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A BSTRACT. We study two–dimensional coarsening by simulations for the Cahn–Hilliard
model. A scale invariance of the sharp interface limit of this model suggests that the characteristic length scale grows proportional to
as

 



, respectively the energy density decreases

. We compare the coarsening dynamics for different choices of data for different

volume fractions. We observe that, depending on the specific data, the coarsening process
can over a large time window be much slower than expected by dimensional analysis.

1. I NTRODUCTION

The kinetics of phase separation in a binary alloy after quenching are characterized by three
stages. Since for low temperatures the initially homogeneous state is unstable, first, domains
of a new phase nucleate and grow rapidly in a second stage. Then, two phases have formed
and are separated by interfacial layers which are much thinner than the typical diameter of
the domains. In the last stage of the phase separation the system is driven by the reduction
of the surface energy of these interfacial layers, which leads to an increase of the typical
length scales in the system, a phenomenon known as coarsening.
A particular regime of interest is the one of an off–critical mixture where the volume fraction
of one phase is small. Then this phase emerges as many small disconnected almost spherical
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particles. Subsequently, larger particles grow at the expense of the smaller ones which
shrink and disappear, a form of competitive growth which is also called Ostwald ripening.
Phase separation in a binary alloy is well–described by the Cahn–Hilliard equation which
describes the state of by the relative concentration difference



and ! are the concentrations of the two components, and #"$&%!'



corresponding Ginzburg–Landau free energy *
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where ? is a bounded domain and 8 a positive parameter. The first term in the free energy,
4
,



, is the chemical energy density and typically has a double well form. In this paper we

take
4

(1.2)
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We note that the system is locally in one of the two phases if the value of

is close to one

4

of the two minima GH of

.

The second term in the energy penalizes gradients with the effect that the total amount of
transition zones is accounted for in the energy.
is given by

Now, the diffusion equation for the concentration

(1.3)
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. In the equation above we denote by N the local chemical potential difference

which is given as the variational derivative
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with respect to . Thus, we obtain
4WV
,


E

The system has to be supplemented with boundary and initial conditions. Here we request
XZY\[^]^X_Ya`b]dc

, where
e

concentration distribution

is the outer normal on
`p

Xgf

, and
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for some initial

. Roughly speaking the model assumes diffusion of the species

in such a way that the energy functional 1.1 is minimized as quickly as possible.
As the boundary conditions prohibit any mass flux over the boundary mass is conserved and
in view of the minimization assumption it comes as no surprise that the Ginzburg–Landau
free energy is a Lyapunov functional, i.e. decaying in time. Written formally we have

(1.5)
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We recall that in the last stage of the evolution the system is driven by the energy of the
interfaces between domains. In this regime the Cahn–Hilliard equation is well approximated
by its sharp–interface limit, the so–called Mullins–Sekerka model [12, 1], which reduces the
total surface area of the interface between the phases, while it keeps the volume fraction of
each phase constant. Both models can be interpreted as a gradient flow of an energy, the
energy is E for the Cahn–Hilliard model and the surface area in the Mullins–Sekerka model.
This also reflects the fact, that for large times the energy E is dominated by the surface
energy. For the corresponding stationary problem the connection between the energies has
been made precise in [9].
A quantity of interest is the coarsening rate of a system, which is often measured by the
growth rate of a characteristic length scale. On the level of the Mullins–Sekerka description, typical length scales are domain diameters, or in asymmetric mixtures the mean particle size. These quantities are not so well defined within the Cahn–Hilliard model. However,
3

we are interested in the time regime when the energy is approximately given by the interfacial area between the phases and thus the energy density has dimension  length 7 . It is
therefore also natural to consider the rate of change of the energy density as a measure for
the coarsening rate.
Due to an invariance of the Mullins–Sekerka model under the scaling
one expects that the characteristic length scale grows as
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, which is also observed in

many experiments (cf. e.g. [5] and the references in [15]). Since the volume fraction of
each phase is preserved it follows that the energy density is expected to decrease as 

7 

.

Recently, a first rigorous result concerning the coarsening rate within the Cahn–Hilliard
model has been obtained in [6]. Upper bounds on the coarsening rate have been derived,
by showing that in an average sense, the energy decreases at most as 7  . Lower bounds
have not yet been derived rigorously and can also not be expected within a deterministic
framework, since there are non-generic configurations, for example configurations with no
curvature of the interfaces, where coarsening is very slow.

