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Abstract

A new methodfor thesimplificationof flow fieldsis presented.It is
basedon continuousclustering.A well-known physicalclustering
model,theCahnHillard modelwhichdescribesphaseseparation,is
modifiedto reflectthepropertiesof thedatato bevisualized.Clus-
tersaredefinedimplicitly asconnectedcomponentsof thepositivity
setof a densityfunction. An evolution equationfor this functionis
obtainedas a suitablegradientflow of an underlyinganisotropic
energy functional. Here, time servesas the scaleparameter. The
evolution is characterizedby asuccessive coarseningof patterns—
the actualclustering— andmeanwhilethe underlyingsimulation
dataspecifiespreferablepatternboundaries.Herewe discussthe
applicability of this new type of approachmainly for flow fields,
wheretheclusterenergy penalizescrossstreamlineboundaries,but
themethodalsocarriesprovisionsin otherfieldsaswell. Theclus-
tersarevisualizedvia iconic representations.A skeletonizational-
gorithmis usedto find suitablepositionsfor theicons.

1 Introduction

Nowadays,fastcomputinghardwareandefficient numericalalgo-
rithmsenablehighly detailedandlargescientificsimulationswhich
deliver enormousamountsof data.Variousvisualizationstrategies
have beenproposedto representsuchdatain an intuitively under-
standableway.

Thelargerandmorecomplex thesimulationresultsbecome,the
strongeris theneedfor asuitablemultiscalevisualizationapproach.
Simplifiedrepresentationsof thedata,usefulto seetheglobalpat-
tern,canbefurthergraduallyrefinedfor furtherinsight.Moreover,
differentviewersneeddifferentrepresentations.Numericalexperts
might want to seetheraw datain full detail, technologicalexperts
might want to seecertain featuressuchas vortices,whereasthe
managementmight needa simplifiedpresentation.

Clustering,well-known from statistics,is sucha multiscaleap-
proach. Dataaregroupedin successively larger setsof strongin-
ternalcorrelation.Many techniquesareavailablefor scatteredand
scalardata,e.g. basedon wavelet or Fourier analysis[11, 25].
However, for vectordata,only few multiscalevisualizationmeth-
odsareavailable. The mostubiquitousvectorfield simplification
methodis still regular subsampling,which is well-known to pro-
ducealiases(seee.g. Fig. 1). Turk [23] usesan energy minimiz-
ing approachto placeequallydistributedstreamlinesat a userpre-
scribedresolutionon thescreen.Selectedstreamlinedrawingsare
furthermoreconsideredby Jobardet al. [9].

Recently, two approachesfor clusteringvector datahave been
proposed.In bothapproachesa hierarchicalclusteringtreeis pro-
ducedandtheresultingclustersarevisualizedwith arrows. Heckel
et al. [8] startfrom scatteredpointswith vectordata. Initially all
pointsarestoredin a singlecluster, which is recursively split in a
top-down manner. At eachstep,theclusterwith thestrongestdis-
crepancy betweenstreamlinesgeneratedby theoriginalfield andits���
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Figure1: Vectorfield visualization:hedgehogplot (left), proposed
clusteringmethod(right).

approximationby theclusteris bisectedwith a plane,usingprinci-
pal componentanalysis. The resultingclustersareguaranteedto
be convex, asa resultof this bisectionapproach.However, accu-
ratelyrepresentingcomplex fieldswith convex clustersmayrequire
a largeclustercount.

Teleaand Van Wijk [21] usea bottom-upapproach. Initially,
eachdatapoint is a cluster, next theseclustersaremerged.In each
stepthe mostsimilar clustersaremerged,accordingto a measure
of thedifferencein positionandorientationof thevectorsthatrep-
resentthe clusters. The clustershapesareconstrainedonly indi-
rectlyby adaptingtheweightsof thevarioustermsin theerrormea-
sure.However, thismethodis sometimessensitiveto thementioned
weighttuning.

Herewe proposea continuousclusteringmethodbasedon dif-
fusion. The main differenceto the other approachesis, that no
booleanmerging or splitting decisionshave to be made. Instead
a suitablediffusion processcontinuouslyenhancesstrongcorrela-
tions in the clustersets. In contrastwith Heckel’s method,these
clustersarenot necessarilyconvex. Hence,curvedflow fieldscan
be representedmore effectively, as Fig. 1 — obtainedwith our
method— shows. Our approachis motivated by a well-known
physicalmodel for phaseseparationin binary alloys which can
be understoodasa clusteringof materialin order to decreasethe
freeenergy of the physicalsystem.As major applicationwe con-
sider clusteringon flow fields. The methodis relatedto multi-
scaleimageprocessingmethodologywhich leadsto secondorder
parabolicequations,whereasour modelherewill bea fourth oder
problem.PeronaandMalik [15] have introduceda continuousdif-
fusion modelwhich allows the denoisingof imagestogetherwith
edgeenhancing.The recovery of lower dimensionalstructuresin
imagesis analyzedby Weickert [24], whointroducedananisotropic
nonlineardiffusionmethodwherethediffusionmatrix dependson
thesocalledstructuretensorof theimage.PreußerandRumpfpre-
sentedan efficient implementationfor large scaleimagedata[17]
andusedan anisotropicdiffusion approachfor flow visualization
[18].

In detailtheaimsof ourmethodare� to extract a collectionof nicely shapedsubsetsof the physi-
cal domain,whereeachof themis beingcharacterizedby a
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strongcorrelationin theunderlyingphysicaldataandthey all
togetheraresupposedto cover an approximatelyfixed frac-
tion of thedomain,� to considernot only onesuchrepresentation,but a scaleof
themrangingfrom fine granularityin thesubdivision to very
few andcoarseclustersets.

