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ABSTRACT. We studytwo–dimensionalcoarseningby simulationsfor theCahn–Hilliard

model.A scaleinvarianceof thesharpinterfacelimit of this modelsuggeststhatthechar-

acteristiclengthscalegrows proportionalto
�������

, respectively theenergy densitydecreases

as
��� �����

. We comparethecoarseningdynamicsfor differentchoicesof datafor different

volumefractions.We observe that,dependingon thespecificdata,thecoarseningprocess

canover a largetime window bemuchslower thanexpectedby dimensionalanalysis.

1. INTRODUCTION

Thekineticsof phaseseparationin abinaryalloy afterquenchingarecharacterizedby three

stages.Sincefor low temperaturestheinitially homogeneousstateis unstable,first,domains

of anew phasenucleateandgrow rapidly in asecondstage.Then,two phaseshave formed

andareseparatedby interfacial layerswhich aremuchthinnerthanthetypical diameterof

thedomains.In thelaststageof thephaseseparationthesystemis drivenby thereduction

of the surfaceenergy of theseinterfacial layers,which leadsto an increaseof the typical

lengthscalesin thesystem,aphenomenonknown ascoarsening.

A particularregimeof interestis theoneof anoff–criticalmixturewherethevolumefraction

of onephaseis small.Thenthisphaseemergesasmany smalldisconnectedalmostspherical
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particles. Subsequently, larger particlesgrow at the expenseof the smalleroneswhich

shrinkanddisappear, a form of competitive growth which is alsocalledOstwald ripening.

Phaseseparationin a binaryalloy is well–describedby theCahn–Hilliardequationwhich

describesthestateof by the relative concentrationdifference	�

����� ���� ��� ����� ���
, where	�� and 	! aretheconcentrationsof thetwo components,and �#"$�&%!' �)( is aparameter. The

correspondingGinzburg–Landaufreeenergy * is definedto be

(1.1) *+�,	 �.- 
 /103254 �,	 �7698 �;: < 	 : =�> '
where ? is a boundeddomainand 8 a positive parameter. Thefirst termin thefreeenergy,4 �,	 � , is thechemicalenergy densityandtypically hasadoublewell form. In thispaperwe

take

(1.2)
4 �,	 � 
 �@BA�	 = � � =DC =FE

We notethat thesystemis locally in oneof thetwo phasesif thevalueof 	 is closeto one

of thetwo minima GH� of
4

.

Thesecondterm in theenergy penalizesgradientswith theeffect that the total amountof

transitionzonesis accountedfor in theenergy.

Now, thediffusionequationfor theconcentration	 is givenby

(1.3) I 	IKJ 
MLON
on P �RQ ? . In theequationabove we denoteby N thelocal chemicalpotentialdifference

which is givenasthevariationalderivative S�TS � of * with respectto 	 . Thus,weobtain

(1.4) NU
 � 85LO	 6 4WV �,	 � E2



Thesystemhasto besupplementedwith boundaryandinitial conditions.Herewe requestXZY\[^]^X_Ya`b]dc
, where e is theouternormalon

Xgf
, and

`gh&c!ikjmln]o`�pFh�jml
for someinitial

concentrationdistribution
`�p

. Roughlyspeakingthemodelassumesdiffusionof thespecies

in suchaway thattheenergy functional1.1 is minimizedasquickly aspossible.

As theboundaryconditionsprohibitany massflux over theboundarymassis conservedand

in view of theminimizationassumptionit comesasno surprisethat theGinzburg–Landau

freeenergy is aLyapunov functional,i.e. decayingin time. Written formally we have

(1.5) qq_rts�u `5h,vwi r l q vx]Uc
and qqyr{z h,`gh r l|l;}Rc!~

We recall that in the last stageof the evolution the systemis driven by the energy of the

interfacesbetweendomains.In thisregimetheCahn–Hilliardequationis well approximated

by its sharp–interfacelimit, theso–calledMullins–Sekerkamodel[12, 1], whichreducesthe

total surfaceareaof theinterfacebetweenthephases,while it keepsthevolumefractionof

eachphaseconstant.Both modelscanbe interpretedasa gradientflow of an energy, the

energy is E for theCahn–Hilliardmodelandthesurfaceareain theMullins–Sekerkamodel.

This also reflectsthe fact, that for large times the energy E is dominatedby the surface

energy. For thecorrespondingstationaryproblemtheconnectionbetweentheenergieshas

beenmadeprecisein [9].

