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Abstract

A new methodfor the simplificationof flow fieldsis presentedit is

basedon continuousclustering. A well-known physicalclustering
model,theCahnHillard modelwhichdescribephaseseparationis

modifiedto reflectthe propertiesof the datato be visualized.Clus-
tersaredefinedmplicitly asconnectedomponentsf thepositivity

setof a densityfunction. An evolution equationfor this functionis

obtainedas a suitablegradientflow of an underlyinganisotropic
enepgy functional. Here,time senesasthe scaleparameter The
evolutionis characterizethy a successie coarseningf patterns—

the actualclustering— and meanwhilethe underlyingsimulation
dataspecifiespreferablepatternboundaries.Here we discussthe
applicability of this new type of approachmainly for flow fields,
wheretheclusterenegy penalizesrossstreamlineboundarieshut

themethodalsocarriesprovisionsin otherfieldsaswell. Theclus-
tersarevisualizedvia iconic representationsA skeletonizatioral-

gorithmis usedto find suitablepositionsfor theicons.

1 Introduction

Nowadays fastcomputinghardware andefficient numericalalgo-
rithmsenablehighly detailedandlargescientificsimulationswhich
deliver enormousamountsof data. Variousvisualizationstratejies
have beenproposedo represensuchdatain anintuitively under
standablavay.

Thelargerandmorecomple the simulationresultsbecomethe

strongeiis theneedfor a suitablemultiscalevisualizationapproach.

Simplifiedrepresentationsf the data,usefulto seethe global pat-
tern,canbe furthergraduallyrefinedfor furtherinsight. Moreover,
differentviewersneeddifferentrepresentationd®Numericalexperts
might wantto seethe raw datain full detail,technologicakxperts
might want to seecertainfeaturessuch as vortices, whereasthe
managemenmnight needa simplified presentation.

Clustering,well-known from statistics,is sucha multiscaleap-
proach. Dataare groupedin successiely larger setsof strongin-
ternalcorrelation.Mary techniquesreavailablefor scatteregind
scalardata,e.g. basedon wavelet or Fourier analysis[11, 25].
However, for vectordata,only few multiscalevisualizationmeth-
odsare available. The mostubiquitousvectorfield simplification
methodis still regular subsamplingwhich is well-known to pro-
ducealiaseg(seee.g. Fig. 1). Turk [23] usesan enegy minimiz-
ing approacho placeequallydistributedstreamlinesat a userpre-
scribedresolutionon the screen.Selectedstreamlinedravings are
furthermoreconsideredy Jobardetal. [9].

Recently two approachegor clusteringvector datahave been
proposed.In both approaches hierarchicalclusteringtreeis pro-
ducedandtheresultingclustersarevisualizedwith arravs. Heclel
etal. [8] startfrom scatterechointswith vectordata. Initially all
pointsarestoredin a singlecluster which is recursvely splitin a
top-dovn manner At eachstep,the clusterwith the strongestis-
crepang betweerstreamlinegeneratedby theoriginalfield andits
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Figurel: Vectorfield visualization:hedgehoglot (left), proposed
clusteringmethod(right).

approximatiorby the clusteris bisectedwith a plane,usingprinci-
pal componentanalysis. The resulting clustersare guaranteedo
be corvex, asaresultof this bisectionapproach.However, accu-
ratelyrepresentingomple fieldswith convex clusteramayrequire
alargeclustercount.

Teleaand Van Wijk [21] usea bottom-upapproach. Initially,
eachdatapointis a cluster next theseclustersaremeiged. In each
stepthe mostsimilar clustersare meiged, accordingto a measure
of thedifferencein positionandorientationof the vectorsthatrep-
resentthe clusters. The clustershapesare constrainecnly indi-
rectly by adaptingheweightsof thevarioustermsin theerrormea-
sure.However, thismethodis sometimesensitve to thementioned
weighttuning.