Thismultiscaleshouldenabletheexplorationof complicatedsimu-
lation dataand the visual perceptionof correlationsin suchdata
setsat different resolutions. In our model, the clusterswill be
representedimplicity by a function evolving in time. Concerning
thegraphicalrepresentationwe straightforwardly couldusea color
codedrepresentationof this function on the physicaldomainasa
texture. In thelastdecadededicatedto flow visualizationa variety
of suchtexturing methodshasbeenpresented.We mentionhere
thespotnoisetechniqueby VanWijk [5], theline integralconvolu-
tion methodby CabralandLeedom[2], several improvementsand
modificationsof thismethod[26,7, 19], andthealreadymentioned
nonlinearanisotropicdiffusionmethod[18]. Hereweusetheactual
clusteringasaprecomputingstepandpipetheoutputinto aniconic
representationapproach.Thus,thedistinctsubsetsatany scalehave
to berepresentedby suitablegraphicalicons.This allows a further
reductionof graphicallyrepresenteddata,while maintainingand
strengtheningtheinformationalcontent.

Theingredientsof ourcontinuousclusteringstrategy arethefol-
lowing:� We formulateanevolutionproblemfor a functionwhich im-

plicitly describesthe set of clusters. The evolution can be
interpretedasthegradientflow with respectto anappropriate
energy.� Therearetwo energy contributions. Thefirst oneleadsto the
nucleationof clustersetsonthephysicaldomain.Thesecond
onegivesrisefor a successivecoarseningof theclusters.� Dependingon theunderlyingphysicaldatasurfacesegments
areweighteddependingontheir locationandorientation. I. e.
they areconsiderablypenalizedif they areorientedin crossdi-
rectionto thecorrelation.Otherwisetheirenergy contribution
is keptsmall.� Onany scaleaskeletonizationmethodis usedto reducethein-
formationalcontentof theclustersetsto their essence,which
is to befurthervisualized.� Finally geometriciconsareselectedto representtheextracted
skeletoninformationgraphically, e.g. arrowsin caseof vector
data.

Let usemphasizethat theactualphysicaldataenterthecluster-
ing methodonly via theanisotropicsurfaceenergy andtheevolved
functionis solelyusedto definetheclustersetswithoutany further
physicalmeaning.

As applicationwe mainly considerflow fields, wherethe con-
ceptof correlationalongstreamlinesis nearat hand.Nevertheless
themethodologyis notrestrictedto flow visualizationandthuspre-
sentedherefor moregeneraldata.

Theorganizationof thepaperis asfollows. In Section2 we out-
line thephysicalmodelof phaseseparationin binaryalloys which
motivatesthiswork. Thenin thefollowingSection3 weexpandthis
modelandinterpreteit in termsof a multiscaleclusteranalysis.A
finite elementdiscretizationis describedin Section4. In Section5
the skeletonizationapproachis outlinedandwe discussgraphical
iconsin caseof vectordata.

Finally in Section6 we discussthe resultsandin Section7 we
draw conclusions.

Figure2: Threetimestepsof theoriginal CahnHillard phasesepa-
ration.
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Figure3: Chemicalenergy asfunctionof concentration

2 Reviewing a physical clustering model

Beforewe discussour modelof continuousclusteringon simula-
tion datawe will review in this sectiona physicalmodelfor clus-
tering in metalalloys, which goesback to CahnandHilliard [3].
TheCahn–Hilliardmodelwasintroducedto describephasesepara-
tion andcoarseningin binaryalloys. Phaseseparationoccurswhen
a uniform mixture of the alloy is quenchedbelow a certaincrit-
ical temperatureunderneathwhich the uniform mixture becomes
unstable. As a result a very fine microstructureof two spatially
separatedphaseswith different concentrationsdevelops. In later
stagesof theevolution on a muchslower time scalethantheinitial
phaseseparationthestructuresbecomecoarser:eitherby merging
of particlesor by growing of biggerparticlesat thecostof smaller
ones. This coarseningcan be understoodas a clustering,where
thesystemmainly triesto decreasethesurfaceenergy of theparti-
cleswhich leadsto coarserandcoarserstructuresduringtheevolu-
tion. In thebasicCahn–Hilliardmodelthis surfaceenergy will be
isotropic.Thereareno prefereddirectionsof theinterfaces.Hence
theparticlestendto beball shaped(cf. Fig. 2). We now shortly
outlinethebasicideasof theCahn–Hilliardmodel.Formoredetails
wereferto thereview papersby Elliott [6] andNovick–Cohen[14].
TheCahn–Hilliardmodelis basedon a Ginzburg–Landaufreeen-
ergy whichis afunctionalin termsof theconcentrationdifference�
of thetwo materialcomponents.TheGinzburg–Landaufreeenergy�

is definedto be�
	 ����
 � ������� 	 ������� ��� �����  "!$#
where % is a boundeddomain. The first term in the free energy,� 	 ��� , is the chemicalenergy densityand typically hasa double
well form. In this paperwe take� 	 ���&�(')+* �  �,.-& 0/  
with a constant-21 	43 # '65 (cf. Fig. 3). We notethat thesystemis
locally in oneof the two phasesif thevalueof � is closeto oneof
the two minima 7 - of