(a)  

(b) D )

(c) b) 

(d) 

F IGURE 1. Evolution starting from a perturbation of a uniform state

The purpose of this note is to report on results of numerical simulations for the Cahn–
Hilliard model which might further elucidate the transient behavior of a coarsening system
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and its dependence on the data. In fact, when we first investigated the decrease of the energy
(since our simulations are for a finite domain, we consider in the following just the total energy) for data which are perturbations of a uniform state (cf. Figures 1 and 2), we observed
to our surprise that after spinodal decomposition the system settles for a “wrong” smaller
exponent for quite long times, before finally the energy decreases faster. We then investigated the coarsening rates for several type of data (perturbed homogeneous states, particle
seeds, set particles) for different volume fractions. We obtain a very sensitive dependence
of the coarsening rate on the type of data, observing transient exponents ranging from F
to

F

. The details of the results are presented below in Section 4 after a review of the

discretization and implementation of the problem in Section 2.

Let us conclude this introduction with a few
1
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remarks on the case of on an off–critical
mixture with asymmetric volume fraction.
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In the off–critical regime, the classical mean–
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field theory by Lifshitz, Slyozov and Wagner [8, 16] (LSW) reduces in three dimen-
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F IGURE 2. Graph of the en-

local transport equation for the size distri-
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scale),

scale invariance

¡

(double

1

logarithmic

,  being the typi-

cal radius of a particle. Moreover, there are self–similar solutions, reflecting the conjecture
that phase separation occurs in a statistically self–similar manner – at least for generic data.
A similar theory can be developed for two–dimensional coarsening, as has been argued in
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[13] and derived in a mathematically rigorous manner in [11]. More precisely, the analogue
of the LSW–model is recovered with a scaling factor, which implies that the typical length
scale grows proportional to

¢,£¥¤§¦©¨«ª¬7®¯¡°±®¯¡²

, where
ª

denotes the volume fraction of the

minority phase. This factor indicates, that – in particular in the off–critical case – the approach to the £

®¯¡²

–law might be slow in two dimensions. This is also seen in the simulations

in [13], which show for the off–critical case a power law for the typical length scale with
exponent ³9´¶µ{· instead of

¸¤F¹

.

2. D ISCRETIZATION

In what follows we briefly discuss the discretization and implementation of the evolution
problem. For this purpose a finite element discretization in space and some discrete scheme
in time are considered. We consider an appropriate continuous variational formulation for
the Cahn-Hilliard equation, given by
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°

-product on the domain

. For a finite element implementation we now replace the continuous solution and test

functions in this formulation by discrete approximations in some finite element space. Here
we have restricted ourselves to finite elements on regular adaptive grids in 2D generated by
recursive subdivision of some macro elements. We consider triangular Courant elements as
well as bilinear finite elements on quadratic grids. We will denote the finite element space
for the approximation of ½ and Â on

Ö

with ÚÛ . Numerical integration of the Ù
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-products

is based on the lumped masses product

ÜÝØÞkÝmßà

mass quadrature rule for the bilinear form

[14]. Furthermore we consider a center of
.
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For the discretization in time we have taken into account two possibilities: a first order
implicit Euler scheme and a second order â –splitting scheme (see Bristeau et al. [2] and
Müller Urbaniak [10]). Both are known to be strongly A–stable. While we can prove the
energy decay property for the implicit Euler scheme, we use the â –splitting for practical
computations as it allows larger time steps.
In the case of the implicit Euler scheme the time derivative is discretized by ã_äågÜ|Ü,æçèßéßÇê
ë)í)
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where
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is the selected time step and
é
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an approximation of
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. A brief

introduction to the more complicated â –splitting can be found in [4].
Finally, we can derive a fully discrete scheme. For the “hat shaped” multi linear basis
functions

óô

we define by

õ
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the diagonal lumped mass and the standard stiffness matrix. These global matrices
û
à
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and

are assembled in a grid traversal collecting the contributions on all local grid elements

as it is standard in finite element programming [3].
If we indicate by a bar coefficient vectors corresponding to finite element functions in the
basis
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, we obtain the backward Euler discretization
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is the interpolation on grid 

is the vector of nodal wise derivatives of
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In each step of the discrete evolution we have to solve this system of nonlinear equations.
In order to do this we apply some Newton scheme which typically converges in a few steps
if we consider moderate time steps and pick up the old solution at the old time step as the
initial guess for the Newton iteration.
The efficiency of our approach is further increased by an adaptive grid refinement and coarsening strategy. Here, we used a heuristic strategy which refines in interfacial regions and
coarsens in the pure phases.
In the case of the implicit Euler scheme, it is possible to prove discrete counterparts of the
mass conservation and energy decay properties. I. e.
(2.1)
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is non increasing in time (discrete Lyapunov property).

