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Abstract

Anisotropicdiffusionis known to be a powerful
tool in imageprocessinglt enableghe smooth-
ing of initially noisy imageswhile still retain-
ing, respectrely sharpeningedgesand enhanc-
ing features. Here recentresultsin the con-
text of vectorfield visualizationareexpandedo
non Euclideandomains. The aim is to graphi-
cally representwectorfield dataon two dimen-
sional surfacesin an intuitively understandable
way. Furthermorethe multiscalepropertiesof
theapproactsupportascaleof resolutionsrang-
ing from detailedflow representatioto a coarse
overview of field data. Hereaninitial noisyim-
age intensity is smoothedalong integral lines,
whereagheimageis mainly sharpeneth theor-
thogonaldirection. The methodis basedon a
continuousmodelandrequiresthe solutionof a
parabolicPDE problemon manifolds. It is dis-
cretizedby finite elementson surfacetriangula-
tionsonly in thefinalimplementationastep.Ap-
plicationsare shown for principal directionsof
cunatureon generakurfaces.

1 Introduction

The visualizationof vectorfield data,especially
of velocity fieldsfrom CFD computationss one
of the fundamentatasksin scientific visualiza-
tion. Such fields are often given on curved
domains, especiallysurfacesembeddedn R3.

Examplesare meteorologicaflow fields on the
sphereor the sheerflow on the boundaryof a
moving body Furthermore,geometricvector
fields such as the principal directions of cur

Figure 1. The principal directionsof curvature
areshavn by sometextureon atorus.

vatureor other eigervectorfields areimportant
quantitiesof interest(cf. Fig. 1).

A varietyof differentapproachebasbeenpre-
sented Thesimplestmethodto draw vectorplots
at nodesof someoverlayinggrid in generalpro-
ducesvisualclutter, becausef thetypically dif-
ferentlocal scalingof thefield in the spatialdo-
main, which leadsto disturbing multiple over-
lapsin certainregions, whereasin other areas
small structuressuch as eddiescan not be re-
solved adequately This getsevenworseif tan-
gentialfields on highly curved surfacesarecon-
sidered.In additionthe selectionof “regularly*
distributed samplepoints on a curved surface
whichis notdescribedy asinglemapis already
adifficult task.

Thus, the centralgoal is to comeup with an
intuitively betterreceptiblemethod which gives
an overall aswell as detailedview of the flow
pattern. Single particlelines only very partially
enlightenfeaturesof a complec flow field. In-
steadwe askfor atexture representing vector
field onasurfaces.Herewe confineoursehesto
stationaryfields on a manifold M embeddedn



R? andconsideratangentialvectorfield v.

Nowadaysalreadya classicalapproachs the
spot noise method proposedby van Wijk [22]
and improved by de Leeuw and Van Wijk [6].
It introducesspotlike texture splatson the do-
main which are aligned by deformationto the
velocity field in 2D or on surfacesin 3D. These
splatsare plotted on the fluid domainshawing
strongalignmentpatternsin the flow direction.
The Line Integral Cornvolution (LIC) approach
of Cabraland Leedom[3] integratesthe funda-
mentalODE describingstreamlinegorwardand
backwardin time at every pixelizedpointin the
domain,corvolvesawhite noisealongthesepar
ticle pathswith someGaussianypefilter kernel,
andtakestheresultingvalueasanintensityvalue
for the correspondingoixel. This methodwas
improved by Hege and Stalling [20] especially
by reusingportionsof the corvolution integral
alreadycomputedn pointsalongthestreamline.
Forssell[11] proposeda similar methodon sur
facesandMax etal. [15] discusdlow visualiza-
tion by texturing on contoursurfaces.Max and
Becler [14] presentech methodfor visualizing
2D and 3D flows by animatingtextures. In [2]
Lagrangiarcoordinategalculatedy somefinite
volumeschementhecomputationatiomainare
appliedfor thetexturing of thecomputationatio-
mainaccordingo atimedependeritow field.
ShenandKao [19] applieda LIC type method
to unsteadyflow fields. Interranteand Grosch
[12] generalizedine integral corvolution to 3D
in termsof volumerenderingof line filaments.

Most of the methodspresentedo far have in
common,that the generationof a coarserscale
requiresa new computation.For instancejf we
askfor afiner or coarserscaleof the line inte-
gral corvolution pattern,the computatiorhasto
berestartedvith acoarseinitial imageintensity
In caseof spotnoiselarger spotshave to be se-
lectedandtheir stretchingalongthe field hasto
beincreased.