Herewe proposea continuousclusteringmethodbasedon dif-
fusion. The main differenceto the other approachess, that no
booleanmeming or splitting decisionshave to be made. Instead
a suitablediffusion processcontinuouslyenhancestrongcorrela-
tionsin the clustersets. In contrastwith Heclkel’'s method,these
clustersare not necessarilycorvex. Hence,curved flow fields can
be representednore effectively, as Fig. 1 — obtainedwith our
method— shavs. Our approachis motivated by a well-known
physical model for phaseseparationin binary alloys which can
be understoodas a clusteringof materialin orderto decreasehe
free enegy of the physicalsystem.As major applicationwe con-
sider clusteringon flow fields. The methodis relatedto multi-
scaleimageprocessingnethodologywhich leadsto secondorder
parabolicequationswhereasour modelherewill be a fourth oder
problem.PeronaandMalik [15] have introduceda continuougdif-
fusion modelwhich allows the denoisingof imagestogetherwith
edgeenhancing.The recovery of lower dimensionalstructuresn
imagess analyzedy Weickert[24], whointroducedananisotropic
nonlineardiffusion methodwherethe diffusion matrix dependn
thesocalledstructuretensorof theimage.PreuBeandRumpfpre-
sentedan efficientimplementatiorfor large scaleimagedata[17]
and usedan anisotropicdiffusion approachfor flow visualization
[18].

In detailtheaimsof our methodare

e to extracta collectionof nicely shapedsubsetf the physi-
cal domain,whereeachof themis beingcharacterizedy a



strongcorrelationin theunderlyingphysicaldataandthey all
togetherare supposedo cover an approximatelyfixed frac-
tion of thedomain,

e to considernot only one suchrepresentationbut a scaleof
themrangingfrom fine granularityin the subdvision to very
few andcoarseclustersets.

This multiscaleshouldenablethe explorationof complicatedsimu-
lation dataand the visual perceptionof correlationsin suchdata
setsat different resolutions. In our model, the clusterswill be
representedmplicity by a function evolving in time. Concerning
thegraphicalrepresentatiomwe straightforvardly couldusea color
codedrepresentatiof this function on the physicaldomainasa
texture. In thelastdecadaledicatedo flow visualizationa variety
of suchtexturing methodshasbeenpresented.We mentionhere
the spotnoisetechniqueby VanWijk [5], theline integral corvolu-
tion methodby CabralandLeedom[2], severalimprovementsand
modificationsof this method[26, 7, 19], andthealreadymentioned
nonlinearanisotropiaiffusionmethod18]. Herewe usetheactual
clusteringasa precomputingstepandpipetheoutputinto aniconic
representatioapproachThus,thedistinctsubsetstary scalehave
to berepresentedly suitablegraphicalicons. This allows a further
reductionof graphicallyrepresentedlata, while maintainingand
strengtheninghe informationalcontent.

Theingredientf our continuoulusteringstrateyy arethefol-
lowing:

e We formulatean evolution problemfor a function which im-
plicitly describesthe setof clusters. The evolution canbe
interpretecasthe gradientflow with respecto anappropriate
enepy.

e Therearetwo enegy contributions Thefirst oneleadsto the
nucleationof clustersetsonthephysicaldomain.Thesecond
onegivesrisefor asuccessiveoarseningof the clustes.

e Dependingon the underlyingphysicaldatasurfacesegments
areweighteddependingntheir locationandorientation I. e.
they areconsiderablyenalizedf they areorientedn crossdi-
rectionto thecorrelation.Otherwisetheir enegy contribution
is keptsmall.

e Onary scaleaskeletonizatiormethods usedo reducethein-
formationalcontentof the clustersetsto their essenceywhich
is to be furthervisualized.

e Finally geometridconsareselectedo representhe extracted
skeletoninformationgraphically e.g. arravsin caseof vector
data.

Let usemphasizehatthe actualphysicaldataenterthe cluster
ing methodonly via the anisotropicsuriaceenegy andthe evolved
functionis solelyusedto definetheclustersetswithout ary further
physicalmeaning.

As applicationwe mainly considerflow fields, wherethe con-
ceptof correlationalongstreamliness nearat hand. Nevertheless
themethodologyis notrestrictedo flow visualizationandthuspre-
sentecherefor moregeneraldata.

The organizationof the paperis asfollows. In Section2 we out-
line the physicalmodelof phaseseparationn binary alloys which
motivatesthiswork. Thenin thefollowing Section3 we expandthis
modelandinterpreteit in termsof a multiscaleclusteranalysis.A
finite elementdiscretizations describedn Section4. In Section5
the skeletonizationapproachis outlined andwe discussgraphical
iconsin caseof vectordata.

