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Abstract

Anisotropicdiffusionis known to bea powerful
tool in imageprocessing.It enablesthesmooth-
ing of initially noisy imageswhile still retain-
ing, respectively sharpeningedgesandenhanc-
ing features. Here recent results in the con-
text of vectorfield visualizationareexpandedto
non Euclideandomains. The aim is to graphi-
cally representvectorfield dataon two dimen-
sional surfacesin an intuitively understandable
way. Furthermorethe multiscalepropertiesof
theapproachsupportascaleof resolutions,rang-
ing from detailedflow representationto a coarse
overview of field data.Herean initial noisy im-
age intensity is smoothedalong integral lines,
whereastheimageis mainlysharpenedin theor-
thogonaldirection. The methodis basedon a
continuousmodelandrequiresthesolutionof a
parabolicPDE problemon manifolds. It is dis-
cretizedby finite elementson surfacetriangula-
tionsonly in thefinal implementationalstep.Ap-
plicationsare shown for principal directionsof
curvatureon generalsurfaces.

1 Introduction

Thevisualizationof vectorfield data,especially
of velocity fieldsfrom CFD computationsis one
of the fundamentaltasksin scientificvisualiza-
tion. Such fields are often given on curved
domains,especiallysurfacesembeddedin ��� .
Examplesaremeteorologicalflow fields on the
sphereor the sheerflow on the boundaryof a
moving body. Furthermore,geometricvector
fields such as the principal directions of cur-

Figure1: The principal directionsof curvature
areshown by sometextureon a torus.

vatureor other eigenvectorfields are important
quantitiesof interest(cf. Fig. 1).

A varietyof differentapproacheshasbeenpre-
sented.Thesimplestmethodto draw vectorplots
at nodesof someoverlayinggrid in generalpro-
ducesvisualclutter, becauseof thetypically dif-
ferentlocal scalingof thefield in thespatialdo-
main, which leadsto disturbingmultiple over-
laps in certain regions, whereasin other areas
small structuressuchas eddiescan not be re-
solved adequately. This getseven worseif tan-
gentialfieldson highly curvedsurfacesarecon-
sidered.In additionthe selectionof “regularly“
distributed samplepoints on a curved surface
which is notdescribedby asinglemapis already
adifficult task.

Thus, the centralgoal is to comeup with an
intuitively betterreceptiblemethod,which gives
an overall as well as detailedview of the flow
pattern.Singleparticlelines only very partially
enlightenfeaturesof a complex flow field. In-
stead,we askfor a texturerepresentinga vector
field onasurfaces.Hereweconfineourselvesto
stationaryfieldson a manifold � embeddedin



� � andconsidera tangentialvectorfield � .
Nowadaysalreadya classicalapproachis the

spot noisemethodproposedby van Wijk [22]
and improved by de Leeuw and Van Wijk [6].
It introducesspot like texture splatson the do-
main which are alignedby deformationto the
velocity field in 2D or on surfacesin 3D. These
splatsare plotted on the fluid domainshowing
strongalignmentpatternsin the flow direction.
The Line Integral Convolution (LIC) approach
of CabralandLeedom[3] integratesthe funda-
mentalODE describingstreamlinesforwardand
backward in time at every pixelizedpoint in the
domain,convolvesawhitenoisealongthesepar-
ticle pathswith someGaussiantypefilter kernel,
andtakestheresultingvalueasanintensityvalue
for the correspondingpixel. This methodwas
improved by Hege and Stalling [20] especially
by reusingportionsof the convolution integral
alreadycomputedonpointsalongthestreamline.
Forssell[11] proposeda similar methodon sur-
facesandMax et al. [15] discussflow visualiza-
tion by texturing on contoursurfaces.Max and
Becker [14] presenteda methodfor visualizing
2D and3D flows by animatingtextures. In [2]
Lagrangiancoordinatescalculatedby somefinite
volumeschemeonthecomputationaldomainare
appliedfor thetexturingof thecomputationaldo-
mainaccordingto a timedependentflow field.
ShenandKao [19] applieda LIC type method
to unsteadyflow fields. Interranteand Grosch
[12] generalizedline integral convolution to 3D
in termsof volumerenderingof line filaments.