�
. Now, the diffusion equationfor the

concentration� is givenby8 �8:9 �<;>=
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on ?�@BAC% . In theequationabove we denoteby = thelocal chem-
ical potentialD differencewhich is givenasthevariationalderivativeEGFEIH of

�
with respectto � (cf. Section3). Thus,we obtain=2� , � ;$�J� �JK 	 ���6L

The systemhasto be supplementedwith boundaryand initial
conditions.Herewerequest MMON =P�QMMON �>� 3 , whereR is theouter
normalon

8 % , and � 	43 #6S �>�T��U 	 S � for someinitial concentration
distribution � U . We remarkthat with theseboundaryconditions
massis conserved andthat the Ginzburg–Landaufree energy is a
Lyapunov functional,i.e. we haveVV 9 ��� � 	XW # 9 � V W � 3 and

VV 9 ��	 � 	 9 �Y�[Z 3 L
Startingwith arandomperturbationof aconstantstate \] U , which

hasa valuesin the unstableconcave part of
�

, we observe the
following: In thebeginning thechemicalenergy decreasesrapidly
whereasthegradientenergy increases.This is dueto the fact that
duringphaseseparation� attainsvalueswhichareat largeportions
of thedomaincloseto theminimaof thechemicalenergy

�
. Since

regions of different phaseare separatedby transitionzoneswith
largegradientsof � , thegradientenergy increasesduringphasesep-
aration.In thesecondstageof theevolution— theactualclustering
— whenthe structuresbecomecoarser, the total amountof tran-
sition zonesdecreases.Correspondinglythe amountof gradient
energy becomessmalleragain.

3 A Multiscale clustering approach

Theaim of this sectionis to derive a continuousclusteringmodel
mainly on flow data. Motivatedby the CahnHilliard model for
phaseseparationandparticlecoarsening(cf. Section2), we intro-
duceaclustermapping] 
^?�@U A_%a`b? whichwill bethesolution
of anappropriateevolutionproblem.Thereby, timewill serveasthe
scaleparameterleadingfrom fineclustergranularityto successively
coarserclusters.For fixedtime

9
ourdefinitionof thesetof clustersc 	 9 � is foundedon thefunction ] byc 	 9 �&�ed W � ] 	 9 # W �[f 3hg L

This setsplitsup into theactualclustersc 	 9 �&�eiIj c j 	 9 �
where d c j 	 9 � g j aretheconnectedcomponentsof

c 	 9 � .
Now westudytheevolutionproblemwhichcontrolsthequantity] . We supposethis evolution to be a suitableclusteringmodel,if

for theinduced
c 	 9 �� thenumberof clustersgenericallydecreasesin time,� the shapeof the clustercomponentsstronglycorrespondsto

correlationsin thedatafield,� thevolumefractioncoveredby
c 	 9 � isapproximatelyconstant

in

9
, i. e. k lnmpoXqrkk � k�s<t for t 1 	43 # ' � .

WepickupthephysicalCahn-Hilliardmodelandconsideradou-
ble well separationpotential

� 	 ] � anddefinea separationenergy�vu �<w �_x uO	 ] � dW with energy density

x u^	 ] �y� � 	 ] � . Underall ]
with w � ] d

W �z\] U � const.theenergy
�+u

is minimal if ] attains
only thevalues7 - . Thisleadsto abinarydecompositionof thedo-
maininto two parts,whereonepartcorrespondsto d W � ] 	XW �y� - g .

Theset d W � ] 	XW �y� - g howevercanhavemany connectedcom-
ponentsandmayevenbeveryunstructured.Furthermorethereisno
mechanismwhich enforcesa successive coarseningandthusa true
multiscaleof clusters.Therefore,we want to introducea termpe-
nalizing theoccurrenceof many disconnectedclustercomponents
with high interfacial area.Motivatedby the Cahn–Hilliardtheory
of phasetransitionwe choosea gradientenergy

� M �{w � x M d
W

with local energy density

x M thatpenalizesrapidspatialvariations
of ] .

In orderto have flexibility to chooseananisotropicandinhomo-
geneousgradientenergy, anappropriatedefinitionof aninterfacial
energy densityis givenbyx M 	 � ] �|� � �n} � ] S^� ] #
where“ S ” denotesthescalarproductin ?[~ , � is ascalingcoefficient
and } 1 ? ~:��~ is somesymmetricpositivedefinitematrixthatmay
dependon thespacevariableandotherquantitiesinvolved.

In the following we will call the set

8 d W � ] 	XW �|� 3"g the inter-
face.Theorientationof theinterfacecanbedescribedby thenormal
to theinterfacewhich, in thecasethat � ]��� 3 , is givenbyR
� � ]� � ] � L
We remarkthat the interfacebetweenthesetof positive andnega-
tivevaluesof ] is perpendicularto R . For } � Id all gradientsof ]
andhence,all interfacesarepenalizedequallyindependentof their
orientation.With respectto ourclusteringintentionwe consideran
anisotropicenergy densitywhich stronglydependson theorienta-
tion of thelocal interfaceandtherebyon thedirectionof � ] .