Finally in Section6 we discussthe resultsandin Section7 we
draw conclusions.
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Figure2: Threetimestepsf the original CahnHillard phasesepa-
ration.
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Figure3: Chemicalenegy asfunctionof concentration

2 Reviewing a physical clustering model

Beforewe discussour model of continuousclusteringon simula-
tion datawe will review in this sectiona physicalmodelfor clus-
teringin metalalloys, which goesbackto CahnandHilliard [3].
The Cahn—Hilliardmodelwasintroducedo describegphasesepara-
tion andcoarseningn binaryalloys. Phaseseparatioroccurswhen
a uniform mixture of the alloy is quenchedbelon a certaincrit-
ical temperaturaunderneathwhich the uniform mixture becomes
unstable. As a resulta very fine microstructureof two spatially
separateghaseswith different concentrationglevelops. In later
stageof the evolution on a muchslower time scalethantheinitial
phaseseparatiorthe structureshbecomecoarser:eitherby memging
of particlesor by growing of biggerparticlesat the costof smaller
ones. This coarseningcan be understoodas a clustering,where
the systemmainly triesto decreaséhe surfaceenepy of the parti-
cleswhichleadsto coarsemndcoarseistructuresiuringtheevolu-
tion. In the basicCahn—Hilliardmodelthis surfaceenegy will be
isotropic. Thereareno prefereddirectionsof theinterfaces.Hence
the particlestendto be ball shapedcf. Fig. 2). We now shortly
outlinethebasicideasof theCahn—Hilliardmodel. For moredetails
wereferto thereview paperdy Elliott [6] andNovick—Coher[14].
The Cahn-Hilliardmodelis basedon a Ginzlurg—Landauree en-
ergy whichis afunctionalin termsof theconcentratiorifferencep
of thetwo materialcomponentsThe Ginzhurg—Landaureeenegy
E is definedto be

B = [ {0+ F1vol},

where( is a boundeddomain. The first termin the free enepy,
¥(p), is the chemicalenegy densityand typically hasa double
well form. In this paperwe take

(o* - 5%)’

with aconstant3 € (0, 1] (cf. Fig. 3). We notethatthe systemis
locally in oneof the two phasesf thevalueof p is closeto oneof
the two minima £ of ¥.  Now, the diffusion equationfor the
concentratiomn is givenby

N»—k

Y(p) =

9p

_:A
at v



onR* x Q. In theequatiorabove we denoteby w thelocal chem-
ical potentialdifferencewhich is givenasthe variationalderivative
‘f;—f of E with respecto p (cf. Section3). Thus,we obtain

w = —yAp+ ¥ (p).

The systemhasto be supplementeavith boundaryand initial
conditions.Herewe request(%w = aa—up = 0, wherev is theouter
normalon 99, andp(0,-) = po(-) for someinitial concentration
distribution po. We remarkthat with theseboundaryconditions
massis consered andthat the Ginzkurg—Landaufree enepy is a
Lyapune functional,i.e. we have

d
= = — <0.
dt/ﬂp(a),t)dx 0 and th(p(t)) <0

Startingwith arandomperturbatiorof aconstanstateio, which
hasa valuesin the unstableconcae part of ¥, we obsenre the
following: In the beginningthe chemicalenegy decreasesapidly
whereaghe gradientenegy increasesThis is dueto the factthat
duringphaseseparation attainsvalueswhich areatlarge portions
of thedomaincloseto theminimaof thechemicalenegy ¥. Since
regions of different phaseare separatedy transitionzoneswith
largegradientsf p, thegradientenegy increasesluringphasesep-
aration.In thesecondstageof theevolution— theactualclustering
— whenthe structuresbecomecoarser the total amountof tran-
sition zonesdecreases.Correspondinglythe amountof gradient
enegy becomesmalleragain.

3 A Multiscale clustering approach

The aim of this sectionis to derive a continuousclusteringmodel
mainly on flow data. Motivated by the CahnHilliard model for

phaseseparatiorandparticlecoarseningcf. Section2), we intro-

duceaclustermappingu : Rf x © — R whichwill bethesolution
of anappropriatevolution problem.Therebytimewill seneasthe
scaleparameteleadingfrom fine clustergranularityto successiely

coarseclusters.For fixedtime ¢t our definitionof thesetof clusters
C(t) isfoundedonthefunctionu by

C(t) = {z | u(t, ) > 0}.

This setsplitsupinto the actualclusters
ct) =Jew

where{C;(t)}; aretheconnectedcomponent®f C(t).

Now we studythe evolution problemwhich controlsthe quantity
u. We supposethis evolution to be a suitableclusteringmodel, if
for theinducedC(t)

e thenumberof clustersgenericallydecreases time,

o the shapeof the clustercomponentstrongly correspondso
correlationsn the datafield,

¢ thevolumefractioncoveredby C(t) is approximatelyconstant
int,i.e. Sl ~ @fore e (0,1).

