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ABSTRACT. We studytwo—dimensionatoarsenindy simulationsfor the Cahn—Hilliard
model. A scaleinvarianceof the sharpinterfacelimit of this modelsuggestshatthe char

acteristidengthscalegrows proportionalto t}/2, respectrely the enegy densitydecreases

1/3

ast™ /. We comparethe coarseninglynamicsfor differentchoicesof datafor different

volumefractions. We obsere that, dependingpn the specificdata,the coarseningrocess

canover alargetime windowv bemuchslower thanexpectedoy dimensionahknalysis.

1. INTRODUCTION

Thekineticsof phaseseparatiorin abinaryalloy afterquenchingarecharacterizethy three
stagesSincefor low temperaturetheinitially homogeneoustateis unstablefirst, domains
of anew phasenucleateandgrow rapidly in asecondstage.Then,two phase$ave formed
andareseparatedby interfacial layerswhich are muchthinnerthanthe typical diameterof
thedomains.In the laststageof the phaseseparatiorthe systemis driven by the reduction
of the surfaceenegy of theseinterfacial layers,which leadsto anincreaseof the typical

lengthscalesn the systemaphenomenoknown ascoarsening.

A particularregimeof interestis theoneof anoff—critical mixturewherethevolumefraction

of onephasés small. Thenthis phaseemegesasmary smalldisconnectedimostspherical
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particles. Subsequent)ylarger particlesgrow at the expenseof the smalleroneswhich

shrinkanddisappearaform of competitve gronth whichis alsocalledOstwald ripening.

Phaseseparatiorin a binary alloy is well-describedy the Cahn—Hilliardequationwhich
describeghe stateof by the relatve concentratiordifferencep = 5(25@? — 1), where

p4 andpp aretheconcentrationsf thetwo componentsandg € (0, 1] isaparameterThe

correspondingsinzturg—Landaureeenegy E is definedto be

1.9 B(e) = [ {%0)+ Vol

where2 is aboundeddomainand+y a positive parameterThefirst termin thefree enepy,
U(p), is thechemicalenegy densityandtypically hasa doublewell form. In this papemwe

take

(1.2) U(p) = (0 — )"

NG

We notethatthe systemis locally in oneof thetwo phasesf the valueof p is closeto one

of thetwo minima -+ of .

The secondermin the enegy penalizegradientswith the effect thatthe total amountof

transitionzoness accountedor in the enegy.
Now, the diffusionequatiorfor the concentratiorp is givenby

op
(1.3) 5= Aw

onR™ x Q. In the equationabore we denoteby w thelocal chemicalpotentialdifference

whichis givenasthevariationalderivative ‘fs—f of E with respecto p. Thus,we obtain

(1.4) w=—yAp+ ¥ (p).
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The systemhasto be supplementeavith boundaryandinitial conditions.Herewe request
d,w = 9,p = 0, wherev is the outernormalon 92, andp(0,-) = po(-) for someinitial
concentratioristribution pg. Roughlyspeakinghemodelassumesliffusionof the species

in suchaway thatthe enegy functionall.1is minimizedasquickly aspossible.

As theboundaryconditionsprohibitany masdlux overtheboundarymasss conseredand
in view of the minimizationassumptiont comesasno surprisethatthe Ginzhurg—Landau

freeenegy is aLyapuna functional,i.e. decayingn time. Written formally we have

d

(1.5) E/Qp(x,t)dx =0 and %E (p(t)) <0.

We recallthatin the last stageof the evolution the systemis driven by the enegy of the
interfacesbetweerdomains.In thisregimetheCahn—Hilliardequatioris well approximated
by its sharp—intedcelimit, theso—calledullins—Selerkamodel[12, 1], whichreduceshe
total surfaceareaof the interfacebetweerthe phaseswhile it keepsthe volumefraction of
eachphaseconstant.Both modelscanbe interpretedasa gradientflow of an enegy, the
eneqgy is E for the Cahn—Hilliardmodelandthe surfaceareain the Mullins—Selerkamodel.
This alsoreflectsthe fact, that for large timesthe enegy E is dominatedby the surface
enegy. For the correspondingtationaryproblemthe connectiorbetweerthe enegieshas

beenmadeprecisen [9].