Letusassume�

"%B`�? ~ tobesomevectorfield onthedomain% . Typically sucha field inducesa flow on % with streamlines
which aresolutionof theordinarydifferentialequation �W ��� 	XW � .
Now, a naturalclusteringshouldemphasizethe coherencealong
the inducedstreamlines.Thus,crossstreamlineinterfaceshave to
bepenalizedsignificantlyby thegradientenergy. Wechoose} 
 �<� 	 ������� ' 33��[	 � � � � Id ~������ � 	 ���
whereId ~���� is theidentitymappingin ? ~���� andfor given � 1 ? ~
themapping� 	 ��� 1��&� 	X� � is acoordinaterotationwith � 	 �"���J�� � � x � . Sinceinterfacesthat crossstreamlineshave to have larger
energy we choosea positive

�
with

� Z ' .Now we definethefirst variationof theenergy=<��� �� ] #
which is definedon % by��� � �� ]�� d

W 
 � VV�� �
	 ] � � � �O    ¡£¢ U L
Weobtain =2� � K 	 ] � , � div

	 } � ] � .
Let usassumethattheevolutionof theclustermapping] is gov-

ernedby diffusion wherethe correspondingflux linearly depends
on the negative gradientof the first variation of energy. As the
simplestmodelwe choose MM o ] , ;>=¤� 3

andendup with the
following fourthorderparabolicproblem:
Find a continuousclustermapping] 
^? @U A¥%B`b? , such that88:9 ] , ;>= � 3

(1)= � � K 	 ] � , � div
	 } � ] � (2)
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with boundaryconditions MMON ] � MMON =¦� 3 andprescribedinitial
data ] 	43 #0S �|� ] U 	 S � .

This modifiedCahn–Hilliardequationcanbe interpretedasthe§ ��� gradientflow for the energy
�

(see[14] for a discussionof
this fact in the caseof the standardCahn–Hilliardequation). In
particularwe immediatelyobtaintheLyapunov property88:9 �
	 ] �[Z 3 L (3)

Thisenergy decayis in fundamentalaccordanceto thedesiredsuc-
cessive patterncoarseningin the evolution. After an initial short
periodof phaseseparationit is mainly theinterfacialenergy contri-
bution which is successively reduced.Furthermore,asin thecase
of thestandardCahn–Hilliardequation,weobtainthat w � ] 	XW # 9 � V W
is constantin time, which correspondsto theapproximatevolume
conservationof thegeneratedscaleof clustersets.

In generalit doesnotmake senseto considercertaininitial data,
if no a priori information on the clusteringis known. As initial
data ] U we thuschoosea constantvalue \] U plus somesmall ran-
domnoise. Theconstant\] U dependson thevolumefraction t of
the domainlater on to be coveredby the clusters,i.e. by the setsd W � ] 	 9 # W �[f 3hg . Therefore,we choose\] Uv� t -¥, 	 ' , t � - L
Starting with a random perturbationof this constantfirst very
rapidly clusterpatternswill grow without any prescribedlocation
and orientation. This is in order to decrease

�+u �¨w � � 	 ] � dW
which forcesthe solutionto obtainvaluescloseto 7 - in mostof
thedomain % . After this processtheclustersorientatethemselfin
ananisotropicway to decreasetheamountof theanisotropicgradi-
entenergy

� M . In addition,theclusterbecomescoarserandcoarser
dueto the fact that smallerparticlesshrink andlarger onesgrow.
We remarkthat in particularoneobservesthata largeparticlethat
is surroundedby smalleronesgrow to the expenseof the smaller
ones.This implies that astime evolveslocally only the main fea-
turesof theclusterswill bekept.

Altogether, we obtaina scale] 	 9 #0S � of clustermappingsandin-
ducedclustersets

c 	 9 � . They representasuccessively coarserrepre-
sentationof simulationdataandcontinuouslyenhancescoherences
in theunderlyingsimulationdataset,wheretheclusterset

c 	 9 � will
cover a volumeof approximatesize t � %_� . As alreadymentioned,
the multiscalepropertycomesalongwith the decayof the energy�
	 ] � (see(3)).

To summarize,the vectorfield that is to be representeddefines
theanisotropy of theenergyandthereforegovernsthediffusionpro-
cessof ] . Roughlyspeaking,thevectorfield determinesin which
directionaninterfacebetweenphasesis relatively ”cheap”(from an
energy point of view). As theenergy is minimizedduringtheevo-
lution the interfaceswill move in sucha way that therearemostly
”cheap”interfaces(i.e. interfaceswhere� ] is roughlyperpendicu-
lar to � , whichmeansthattheinterfaceis roughlyparallelto � ). So
for any particlemostof its boundarywill bealignedwith thevector
field � . If not to largetheparticlesthemselveswill bealignedto the
vectorfield.

4 Discretization of the Diffusion Problem

In whatfollowswebriefly discussthediscretizationandimplemen-
tationof theevolutionproblemfor theclustermapping] andtheset
of clusters

c 	 9 � . For this purposea finite elementdiscretizationin
spaceandsomediscreteschemein time areconsidered.Here,up-
percaselettersdenotediscretequantitieswhich correspondto con-
tinuousquantitiesin lowercaseletters. Hence,we consideranap-

Figure4: Continuousclusteringof a vectorfield: time evolution
(upperrow), effect of increasinganisotropy (lower row). Thecom-
putationis basedona grid of resolution

�O©�ª  .
propriatecontinuousvariationalformulationfor (1), (2), givenby� 88:9 ] #G« � � 	 �>=�#G��«��|� 3 #	 =�#Y¬&�y�­* � K 	 ] �6#�®"/�� 	 } � ] #I�$®h�:#
which shall hold for all «�#�® 1°¯_± 	 \%²� , where

	 Sp#³S � denotesthe´  producton the domain % . For a finite elementimplementa-
tion we now replacethe continuoussolutionandtest functionsin
this formulationby discreteapproximationsin somefinite element
space.Herewe have restrictedourselvesto finite elementson reg-
ular adaptive grids µ�¶ in 2D and3D generatedby recursive sub-
division of elements

�
. On thesegrids we considerthe bilinear,

respectively trilinear finite elementspaces· ¶ for the approxima-
tion of ] and = on % . Numericalintegrationof the

´  products
is basedon the lumpedmassesproduct

	 Sp#0S �Y¶ [22]. Furthermore
we considera centerof massquadraturerule for thebilinearforms	 ��Sp#6�2S � and

	 } ��Sp#6�PS � . Especially, we replace} by thepiece-
wiseconstantdiffusiontensor} ¶ , with } ¶ � F � } 	X¸ F � , wherȩ F
is theelement’s centerof mass.