A quantityof interestis the coarseningrateof a system,which is often measuredby the

growth rateof a characteristiclengthscale.On the level of the Mullins–Sekerkadescrip-

tion, typical lengthscalesaredomaindiameters,or in asymmetricmixturesthemeanparti-

clesize.Thesequantitiesarenotsowell definedwithin theCahn–Hilliardmodel.However,
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we areinterestedin the time regimewhentheenergy is approximatelygiven by the inter-

facialareabetweenthephasesandthustheenergy densityhasdimension� length���7� . It is

thereforealsonaturalto considertherateof changeof theenergy densityasa measurefor

thecoarseningrate.

Due to an invarianceof theMullins–Sekerkamodelunderthescaling �����K� , �n������� ,
one expectsthat the characteristiclength scalegrows as ����� � , which is also observed in

many experiments(cf. e.g. [5] andthe referencesin [15]). Sincethe volumefraction of

eachphaseis preservedit follows thattheenergy densityis expectedto decreaseas � �7��� � .
Recently, a first rigorousresult concerningthe coarseningrate within the Cahn–Hilliard

modelhasbeenobtainedin [6]. Upperboundson the coarseningratehave beenderived,

by showing that in anaveragesense,theenergy decreasesat mostas ���7��� � . Lower bounds

have not yet beenderived rigorouslyandcanalsonot be expectedwithin a deterministic

framework, sincetherearenon-genericconfigurations,for exampleconfigurationswith no

curvatureof theinterfaces,wherecoarseningis very slow.

(a) ������� ��� (b) �����D� �)� (c) ���b�)� � (d) �����
FIGURE 1. Evolution startingfrom aperturbationof auniform state

The purposeof this note is to report on resultsof numericalsimulationsfor the Cahn–

Hilliard modelwhich might furtherelucidatethetransientbehavior of a coarseningsystem
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andits dependenceonthedata.In fact,whenwefirst investigatedthedecreaseof theenergy

(sinceoursimulationsarefor afinite domain,weconsiderin thefollowing just thetotalen-

ergy) for datawhichareperturbationsof auniformstate(cf. Figures1 and2), we observed

to our surprisethatafter spinodaldecompositionthesystemsettlesfor a “wrong” smaller

exponentfor quite long times,beforefinally theenergy decreasesfaster. We theninvesti-

gatedthecoarseningratesfor several typeof data(perturbedhomogeneousstates,particle

seeds,setparticles)for differentvolumefractions.We obtaina very sensitive dependence

of thecoarseningrateonthetypeof data,observingtransientexponentsrangingfrom �����F�
to �����F� . The detailsof the resultsarepresentedbelow in Section4 aftera review of the

discretizationandimplementationof theproblemin Section2.

Letusconcludethisintroductionwith afew
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FIGURE 2. Graphof theen-

ergy (double logarithmic

scale),

remarkson the caseof on an off–critical

mixturewith asymmetricvolumefraction.

In theoff–critical regime,theclassicalmean–

field theoryby Lifshitz, Slyozov andWag-

ner [8, 16] (LSW) reducesin threedimen-

sionstheMullins–Sekerkamodelto anon-

local transportequationfor thesizedistri-

bution of the particles,which inherits the

scaleinvariance���������¡  , � beingthe typi-

cal radiusof a particle.Moreover, thereareself–similarsolutions,reflectingtheconjecture

thatphaseseparationoccursin astatisticallyself–similarmanner– at leastfor genericdata.

A similar theorycanbedevelopedfor two–dimensionalcoarsening,ashasbeenarguedin
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[13] andderivedin amathematicallyrigorousmannerin [11]. Moreprecisely, theanalogue

of theLSW–modelis recoveredwith a scalingfactor, which impliesthatthetypical length

scalegrows proportionalto ¢,£¥¤§¦©¨«ª­¬7®�¯¡°�±�®�¯¡² , where ª denotesthe volumefraction of the

minority phase.This factorindicates,that– in particularin theoff–critical case– theap-

proachto the £ ®�¯¡² –law mightbeslow in two dimensions.This is alsoseenin thesimulations

in [13], which show for theoff–critical casea power law for the typical lengthscalewith

exponent³9´¶µ{· insteadof ¸�¤F¹ .
2. DISCRETIZATION

In what follows we briefly discussthe discretizationandimplementationof the evolution

problem.For thispurposeafinite elementdiscretizationin spaceandsomediscretescheme

in time areconsidered.We consideranappropriatecontinuousvariationalformulationfor

theCahn-Hilliardequation,givenby

¢»º_¼�½�¾¥¿Z±7ÀM¢�ÁÃÂ�¾�ÁÃ¿Z±tÄMÅ!¾¢,Â�¾|Æ_±ÇÄÉÈ�ÊWË�¢,½!±�¾|ÆyÌÍÀ#ÎO¢�ÁO½Ï¾�ÁOÆ_±g¾
which hasto hold for all ¿1¾|ÆÑÐÓÒnÔ�¢aÕÖ ± , where ¢�×Ø¾k×m± denotesthe Ù ° -producton thedomainÖ