We pick upthephysicalCahn-Hilliardmodelandconsideadou-
ble well separatiorpotential ¥ (u) anddefinea separatiorenegy
E; = [, es(u) dz with enegy densityes (u) = ¥(u). Underall u
with fQ udr = up = const.theenegy E, is minimal if u attains
only thevalues+4. Thisleadsto abinarydecompositiorof thedo-
maininto two parts,whereonepartcorrespondso {z | u(z) = S}.

Theset{z | u(z) = 8} however canhave mary connectedom-
ponentandmayevenbeveryunstructuredFurthermorehereis no
mechanisnwhich enforcesa successie coarseningndthusatrue
multiscaleof clusters.Therefore we wantto introducea term pe-
nalizing the occurrenceof mary disconnectealustercomponents
with high interfacial area. Motivatedby the Cahn—Hilliardtheory
of phasetransitionwe choosea gradientenegy Es = fQ es dr
with local enegy densityey that penalizegapid spatialvariations
of u.

In orderto have flexibility to chooseananisotropicandinhomo-
geneougradientenepgy, anappropriatedefinition of aninterfacial
enepgy densityis givenby

es(Vu) = %AVU - Vu,

where"-” denoteshescalamproductin R™, « is ascalingcoeficient
andA € R™*™ is somesymmetricpositive definitematrix thatmay
dependon the spacevariableandotherquantitiesinvolved.

In the following we will call thesetd{z | u(z) = 0} theinter
face.Theorientationof theinterfacecanbedescribedy thenormal
to theinterfacewhich, in thecasethatVu # 0, is givenby

v = Vu
Vel

We remarkthatthe interfacebetweerthe setof positve andnega-
tive valuesof u is perpendiculato v. For A = Id all gradientof «
andhenceall interfacesarepenalizedequallyindependenof their
orientation.With respecto our clusteringintentionwe consideran
anisotropicenegy densitywhich stronglydependon the orienta-
tion of thelocal interfaceandtherebyon thedirectionof Vu.

Letusassume : QO — R”™ tobesomevectorfield onthedomain
Q. Typically sucha field inducesa flow on Q with streamlines
which aresolutionof the ordinarydifferentialequation = v(x).
Now, a naturalclusteringshould emphasizethe coherencealong
the inducedstreamlines.Thus,crossstreamlinenterfaceshave to
be penalizedsignificantlyby the gradientenegy. We choose

rf1 0
4:=B(v) (o a(|lv])Idn—1 >B(U)

whereld,, _; is theidentitymappingin R*~' andfor givenr € R™
themappingB(r) € SO(n) is acoordinateotationwith B(r)r =
[|7|le:. Sinceinterfacesthatcrossstreamlineshave to have larger
enepgy we choosea positive a with a < 1.

Now we definethefirst variationof the enegy

_éE

w= "=
ou’

whichis definedon Q by

0E d
/Q ECdm = aE(u—i—eC)

€=l

We obtainw = ¥’ (u) — v div(AVu).
Letusassumeéhattheevolution of the clustermappingu is gov-

ernedby diffusion wherethe correspondindlux linearly depends

on the negative gradientof the first variation of enegy. As the

simplestmodelwe choose%u — Aw = 0 andendup with the

following fourth orderparabolicproblem:

Find a continuousclustermappingu : R x Q — R, sud that

0 (1)
U’ (u) — vy div(AVu) 2

0
Eu—Aw

w



with boundaryconditions;Zu = Zw = 0 andprescribedinitial
datau(0,-) = uo(:).

This modified Cahn—Hilliardequationcanbe interpretedasthe
H~! gradientflow for the enegy E (see[14] for a discussiorof
this fact in the caseof the standardCahn—Hilliardequation). In
particularwe immediatelyobtainthe Lyapune property

0
aE(U) <0. (3)

This enegy decayis in fundamentahccordancéo the desiredsuc-
cessve patterncoarseningn the evolution. After aninitial short
periodof phaseseparatiorit is mainly theinterfacialenegy contri-
bution which is successfely reduced.Furthermoreasin the case
of thestandardCahn-Hilliardequationwe obtainthat [, u(z, t)dz
is constantin time, which correspondso the approximatevolume
conseration of the generatedcaleof clustersets.

In generalt doesnot make sensdo considercertaininitial data,
if no a priori information on the clusteringis known. As initial
datauo we thuschoosea constantvalue i plus somesmallran-
domnoise. The constantip, dependon the volumefraction © of
the domainlater on to be coveredby the clusters,i.e. by the sets
{z | u(t,z) > 0}. Thereforewe choose

o =08 — (1 — ©)8.

