ï mayË eitherÝ be
ò

saddleÕ pointsorÊ vortices.Furthermore
we assumeÓ criticalè pointsto

É
be nonç degenerate,i.

Ö
e. ��� is

Ö
regu-

lar. SaddlepointsÑ areÓ characterizedby two
É

realeigenvaluesÓ of ���
with oppositeÊ sign,whereasÛ at vÜ orticesweÛ obtainÊ complex conju-
gateeigenvÜ aluesÓ withÛ vanishingrealpart.Stagnationpointson �
	
aresimilarto saddles.ForÊ details

ß
weÛ referto [11]. In eachÝ topolog-

É
ical region there

É
is aÓ family ofÊ periodicÑ orbits closeto

É
thehetero-

clinic, respectively homoclinicorbit. ThisobservÊ ationÓ giñ vÜ esreason
for the
É

followingÛ segmentationñ algorithm.Ó At first,
ä

we searchfor
à

critical pointsin � andstagnationpointson �
 . W
ü

e calculateè the
directionswhich separateÕ the

É
differenttopological

É
regions. In caseè

of saddlepointsthese
É

arethe
É

eigenÝ vectorsofÊ ��� .î Next, we suc-
cessivÜ elyÝ placeanÓ initial

Ö
spotin

Ö
eachof thesectorsandperforman

appropriatefield alignedanisotropicdiffusion. Let ussupposeÕ that
É

a singlesectoris spannedÕ by
ò

vÜ ectorsÝ ������������� whereÛ the signÕ �
indicatesincomingandÓ outgoingÊ direction. ThemethodË presented
in Sect.
�

3 would lead to a closedè patternalongÓ oneÊ of the abovÜ eÝ
closedorbits for time

É �
largeñ enough.Ý To fill out theinterior region

we modifyË the
É

dif
ß

fusion
à

asÓ follo
à

ws. Up to
É

nowÛ the PeronaMalik
�

diffusionsenhancesÝ edgesÝ ofÊ the currentimagein both
ò

directions
normal to the

É
vÜ elocity. Henceforth

á
we selectÕ anÓ orientationfor aÓ

“onesideddif
ß

fusion
à

(cf. Fig.
 

15). I.
ú

e. weÛ selectauniquenormalç!#" to $ andÓ considerè thediffusionmatrixË
%'&)(#*�+-,/.1032 4�5)68719;:=< >-?1?)@-A/BDCFE#GIH1JLKNMPORQ)S8TVU

where W is aÓ positive constantè and X)Y�Z1[]\ ^`_�acb/d�e�f1g8h . Further
 

-
moreweconsideraÓ nonnegatiñ vÜ e,concavefunction i;j�k�lmonqp�rs
with tDuwv8xzy|{D}1~����]� asÓ a sourceterm

É
in thediffusionequation.If

the orientationÊ ofÊ �c����������� coincidesè withÛ that ofÊ ���#���#�I� , then
É

lineardif
ß

fusion
à

in
Ö

thedirectiontowardsÛ theinterior
Ö

will fill
ä

upÞ the
completetopological

É
region. A seÕ gmentationofÊ multiple topolog-

É
ical regionsñ atÓ the

É
sameÕ time

É
is
Ö

possible,if
Ö

we carefullyè selectthe
sectorsto

É
releaseæ initial

Ö
spots.Figure

 
16shoÕ wsdifferenttimesteps

of thesegmentationappliedÓ to
É

aÓ conè vectivÜ eÝ incompressibleflowÛ .î
Sofar
à

weÛ haveÝ seenÕ that
É

anisotropicdiffusionhasstrongprovisionsÜ
for flow seÕ gmentationaswell.Û In acertainè sensewethereby

É
identify

the complementè of whatÛ is
Ö

usuallyeÝ xtractedin
Ö

topology
É

recogni-æ
tion. An outstandingÊ advÓ antageofÊ thenew methodis its numerical
stability andÓ its self sharpeningÕ effect due to

É
the edgeenhancingÝ

Figure16: Nonlineardif
ß

fusionsegmentationñ is appliedto avÜ eloc-Ý
ity field from a BénardÝ convÜ ection.Ý Se

�
vÜ eralÝ time

É
stepsareÓ shownÛ

startingfrom initial seedÕ spotsÕ in critical point sectors. Herewe
haveplacedÑ theseseedsasÓ closeè asÓ possiblein

Ö
terms
É

ofÊ the
É

grid sizeÕ
in thesectorsspannedÕ by the

É
eigenÝ valuesofÊ theJacobianof theve-

locity. Only to
É

emphasizeÝ the
É

eÝ volution processÑ aÓ singleÕ greñ yscale
imagefrom thediffusion calculation(cf.

A
Fig.
 

