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IN R¢ AND THE ANOVA DECOMPOSITION?”

MICHAEL GRIEBEL, FRANCES Y. KUO, AND IAN H. SLOAN

ABSTRACT. This is a note on [Math. Comp. 82, 383-400 (2013)]. We first
report a mistake, in that the main result Theorem 3.1, though correct, does
not as claimed apply to the Asian option pricing problem. This is because
assumption (3.3) in the theorem is not satisfied by the Asian option pricing
problem. In this note we present a strengthened theorem, which removes that
assumption. The new theorem is immediately applicable to the Asian option
pricing problem with the standard and Brownian bridge constructions. Thus
the option pricing conclusions of our original paper stand.

1. BACKGROUND

In [3] we studied a d-variate integration problem of the form

1f) = [ @) puta)dz,
where pg is a product of univariate N'(0,1) Gaussian probability densities, and

f(@) = max(¢(z),0),

with ¢ a smooth function of all variables.

The main theorem, Theorem 3.1, states that under certain assumptions the
ANOVA decomposition of f has every term smooth except for the very highest
term, the one that depends on all the variables.

Though the theorem is correct as stated, it does not as claimed apply to the Asian
option pricing problem because one of the assumptions in the theorem, Equation
(3.3), is not satisfied for that problem.

The purpose of this note is first to point out the mistake in the option pricing ap-
plication in [3], and then to present a strengthened form of the main theorem which
does not need assumption (3.3). The new result (Theorem 1) below is immediately
applicable to the Asian option pricing problem in the standard and Brownian bridge
formulations, thus the conclusions of paper [3] stand.
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2. THE OPTION PRICING MISTAKE

In [3, Pages 396-397], we considered integrands arising from the Asian option
pricing problem, which take the form f(x) = ¢(z)+ = max(¢(x),0), and in par-
ticular, in [3, Equation (4.2)]

SO d 0’2 d
(1) o(x) = dZexp<<,u2) €At+JZA“:Ui> - K.
l=1

=1

We claimed erroneously that, in the case of the standard and Brownian bridge
constructions, we have for each j and each fixed xo\(;3, where © = {1,2,...,d},

that
+o00  as xr; — +00,
p(x) = ¢(zj, To\(5}) — { ’

—K asz; — —o00.

The correct observation is that

+00 as r; — +00
(2) o(x) = ¢(zj,To\()) — ! ’
J g} Bj(:c@\{j}) as r; — —0Q,
where
S d o? d
0
(3) B](QIQ\{J}) i E ; exp((u—2> EAt+Uz£Ag7il‘i> — K.
Ag ;=0 2

If j is such that the set {{ € © : Ay; = 0} is not empty, then Bj(xo\(;3) can
take all values between —K and +oo, from which it follows that the condition [3,
Equation (3.3)], namely

(4) for each xp\ (5} € ROMI} there exists x; € R such that ¢(z;, zo\(;3) =0,

does not hold in general. Hence Theorem 3.1 as it stands does not apply to the
Asian option pricing problem.

3. NEW THEOREM IN PLACE OF THEOREM 3.1

The following theorem strengthens Theorem 3.1, in that the condition (4), or [3,
Equation (3.3)], is no longer required. We show that integration with respect to z;
can have a smoothing effect: we prove that

(ij)(.’t) = [ f(xla"-axj—htﬁzj-‘rla"'7xd>p(tj)dtj

belongs to the Sobolev space W%\{j}7p7p®\{j} provided that a number of conditions
on ¢ are satisfied:
(i) ¢ € Wi ppa N C>®(RY).
(ii) D;j¢ := 0¢/0x; is always positive or always negative.
(iii) Special conditions on ¢ hold, see (6) and (7) below
Herer > 1,p € [1,00), pis a strictly positive univariate probability density function,
and pg(x) = H';Zl p(z;). Some discussion on Sobolev spaces can be found in [3];
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for more details see [2]. Note that if g € Wy = then for any multi-index a =
(a1,...,aq) with |a| :=ay +--- + ag < 7, the weak derivative

dledg
o o a1 | pea - _ v 9
(D%g)(x) := (D} Dg'g)(=) : R

(z)
satisfies
020 @) pate) de < .