A gquantity of interestis the coarseningate of a system,which is often measuredy the
growth rate of a characteristidengthscale. On the level of the Mullins—Selerka descrip-
tion, typical lengthscalesaredomaindiameterspr in asymmetrianixturesthe meanparti-

clesize.Thesequantitiesarenotsowell definedwithin the Cahn—Hilliardmodel. However,
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we areinterestedn the time regime whenthe enegy is approximatelygiven by theinter
facialareabetweerthe phasesndthusthe enegy densityhasdimension(length —!. It is
thereforealsonaturalto considertherate of changeof the enegy densityasa measurdor

the coarseningate.

Dueto aninvarianceof the Mullins—Selerkamodelunderthe scalingz — Az, t — \3t,
one expectsthat the characteristidength scalegrows ast!/3, which is also obsered in
mary experiments(cf. e.g. [5] andthe referencesn [15]). Sincethe volumefraction of

eachphasds preseredit follows thatthe enegy densityis expectedto decreasast /3.

Recently a first rigorousresult concerningthe coarseningate within the Cahn—Hilliard
modelhasbeenobtainedin [6]. Upperboundson the coarseningate have beenderived,
by shawing thatin anaveragesensethe enepgy decreaseatmostast~'/3. Lower bounds
have not yet beenderived rigorously and canalso not be expectedwithin a deterministic
framework, sincetherearenon-genericonfigurationsfor exampleconfigurationswith no

cunatureof theinterfaceswherecoarsenings very slow.

(@)t = 0.01 (b) ¢ = 0.05 ©)t=15 d)t=3

FIGURE 1. Evolution startingfrom a perturbatiorof a uniform state

The purposeof this noteis to reporton resultsof numericalsimulationsfor the Cahn—

Hilliard modelwhich might furtherelucidatethe transientoehaior of a coarseningystem
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andits dependencenthedata.ln fact,whenwefirstinvestigatedhedecreasef theenegy
(sinceour simulationsarefor afinite domain,we considelin thefollowing justthetotal en-
engy) for datawhich areperturbation®f a uniform state(cf. Figuresl and2), we obsered
to our surprisethat after spinodaldecompositiorthe systemsettlesfor a “wrong” smaller
exponentfor quite long times, beforefinally the enegy decreasefaster We theninvesti-
gatedthe coarseningatesfor several type of data(perturbechomogeneoustatesparticle
seedssetparticles)for differentvolumefractions. We obtaina very sensitve dependence
of thecoarseningateonthetypeof data,observingransienexponentgangingfrom —1/6
to —1/3. The detailsof the resultsare presentedelav in Section4 aftera review of the

discretizatiorandimplementatiorof the problemin Section2.

Letusconcludehisintroductionwith afew

energy
Cth1/3

remarkson the caseof on an off—critical Gt
mixture with asymmetricvolumefraction. o1} -

In theoff—critical regime,theclassicamean—

0.01

field theoryby Lifshitz, Slyozor andWag-

ner[8, 16] (LSW) reducesn threedimen-

0'08?0001 0.601 O.bl 011 i

sionsthe Mullins—Selerkamodelto anon- FIGURE 2. Graphof theen-
local transportequationfor the size distri- ey (double logarithmic
bution of the particles,which inheritsthe scale),

scaleinvariancel ~ ¢'/3, [ beingthe typi-
cal radiusof a particle. Moreover, thereareself—similarsolutions reflectingthe conjecture
thatphaseseparatioroccursin a statisticallyself—similarmanner atleastfor genericdata.

A similar theorycanbe developedfor two—dimensionatoarseningashasbeenarguedin
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[13] andderivedin a mathematicallyigorousmannetin [11]. More preciselytheanalogue
of the LSW-modelis recoreredwith a scalingfactor which impliesthatthetypical length
scalegrows proportionalto (¢/In ¢—'/2)'/3, where¢ denotesthe volume fraction of the
minority phase.This factorindicates that— in particularin the off—critical case— the ap-
proachto thet!/3—law mightbeslow in two dimensionsThisis alsoseerin thesimulations
in [13], which shaw for the off—critical casea power law for the typical lengthscalewith

exponent~ .29 insteadof 1/3.