3. T ESTS

OF THE IMPLEMENTATION

As the results stated in this paper are somewhat surprising and the discretization error is
potentially very large (stability estimates for the Cahn-Hilliard equation usually deteriorate
like <> = ) we performed several tests. First, in order to exclude coding errors we used two
different implementations: one using linear finite elements on a triangular grid, the other
one using bilinear elements on a quadratic grid. Both implementations showed exactly the
8

same behaviour concerning time scales and speed of the evolution. Second we established
via numerical experiments that the grid sizes and time step sizes we used for the actual
calculations were in an asymptotic regime. Finally we computed the evolution for several
problems which were just scaled versions of each other. We then checked if the algorithm
showed the appropriate time scaling in the solution, which it did.

4. N UMERICAL R ESULTS

In the exposition of our numerical results we focus on the evolution of the total energy.
Other quantities, which would equivalently characterize the coarsening process, are for example the average particle size or the average interparticle distance. However, within the
Cahn–Hilliard model, we would need a necessarily somewhat arbitrary criterion of what a
particle and its size are. The application of such criteria proves difficult in the case when
particles are vanishing or merging. Once the interfacial regime has emerged, the total energy is proportional to the surface area of the interface, i.e. to the sum of the perimeters
of all particles. As the total volume of all particles is constant, it immediately follows that
the total energy evolves proportional to the inverse of the average radius. Hence, since we
expect the average particle size to increase as ?A@#BDC , we expect the total energy to decrease as
?AEF@#BDC . For all calculations the domain has been the square G HJI KML7NOG HJI KML and the parameter

of the energy have been PRQTSUH EWV and XYQZHJ[]\ while we chose the time step size to be
^_

SUH Ea` .

4.1. Evolutions starting from a perturbation of a uniform state. Let us first consider
the evolution already shown in Figures 1 and 2. After long times (?cbYd ) the energy decay
differs from the behaviour at earlier times. In contrast to the decay depicted in Figure 2
9

we observe a graph like in Figure 3. Here we see time intervals where the energy goes
according to eTfhgjiAkmn l which are intersected by short periods, when the energy decays
faster. In these short periods one sees particles vanishing, whereas between these steeper
declines particles are just growing and shrinking with the number of particles constant. In
energy
C t^-1/3
C t^-1/4

F IGURE 3. Graph of the energy in the late stage of the evolution

the calculation discussed so far the ratio of the volume fraction of the two phases has been
oqpsr*t,p

. We observed a dependence of the transition time to the expected growth law on the

volume fraction of the phases. The transition time is drastically shorter in the case of equal
volume fractions. Figure 5 shows such an evolution and the corresponding energy graph
is depicted in Figure 4. Other computations confirmed that the transient growth exponent
depends smoothly on the mass fractions of the initial data.

4.2. The evolution starting with set particles. The same transient behaviour can be observed in the case of initial data in which a given number of randomly chosen particles are
set in a uniform state. In Figure 6 a calculation on a u

pJv wMxzy
u

pJv wMx

square is shown. Figure 7

shows the corresponding energy graph. Again it takes considerable time until the system
settles to the expected growth law.
10

energy equal mass fractions
C t^-1/3

0.01

0.001
0.01

0.1

1

F IGURE 4. Graph of the energy with equal mass fractions
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F IGURE 5. Evolution with equal mass fractions
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F IGURE 6. Evolution with set particles

4.3. The evolution starting with particle seeds. In Figure 8 an evolutions is shown, where
the initial value has been a uniform mixture in which a given number of randomly chosen
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(b) Late stage of the evolution for W to

(a) Graph of the energy



F IGURE 7. Evolution with set particles
particle seeds are set. A particle seed is a ball shaped area, where the concentration is
slightly above the value of the uniform mixture but in neither of the two minima of the
double well potential. The two graphs Figure 8(e) and 8(f) show the evolution of the energy
and as a reference line the function Am  .

12

(a) W 

(b) W8 

(c) WA A

(d) W 

0.01

energy set particle seeds
C t^-1/3

energy set particle seeds
C t^-1/3

0.01

0.001
0.01

0.1

0.001

1

(f) ¡£¢ 8¤#

(e) evolution of the energy

F IGURE 8. Initial value: particle seeds
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