Recently[18] a new approachbasedon im-
ageprocessingnethodologyusingnonlineardif-
fusion has been presentedwhich also gener
atesstretchedstreamlinetype patternson an Eu-
clidean domain and incorporatesa successie
coarseningas time proceedsn the underlying

diffusion problem. Methods,which are based
on sucha scaleof spacesand enhancecertain
structuref imageshave becomepopularin im-

ageprocessinganalysissincein ‘87 Peronaand
Malik [16] proposeda first continuousdiffusion

modelwhich allows the denoisingof imagesto-

getherwith the enhancingof edges.Caté et al.

[4] discussead regularizationmethodwherethe
diffusioncoeficientis nolongerevaluatecnthe
exactintensitygradient.Therecoveringof lower

dimensionaktructuresn imagesis analyzedoy

Weickert [23], who introducedan anisotropic
nonlineardiffusion methodwherethe diffusion
matrix dependson the so called structureten-
sor of theimage. Concerninghe numericalim-

plementationVeickertproposedinite difference
schemeq23] and Kacur and Mikula [13] sug-
gesteda semi-implicit finite elementimplemen-
tation for the isotropic model by Caté et al..

Large stencilshave to be consideredn caseof

the implementationof anisotropicdiffusion by

finite differences.This is a crucial shortcoming
of suchmethodsgspeciallyif we considera ge-
ometriccounterparbn discretesurfaces.In [17]

anadaptvefinite elemenimethodis discussedn

2D and 3D for imageprocessingyy anisotropic
nonlineardiffusion.

Herewe will briefly review thebasicconcepts
of the nonlineardiffusion methodon Euclidean
domainsdescribedn [18]. Thenwe will carry
over this methodto surfacesmakinguseof clas-
sicaldifferentialcalculuson surfaces.

For somebackgroundnformationon geome-
try we referto the generaintroductionto differ-
ential calculuson manifoldsin the book by do
Carmol[8]. Furthermordet us mentionthatour
discretizationapproachis mainly motivated by
thework of Dziuk [9], who presentedhis typeof
finite elementalgorithmfor the solution of par
tial differentialequationson surfaces. Further
morein [10] hediscussea numericaimethodfor
geometricdiffusion appliedto the surfaceitself,
whichcoincideswith themeancurvaturemotion.



2 Reviewing the anisotropic
diffuson method on Eu-
clidean domains

Here,we confineoursehesto the caseof planar
domainsin 2D. Nonlinearanisotropicdiffusion
appliedto someinitial randomnoisy imagewill
enablean intuitive and scalablevisualizationof
complicatedvector fields. Therefore,we have
picked up the idea of line integral corvolution,
wherea strongcorrelationof theimageintensity
alongintegral lines is achievzed by corvolution
of aninitial white noisealongtheselines. If we
askfor a well posedcontinuousdiffusion prob-
lem with similar propertieswe areleadto some
anisotropicdiffusion, now controlledby a suit-
ablediffusionmatrix.

We considettheparabolicboundaryandinitial
value problemandaskfor a functionp : R} x
Q2 — R which solves

%p —div(AVp) = f(p)inR" x Q,
/0(0, ) = Po OnQa
9 p = 0onR" x 00
ov

for giveninitial densityp, : Q@ — [0,1]. Here
pe = Xe * p is amollification of the currentden-
sity (cf. Caté etal. [4]). We interpretthe den-
sity asanimageintensity a scalargreyscaleor —
with a slight extensionto the vectorvaluedcase
—asavectorvaluedcolor. Thus,thesolutionp(-)
canberegardedasafamily of imagesor textures
{P(t)}teRg , wherethetime ¢ senesasascaling
parameter

Now we considerthe anisotropic diffusion
matrix A. Foragivenvectorfieldv : 2 — R? we
take into accountineardiffusionin thedirection
of thevectorfield anda PeronaVialik typediffu-
sion orthogonalo thefield. Let us supposehat
v is continuousandv # 0 on ). Thenthereex-
istsa family of continuousorthogonalmappings
B(v) : Q — SO(2) suchthat B(v)v = ||v]|eg,
where{e; }io,... n—1 iS the standarcbasein R".
Hence we defineA = A(v, Vp,) with

A(U,d) — B(U)T ( a(”v”) G(d) ) B(U)

G(d)

N

d

Figure2: The shapeG(-) which appliedto the
gradientof the mollified imageintensity senes
asadiffusioncoeficientin imageprocessing.
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Figure 3: The graphsof the velocity dependent
lineardiffusiona(-), respectiely the scalarcon-
trastenhancingight handside f(+).