Most of themethodspresentedso far have in
common,that the generationof a coarserscale
requiresa new computation.For instance,if we
ask for a finer or coarserscaleof the line inte-
gral convolution pattern,thecomputationhasto
berestartedwith acoarserinitial imageintensity.
In caseof spotnoiselarger spotshave to be se-
lectedandtheir stretchingalongthefield hasto
beincreased.

Recently[18] a new approachbasedon im-
ageprocessingmethodologyusingnonlineardif-
fusion has been presentedwhich also gener-
atesstretchedstreamlinetypepatternson anEu-
clidean domain and incorporatesa successive
coarseningas time proceedsin the underlying

diffusion problem. Methods,which are based
on sucha scaleof spacesand enhancecertain
structuresof imageshavebecomepopularin im-
ageprocessinganalysissincein ‘87 Peronaand
Malik [16] proposeda first continuousdiffusion
modelwhich allows thedenoisingof imagesto-
getherwith theenhancingof edges.Catt́e et al.
[4] discusseda regularizationmethodwherethe
diffusioncoefficientis nolongerevaluatedonthe
exactintensitygradient.Therecoveringof lower
dimensionalstructuresin imagesis analyzedby
Weickert [23], who introducedan anisotropic
nonlineardiffusion methodwherethe diffusion
matrix dependson the so called structureten-
sorof the image.Concerningthenumericalim-
plementationWeickertproposedfinite difference
schemes[23] and Kac̆ur and Mikula [13] sug-
gesteda semi-implicit finite elementimplemen-
tation for the isotropic model by Catt́e et al..
Large stencilshave to be consideredin caseof
the implementationof anisotropicdiffusion by
finite differences.This is a crucial shortcoming
of suchmethods,especiallyif we considera ge-
ometriccounterparton discretesurfaces.In [17]
anadaptivefinite elementmethodis discussedin
2D and3D for imageprocessingby anisotropic
nonlineardiffusion.

Herewewill briefly review thebasicconcepts
of the nonlineardiffusion methodon Euclidean
domainsdescribedin [18]. Thenwe will carry
over this methodto surfacesmakinguseof clas-
sicaldifferentialcalculuson surfaces.

For somebackgroundinformationon geome-
try we referto thegeneralintroductionto differ-
ential calculuson manifoldsin the book by do
Carmo[8]. Furthermorelet usmentionthatour
discretizationapproachis mainly motivatedby
thework of Dziuk [9], whopresentedthistypeof
finite elementalgorithmfor the solutionof par-
tial differentialequationson surfaces. Further-
morein [10] hediscussesanumericalmethodfor
geometricdiffusionappliedto thesurfaceitself,
whichcoincideswith themeancurvaturemotion.



2 Reviewing the anisotropic
diffusion method on Eu-
clidean domains

Here,we confineourselvesto thecaseof planar
domainsin 2D. Nonlinearanisotropicdiffusion
appliedto someinitial randomnoisy imagewill
enablean intuitive andscalablevisualizationof
complicatedvector fields. Therefore,we have
picked up the ideaof line integral convolution,
whereastrongcorrelationof theimageintensity
along integral lines is achieved by convolution
of an initial white noisealongtheselines. If we
askfor a well posedcontinuousdiffusion prob-
lem with similar properties,we areleadto some
anisotropicdiffusion, now controlledby a suit-
ablediffusionmatrix.

Weconsidertheparabolicboundaryandinitial
valueproblemandaskfor a function �
	��������� � whichsolves���� ��� div ���������! "#�$��� in �%� � �'&�(�*) &,+ �- �  on

�'&��(. �  ) on ��� � � �
for given initial density �  	 �/� � ) &,0 � . Here�213 5461879� is a mollification of thecurrentden-
sity (cf. Catt́e et al. [4]). We interpretthe den-
sity asanimageintensity, ascalargreyscaleor –
with a slight extensionto thevectorvaluedcase
– asavectorvaluedcolor. Thus,thesolution �(� + �
canberegardedasafamily of imagesor textures: �(� � �<;>=@?<A�BC , wherethetime

�
servesasa scaling

parameter.
Now we consider the anisotropic diffusion

matrix � . Foragivenvectorfield �D	 �E� ��F we
take into accountlineardiffusionin thedirection
of thevectorfield andaPeronaMalik typediffu-
sionorthogonalto thefield. Let ussupposethat� is continuousand �HG I) on

�
. Thenthereex-

istsa family of continuousorthogonalmappingsJ ���K�L	 �M� N3O �QPR� suchthat
J �$�K�S�T !U<�6UWV  ,

where
: VYX*;>X[Z ]\_^_^_^`\ acbed is the standardbasein � a .