For the discretizationin time we have taken into accounttwo
possibilities: a first order implicit Euler schemeanda secondor-
der « –splittingscheme(seeBristeauet al. [1] andMüller Urbaniak
[13]). Bothareknown to bestronglyA–stable.While wecanprove
theenergy decayproperty(3) for theimplicit Eulerscheme,weuse
the « –splitting for practicalcomputationsas it allows larger time
steps.

In the caseof the implicit Euler schemethe time derivative is
discretizedby MM o ] 	Y	X� � ' ��¹º� s(»:¼O½:¾ � »�¼¿ where¹ is theselected
time stepand À ~ anapproximationof ] 	X� ¹º� . A brief introduction
to themorecomplicated« –splittingcanbefoundin theappendix.

Finally, we can derive a fully discretescheme. For the “hat
shaped”multilinear basisfunctions Á j andthe discretepiecewise
constantanisotropicdiffusionmatrix } ¶ we definebyÂ ¶ 
 � 	Y	 Á j #GÁ&Ã�� ¶ � j Ã #´ ¶ 	 } �Ä
 � Å 	 } ¶ �ÆÁ j #G�ÆÁ Ã ��Ç j Ã
the diagonallumpedmassandthe anisotropicstiffnessmatrix re-
spectively and by

´ ¶È
 � ´ ¶ 	 Id � the standardstiffnessmatrix.
Theseglobalmatrices

Â ¶ , ´ ¶ , and
´ ¶ 	 } � areassembledin a grid

traversalcollectingthecontributionsonall local grid elementsasit
is standardin finite elementprogramming[4].
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If we indicateby abarcoefficientvectorscorrespondingto finite
elementÉ functionsin thebasisdOÁ j g j , weobtainthebackwardEuler
discretizationÂ ¶ \À ~�@&� �Ê¹ ´ ¶ 	 \� K 	 \À ~�@&� �Y� � Â ���¶ ´ ¶ 	 } � \À ~�@&� �y� Â ¶ \À ~
with À U �ÊË ¶ ] U , whereË ¶ is theinterpolationongrid µ ¶ . By ob-
viousnotation \� K 	 S �[
 � 	 � K 	 S �Y� j is thevectorof nodalwisederiva-
tivesof

�
.

In eachstepof thediscreteevolutionwehaveto solvethissystem
of nonlinearequations.In orderto do this we applysomeNewton
schemewhich typically converges in a few stepsif we consider
moderatetime stepsandpick up the old solution at the old time
stepastheinitial guessfor thenewton iteration.

Theefficiency of ourapproachis furtherincreasedbyanadaptive
grid refinementandcoarseningstrategy. Here,we useda heuristic
strategy which refinesin interfacialregionsandcoarsesin thepure
phases.

In thecaseof the implicit Euler scheme,it is possibleto prove
discretecounterpartsof the massconservation and energy decay
properties.I. e. ��� À ~ d

W � ��� Ë�¶ ] U d
W

and � ¶ 	 À ~ �[
 � � �Æ� Ë�¶ � 	 À ~ ��� } ¶ �
À ~ SÌ�
À ~ ! d
W

is nonincreasing(discreteLyapunov property)andthusgivesrea-
sonfor thediscretemultiscalepropertyof ourmethod� ¶ 	 À ~"@n� �[Z � ¶ 	 À ~ �ÍZ<S0SÎS�Z � ¶ 	 À � ��Z � ¶ 	 Ë ¶ ] U ��L
5 Iconic Representation of the Clusters

The clusteringmethoddescribedin Section3 producesclusters
which emphasizethe spatialcoherencein the data. In what fol-
lows concerningthe iconic representationwe focusto the caseof
flow data. Neverthelessthis expositionmight inspirethereaderto
think of differentapplicationsalongthesameguidelines.For flow
data,clusterinterfacestendto be tangentto thestreamlinesof the
underlyingvectorfield, sotheclusters’shapesconvey local insight
in thevectorfield direction. On theotherhand,thephysicalphase
separationmodel presentedin section2 producesclusterswhich
tendto beevenly distributedover thedomainof interest% .

Consequently, suchclusterscouldbeusedasa startingpoint for
producingasimplifiedvisualizationof thestructureof theunderly-
ing vectorfield. For this,we proposeto reduceeachclusterto one
curvedarrow icon. For everycluster, thesizeandspatialpositionof
theiconshouldreflectthesizeof thecluster, whereasthecurvature
andarrow directionshouldberelatedto thevectorfield insidethe
respective cluster. Wehavechosento usethecurvedarrow iconsas
they convey several informationlevels in a simple,easyto under-
standmanner[21], ascomparedto other, moreabstracticons.