For u C D, the space W, ,, , 1s a subspace of W p.pa CODtaINIng functions that are
constant with respect to the components whose indices are outside of u, that is,
functions that depend only the variables @y := (%) jeu, and pu(Tu) := [[;c, p(2;)-

The proof builds upon the original proof of Theorem 3.1, but it requires several
additional elements. For clarity we provide a complete proof here. The proof makes
use of the inheritance and implicit function theorems, see [3, Theorems 2.2 and 2.3].
Note that all occurrences of the closure of U; in [3, Theorem 2.3], denoted there by

Uj, should be replaced by just the set Uj itself.
Theorem 1. Let r > 1, p € [1,00), and let p € C*(R) be a strictly positive
probability density function. Let
flx) = ¢(x) 4+, where ¢ € Wy, , N C>=(RY).
Let j € ®© be fized and suppose that
(Dj¢)(x) #0 for all = € R%.

Denoting y := xo\ (5} so that © = (x;,y), let

U; = {y e R\ © ¢(z;,9) = 0 for some z; € R},

U;‘ = {y e RO\U} . é(z;,y) > 0 for all z; € R},

U; == {y e R\U : ¢(z;,9) <0 for all z; € R}.

If U; is not empty, then U; is open, and there exists a unique function ¥ = ; €
C"(U;) such that ¢(xj,y) =0 if and only if x; = Y(y) for y € U;. In this case we
assume that every function of the form

[T, 10" 9) ). 9)]
[(D;0)(W(y). y)I°

where B, a,b, ¢ are integers and a9 are multi-indices with the constraints

2<a<2r—2, 1<b<2r—3, 0<c<r—2 |a¥|<r—1,

g(y) = B (W(y)), yeUj,

(5)

satisfies both

(6) g(y) =0 as y approaches a boundary point of U; lying in U;r or U,

and

(7) / lg(W)I” porg53(y) dy < .
J
Then
ij € W%\{j}»P»PQ\{j}'
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Since ¢(y) — +00 as y approaches a boundary point of U; lying in U;” and U ;“ ,
respectively, a sufficient condition for (6) to hold is that

- [P0 o)\ = o
(DG 0 )= Ee)
(8) for some E(z;) independent of y, where E(z;) — 0 as x; — %o0.

Proof. The case r = 1 is easy to prove, see [3, Equation (3.2)]. We therefore assume
below that » > 2.

Given that ¢ € C*(R?), (D;¢)(x) # 0 for all z € R, and that U; is not empty,
it follows from the implicit function theorem [3, Theorem 2.3] that there exists a
unique function ¢ € C"(U;) for which

(9) o(z;,y) =0 <= Y(y) =z; forall yeU;.

This justifies the existence of the function v as stated in the theorem.
For the function f(x) = ¢(z;,y)+ we can write P; f as

(10) (P, () = / o(z;,y) plz;) de;.

z;€ER: ¢(z;,Y)>0
Note that the condition (D;¢)(x) # 0, when combined with the continuity of
D;¢, means that D;¢ is either everywhere positive or everywhere negative. For
definiteness we assume that

(D;¢)(x) > 0 forall xeRY%

the other case is similar. It follows that, for fixed y, ¢(z;,y) is a strictly increasing
function of z;.

We now determine the limits of integration in (10). If y € Uj+, then we integrate
z; from —oo to co. On the other hand, if y € U;", then the integral is 0. The
remaining scenario is that y € Uj;, in which case ¢(z;,y) changes sign once as
z; goes from —oo to oo, thus there exists a unique xj = Y(y) € R for which
¢(z},y) = 0; in this case we integrate z; from ¢(y) to co. Hence we can write (10)
as

/ o(zj,y) plxj)dz; ifye U;',

o0
(Pif)(y) = / $(z;,y) plz;)dz; iy e U,
¥(y)
0 ifyel;.
Note that P; f is continuous across the boundaries between U; and U ;r and between
U; and U;, since ¥ (y) goes to —oo as the value of y approaches a boundary point
of U; lying in U;, while 9(y) goes to +00 as y approaches a boundary point of U;
lying in U;".