Hence,wedefine�� ��f�$� & ���21Q� with�f�$� &hg �i J �$�j�lk mHn �<U<�oUp�rq � g ��s J �$�K�

d
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Figure2: The shape
q � + � which appliedto the

gradientof the mollified imageintensityserves
asadiffusioncoefficient in imageprocessing.
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Figure3: The graphsof the velocity dependent
lineardiffusion

n � + � , respectively thescalarcon-
trastenhancingright handside "#� + � .
where

n 	t� � � � � controlsthelineardiffusion
in vectorfield direction,i. e. alongstreamlines,
andthediffusioncoefficient

q � g �� ud �wv$xhv�y (cf.
Fig. 2) acts in the orthogonaldirection and
is responsiblefor the imagesharpeningin the
crossstreamlinedirection. We may either
choosealinearfunction

n
or in caseof avelocity

field, which spatiallyvariesover several orders
of magnitude,we selecta monotonefunction

n
(cf. Fig. 3) with

n �*)2�{z|) and }�~����Q��� n �Q���� n
max. As initial data �  we choosesome

randomnoiseof anappropriatefrequency range.
Thiscanfor instancebegeneratedrunninga lin-
ear isotropic diffusion simulationon a discrete
white noise for a short time. Hencepatterns
will grow upstreamand downstream,whereas
the edgestangentialto thesepatternsare suc-
cessively enhanced. Still there is somediffu-
sion perpendicularto the field, which supplies
us for evolving time with a scaleof progres-
sively coarserrepresentationof the flow field.
Finally, the imagecontrasthas to be strength-
enedduring the evolution. This is achieved se-
lectinganappropriatefunction "E	 � ) &,0 � � � �



Figure 4: A vector field from a 2D magneto-
hydrodynamicssimulation(MHD) is visualized
by nonlineardiffusion. A discretewhite noiseis
consideredasinitial data. We run the evolution
on theleft for asmallandontheright for a large
constantdiffusioncoefficient

n
.

(cf. Fig. 3) with "#�*)R�� -"�� 0 �� �) and "�z|)
on �*)K��� &Y0 � , and "���) on ��) & )j���R� . Finally we
endup with themethodof nonlinearanisotropic
diffusion alreadypresentedin [18] to visualize
complex vectorfields (cf. Fig. 4). The setof
pointwiseasymptoticlimits of the evolution is: ) &,0 ; dueto the choiceof the contrastenhanc-
ing function "#� + � . Analytically )j��� is a third, but
unstablefix point of thedynamics.This setand
the inducedrichnessof theresultingtexturecan
be increasedstudyinga vectorvaluedintensity��	 �!� � ) &,0 ��� for some � � 0

and a cor-
respondingsystemof parabolicequations.The
equationsarecoupledsolelyby thenonlineardif-
fusion coefficient

q � + � (which now dependson
thenorm Up���8U of theJacobianof thevectorval-
ueddensity��� ) andtheright handside "#� + � . We
define "#������ ����hU<�8Up�S� with �6�*���� �"#�Q���]�t� for��G  ) , where �" is the old right handsidefrom
the scalarcase,and �6�*)2�¡ /) . Furthermorewe
selectan initial densitywhich is now a discrete
“white noisewith valuesin

J d �*)R�Y¢ � ) &,0 ��� . Thus
thecontrastenhancingnow pushesthepointwise
vectordensity � eitherto the ) or to somevalue
on thespheresector

N � bed ¢ � ) &,0 ��� in �3� .