Theiconicvisualizationpipelinebasedonthemultiscalecluster-
ing proceedsasfollows(seealsoFigs.5 and6). First, theclusters

c
areextractedfrom theCahn-Hilliardequationsolution ] . Next, the
skeletonsof theclustersarecomputedassetsof discretepoints,as
shown furtherin section5.2.Next, thecenterpointsof theskeletons
aredetectedandusedto constructthecurvedarrows by streamline
tracing,asdiscussedin section5.4. The reasonwhy we usesuch
anapparentlycomplicatedmethodis, thattypically theclustersare
large thin often curved structuresandstreamlinetracing is rather
sensitivewith respectto thechoiceof thestartingpoint. Therestof
this sectionexplainstheseveralstepsin detail.

5.1 Cluster Extraction

First we extract theclusters
c

from thescalarfield ] . For this, we
classifyall thecellsof thediscretizationof thefield ] asclusterout-
side,border, or insidecells,basedon thesignof ] 	XW � . Moreover,
all borderandinsidecellsbelongingto a givenclusterarelabelled
by thecluster’s ID aspresentedby e.g.Walsumet al. in [16].

5.2 Skeletonization

In thesecondstep,clustersarereducedto theirskeletons. By skele-
ton,weunderstandhereasetof pointswhich,if connected,produce
a ’spine’which conveys theshapeinformationof theoriginal clus-
ter in a compactmanner.

Therearenumerousskeletonizationalgorithms[10, 12]. How-
ever, many suchalgorithmsproduceskeletonswith complex, tree-
like topologies.As we intendhereto usetheskeletonsonly to pro-
ducethearrow icons,weprefersimple,polyline-like topologies.

To producesuchskeletons,we usea discretemethodbasedon
theeikonalequation[20]. Givenaboundarycurve Ï in two dimen-
sions(or a boundarysurface,in 3D) anda function Ð , suchthatÐÈ� 3

on Ï , the eikonal equationis � �$Ð>�y� ' . If we regard Ï
asbeingthelevel set(e.g. isolineor isosurface)of thefunction Ð ,
theabove equationdescribestheevolution in time of Ï in normal
directionto Ï . In ourcase,Ï coincideswith thepreviouslydetected
clusterboundaries.

As presentedby Sethian[20], we discretizethe above equation
on thesamegrid usedto solve theCahn-Hilliardequation,asfol-
lows (for the2D case):ÑCÒ W�	4Ó �ºÔj Ã Ð²# 3 �  � ÑÖÕ �y	4Ó @�Ôj Ã Ð²# 3 �  �ÑÖÒ Wn	4Ó �º×j Ã Ð²# 3 �  � ÑÖÕ �y	4Ó @�×j Ã Ð²# 3 �  �2Ø �  j Ã # (4)

wherethe ÕÚÙ denotesthe currentgrid point andthe operators
Ó @

and
Ó � denotethe forward andbackward differencesat that grid

point. On a 2D regular grid of cell size Û we have
Ó @�Ôj Ã ÐÜ��ÌÝ ½�¾YÞ ß � �^Ý ß¶ and

Ó �ºÔj Ã ÐP� �^Ý ß � �ÌÝ4à ¾�Þ ß¶ , andsimilarly for the á axis.
Equation(4) is solved by using the fast marchingmethod,as

describedin [20]. The fast marchingmethodstartsconstructing
thesolution Ð from the initially known pointswith ÐT� 3 on the
boundaryÏ . At eachstep,the solution Ð is constructedfrom the
point with thesmallestcomputedÐ value,by steppingaway from
the boundaryin a downwind direction. The boundaryis marched
inwardsuntil it collapsesinto a single line, namelythe skeleton
pointsof thecluster Ï .

5.3 Reconnection and Center Detection

The skeletonizationproducesa set of usually disjoint skeleton
points.Next, thesepointsarereconnected(basedona closestpoint
strategy) to form apolyline. For everycluster, wethencomputethe
centerof its polyline anduseit in thenext stepof thepipeline.

5.4 Icon Construction

Fromtheskeletoncentersdetectedin thepreviousstep,streamlines
aretracedin thevectorfield until they reachthebordersof theclus-
terswithin which they evolve. Next, curved arrow geometriesare
constructedaroundthe extractedstreamlines.Finally we discuss
theapplicationof thecontinuousclusteringmethodandtheassoci-
atedcurvedarrow visualizationto variousvectorfields.

Theleftmostimagein Fig.6 showsasolution] 	 9 #0S � of theCahn-
Hilliard processdrivenby a 3-vortex vectorfield on a â ) A¥â ) 2D
grid.

The thresholdingof the continuoussignal ] into clusters is
shown in thesecondimageof Fig. 6. Theclustersoverlaidwith the
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Figure5: Pipelinefor iconicclustervisualization

Figure6: Clusteringpipeline,from left to right: diffusionsolution,clusters,skeletonpoints,curvedarrow visualization.Theunderlyinggrid
is of size

�O©�ª  .

Figure7: Fromleft to right theresultsof two successive time steps
of theclusteringevolution with correspondingiconsareshown.

extractedskeletonpointsareshown in thethird imageof Fig.6. The
rightmostimagein Fig.6 visualizesthevectorfieldwith streamline-
basedicons.Thecurvedarrows, initiatedfrom theskeletoncenters
depictedassmall balls, areclippedby the bordersof the clusters
into which they evolve.

A similarvisualizationisshown, for two differentclusteringtime
instants,in Fig. 7. The multiscalefeatureof the clusteringis vis-
ible in the reductionof the arrow count. An enhancementof the
proposedcurvedarrow visualizationis shown in Fig. 8 by theaddi-
tion of a spotnoisetexturedbackground.Finally, Fig. 9 shows the
proposedmethodappliedona circular2D vortex.