. For a finite elementimplementationwe now replacethe continuoussolutionandtest

functionsin this formulationby discreteapproximationsin somefinite elementspace.Here

we have restrictedourselvesto finite elementson regularadaptive gridsin 2D generatedby

recursive subdivision of somemacroelements.WeconsidertriangularCourantelementsas

well asbilinearfinite elementson quadraticgrids. We will denotethefinite elementspace

for theapproximationof ½ and Â on
Ö

with Ú�Û . Numericalintegrationof the Ù ° -products
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is basedon the lumpedmassesproduct Ü�ÝØÞkÝmß�à [14]. Furthermorewe considera centerof

massquadraturerule for thebilinearform Ü�áUÝØÞ�áUÝmß .
For the discretizationin time we have taken into accounttwo possibilities: a first order

implicit Euler schemeanda secondorder â –splitting scheme(seeBristeauet al. [2] and

Müller Urbaniak[10]). Both areknown to bestronglyA–stable.While we canprove the

energy decaypropertyfor the implicit Euler scheme,we usethe â –splitting for practical

computationsasit allows largertimesteps.

In thecaseof theimplicit Eulerschemethetimederivative is discretizedby ã_ä�ågÜ|Ü,æ�ç�è�ß�é�ßÇêë)ìí)î1ï|ð ë�ìíñ where é is the selectedtime stepand å àò an approximationof å5Ü,æ­é�ß . A brief

introductionto themorecomplicatedâ –splittingcanbefoundin [4].

Finally, we can derive a fully discretescheme. For the “hat shaped”multi linear basis

functions ó�ô wedefineby

õ àOöm÷øÜ�Ü»óKô�Þ�ó�ùaß�àZß ôúù Þû àOöm÷øÜ�Ü�áüó�ô�Þ�áüó�ù\ß|ß ôúù
thediagonallumpedmassandthestandardstiffnessmatrix. Theseglobalmatrices

õ à andû à areassembledin a grid traversalcollectingthecontributionson all local grid elements

asit is standardin finite elementprogramming[3].

If we indicateby a barcoefficient vectorscorrespondingto finite elementfunctionsin the

basisý\ó�ô�þDô , we obtainthebackwardEulerdiscretization

õ à­ÿå àò���� ç�é û à � ÿ��� Ükÿå àò���� ß7ç	� õ ð �à û àwÿå àò�����
 ÷ õ à­ÿå àò
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with ��
����� 
 � � , where� 
 is the interpolationon grid � 
 . By obviousnotation ������������ �� ��� �����!�#"
is thevectorof nodalwisederivativesof

�
.

In eachstepof thediscreteevolution we have to solve this systemof nonlinearequations.

In orderto do thisweapplysomeNewtonschemewhich typically convergesin a few steps

if we considermoderatetime stepsandpick up theold solutionat theold time stepasthe

initial guessfor theNewton iteration.

Theefficiency of ourapproachis furtherincreasedby anadaptivegrid refinementandcoars-

eningstrategy. Here,we useda heuristicstrategy which refinesin interfacial regionsand

coarsensin thepurephases.

In thecaseof theimplicit Eulerscheme,it is possibleto prove discretecounterpartsof the

massconservationandenergy decayproperties.I. e.

(2.1) $% � 
&('*) �+$% � 
 � � ',)
and

(2.2) - 
 � � 
& �(� � $%/. � 
 �0� � 
& �2143 576 � 
& �86 � 
&:9;'*)
is nonincreasingin time (discreteLyapunov property).

3. TESTS OF THE IMPLEMENTATION

As the resultsstatedin this paperaresomewhat surprisingandthe discretizationerror is

potentiallyvery large(stability estimatesfor theCahn-Hilliardequationusuallydeteriorate

like <�=> ) we performedseveral tests.First, in orderto excludecodingerrorswe usedtwo

different implementations:oneusinglinear finite elementson a triangulargrid, the other

oneusingbilinearelementson a quadraticgrid. Both implementationsshowedexactly the
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samebehaviour concerningtime scalesandspeedof theevolution. Secondwe established

via numericalexperimentsthat the grid sizesand time stepsizeswe usedfor the actual

calculationswerein anasymptoticregime. Finally we computedtheevolution for several

problemswhich werejust scaledversionsof eachother. We thenchecked if thealgorithm

showedtheappropriatetime scalingin thesolution,which it did.