3 Anisotropic diffusion on
surfaces

Above we have discussedanisotropicdiffusion
in vector field visualizationon domainswhich

are subsetsof two- and threedimensionalEu-
clidian space. Now we will outline how to
carry over this methodologyto display tangen-
tial vector fields on surfaces. Importantexam-
plesareresultsfrom meteorologicalsimulations,
flow fieldson streamsurfaces,or vectorfields in
differentialgeometry. Basedon the well estab-
lishedintrinsicdifferentialcalculusonmanifolds
[8], we canpick up thesamediffusionproblems
with anappropriatereinterpretationof theoper-
ators. Thus, let us first briefly review the basic
notationof manifolds,differential calculusand
geometricdiffusion. For a detailedintroduction
to geometryanddifferentialcalculuswe referto
[8] and[5, Chapter1]. For thesakeof simplicity
weassumeoursurfacesto becompactembedded
manifoldswithoutboundary. In caseof bounded
manifoldswe lateronhave to take into account
naturalboundaryconditionsasin theEuclidean
case.Thuswe considera smoothmanifold � ,
which we supposeto be embeddedin � � . Let£ 	 ��� � ¤j¥§¦� £ �$¥¨� be a coordinatemap
from an atlasof � . For eachpoint £ on �
theembeddedtangentspace©�ª>� is spannedby
thebasis

:¬« ª«h¯® & « ª«h y ; . By ©L� we denotethetan-
gentbundle.On � themetric °w� +�&Y+ � asabilinear
form on ©L� � ©L� is prescribedby themetric
tensor°� ±�$°�X³²W�´X³² with°�X³²9 � £� ¥YX + � £� ¥µ² &
where

+
indicatesthe scalarproductin � � . The

inverseof ° is denotedby ° bed   �$° X³² �´X³² . Based
on themetric we candefinethe integrationof a
function " on � . Wesplit upanintegralover �
into separateintegralsoversubsets,which arein
the image £ � � � of somecoordinatemap £ and
define¶ ª,·�¸�¹ "T	� ¶ ¸ "#� £ �`¥¨�º�>» ¼�½W¾e° d¥¬�
Integratingeitheraproductof two functions" , °
on � or theproductof two vectorfields � , ¿ on©L� we obtainthefollowing scalarproductson



À  �$�Á� and
À  ��©L�Á� , respectively:�*" & °j�¯Â 	� ¶

Â "(° d£ &�$� & ¿��SÃjÂ 	� ¶
Â °w��� & ¿�� d£ �

Next, we have to introducethe fundamentalin-
trinsic gradientanddivergenceoperatorson � .
The gradient �fÂ'" of " is definedasthe repre-
sentationof

g " with respectto themetric ° . We
obtainin coordinates�LÂÄ"Å ÇÆ X \ ² ° X³² � �Q"�È £ �� ¥h² � £� ¥YX �
Furthermore,wedefinethedivergencedivÂ'� for
avectorfield �{ÉT©L� asthedualoperatorof the
negativegradientby
¶
Â div ÂT�ËÊ d£ 	� 5� ¶

Â °w�$� & �fÂTÊw� d£
for all ÊÌÉ À � �$�Á� .

Finally, with thesedifferential operatorsat
handwe candiscussa generalandintrinsic dif-
fusion on a manifold in analogyto diffusion in
Euclideanspace:Weaskfor asolution �D	R���H�� � � of theparabolicequation���� ��� divÂÍ�����fÂÎ���Ï �"#�����
on ��� � � for giveninitial data�(�*) &o+ �i ��  on� . Herewesuppose� to besomepositivedef-
inite symmetricendomorphismon ©L� . Testing
with any function ÐTÉ À � ��� � � �]� andintegrat-
ing over � we obtain the variationalformula-
tion� � = � & ÐR�lÂÒÑ������fÂÎ� & �fÂTÐR�SÃeÂ� Ó�*"#����� & ÐR�lÂÔ�
Lateron,we will recall this in caseof a suitable
finite elementimplementation.Now weconsider
our actualgoal,which is thegenerationof a tex-
ture by nonlinearanisotropicdiffusion to repre-
sentagivenvectorfield �DÉT©L� onthesurface.
Thus,wesuppose� to dependonthevectorfield� and the norm of the geometricgradientof a
convolutedintensity �21 :�� ��L��� & Up�fÂÌ�21pUp�

For nonvanishing� let ¿ÔÉH©Kª>� besomeunit
vectornormal to � , i. e. °8�$� & ¿��{ Õ) . Hence,:TÖv Ö v & ¿�; is a basisof ©�ª>� andwith respectto
this basiswe defineasbeforein the Euclidean
case �L��� &hg �i m n �<U<�oUp� q � g ��s �
As right handside "�� + � we pick up the oneal-
readyintroducedin Section2 andagainassume�  to be a randomnoise,eitherscalaror vector
valued,but now prescribedon the surface � .
Furthermore,we have to give a suitabledefini-
tion of the regularizingpresmoothingto obtain�21 from theoriginal intensity � .