Starting with a random perturbationof this constantfirst very

rapidly clusterpatternswill grow without ary prescribedocation
and orientation. This is in orderto decreasets = fﬂ U (u)dz

which forcesthe solutionto obtainvaluescloseto +3 in mostof

thedomain(). After this procesghe clustersorientatethemselfin

ananisotropiovay to decreas¢éhe amountof the anisotropiagradi-
entenegy Es. In addition,theclusterbecomegoarseandcoarser
dueto the fact that smallerparticlesshrink and larger onesgrow.

We remarkthatin particularoneobseresthata large particlethat
is surroundedby smalleronesgrow to the expenseof the smaller
ones. This impliesthat astime evolveslocally only the mainfea-
turesof the clusterswill bekept.

Altogether we obtaina scaleu(t, -) of clustermappingsandin-
ducedclusterset<C(t). They represenasuccessiely coarserepre-
sentatiorof simulationdataandcontinuouslyenhancesoherences
in theunderlyingsimulationdataset,wheretheclustersetC(t) will
cover a volumeof approximatesize©|2|. As alreadymentioned,
the multiscalepropertycomesalongwith the decayof the enegy
E(u) (see(3)).

To summarizethe vectorfield thatis to be representedefines
theanisotropy of theenegy andthereforegavernsthediffusionpro-
cessof u. Roughlyspeakingthe vectorfield determinesn which
directionaninterfacebetweemphasess relatively "cheap”(from an
enegy point of view). As theenegy is minimizedduringthe evo-
lution theinterfaceswill move in sucha way thatthereare mostly
"cheap”interfaced(i.e. interfacesvhereVu is roughlyperpendicu-
lar to v, whichmeanghattheinterfaceis roughly parallelto v). So
for ary particlemostof its boundarywill bealignedwith thevector
field v. If notto largetheparticlesthemseleswill bealignedto the
vectorfield.

4 Discretization of the Diffusion Problem

In whatfollows we briefly discusghediscretizatiorandimplemen-
tationof theevolution problemfor theclustermappingu andtheset
of clustersC(t). For this purposea finite elementdiscretizationin

spaceandsomediscreteschemen time areconsidered Here,up-
percasdettersdenotediscretequantitieswhich correspondo con-
tinuousquantitiesin lowercasdetters. Hence,we consideran ap-
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Figure 4: Continuousclusteringof a vectorfield: time evolution
(upperrow), effectof increasinganisotroy (lowerrow). Thecom-
putationis basedon a grid of resolution2572.

propriatecontinuousvariationalformulationfor (1), (2), givenby

(%u, 6) + (Vw, V) =0,
(w, X) = (\IJ' (u)’ g) + (AVU, VE) )

which shall hold for all §,¢ € C*(Q), where(-,-) denotesthe
L? producton the domain. For a finite elementimplementa-
tion we now replacethe continuoussolutionandtestfunctionsin
this formulationby discreteapproximationsn somefinite element
space Herewe have restrictedoursehesto finite elementson reg-
ular adaptve grids M, in 2D and 3D generatedy recursve sub-
division of elementsE. On thesegrids we considerthe bilinear,
respeciiely trilinear finite elementspaces/” for the approxima-
tion of w andw on Q. Numericalintegration of the L? products
is basedon the lumpedmassegproduct(-, -), [22]. Furthermore
we considera centerof massquadratureule for the bilinearforms
(V-,V-)and(AV ., V). Especially we replaceA by the piece-
wise constantiffusiontensorA”, with A"|z = A(cg), wherecg
is the elements centerof mass.

For the discretizationin time we have taken into accounttwo
possibilities: a first orderimplicit Euler schemeanda secondor-
derd—splittingschemgseeBristeauet al. [1] andMduller Urbaniak
[13]). Bothareknown to bestronglyA—stable. While we canprove
theenegy decayproperty(3) for theimplicit Eulerschemewe use
the 6—splitting for practicalcomputationsasit allows larger time
steps.

In the caseof the implicit Euler schemethe time derivative is
discretizedby 2 u((n +1)7) ~ U"HTJ wherer is theselected
time stepandU™ anapproximatiorof u(nr). A brief introduction
to themorecomplicatedd—splitting canbefoundin theappendix.

