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Abstract

In this work, we establish a new truncation error estimate of the singular value decomposition (SVD) for a
class of Sobolev smooth bivariate functions € L*(Q2, H*(D)), s > 0 and x € L?(Q, H*(D)) with D C R?,
where H*(D) := W*?(D) and H*(D) := {v € L*(D) : (—=A)*?v € L?(D)} with —A being the negative
Laplacian on D coupled with specific boundary conditions. To be precise, we show the order O(M —s/ d) for
the truncation error of the SVD series expansion after the M -th term. This is achieved by deriving the sharp
decay rate O(n~ '~ %) for the square of the n-th largest singular value of the associated integral operator, which
improves on known results in the literature. We then use this error estimate to analyze an algorithm for solving
a class of elliptic PDEs with random coefficient in the multi-query context, which employs the Karhunen-Log¢ve
approximation of the stochastic diffusion coefficient to truncate the model.

Keywords: eigenvalue decay, approximation of bivariate functions, Karhunen-Loeve approximation, PDEs with
random coefficient

1 Introduction

The efficient and accurate approximation of bivariate functions with a certain Sobolev regularity is of central
importance in many diverse research areas, which range from functional analysis and machine learning to model
reduction. In functional analysis, it is closely related to the so called s-numbers! of the kernel operator, especially
to its eigenvalues through Weyl’s theorem [31]. In machine learning, the decay rate of the eigenvalues or entropy
numbers of the covariance integral operator is crucial for estimating the approximation error [14]. Also for many
recent model-order reduction algorithms, the eigenvalue decay of an associated compact operator underpins their
efficiency in practical applications.

The SVD is a popular tool for high-dimensional problems which aims at obtaining effective low-dimensional
approximations. It was developed independently in different disciplines and is known under various names, e.g., as
proper orthogonal decomposition (POD), as Karhunen-Loeéve (KL) expansion, and as principal component analy-
sis (PCA). Its performance relies directly on the decay rate of the singular values of a bivariate kernel function. It
is also encountered in multiscale numerical methods for problems in heterogeneous media, e.g., within the parti-
tion of unity method [29] or within the generalized multiscale finite element method [9, 19, 27]. The convergence
rates of these modern numerical approximation methods again depend on the eigenvalue decay of an associated
compact operator. Moreover, in statistical inference, the singular value decay is often used to characterize the
smoothing property of the associated integral operator, which directly impacts the optimality of the regularized
regression estimator [14, 10].

In this article, we focus on the singular value decomposition (SVD) of a certain class of Sobolev smooth
bivariate functions. We specifically consider functions in L?(Q, H*(D)) with H*(D) := W#%2(D), and we
consider functions in L?(Q, H*(D)) where H*(D) := {v € L*(D) : (—A)*/?v € L*(D)} with —A being the
negative Laplacian on D coupled with specific boundary conditions. Here, D C R? is a bounded domain with a
regular boundary and 2 is a bounded (not necessarily finite-dimensional) domain with dimension d’. We denote
d* := min{d, d'}. Throughout this paper, we denote I := (—1,1) C Rand I? := (—1,1)<.
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!s-numbers are a scalar sequence assigned to an operator characterizing its degree of approximability or compactness [31]. They include
approximation numbers, eigenvalues or Weyl numbers, among others.



Table 1: State of the art of eigenvalue decay results and their corresponding truncation error estimates.

reference K (y, ) A, M —te'rTn truncation error
’ Condition Rate
2] L2(Q,H*(D)) | O(n—) s>d | O(M2 =)
[31] L*(QH°(D) | On~%—2)| s>¢ | OMi— 1)
[22] H*(Q x D) O(n=) s>4 | oM7)
[3] L2(Q, H*(D)) - s>0 O(M~*)
results of this article éz Eg: Zz Eg;; O(n—l—%) s>0 O(M‘%)

First, let us briefly review related results from functional analysis: For any given bivariate function x(y, ) €
L?(Q, H*(D)), we define the associated covariance function R(x,z’) by

R(x,2") = /Qm(y,:v)/i(y,x')dy € H*(D) x H*(D).

Furthermore, let R denote the integral operator on L?(D) with associated kernel R(z, ). Then, R is compact
and self-adjoint with range in H*(D). Obviously, the singular values of x(y, x) are equivalent to the square root
of the eigenvalues of R. It was already pointed out in [2, Theorem 13.6] that, for s > d/2, the n-th largest
eigenvalue of R is at least of the order (’)(n_i ). Then, the rate of the M-term truncation error, i.e the truncation
error of the SVD series expansion after the M-th term, is at least of the order O(M %_ﬁ). A related result
can be found in e.g. [35]. From a functional analytic point of view, the approximability and compactness of an
operator can be characterized by a certain scalar sequence named s-scale, which is unique for the class of operators
acting on a Hilbert space [31, Section 2.11.9]. With nonincreasingly ordered eigenvalues {\,, }22 ; of R, we have
{n}52, € 5%12 [31, Section 6.4.19] and [26, Section 3.c.5]. This means that the n-th largest eigenvalue of

‘R is at least of the order O(n_%_% ). Thus, the decay rate of the M -term truncation error is at least of the order
O(M i_i) if s > d/4. As a matter of fact, this estimate is even optimal for the special class of integral operators
with associated kernels in H*(D) x H*(D).