In the EuclideancaseKac̆ur andMikula [13]
proposeda convolution with the heatequation
kernelfor theregularizationof theproblem.I.e.
if onedefines�21� ��(� �  /×ºFW�RPR� where �� is the
solutionof theheatequationwith initial data � ,
then × is thewidth of thecorrespondingGaussian
filter.

Again,weproceedin analogyto theEuclidian
caseanddefine �21 astheresultof theabove dif-
fusionproblemwith �Ø Id at time

�  1 yF and
for initial data� .

Finally, the resultingfamily
: �(� � �W; =@Ù  of in-

tensitieson � gives a multiscaleof represen-
tationsof the given vectorfield � . Figure5,6,7
show resultson differentsurfaces.We consider
theprincipaldirectionsof curvatureastangential
vectorfields on which we apply the anisotropic
diffusion method. On the underlyingtriangular
grids,theshapeoperator, whoseeigenvaluesare
theprincipal curvatures,is approximatedasfol-
lows. Locally we regarda singletriangle Ú and
all the neighboringtriangleswhich have a non
zerointersectionwith Ú asagraphovertheplane
containingÚ . Next, we calculatethe ÛiF projec-
tion of this piecewise linear graphonto the set
of quadraticgraphswhich are tangentialto the
plane. Thenwe evaluatetheconstantshapeop-
eratoron this graph. Let us emphasizethat theÛ3F projectionis alwaysdefined,althoughthelo-
cal graphpropertyof the triangulargrid might
not hold in certaindegeneratecases.For details
we referto [7].



Figure5: Theprincipaldirectionsof curvaturearevisualizedby anisotropicdiffusionon a minimal
surface.

Figure6: For bothprincipaldirectionsof curvaturedifferenttimestepsof theanisotropicdiffusionare
displayedon the surfaceof a presmoothedStanfordbunny. In additionthe correspondingprincipal
curvaturevaluesarecolorcoded.

Figure7: Two timestepsof theanisotropicdiffusiononapresmoothedvenusdatasetareshown.



4 Finite element discretiza-
tion

In what follows we discussthe discretization
andimplementationof thefield aligneddiffusion
methodon surfaces.For this purposea finite el-
ementdiscretizationin spaceandasemiimplicit
backward Euler or secondorder Crank Nicols-
sonschemein time areconsidered.We suppose
the surface � to be approximatedwith a suf-
ficiently fine triangular grid �-Ü consistingof
nondegeneratetriangles Ú with maximaldiam-
eter � . By sufficiently we especiallymean,that
the original grid might be further refinedto en-
surean appropriateresolutionof the flow field
by meansof theproposedmethod.On thetrian-
gulationweconsiderthestandardlinearfinite el-
ementspace.Numericalintegrationis basedon
the lumpedmassesproduct � +�&,+ � Ü Ý�Þ [21] for theÛ3F product � +�&,+ � Ý%Þ in thevariationalformulation
anda onepoint quadraturerule for the bilinear
form �$���LÂ +�& �LÂ + �´ÃjÂ . Semi implicit means
for theschemesconsideredherethat thenonlin-
earity �f� + � is evaluatedat theold time. Finally,
in eachstepof thediscreteevolution we have to
solveasinglesystemof linearequations.Weob-
tain for abackwardEulerdiscretization�Qß�àÏÑ
áeÛià¨�$�âàY�]�Rã�2àµ� d  Çßäà(ã�2àÏÑHáeß�à ã"åà��
Here ã� à  r�>ã� àX �´X is thevectorof nodalintensity
valuesat time

� à  |æ�á , where á is the selected
time stepsize. Furthermore,if we denotethe
“hat shaped”basisfunctionsby ç�X andthediffu-
sion tensorwith respectto thediscreteintensity
at time

� à by � à ,ß�à 	� è<�Qç�X & ç#²p� ÜÝ%ÞYé X_²Ûià2�$�âà,�ê	� è<���ëà,�LÂ Þ ç�X & �fÂ Þ ç#²W� Ý�Þ é X³²
arethe lumpedmassmatrix andnonlinearstiff-
nessmatrix, respectively. Finally, the compo-
nentsof the right handside ã" à areevaluatedby� ã" à �´Xw �"#�,ã� àX � .