Finally, we canderive a fully discretescheme. For the “hat
shaped’multilinear basisfunctions®; andthe discretepiecevise
constan@nisotropicdiffusionmatrix A* we defineby

((®i,®5)n);;
((Athh;, anj))

Mp,

Ly(A) 3
J
the diagonallumpedmassand the anisotropicstiffnessmatrix re-
spectiely and by L, := Lj(ld) the standardstiffness matrix.
TheseglobalmatricesMy,, Ly, andLy, (A) areassembleéh agrid
traversalcollectingthe contritutionson all local grid elementsasit
is standardn finite elementprogrammind4].



If weindicateby abarcoeficientvectorscorrespondingo finite
elemenfunctionsin thebasis{®; };, we obtainthebackward Euler
discretization

MU 4 7L, (¥ (0" )+
M7 Ly (AU = M, O™

withU° = Znuo, WhereZ, istheinterpolationongrid M. By ob-
viousnotation®’(-) := (¥'(-)); is thevectorof nodalwise deriva-
tivesof .

In eachstepof thediscreteavolutionwe have to solve this system
of nonlinearequations.n orderto do this we apply someNewton
schemewhich typically corvergesin a few stepsif we consider
moderatetime stepsand pick up the old solution at the old time
stepastheinitial guessfor the newtoniteration.

Theefficiengy of ourapproachs furtherincreasedy anadaptie
grid refinementandcoarseningtratgy. Here,we useda heuristic
strat@y which refinesin interfacial regionsandcoarsesn the pure
phases.

In the caseof the implicit Euler schemeijt is possibleto prove
discretecounterpartof the massconseration and enegy decay

propertiesl. e.
/U“dx:/Ihuodx
Q Q

En(U™) ;=/ {Ih\P(U") +AhVU"-VU"}dx
Q

and

is nonincreasing(discreteLyapuna property)andthusgivesrea-
sonfor the discretemultiscalepropertyof our method

E,(U") < Ep(U™) < --- < Ex(U") < En(Zhuo) .

5 Iconic Representation of the Clusters

The clusteringmethoddescribedin Section3 producesclusters
which emphasizehe spatialcoherencan the data. In what fol-
lows concerningthe iconic representationve focusto the caseof
flow data. Neverthelesshis expositionmight inspirethe readerto
think of differentapplicationsalongthe sameguidelines.For flow
data,clusterinterfacestendto be tangentto the streamlinesf the
underlyingvectorfield, sothe clusters’shapegorvey local insight
in the vectorfield direction. On the otherhand,the physicalphase
separatiormodel presentedn section2 producesclusterswhich
tendto beevenly distributedover the domainof interest.

Consequentlysuchclusterscould be usedasa startingpoint for
producinga simplifiedvisualizationof the structureof theunderly-
ing vectorfield. For this, we proposeto reduceeachclusterto one
curvedarrown icon. For every cluster thesizeandspatialpositionof
theicon shouldreflectthe sizeof the cluster whereaghe cunature
andarrawv directionshouldbe relatedto the vectorfield insidethe
respectie cluster We have choserto usethecurvedarrowv iconsas
they convey severalinformationlevelsin a simple,easyto under
standmanneif21], ascomparedo other moreabstracicons.

Theiconicvisualizationpipelinebasednthemultiscalecluster
ing proceedssfollows (seealsoFigs.5 and6). First, theclustersC
areextractedfrom the Cahn-Hilliardequationsolutionu. Next, the
skeletonsof the clustersarecomputedassetsof discretepoints,as
shavn furtherin section5.2. Next, thecenterpointsof theskeletons
aredetectedandusedto constructthe curved arrows by streamline
tracing, asdiscussedn section5.4. The reasorwhy we usesuch
anapparentlycomplicatednethodis, thattypically the clustersare
large thin often curved structuresand streamlinetracingis rather
sensitve with respecto thechoiceof thestartingpoint. Therestof
this sectionexplainsthe several stepsin detail.

5.1 Cluster Extraction

First we extractthe clustersC from the scalarfield «. For this, we
classifyall thecellsof thediscretizatiorof thefield u asclusterout-
side,border or insidecells, basedon the sign of u(z). Moreover,

all borderandinsidecells belongingto a given clusterarelabelled
by the clusters ID aspresentedby e.g. Walsumetal. in [16].

5.2 Skeletonization

In thesecondstep,clustersarereducedo their skeletons By skele-
ton,we understandhereasetof pointswhich, if connectedproduce
a’spine’which corveys the shapenformationof the original clus-
terin acompactmanner

Thereare numerousskeletonizationalgorithms[10, 12]. How-
ever, mary suchalgorithmsproduceskeletonswith comple, tree-
like topologies.As we intendhereto usethe skeletonsonly to pro-
ducethearrow icons,we prefersimple,polyline-like topologies.