Below we will use repeatedly a multivariate extension of a result from classical
1-variable differential calculus: that if a real-valued function of a single variable is
continuous in a neighborhood of ¢ € R and has continuous pointwise derivatives for
x > c and x < c separately, with the property that the derivatives as z — ¢ from
above and below have a common finite limit, say A, then (as a simple consequence

of the mean-value theorem) the function is differentiable at ¢, and its derivative at
cis A (i.e., its derivative is continuous at c).
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Now we differentiate P;f with respect to xj for any k # j. We obtain from the
Leibniz rule in the classical context that for y € U;

oo

(11) (DxP;f)(y) = /w< )(Dm)(%"y) pla;) dz; — o(v(y), y)-p((y))- (Dr)(y)-

Note that all of the derivatives on the right-hand side of (11) are classical deriva-
tives. The second term on the right-hand side of (11) is zero, since it follows from (9)
that ¢(¢(y),y) = 0. On the other hand, the first term on the right-hand side of (11)
is continuous across the boundaries between U; and U j+ and between U; and U,

because for y € interior(U;') we have (DpP;f)(y) = [*(De¢)(zj,y) p(z;) da;,
while for y € interior(U;") we have (Dy P; f)(y) = 0. Thus we conclude that Dy P; f
is continuous across the boundaries between U; and U;‘ and between U; and U;",

and therefore that P; f € C1(R®\Md}),
Differentiating again with respect to x, for any ¢ # j (allowing the possibility
that £ = k), we obtain for y € U;

(DeDiP; f)(y)
(12) = /w( )(DeDksb)(ffj,y)p(xj)dxj = (Dd) (W (y),y) - p(U(y)) - (De)(y),
and we see from [3, Equation (2.14)] that Dy can be substituted by
_ (D) (W(y). y)
D) = = 0,0)wty),v)

Note that, unlike the second term in (11), the second term in (12) does not vanish
in general. Hence we have (D, Dy P;f)(y) = [~ (D¢Dyo)(z;,y) p(x;) dz; for y €
interior(UJT*')7 while (D, Dy P; f)(y) = 0 for y € interior(U;"), and by (6) we have

(De9) (Y (y),y) (Ded) ((y), y)
(Do) (y),y)

as y € U; approaches a boundary point of U; lying in U;' or U;. Thus D¢DiP; f

p(¥(y)) =0

exists on the boundaries between Uj, Uj+ and U;" and is continuous, and hence
P,f € C2ROD)),

In general, for every multi-index o = (a1,...,aq) with |a| < r and a; = 0,
we claim that (D*P;f)(y) = [ (D*¢)(x;,y) p(x;) dz; if y € interior(Uj’)7 and
(D*P;f)(y) = 0 if y € interior(U;"). On the other hand, for y € U; we claim that

(e M\O‘\
(1) (D*Pf)(y) = /w (DT ple) s + S gan®)

where M4 is a nonnegative integer, and each function ga,m is of the form (5), with
integers 3, a, b, ¢ and multi-indices a(”) satisfying

(14) 2<a<?2lal-2, 1<b<2al-3, 0<c<l|a|-2, |aP|<|a|-1.
Moreover, D*P; f is continuous across the boundaries between Uj, Uj+ and U;,
given that by (6) each gam(y) — 0 as y € U; approaches a boundary point
of U; lying in Uj+ or U; . Since a is arbitrarily, with || < r, this yields that
P,f € Cr(R\GY),
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We will prove (13)—(14) by induction on |a|. The case || = 1 is shown in
(11); there we have M; = 0. The case || = 2 is shown in (12); there we have
Ms =1, and the function gq,1 is of the form (5), witha =2,b=1,¢=0, § =1,
D" = D, D> = Dy, and |aV| = |a®| = 1.

To establish the inductive step we now differentiate D P; f once more: for ¢ # j
we have from (13)

o

(DD P, f)(y) = A (D)) )
My

(15) — (D)W (y).y) - (L)) - (D)) (y) + > (Degom)(¥)-

m=1

Clearly the first term in (15) has the desired form. The second term in (15) is of
the form (5), witha=2,b=1,¢=0, 8 =1, |aV| = |a|, and |a?| = 1. For the
remaining terms in (15), we have from (5)

Do, (D" ) (), »)]) (o)

(Deg)(y) = B W), oI P (W (y))
I, (0 O W)Y (e ,
+ (D;0) (W), y)] P (W(y)) - (Do) (y)
LD ) (), w)] (o
P Do, gt P W)
- [<D5Dj¢><w<y>, y) + (D;D;0)(b(y),y) - (De)(w)]
where

[<Da“>¢><w<y>,y>])

)
o~
7 N

e
—

(t)

- ([(Dwa“)w(y),y) +(D;0°"6)((y). y) - (D) ()]

“ O]

[ ¢>)(w<y>,y>>.
7t

Thus we conclude that Dyg is a sum of functions of the form (5), but with a
increased by at most 2, b increased by at most 2, ¢ increased by at most 1, ||
multiplied by a factor of at most b, and with each \a(i)| increased by at most 1.