The global matrices ß à and Û à �$� à � are as-
sembledfrom local matrices� k and ì k with re-
spectto a single triangle Ú . Their entriescor-
respondto all pairingsof local basisfunctions.
Comparedto themethodon Euclideandomains

thealgorithmis completelyidenticalup to eval-
uation of theselocal matrix entries. Thus, we
now focuson them. We obtainby lumpedmass
integration � k X³²  0í8î X³²R� Ú��
where � Ú�� is the areaof the triangle Ú . Next,
let us considerfor every triangle Ú the refer-
encetriangle ïÚñðE� F with independentvariables¥ d & ¥ F and nodes ¥   �*) & )2� , ¥ d  � 0R& )R� , and¥RFò /�*) &,0 � . Thenanaffine coordinatemappingó

maps ïÚ onto Ú andits nodes¥ X ontothecor-
respondingnodesô X of Ú onthediscretesurface
in � � . Hencethecorrespondingmetric tensoris
asin thecontinuouscasegivenby °cX³²¬ «hõ«h�ö + «hõ«h�÷ ,
where

«hõoø«h�ö  Òô Xà ��ô à . Hencewe canevaluate
gradientsof the linear basisfunctions ç%ù corre-
spondingto thenodesô�ù by�fÂ Þ ç ù  �Æ X \ ² ° X³² � ç ù� ¥h² �*ô X �
ô  � &
wherethe derivativesof ç%ù with respectto the
referencecoordinates¥ areú «pû2ü«<¯®«pû ü«< yTý  m � 0� 0 s & m 0)Äs & m ) 0 s �
Finally we calculatethelocal nonlinearstiffness
matrixì�kX³² �����i � Ú��åþ n �<UpÿÅUp� m �fÂ Þ ç X + ÿUpÿËU s m �LÂ Þ ç ² + ÿUpÿ U s Ñq � � � m �LÂ Þ ç X �Í�fÂ Þ ç X + ÿUpÿËU F ÿ s+ m �fÂ Þ ç ² �Í�fÂ Þ ç ² + ÿUpÿ U F ÿ s � �
where ÿ  r�å��� k � for the centerof mass� k ofÚ ,

�
thegeometricgradientof thepresmoothed

discreteintensityon Ú and“
+
” still indicatesthe

scalarproductin � � .
Finally, in eachtimestepthe computationof

the prefilteredintensityvector ã� a 1 is basedon a
singleimplicit timestep×]F<�RP for thecorrespond-
ing discreteheatequationschemewith respectto
initial data ã� a .



5 Conclusions

We have expandeda method[18, 1] basedon
the solutionof a nonlinearanisotropicdiffusion
problemfor the post processingof vector data
to the caseon non Euclideandomains. With
theoriginalmethodthecurrentexpansionshares
severaladvantages.Especiallyit is well founded
on a physically intuitive continuousmodel and
its discretizationin thefinal stepis alongtheap-
provedguidelinesof finite elementcalculus.

Furthermorethe currentapproachis charac-
terizedby the very naturalcarryingover of the
approachfrom the Euclideancaseto the case
of curved surfaces. Thusgiven a triangulation,
which is the standardrepresentationof surfaces
alsoin computergraphics,theproposedmethod
is straightforward to implement. From the au-
thors’ point of view exciting future researchdi-
rectionsarea further explorationof adaptive fi-
nite elementparadigmsto improve the methods
performance.Furthermore,algebraicmultigrid
methodsmay help to reducethe cost in the so-
lution of the linear problemsfor eachtimestep.
Finally, an anisotropicdiffusionflow segmenta-
tion asproposedin [18] on2D domainsalsocar-
ries provisionsfor the identificationof interest-
ing flow regionsonsurfaces.
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