2. DISCRETIZATION

In whatfollows we briefly discussthe discretizationandimplementatiorof the evolution
problem.For this purposeafinite elementiscretizatiorin spaceandsomediscretescheme
in time are considered We consideran appropriatecontinuousvariationalformulationfor

the Cahn-Hilliardequationgiven by

(0ep, 0) + (Vw, V0) =0,

(w, &) = (¥ (p),&) +7(Vp, V),

which hasto hold for all 8, ¢ € C*®(Q2), where(-, -) denoteghe L?-producton the domain
Q. For afinite elementimplementationwve now replacethe continuoussolutionandtest
functionsin this formulationby discreteapproximationsn somefinite elementspace Here
we have restrictedourselesto finite elementon regularadaptve gridsin 2D generatedby

recursve subdvision of somemacroelementsWe considettriangularCourantelementsas
well asbilinearfinite elementson quadraticgrids. We will denotethefinite elementspace

for the approximatiorof p andw on Q with V" . Numericalintegrationof the L?-products
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is basedon the lumpedmassegproduct(-,-), [14]. Furthermorewe considera centerof

massquadratureule for thebilinearform (V -,V +).

For the discretizationin time we have taken into accounttwo possibilities: a first order
implicit Euler schemeand a secondorder 6—splitting scheme(seeBristeauet al. [2] and
Muller Urbaniak[10]). Both areknown to be strongly A—stable. While we canprove the
enegy decaypropertyfor the implicit Euler schemewe usethe 6—splitting for practical

computationssit allows largertime steps.

In thecaseof theimplicit Eulerschemehetime derivative is discretizedy 0, p((n+1)7) =
h __ph
PatiPn wherer is the selectedtime stepand p/ an approximationof p(n7). A brief

introductionto the morecomplicatedd—splittingcanbefoundin [4].

Finally, we canderive a fully discretescheme. For the “hat shaped’multi linear basis

functions¢; we defineby

My, = ((¢, ¢j)h)z'j )

Ly := ((Vi, Vb)),

thediagonalumpedmassandthe standardstiffnessmatrix. TheseglobalmatricesM}, and
L;, areassembledh a grid traversalcollectingthe contritutionson all local grid elements

asit is standardn finite elementprogrammind3].

If we indicateby a bar coeficient vectorscorrespondingo finite elementfunctionsin the

basis{¢; }, we obtainthe backward Eulerdiscretization

Ml 1+ Ln (V' (Pyr) + 7MLl ) = Map,
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with pf = T,p9, whereZ,, is theinterpolationon grid M;. By obvious notation¥’(-) :=

(¥'(-)); is thevectorof nodalwisederivativesof ¥.

In eachstepof the discreteevolution we have to solwe this systemof nonlinearequations.
In orderto dothis we apply someNewton schemavhich typically corvergesin afew steps
if we considemoderatdime stepsandpick up the old solutionat the old time stepasthe

initial guesdor the Newton iteration.

Theefficiengy of ourapproachs furtherincreasedby anadaptve grid refinemenaindcoars-
eningstratgy. Here,we useda heuristicstratgy which refinesin interfacial regionsand

coarsensn thepurephases.

In the caseof theimplicit Eulerschemeit is possibleto prove discretecounterpart®f the

massconserationandenegy decaypropertiesl. e.

(2.2) /pgd:z :/Ihpo dx
Q Q

and

(2.2) Bu(eh) = [ {Za(6l) + 190k Vol } do
Q

is nonincreasingn time (discreteLyapune property).

3. TESTS OF THE IMPLEMENTATION

As the resultsstatedin this paperare somavhat surprisingandthe discretizationerror is
potentiallyvery large (stability estimatedor the Cahn-Hilliardequationusuallydeteriorate
like e%) we performedseveral tests. First, in orderto exclude codingerrorswe usedtwo
differentimplementations:one using linear finite elementson a triangulargrid, the other

oneusingbilinearelementson a quadraticgrid. Both implementationshaved exactly the
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samebehaiour concerningime scalesandspeedof the evolution. Secondwve established
via humericalexperimentsthat the grid sizesandtime stepsizeswe usedfor the actual
calculationswerein anasymptoticregime. Finally we computecthe evolution for several
problemswhich werejust scaledversionsof eachother We thenchecledif thealgorithm

shavedtheappropriatdime scalingin the solution,whichit did.