wherea : R — R* controlsthelineardiffusion
in vectorfield direction,i. e. alongstreamlines,
andthe diffusion coeficient G(d) = ﬁ (cf.
Fig. 2) actsin the orthogonaldirection and
is responsiblefor the image sharpeningn the
crossstreamlinedirection. We may either
choosealinearfunctiona orin caseof avelocity
field, which spatially variesover several orders
of magnitudewe selecta monotonefunction «
(cf. Fig. 3) with «(0) > 0 andlim,_,, a(s) =
amax. As initial datap, we choosesome
randomnoiseof anappropriatdrequeng range.
This canfor instancebe generatedunningallin-
ear isotropic diffusion simulationon a discrete
white noise for a shorttime. Hence patterns
will grow upstreamand downstream,whereas
the edgestangentialto thesepatternsare suc-
cessvely enhanced. Still thereis some diffu-
sion perpendiculatto the field, which supplies
us for evolving time with a scaleof progres-
sively coarserrepresentatiorof the flow field.
Finally, the image contrasthasto be strength-
enedduring the evolution. This is achiesed se-
lecting an appropriatefunction f : [0,1] — R*



Figure 4: A vector field from a 2D magneto-
hydrodynamicsimulation(MHD) is visualized
by nonlineardiffusion. A discretewhite noiseis

consideredasinitial data. We run the evolution

ontheleft for asmallandontheright for alarge
constandiffusioncoeficient .

(cf. Fig. 3) with f(0) = f(1) = 0 andf > 0

on (0.5,1),and f < 0 on (0,0.5). Finally we

endup with the methodof nonlinearanisotropic
diffusion alreadypresentedn [18] to visualize
comple vectorfields (cf. Fig. 4).  Thesetof

pointwise asymptoticlimits of the evolution is

{0,1} dueto the choiceof the contrastenhanc-
ing function f(-). Analytically 0.5 is athird, but

unstablefix point of the dynamics.This setand
theinducedrichnessof theresultingtexture can
be increasedstudyinga vector valuedintensity
p: Q — [0,1]™ for somem > 1 anda cor

respondingsystemof parabolicequations.The
equationsarecoupledsolelyby thenonlineardif-

fusion coeficient G(-) (which now dependson

thenorm||Vp|| of the Jacobiarof thevectorval-

ueddensityV p) andtheright handside f(-). We

define f(p) = h(llpll)p with h(s) = f(s)/s for

s # 0, where f is the old right handside from

the scalarcase,and#(0) = 0. Furthermoreve

selectan initial densitywhich is now a discrete
“white noisewith valuesin B;(0)N[0,1]™. Thus
thecontrasenhancinghow pusheghepointwise
vectordensityp eitherto the 0 or to somevalue
onthespheresectorS™=! N [0, 1]™ in R™.

3 Anisotropic diffusion on
surfaces

Above we have discussedanisotropicdiffusion
in vector field visualizationon domainswhich

are subsetsof two- and three dimensionalEu-
clidian space. Now we will outline how to
carry over this methodologyto display tangen-
tial vectorfields on surfaces. Importantexam-
plesareresultsfrom meteorologicasimulations,
flow fields on streamsudces,or vectorfieldsin
differentialgeometry Basedon the well estab-
lishedintrinsic differentialcalculuson manifolds
[8], we canpick up the samediffusionproblems
with an appropriataeinterpretatiorof the oper
ators. Thus, let usfirst briefly review the basic
notation of manifolds, differential calculusand
geometricdiffusion. For a detailedintroduction
to geometryanddifferentialcalculuswe referto
[8] and[5, Chapterl]. For the sale of simplicity
we assumeur surfaceso becompacembedded
manifoldswithout boundary In caseof bounded
manifoldswe lateronhave to take into account
naturalboundaryconditionsasin the Euclidean
case. Thuswe considera smoothmanifold M,
which we supposeo be embeddedn R3. Let
z:Q — M; €&~ z(£) bea coordinatemap
from an atlasof M. For eachpoint z on M
theembeddedangentspace/, M is spannedy
thebasis{ 5, 7= }. By TM we denotethetan-
gentbundle.On.M themetricg(-, -) asabilinear
formon7 M x T M is prescribedy the metric
tensorg = (gi;)i; With

Oz Oz
gm—a& afj’

where- indicatesthe scalarproductin R3. The
inverseof g is denotedby ¢! = (¢%),;. Based
on the metric we candefinethe integrationof a
function f on M. We splitupanintegralover M

into separaténtegralsover subsetsyhich arein

the imagez(2) of somecoordinatemap z and
define

[, 7= [ se)vage

Integratingeithera productof two functionsf, g
on M or the productof two vectorfieldsv, w on
T M we obtainthefollowing scalarproductson



C°(M) andC®(T M), respectiely:

A[fg dz ,
/g(v,w) dz .