Hence, Dy D*P; f consists of the first term in (15), plus a sum of functions of
the form (5). This completes the induction proof for (13)—(14). In particular, the
bounds in (14) can be deduced from the induction step.

We are now ready to consider

/nm\m ((D=P; [)(W)I” por51(y) dy
(16) = ‘/Jr |(Danf)(y)|P Po\(j) (y) dy +/ \(Danf)(y)V’ pg\{j}(y) iy,
U U,

J



NOTE ON “SMOOTHING EFFECT OF INTEGRATION IN R%” 7

where we have split the integral noting that U; is open, and the disjoint sets U;r
and U, are closed. Using the special form of D*P; f in (13), we have for y € U,

o0 Mo P

(DP; f) ()] = /w (D)) ) 425 + 3 gam@)

0 Mja| P
< D> Zj, X dx]’ + a,m
/m)( a5 o) 23| + 3 g )

. P Mg

< (Mg + 17 /w (DT ple) |+ S g W
00 Mo

< (M) + 17! /w DT P )b + 3 loan®F |

where in the second to last step we used a generalized mean inequality (see [1,
3.2.4])

no noaP\ P
Zizlaz S <Zz;1al) , aiZO, pe[laoo)v

and in the last step we used Holder’s inequality as in [3, Equation (2.11)]. Thus
using (16) we find

/]RD\{J‘} ‘(Danf)(y”p pQ\{j}(y) dy < /Rd [(D*¢)(x)|F pa(x) dz

Mq
+ (Mg 177 ( L oeo@prm@dz+ 3 [ lgan@lonn ) dy>,

which is finite, since ¢ € Wy, . and each integral involving g, is finite due to

the condition (7). This proves that P;f € W as claimed. O

\{7}:p:po\ {5}

In the following theorem, the property (D;¢)(z) # 0 for all z € R? and the
conditions (6) and (7) are assumed to hold for all j in a subset z C ©. In the
best case z = ®, we see that smoothing occurs for all ANOVA terms except for
the term with the highest order. The proof follows that of [3, Theorem 3.2], but
makes use of the new theorem above. It is based on the explicit formula f, =
Svca(—D)M=VPg f, see [3, Equation (2.3)].

Theorem 2. Letr > 1, p € [1,00), and p € C®(R) be a strictly positive probability
density function. Let z be a non-empty subset of ®, and let
¢ € W, NCE(RY),
f(x) = ¢(x)y, with (D;p)(x) #0 for all j € z and all x € RY,
(6) and (7) hold for all j € =.

Then f € W;’p’pd NC(R?), and the ANOVA terms of f satisfy

f e Wippee i 2Cu,
R BYVs if z¢Zu,

w,P;Pu

forall uCD®.
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In particular, if z =9 then fo € Wé’p’pd and fu € WY,

tpipa JOT Al U & D,

4. APPLICATION OF THE NEW THEOREM TO OPTION PRICING PROBLEMS

The conditions (6) and (7) in their current form are not easy to check due to the
presence of the function ;. However, sufficient conditions that are easier to check
can be obtained if (as in the case of the option pricing problem) we have precise
information about the weight function p.

We have already explained that (8) is a sufficient condition for (6). In the case
of the option pricing problem, p is the standard Gaussian density, whereas ¢ and
its derivatives (see (1)) have only exponential dependence, thus (8) certainly holds.
The condition (7) is weaker than the condition (3.4) in [3]. It was shown in [3,
Section 4] that the latter condition holds for the option pricing problem.

As outlined in §1, we mistakenly claimed [3, pages 396-397] that ¢ always changes
sign. From the fact that ¢(x;, To\(;}) — +00 as x; — +oo, it follows that the
set U is empty for the Asian option pricing problem. On the other hand, if j is
such that the set {£ € D : A ; = 0} is not empty, then B;(zo\(;}) in (3) can take
all values between —K and +oco, from which it follows that the set U;r will not
be empty. Hence the new Theorem 1 holds, and in turn Theorem 2 applies with
z =9 for the standard and Brownian bridge constructions. The conclusion of our
original manuscript stands.
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