To producesuchskeletons,we usea discretemethodbasedon
theeikonalequation20]. Givenaboundarycune T in two dimen-
sions(or a boundarysurface,in 3D) anda function 7', suchthat
T = 0 onT, the eikonal equationis |VT| = 1. If we regardl’
asbeingthelevel set(e.qg. isoline or isosurfce)of the functionT’,
the above equationdescribeghe evolution in time of T" in normal
directiontoT". In ourcase[ coincideswith thepreviously detected
clusterboundaries.

As presentedy Sethian[20], we discretizethe above equation
on the samegrid usedto solve the Cahn-Hilliard equation,asfol-
lows (for the 2D case):

maz(D;;"T,0)* + min(D;;* T, 0)*+
maz(D;;*T,0)? + min(D}*T,0)* = F;*

ij

(4)

wherethej denoteghe currentgrid point andthe operatorsD™
and D~ denotethe forward andbackward differencesat that grid

point. On a 2D regular grid of cell size h we have D#T =

T, T . _ T —T:_ 1 + . .
L4 and D;"T = ——=%L, andsimilarly for they axis.

Equation(4) is solved by using the fast marchingmethod, as
describedin [20]. The fastmarchingmethodstartsconstructing
the solutionT" from the initially known pointswith T = 0 on the
boundaryI'. At eachstep,the solutionT is constructedrom the
pointwith the smallestcomputedI” value, by steppingaway from
the boundaryin a dovnwind direction. The boundaryis marched
inwards until it collapsesinto a single line, namelythe skeleton
pointsof theclusterT".

5.3 Reconnection and Center Detection

The skeletonizationproducesa set of usually disjoint skeleton
points.Next, thesepointsarereconnecte@basedn a closesipoint
stratgy) to form apolyline. For every cluster we thencomputethe
centerof its polyline anduseit in the next stepof the pipeline.

5.4 Icon Construction

Fromtheskeletoncenterdetectedn the previousstep,streamlines
aretracedin thevectorfield until they reachthe bordersof theclus-
terswithin which they evolve. Next, curved arrav geometriesare
constructedaroundthe extractedstreamlines.Finally we discuss
theapplicationof the continuousclusteringmethodandthe associ-
atedcurvedarrow visualizationto variousvectorfields.

Theleftmostimagein Fig. 6 shavsasolutionu(t, -) of theCahn-
Hilliard procesdrivenby a 3-vortex vectorfield ona64 x 64 2D
grid.

The thresholdingof the continuoussignal » into clustersis
shavn in thesecondmageof Fig. 6. Theclustersoverlaidwith the
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Figure6: Clusteringpipeline,from left to right: diffusionsolution,clusters skeletonpoints,curvedarrow visualization.The underlyinggrid

is of size2572.

Figure7: Fromleft to right the resultsof two successie time steps
of the clusteringevolution with correspondingconsareshown.

extractedskeletonpointsareshavn in thethird imageof Fig. 6. The

rightmostimagein Fig. 6 visualizeghevectorfield with streamline-
basedcons. Thecurwedarrows, initiated from the skeletoncenters
depictedas small balls, are clipped by the bordersof the clusters
into which they evolve.

A similarvisualizationis shavn, for two differentclusteringtime
instants,in Fig. 7. The multiscalefeatureof the clusteringis vis-
ible in the reductionof the arrov count. An enhancemendf the
proposecturvedarraw visualizationis shavn in Fig. 8 by theaddi-
tion of a spotnoisetexturedbackground Finally, Fig. 9 shavs the
proposednethodappliedon a circular 2D vortex.

6 Discussion

In this section,we comparethe presenteccontinuousclustering
methodwith thediscreteclusteringmethodpresentedn [21]. Sim-
ilarly to themethodpresentedhere discreteclusteringbuilds avec-

Figure 8: Two different convective vector fields are depictedby
the clusteringmethod. On the left a fine representatios shown,
whereaontheright aresultingcoarserespresentatiois depicted.

tor field multiscalerepresentatiody meiging neighbouringcells
with similarvectorvalues.Thetime parameteof the Cahn-Hilliard
equations equivalentwith theiterationcountin thebottom-updis-
creteclustermeging. The continuousclusteringmethoddelivers
acontinuousscaleof successiely coarserclustersets.In contrast,
discreteclusteringproceedsn distinctstepswheretwo clustersare
megedat eachstep.