M

(fa g)M =

(v, w)rm =

Next, we have to introducethe fundamentain-
trinsic gradientanddivergenceoperatorson M.
ThegradientV , f of f is definedasthe repre-
sentationof df with respecto the metricg. We
obtainin coordinates

O(fox) Oz

Vmf = Z R T

Furthermorewe deflnethedlvergencediva for
avectorfieldv € T M asthedualoperatoiof the
negative gradientby

/diVM’U ¢ dx = — /g(v,VMgb) dx
M

M

for all ¢ € C§°(M).

Finally, with these differential operatorsat
handwe candiscussa generalandintrinsic dif-
fusion on a manifold in analogyto diffusionin
EuclideanspaceWe askfor asolutionp : R x
M — R of theparabolicequation

f(p)

onR§ x M for giveninitial datap(0, - ) = p on
M. Herewe supposed to be somepositive def-
inite symmetricendomorphisnon7 M. Testing
with ary functionf € C*(M(t)) andintegrat-
ing over M we obtainthe variationalformula-
tion

(0ep, )t + (AV M0, Vaa) a1 = (f(p), D) pa -

Lateron,we will recallthisin caseof a suitable
finite elemenimplementationNow we consider
our actualgoal,whichis the generatiorof atex-

ture by nonlinearanisotropicdiffusionto repre-
sentagivenvectorfield v € 7 .M onthesurface.
Thus,we supposed to dependnthevectorfield

v andthe norm of the geometricgradientof a

corvolutedintensityp,:

A=A, IV ampell)

9] :
P diva (AV mp) =

For nonvanishingu letw € 7, M be someunit
vectornormalto v, i. e. g(v,w) = 0. Hence,
{Hvll’w} is a basisof 7,.M andwith respecto
this basiswe defineasbeforein the Euclidean
case

Am@:(MMDGw)_

As right handside f(-) we pick up the oneal-
readyintroducedin Section2 andagainassume
po to be arandomnoise,eitherscalaror vector
valued, but now prescribedon the surface M.
Furthermorewe have to give a suitabledefini-
tion of the regularizing presmoothingo obtain
p. from theoriginal intensity p.

In the EuclideancaseKacur and Mikula [13]
proposeda corvolution with the heatequation
kernelfor the regularizationof the problem.l.e.
if onedefinesp, = p(t = €2/2) wherep is the
solutionof the heatequationwith initial datap,
thene is thewidth of thecorrespondingsaussian
filter.

Again,we proceedn analogyto the Euclidian
caseanddefinep, astheresultof the above dif-
fusion problemwith A = Id attimet = £ and
for initial datap.

Finally, the resultingfamily {p(t)}:>o of in-
tensitieson M gives a multiscaleof represen-
tationsof the givenvectorfield v. Figure5,6,7
shawv resultson differentsurfaces. We consider
theprincipaldirectionsof curvatureastangential
vectorfields on which we apply the anisotropic
diffusion method. On the underlyingtriangular
grids, the shapeoperatorwhoseeigervaluesare
the principal cunvatures,is approximatedasfol-
lows. Locally we regarda singletrianglel” and
all the neighboringtriangleswhich have a non
zerointersectiorwith 7" asagraphovertheplane
containingZ’. Next, we calculatethe L? projec-
tion of this piecavise linear graphonto the set
of quadraticgraphswhich are tangentialto the
plane. Thenwe evaluatethe constantshapeop-
eratoron this graph. Let us emphasizdéhat the
L? projectionis alwaysdefined althoughthe lo-
cal graphpropertyof the triangulargrid might
not hold in certaindegenerateases.For details
we referto [7].



Figure5: The principal directionsof curvaturearevisualizedby anisotropicdiffusionon a minimal
surface.

[ 11

Figure6: For bothprincipaldirectionsof curvaturedifferenttimestepf theanisotropialiffusionare
displayedon the surfaceof a presmoothedbtanfordbunry. In additionthe correspondingprincipal
cunaturevaluesarecolor coded.

Figure7: Two timestepf the anisotropiadiffusionon a presmoothedenusdatasetareshown.