8) is
Ö

underlyingthe
É

sequenceofÊ seÕ gmentationtimesteps.

Figure17: The adaptiveÝ quadtreeonÊ which weÛ approximateÓ the
É

segmentationñ function � ataÓ certaintime
É

step.



strategy.î WeÝ payÑ for
à

this by
ò

aÓ higher
�

computationalcompleè xity� .î If
we apply� a standardimplementation

Ö
on a uniformÞ grid ofÊ sizeÕ �V� ,Ï

thesegmentationcostis
Ö

at least �-�)�V��� comparedto anÓ �-�) 
¡ count
of grid cellsmetby thedirect

ß
ODE integrationñ to

É
computethe

É
ho-

moclinicandÓ heteroclinicorbitsÊ correspondingto thecritical points.
Figure17 shoÕ wsanÓ adaptiÓ vÜ equadtree,whichÛ allowsthesamereso-
lution quality for theseÕ gmentationfunction ¢ asonÊ aÓ full grid, butÞ
now atÓ amuchlo

â
werÛ cost.Thereby

ã
, weÛ considerapieceÑ wiselinear

andcontinuousè finite elementÝ spaceonthe
É

adaptiÓ vequadtree.£
11 Conclusions

WehavÜ eintroducedanewÛ methodbasedonÊ the
É

solutionof anonlin-
earanisotropicÓ dif

ß
fusionproblemfor the

É
postprocessingofÊ vÜ ector

data.Themethodcanbe
ò

appliedÓ on 2D or 3D domains
ß

asÓ wellÛ asÓ
on two-dimensionalsurfacesembeddedÝ in ¤'¥ . ¿FromaÓ mathemat-
ical pointÑ ofÊ vieÜ wÛ oneÊ of the

É
majorË advÓ antagesis,

Ö
that
É

it is based
on a physicallyintuitivÜ e continuousmodel,i. e.Ý streamlinealigned
diffusion.MostofÊ thepropertiescanè bediscussedonÊ this

É
le
â

vel. Fi-
 

nally,Ï it is discretized
ß

in anÓ appropriateway makingË useÞ ofÊ recentæ
andefÝ ficient

ä
numericalç algorithms.Ó

¿Fromthe
É

authors’pointÑ of view eÝ xciting future
à

researchdirec-
tions areÓ further investigationsof flowÛ visualizationÜ in 3D. Espe-
cially the

É
exploiting� ofÊ adaptiÓ vÜ e finite

ä
elementÝ paradigmsandorÊ -

deringstrateÕ giesñ for theunknoÞ wnswillÛ bekey issuesto reducethe
computingcosts.è

Furthermore,aÓ visualizationÜ approachbasedonÊ anisotropicÓ dif-
ß

fusionandapplicableÓ for timedependentvectorÝ fieldsis aÓ challeng-è
ing topic.
É

Finally
 

, the
É

anisotropicdif
ß

fusion
à

flowÛ seÕ gmentationalso
carriesproÑ visions for the

É
identificationofÊ interestingflowÛ regionsñ

in 3D,
¦

suchÕ asÓ recirculationæ zones§ andÓ vortex cores.

FurtherresultsandÓ the
É

algorithmrunningonanÓ ¨'©�ª 2D vector
arrayis avÜ ailableasÓ aÓ sourceÕ codeè atÓ theURL:

http://www.iam.uni-bonn.de/FktAna NumMath/
«

Num
«

V
¬

is/projekte/flow visualization/®
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äuserÓ , Boston–
[

Basel–Berlin,1993.

[8] G. Dziuk. Finite
 

elementsfor thebeltramioperatoronÊ arbi-
trary surfaces.In PartialÁ dif

Â
fer
Ã

entialÄ equationsandcalculusµ
of variations,Lect.

Å
Notes
Æ

Math.
Ç

1357,Ï 1988.

[9] G. Dziuk. An algorithmÓ for eÝ volutionary surfaces.Õ Nu-
Æ

mer. Math.
Ç

, 58:603–611,
È

1991.

[10] L. Forssell.Ê V
É

isualizingflow overÝ curvilineargrid surfaces
usingline integralñ conè volution. In ProceedingsIEEE V

¹
isual-
º

ization’94,Ï pagesÑ 240–246,1994.

[11] J. L.
å

Helman and L.
å

Hesselink. V
É

isualizing
Ö

VectorÝ Field
Topologyin

Ö
Fluid Flows.Û IEEE

Ê
G&A
½

, 11 (3):36–46,1991.

[12] V. InterranteandC. Grosch.
Ë

Strage
�

giesñ for efÝ fectivÜ ely visual-
izing 3d

¦
flo
û

w with vÜ olumeÊ lic.
â

In Proceedings· Visualization
’97, pages285–292,1997.

[13] J. Kačurè andK.
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