Figure 11 shaws the discreteclusteringof the two vectorfields
discussedh theprevious section.Regardingthe clustershapesthe
continuousclusteringexplicitly contrainsthe shapevia the mini-
mizationof theinterfacialenegy, in orderto obtainvectoraligned,
smooth-shapedlusters. In contrast,the discreteclusteringdoes
not constrainthe clustershapesn ary mannerassuminghattheir
growth to a 'natural’ partition of the vectorfield canbe governed
only by theinter-clustersimilarity function. This canleadhowever
to 'badly’ shaped(e.gthin andlong) clusters,which are hardto
represenby curved arrow icons. In this respectwe seethe con-



Figure 9: Visualizationof a circular flow field by the clustering
method.

Figure10: A 3D vectorfieldis visualizedby the clusteringmethod

trolling of the clustershapein the continuousclusteringmethod
asan adwntage. However, discreteclusteringalways memgesthe
two mostresemblingclusters sothe intrinsic symmetryof the un-
derlying vectorfield remainsvisible in the clustering(see[21] for

details). This may be seenas an adwantageof the discreteclus-
tering method,seeFig. 11. Finally, the shapesproducedby the
continuou<lusteringarenot constrainedo simpleconvex ones,as
in the methodpresentedy Heclel etal [8]. We have appliedthe
continuousclusteringmethodalsoto thevisualizationof 3D fields.
Fig. 10 shawvs the visualizationof a 3D circular vortex field from

two differentviewpoints. The producedarrow iconsillustrate the
clusteringof the datain the centerof the domain,wherethe flow

is dominateddy a vertical swirling motion,andalongthe domains

boundarywherethe flow mainly rotatesin horizontalplanes.

Finally we presentanapplicationof our approactfor 2D image
processingwherewe generatea scaleof brushstrole type repre-
sentation®f a greyscaleimage. Thus, let us considerthe intensity
of animageasascalarfunctions : Q — R. If weintendto release
brush strole along regions of homogeneousaluesof the scalar
quantity s, we needto enegetically favour interfaceswhich have
atangentspaceocally perpendiculato Vs. Hence,we choosea
correspondingjuadraticform with

0

n—1

A= B(Vs)” ( o 1d )B(VS),

wherefor givenr € R" the mappingB(r) € SO(n) is again
a coordinaterotationwith B(r)r = |[|r|ler, and1l >> a > 0
(cf. Fig. 12).

Figurell: Discreteclusteringof a3-vortex field (left) andacircular
vortex field (right).

—- s —-— -

Figure 12: Multiscale brush—strok representatiorof a greyscale
MonaLisaimage.

|

7 Conclusions

We have presented new multiscaleclusteringapproachwhich is
basedon a continuousmodelfor clusteringon scientificdata. The
approachis motivated by well-known physicalclusteringmodels
describinghe phaseseparatiorandcoarseningrocessn metalal-
loys. As a casestudywe focusedon the clusteringof flow fields.
Futureresearclktouldbedirectedto

o theimprovementof the performanceof the methodwith re-
spectto computingtime, whereparallizationor implementa-
tion of the underlyingdiffusionin texture hardwaremay help
to overcomethe computationabottleneck,

e theconstructiorof furtherappropriaténterfacialenegiesfor
differentapplications,

e adetailedclassificationof the skeletonshapesandthe selec-
tion of appropriatdécons,e. g. for saddlepointsor vorticesin
flow fields.



Appendix

Here we briefly outline the implementationof the 6-splitting

schemeDueto its strongstability propertiest allows muchlarger
timestepsschemeandwe have usedit in the currentimplementa-
tion of our clusteringmodel. The schemelividesary time stepin

threesubstepgseeFigure 13). In eachsubstephe linear operator
is split up into two partswith coeficientsa and1l — a respectiely,

oneof whichis takenimplicitly the otherexplicitly. The nonlinear
termis takenimplicitly in themiddle substeponly.

| | | |

I 1 1 1
th th+ BT th+(1-B)T tntT t

Figure13: #—splitting, subdvision of time steps

For theparameter: € (0.5;1], 8 =1 — a andé € (0;0.5) the
schemeaeadsasfollows:

(Mh +abrLy M Ly, (A)) gt

- (Mh - ﬂOTLth_th(A)>U" —OrLyy (O™),

(Mh +8(1— 29)7-Lth_1Lh(A))U”+1_6
+ (1 = 20)7Lay’ (TU"T)
= (Mh —a(l— 20)TLhM;1Lh(A))(7“+",

(Mh +abrLy M Ly, (A)) gt
- (Mh _ ﬁethM,leh(A))l?"““’
_ 0TLh’l/J’ (Un+1—6)
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