4 Finite dement discretiza-
tion

In what follows we discussthe discretization
andimplementatiorof thefield aligneddiffusion
methodon surfaces.For this purposea finite el-
ementdiscretizationn spaceanda semiimplicit
backward Euler or secondorder Crank Nicols-
sonscheman time areconsideredWe suppose
the surface M to be approximatedwith a suf-
ficiently fine triangulargrid M, consistingof
nondeeneratdriangles7 with maximaldiam-
eterh. By sufficiently we especiallymean,that
the original grid might be further refinedto en-
sure an appropriateresolutionof the flow field
by meansof the proposednethod.On the trian-
gulationwe considetthestandardinearfinite el-
ementspace.Numericalintegrationis basedon
the lumpedmassesproduct(-,-)%, [21] for the
L? product(-, -) 5, in thevariationalformulation
anda one point quadraturerule for the bilinear
form (AV -, V- )7m. Semiimplicit means
for the schemegonsiderederethatthe nonlin-
earity A(-) is evaluatedat the old time. Finally,
in eachstepof the discreteevolution we have to
solve asinglesystemof linearequationsWe ob-
tain for abackward Eulerdiscretization

(Mk-f-TLk(Ak))ﬁlH—l:Mkﬁk-i-TMkak.

Herep® = (p¥); is the vectorof nodalintensity
valuesat time t* = kr, wherer is the selected
time stepsize. Furthermore,if we denotethe
“hat shaped’basisfunctionsby ®; andthediffu-

siontensorwith respecto the discreteintensity
attimet* by A*,

MF =
LF(AF) =

((Q'La q)J)}]&h)Zj
((Akv/\/lhq)i’ VMh(I)j)Mh)

arethe lumpedmassmatrix and nonlinearstiff-
nessmatrix, respectrely. Finally, the compo-
nentsof the right handside f* areevaluatedby
(f*) = f(pF).

The global matricesM* and L*(A*) are as-
sembledrom local matricesm’ andi” with re-
spectto a singletriangleT. Their entriescor-
respondto all pairingsof local basisfunctions.
Comparedo the methodon Euclideandomains

ij

the algorithmis completelyidenticalup to eval-

uation of theselocal matrix entries. Thus, we

now focuson them. We obtainby lumpedmass
integration

1
M = 30T

where |T'| is the areaof the triangle T". Next,

let us considerfor every triangle T' the refer

encetriangleT” c R? with independenvariables
&,& andnodesg® = (0,0), & = (1,0), and
&% = (0,1). Thenan affine coordinatemapping
X mapsT ontoT andits nodest? ontothe cor

respondingiodesP’ of T' onthediscretesurface
in R3. Hencethe correspondingnetrictensoris

asin thecontinuouscasegivenby g;; = gf - g—f,
i j
0X, __

where Gt = Pj — Py. Hencewe canevaluate
gradientsof the linear basisfunctions®’ corre-
spondingto thenodesP' by

l ija(I)l i 0
Va,® =Y g a—g(P — P,
] J

wherethe derivatives of ®' with respectto the
referencecoordinateg are
0
7 1 *

%!
|\ _ [ -1 1
st |\ -1 )\ 0
eI3)
Finally we calculatethelocal nonlinearstiffness
matrix

11 [V ID (Vo ) (Vo ) +
||VV||2V)

i)

whereV = v(cr) for the centerof masser of
T, D thegeometricgradientof the presmoothed
discreteintensityonT" and“-” still indicatesthe
scalarproductin R3.

Finally, in eachtimestepthe computationof
the prefilteredintensity vector p is basedon a
singleimplicit time stepe? /2 for thecorrespond-
ing discreteheatequatiorschemewith respecto

initial datap™.

G(D) (thcpi — Vg, @ -

: (thqﬂ' -V, @ -



5 Conclusions

We have expandeda method[18, 1] basedon
the solutionof a nonlinearanisotropicdiffusion
problemfor the post processingof vector data
to the caseon non Euclideandomains. With
theoriginal methodthe currentexpansionshares
severaladvantagesEspeciallyit is well founded
on a physically intuitive continuousmodel and
its discretizationin thefinal stepis alongthe ap-
provedguidelinesof finite elementalculus.

Furthermorethe currentapproachis charac-
terizedby the very naturalcarrying over of the
approachfrom the Euclideancaseto the case
of curved surfaces. Thusgiven a triangulation,
which is the standardrepresentatiomf surfaces
alsoin computergraphics the proposednethod
is straightforvard to implement. From the au-
thors’ point of view exciting future researchdi-
rectionsare a further exploration of adaptve fi-
nite elementparadigmgo improve the methods
performance. Furthermore algebraicmultigrid
methodsmay help to reducethe costin the so-
lution of the linear problemsfor eachtimestep.
Finally, an anisotropicdiffusion flow segmenta-
tion asproposedn [18] on 2D domainsalsocar
ries provisionsfor the identificationof interest-
ing flow regionson surfaces.
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