4. NUMERICAL RESULTS

In the exposition of our numericalresultswe focus on the evolution of the total enegy.
Otherquantitieswhich would equivalently characterizehe coarseningrocessarefor ex-
amplethe averageparticle size or the averageinterparticledistance.However, within the
Cahn-Hilliardmodel,we would needa necessarilysomevhatarbitrary criterion of whata
particleandits sizeare. The applicationof suchcriteria provesdifficult in the casewhen
particlesarevanishingor mewging. Oncethe interfacial regime hasemepged, the total en-
emy is proportionalto the surfaceareaof the interface,i.e. to the sumof the perimeters
of all particles.As thetotal volumeof all particlesis constantjt immediatelyfollows that
thetotal enegy evolvesproportionalto theinverseof the averageradius. Hence,sincewe
expectthe averageparticlesizeto increaseast!/3, we expectthetotal enegy to decreases
/3. For all calculationghe domainhasbeenthe squar€l0, 3] x [0, 3] andthe parameter
of the enegy have beeny = 10~° and8 = 0.4 while we chosethe time stepsizeto be

5.107%

4.1. Evolutions starting from a perturbation of a uniform state. Let us first consider
the evolution alreadyshawvn in Figuresl and2. After longtimes(¢ > 7) theenepgy decay

differs from the behaiour at earliertimes. In contrastto the decaydepictedin Figure 2
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we obsere a graphlike in Figure 3. Herewe seetime intenals wherethe enegy goes
accordingto F = Ct~3 which areintersectedy shortperiods,whenthe enegy decays
faster In theseshortperiodsone seesparticlesvanishing,whereasbetweenthesesteeper

declinesparticlesarejust growing andshrinkingwith the numberof particlesconstant.In

energy +
CtA1/3 e
Cth-1/4 -

FIGURE 3. Graphof theenegy in thelate stageof the evolution

the calculationdiscussedofar the ratio of the volumefraction of thetwo phasediasbeen
60 : 40. We obseredadependencef thetransitiontime to theexpectedgrowth law onthe
volumefractionof the phasesThetransitiontime is drasticallyshorterin the caseof equal
volume fractions. Figure 5 shavs suchan evolution andthe correspondingenegy graph
is depictedin Figure4. Othercomputationsonfirmedthat the transientgrowth exponent

dependsmoothlyon the massfractionsof theinitial data.

4.2. The evolution starting with set particles. The sametransientoehaiour canbe ob-
senedin the caseof initial datain which a givennumberof randomlychoserparticlesare
setin auniformstate.In Figure6 acalculationona(0, 3] x [0, 3] squares shavn. Figure7
shaws the correspondingenegy graph. Again it takes considerabldime until the system

settlesto the expectedgrowth law.
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0'006

FIGURE 4. Graphof theenegy with equalmassfractions
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(@)t = 0.025 (b)t =0.125 (€)t=1.25 (d)t = 4.875

FIGURE 5. Evolutionwith equalmassfractions

(@)t = 0.0125 (b)t =0.25 (©)t=2.25 (d)t = 6.7

FIGURE 6. Evolutionwith setparticles

4.3. Theevolution starting with particleseeds. In Figure8 anevolutionsis shavn, where

theinitial value hasbeena uniform mixture in which a given numberof randomlychosen
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(a) Graphof theenegy (b) Late stageof theevolutionfort = 3to 7

FIGURE 7. Ewvolutionwith setparticles

particle seedsare set. A particle seedis a ball shapedarea,wherethe concentrationis
slightly above the value of the uniform mixture but in neitherof the two minima of the
doublewell potential. Thetwo graphg-igure8(e)and8(f) shav theevolution of theenegy

andasa referencdine thefunctionct 3.
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(a)t = 0.025

(b) t = 0.0375

energy set particle seeds ——
CtA1/3 e
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(e) evolution of theenegy

0.01

0.001

(c)t=1.25

d)t=55

energy set particle seeds ——

Ctr-1/3 -
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FIGURE 8. Initial value: particleseeds
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