6 Discussion

In this section,we comparethe presentedcontinuousclustering
methodwith thediscreteclusteringmethodpresentedin [21]. Sim-
ilarly to themethodpresentedhere,discreteclusteringbuildsavec-

Figure 8: Two different convective vector fields are depictedby
the clusteringmethod. On the left a fine representationis shown,
whereason theright a resultingcoarserespresentationis depicted.

tor field multiscalerepresentationby merging neighbouringcells
with similarvectorvalues.Thetimeparameterof theCahn-Hilliard
equationis equivalentwith theiterationcountin thebottom-updis-
creteclustermerging. The continuousclusteringmethoddelivers
a continuousscaleof successively coarserclustersets.In contrast,
discreteclusteringproceedsin distinctsteps,wheretwo clustersare
mergedat eachstep.

Figure11 shows thediscreteclusteringof the two vectorfields
discussedin theprevioussection.Regardingtheclustershapes,the
continuousclusteringexplicitly contrainsthe shapevia the mini-
mizationof theinterfacialenergy, in orderto obtainvector-aligned,
smooth-shapedclusters. In contrast,the discreteclusteringdoes
not constraintheclustershapesin any manner, assumingthat their
growth to a ’natural’ partition of the vectorfield canbe governed
only by theinter-clustersimilarity function.This canleadhowever
to ’badly’ shaped(e.g thin and long) clusters,which are hard to
representby curved arrow icons. In this respect,we seethe con-
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Figure 9: Visualizationof a circular flow field by the clustering
method.

Figure10: A 3D vectorfieldis visualizedby theclusteringmethod

trolling of the clustershapein the continuousclusteringmethod
asan advantage.However, discreteclusteringalwaysmergesthe
two mostresemblingclusters,sothe intrinsic symmetryof theun-
derlyingvectorfield remainsvisible in theclustering(see[21] for
details). This may be seenas an advantageof the discreteclus-
tering method,seeFig. 11. Finally, the shapesproducedby the
continuousclusteringarenotconstrainedto simpleconvex ones,as
in themethodpresentedby Heckel et al [8]. We have appliedthe
continuousclusteringmethodalsoto thevisualizationof 3D fields.
Fig. 10 shows the visualizationof a 3D circular vortex field from
two differentviewpoints. The producedarrow iconsillustratethe
clusteringof the datain the centerof the domain,wherethe flow
is dominatedby a verticalswirling motion,andalongthedomain’s
boundary, wheretheflow mainly rotatesin horizontalplanes.

Finally we presentanapplicationof our approachfor 2D image
processing,wherewe generatea scaleof brushstroke type repre-
sentationsof a greyscaleimage.Thus,let usconsidertheintensity
of animageasascalarfunction äå
h%B`b? . If we intendto release
brushstroke along regions of homogeneousvaluesof the scalar
quantity ä , we needto energetically favour interfaceswhich have
a tangentspacelocally perpendicularto �Æä . Hence,we choosea
correspondingquadraticform with

} 
 �<� 	 �ÆäÌ� � � � 33
Id ~���� � � 	 �ÆäÌ�6#

wherefor given � 1 ?[~ the mapping � 	 ��� 1æ�&� 	X� � is again
a coordinaterotation with � 	 �����P� � � � x � , and 'Pç_ç � ç 3
(cf. Fig. 12).

Figure11: Discreteclusteringof a3-vortex field (left) andacircular
vortex field (right).

Figure 12: Multiscale brush–stroke representationof a greyscale
MonaLisa image.

7 Conclusions

We have presenteda new multiscaleclusteringapproachwhich is
basedon a continuousmodelfor clusteringon scientificdata.The
approachis motivatedby well-known physicalclusteringmodels
describingthephaseseparationandcoarseningprocessin metalal-
loys. As a casestudywe focusedon the clusteringof flow fields.
Futureresearchcouldbedirectedto� the improvementof the performanceof the methodwith re-

spectto computingtime, whereparallizationor implementa-
tion of theunderlyingdiffusionin texturehardwaremayhelp
to overcomethecomputationalbottleneck,� theconstructionof furtherappropriateinterfacialenergiesfor
differentapplications,� a detailedclassificationof theskeletonshapesandtheselec-
tion of appropriateicons,e.g. for saddlepointsor vorticesin
flow fields.
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Appendix

Here we briefly outline the implementationof the « -splitting
scheme.Dueto its strongstability propertiesit allows muchlarger
timestepsschemeandwe have usedit in the currentimplementa-
tion of our clusteringmodel. Theschemedividesany time stepin
threesubsteps(seeFigure13). In eachsubstepthe linearoperator
is split up into two partswith coefficients

�
and ' , � respectively,

oneof which is takenimplicitly theotherexplicitly. Thenonlinear
termis takenimplicitly in themiddlesubsteponly.

ttn tn + θτ tn +(1-θ)τ tn +τ

Figure13: « –splitting,subdivision of timesteps

For theparameter
� 1 	43 L ©�è '65 , - � ' , � and « 1 	43�èG3 L © � the

schemereadsasfollows:

Å Â ¶v� � «O¹ ´ ¶ Â ���¶ ´ ¶ 	 } � Ç \À ~"@ºé�ÈÅ Â ¶ ,ê- «^¹ ´ ¶ Â ���¶ ´ ¶ 	 } ��Ç \À ~ , «O¹ ´ ¶�ë K * \À ~ / #Å Â ¶v� - 	 ' , � «"��¹ ´ ¶ Â ���¶ ´ ¶ 	 } � Ç \À ~�@&�Y��é� 	 ' , � «���¹ ´ ¶ ë K * \À ~"@n�Y�:é /�ÈÅ Â ¶ , ��	 ' , � «"��¹ ´ ¶ Â ���¶ ´ ¶ 	 } ��Ç \À ~"@ºé #Å Â ¶v� � «O¹ ´ ¶ Â ���¶ ´ ¶ 	 } � Ç \À ~"@n��ÈÅ Â ¶ ,�- «O¹ ´ ¶ Â ���¶ ´ ¶ 	 } ��Ç \À ~�@&�Y��é, «O¹ ´ ¶�ë K * \À ~�@&�Y��é /
References

[1] M. O. Bristeau,R. Glowinski, and J. Periaux. Numerical
methodsfor the navier-stokesequations:Applicationsto the
simulationof compressibleandincompressibleviscousflows.
In ComputerPhysicsReport, ResearchReport UH/MD-4.
Universityof Houston,1987.

[2] B. CabralandL. Leedom.Imagingvectorfieldsusingline in-
tegralconvolution. In J.T. Kajiya, editor, ComputerGraphics
(SIGGRAPH’93 Proceedings), volume 27, pages263–272,
Aug. 1993.

[3] J.CahnandJ.Hilliard. Freeenergy of a non-uniformsystem
i. interfacialfreeenergy. J. Chem.Phys., 28:258–267,1958.

[4] P. CiarletandJ.Lions. Handbookof numericalanalysis.Vol.
V: Techniquesof scientificcomputing. Elsevier, 1997.

[5] W. de Leeuw and J. J. van Wijk. Enhancedspot noisefor
vectorfield visualization.Proc.Visualization’95, IEEECom-
puterSocietyPress,pp.233-239, 1995.

[6] C. M. Elliott. The Cahn-Hilliard model for the kinetics of
phaseseparation.Num.Math., pages35–73,1988.

[7] L. Forssell. Visualizing flow over curvilinear grid surfaces
usingline integral convolution. In ProceedingsIEEE Visual-
ization’94, pages240–246,1994.

[8] B. Heckel, G. Weber, B. Hamann,andK. I. Joy. Construc-
tion of vectorfield hierarchies.Proc.Visualization’99, IEEE
ComputerSocietyPress,pp.19-25, 1999.

[9] B. JobardandW. Lefer. Creatingevenly-spacedstreamlines
of arbitrarydensity. Visualizationin ScientificComputing’97.
W. Lefer, M. Grave(editors), 1997.

[10] F. LeymarieandM. D. Levine. Simulatingthegrassfiretrans-
form usinganactivecontourmodel.PAMI, 14(1):56–75,Jan.
1992.

[11] S.Mallat. A theoryfor themultiresolutionsignaldecomposi-
tion: Thewavelet representation.IEEE PatternAnalysisand
MachineIntelligence, vol. 11,no.7, pp.676-693, 1989.

[12] N. MayyaandV. T. Rajan.Voronoidiagramsof polygons:A
framework for shaperepresentation.Journalof Mathematical
Imaging andVision, 4:355–378,1996.

[13] S. Müller-Urbaniak. Eine Analyse des Zweischritt-« -
Verfahrens zur Lösung der instation̈aren Navier-Stokes-
Gleichungen.PreprintdesSFB359, 94 - 01,1994.

[14] A. Novick-Cohen. TheCahn–Hilliardequation:mathemati-
calandmodellingperspectives.Adv. Math.Sci.Appl., 8:965–
985,1998.

[15] P. PeronaandJ.Malik. Scalespaceandedgedetectionusing
anisotropicdiffusion. In IEEE ComputerSocietyWorkshop
onComputerVision, 1987.

[16] F. J.Post,T. v. Walsum,F. H. Post,andD. Silver. IconicTech-
niquesfor FeatureVisualization.IEEEVisualization, 95:288–
295,1995.

[17] T. PreußerandM. Rumpf. An adaptive finite elementmethod
for large scaleimageprocessing.Journal of Visual Comm.
andImage Repres., 11:183–195,2000.

[18] T. PreußerandM. Rumpf. Anisotropicnonlineardiffusionin
flow visualization.In ProceedingsVisualization’99, 1999.

[19] C. Rezk-Salama,P. Hastreiter, C. Teitzel,andT. Ertl. Interac-
tive explorationof volumeline integral convolution basedon
3D–texture mapping. In Proceedingsof IEEE Visualization
’99, pages233–240,1999.

[20] J. Sethian. Level set methodsand fast marchingmethods.
Cambridge University Press, 1999.

[21] A. C. TeleaandJ. J. van Wijk. Simplified representationof
vectorfields.Proc.Visualization’99, IEEEComputerSociety
Press,pp.35-42, 1999.

[22] V. Thomée.Galerkin- Finite ElementMethodsfor Parabolic
Problems. Springer, 1984.

[23] G.TurkandD. Banks.Image-guidedstreamlineplacement.In
Proc.23rd annualconferenceon Computergraphics,August
4 - 9, 1996,New Orleans,LA USA. ACM Press,1996.

[24] J.Weickert. Anisotropicdiffusionin image processing. Teub-
ner, 1998.

[25] P. WongandD. Bergeron.Hierarchicalrepresentationof very
large data setsfor visualizationusing wavelets. Scientific
Visualization,eds.G. Nielson,H. Hagen, H. Mueller, IEEE
ComputerSocietyPress,p. 415-429, 1997.
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