4. NUMERICAL RESULTS

In the expositionof our numericalresultswe focuson the evolution of the total energy.

Otherquantities,which would equivalentlycharacterizethecoarseningprocess,arefor ex-

amplethe averageparticlesizeor theaverageinterparticledistance.However, within the

Cahn–Hilliardmodel,we would needa necessarilysomewhatarbitrarycriterionof whata

particleandits sizeare. Theapplicationof suchcriteria provesdifficult in thecasewhen

particlesarevanishingor merging. Oncethe interfacial regime hasemerged,the total en-

ergy is proportionalto the surfaceareaof the interface,i.e. to the sumof the perimeters

of all particles.As thetotal volumeof all particlesis constant,it immediatelyfollows that

thetotal energy evolvesproportionalto the inverseof theaverageradius.Hence,sincewe

expecttheaverageparticlesizeto increaseas ?A@#BDC , weexpectthetotalenergy to decreaseas

?AEF@#BDC . For all calculationsthedomainhasbeenthesquareG HJI�KML7NOG HJI�KML andtheparameter

of the energy have beenPRQTSUH EWV and XYQZHJ[]\ while we chosethe time stepsizeto be^�_ SUH Ea` .
4.1. Evolutions starting from a perturbation of a uniform state. Let us first consider

theevolution alreadyshown in Figures1 and2. After long times( ?cbYd ) theenergy decay

differs from the behaviour at earlier times. In contrastto the decaydepictedin Figure2
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we observe a graphlike in Figure3. Herewe seetime intervals wherethe energy goes

accordingto eTfhgjiAkmln which areintersectedby shortperiods,whenthe energy decays

faster. In theseshortperiodsoneseesparticlesvanishing,whereasbetweenthesesteeper

declinesparticlesarejust growing andshrinkingwith thenumberof particlesconstant.In

energy
C t^-1/3
C t^-1/4

FIGURE 3. Graphof theenergy in thelatestageof theevolution

thecalculationdiscussedsofar theratio of thevolumefractionof thetwo phaseshasbeenoqpsr*t,p
. Weobservedadependenceof thetransitiontimeto theexpectedgrowth law onthe

volumefractionof thephases.Thetransitiontime is drasticallyshorterin thecaseof equal

volumefractions. Figure5 shows suchan evolution andthe correspondingenergy graph

is depictedin Figure4. Othercomputationsconfirmedthat the transientgrowth exponent

dependssmoothlyon themassfractionsof theinitial data.

4.2. The evolution starting with set particles. Thesametransientbehaviour canbeob-

servedin thecaseof initial datain which a givennumberof randomlychosenparticlesare

setin auniformstate.In Figure6 acalculationona u pJv�wMxzy u pJv�wMx
squareis shown. Figure7

shows the correspondingenergy graph. Again it takesconsiderabletime until the system

settlesto theexpectedgrowth law.
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FIGURE 4. Graphof theenergy with equalmassfractions

(a) {W|�}�~ }���� (b) {W|�}8~����A� (c) {W|��A~ �A� (d) {W|��M~ ���A�
FIGURE 5. Evolution with equalmassfractions

(a) {W|�}�~ }����A� (b) {W|�}8~ �A� (c) {W|��U~ �A� (d) {W|��8~ �
FIGURE 6. Evolutionwith setparticles

4.3. The evolution starting with particle seeds. In Figure8anevolutionsis shown,where

the initial valuehasbeena uniform mixture in which a givennumberof randomlychosen
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(b) Latestageof theevolution for �W��� to �
FIGURE 7. Evolutionwith setparticles

particle seedsare set. A particle seedis a ball shapedarea,wherethe concentrationis

slightly above the value of the uniform mixture but in neitherof the two minima of the

doublewell potential.Thetwo graphsFigure8(e)and8(f) show theevolutionof theenergy

andasa referenceline thefunction ���A�m�� .
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(a) �W����� ����� (b) �W���8� ������� (c) �W���A� �A� (d) �W����� �
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(e) evolutionof theenergy
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(f) �¡ £¢ �8¤#��¥
FIGURE 8. Initial value:particleseeds
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WEGELERSTR. 6, 53115 BONN, GERMANY,

barbara@iam.uni-bonn.de

MARTIN RUMPF, ULRICH WEIKARD
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