In the last couple of years, the approximation of high-dimensional stochastic processes based on the KL
expansion has gained much popularity [3, 22, 35]. For example, for x(y,z) € H*(£2 x D), a decay rate of
the order O(n*%i) was established in [22] for the n-th largest eigenvalue of R using a minmax principle. This
results in a rate of the order O(M %’di*) for the M-term truncation error if s > d*/2. Furthermore, in [3], a
direct estimate of the error rate for the M-term truncation of the order O(M ~1) was given in the case D being a
one-dimensional interval. Moreover, as pointed out in that paper, this truncation estimate can be extended to the
higher dimension case as well, which would result in the optimal M-term truncation rate of O(M ~a). There,
however, no decay rate of the eigenvalues was given. For the ease of comparison, we summarize these existing
results on the eigenvalue decay rate and on the )M -term approximation error in Table 1. Moreover, in [36, 37],
the anisotropic Sobolev space S W;‘a and the anisotropic Nikol’skii space N H, g“ are considered, where R, q and
« are d-dimensional vectors. These spaces consist of periodic functions, which admit an integral representation
in form of a convolution of certain L? functions with the Bernoulli kernels in each component. In this periodic

setting, which is different from ours, an asymptotic decay rate of also the order O(M —s/d) was shown for N H, g‘,
where R = [R;,Ry] and Ry = (0,---,0), Ry = (s,---,s). Since in this case, NH((S’:_‘_' 3)9 s
than SVV((Q0 ’20);50’('“ ) the rate O(M~*/?) also holds for the corresponding anisotropic periodic Sobolev space

is larger

S’W(g’_‘,f ’20);3;” **)_Consequently, an eigenvalue decay of O(n~25/2=1) can be inferred, which is analogous to our
resugt,' however only for the periodic situation and product domains, see [23, 18, 33] for more references on this
setting. We now deal with the non-periodic setting and general non-product Lipschitz domains 2 and D.

In this paper, we shall analyze the eigenvalues of the operator R for the cases k(y,z) € L?*(Q, H*(D))
and k(y,z) € L%(Q), H*(D)). We establish a decay rate of O(n~1=") of the n-th largest eigenvalue. This
decay estimate is consistent with the numerical findings in [22], and, to the best of our knowledge, it is presently
the sharpest one. Such a result for the two different considered cases is obtained in two different ways: For
r(y,x) € L2, H*(D)), our proof is based on an alternative representation of the minmax principle [20] and
a careful characterization of the operator R. For x(y,z) € L?(2, H*(D)), our proof employs Stein’s extension



theorem and an argument using the result from the first case in the special situation D = (—1,1)%, cf. Proposition
3.1. One distinct feature of our approach is that it can directly give a truncation error estimate of the order
O(M~a) for bivariate functions with a rather low degree of Sobolev regularity in y-direction.

To illustrate the use of our new decay result, we shall provide a detailed error analysis of an algorithm for
solving elliptic PDEs involving high-dimensional stochastic diffusion coefficients x(y, «) in a multi-query con-
text. This task arises in e.g., optimal control, inverse problems, Bayesian inversion and uncertainty quantification
(see the references in the surveys [11, 34]). In these algorithms, one usually truncates the stochastic diffusion
coefficient, i.e. one truncates its KL series expansion after the M -th term. This leads to an approximative model
with finite-dimensional noise that is amenable to practical computations. Our new truncation estimate in Theorem
3.3 then allows, under mild integrability conditions on the source term, to derive an improved error estimate of the
stochastic solution due to the KL truncation of the coefficient x(y, ), cf. Theorem 4.2.

The remainder of this paper is organized as follows. In Section 2, we recall preliminaries on the SVD ap-
proximation of bivariate functions and basic facts about Sobolev spaces and Lorentz sequence spaces. Then, in
Section 3, we establish eigenvalue decay rates for a bivariate function (y,z) € L*(Q, H*(D)) and x(y,z) €
L?(Q, H*(D)). In Section 4, we discuss an algorithm for elliptic PDEs with random coefficient and give an error
analysis of it due to the KL truncation of the stochastic diffusion coefficient. Finally, we give a conclusion in
Section 5.

2 Preliminaries

Let us recall some facts on the approximation of bivariate functions. Throughout this paper, we suppose that
) is a bounded (not necessarily finite-dimensional) domain and D C R is equipped with a regular boundary.
Now, consider a bivariate function x(y,z) € L?(Q2 x D) = L*(Q) x L*(D). The associated integral operator
S : L?(D) — L?(Q) is defined by

(Sv)(y) = / #(y, z)v(r)dz, 2.1)
D
with its adjoint operator S* : L2(2) — L?(D) defined by

(570)(x) = / (> 2)o(y)dy. 2.2)
Next, let
R:L*(D) - L*(D), R =S*S.

Then R is a nonnegative self-adjoint Hilbert-Schmidt operator with its kernel R € L?(D x D) : D x D — R
given by?

Rz, ') = /Q kg, 2)w(y, ') dy.

Hence, for any v € L?(D), we have

Ro(z) = /D R(z,z")o(z')dz' = /D /Q K(y, z)k(y, 2" )o(z')dyde'.

According to standard spectral theory for compact operators [42], the operator R has at most countably many
discrete eigenvalues, with zero being the only accumulation point, and each non-zero eigenvalue has only finite
multiplicity. Let {\,, }22; be the sequence of eigenvalues (with multiplicity counted) associated to R, which are
ordered nonincreasingly, and let {¢,,}2° ; be the® corresponding eigenfunctions. The eigenfunctions {¢,, }5° ;
can be chosen to be orthonormal in L?(D). Furthermore, for any \,, # 0, we define

\/1)\7 /D K(y, ) o (x)dz. (2.3)

2If the bivariate function «(y, ) represents a stochastic process, R(x, ') is often denoted as the covariance function.
3For multiplicity > 1, one can always select an orthonormal basis for the eigenspaces since R is self-adjoint.

Ynly) =




Then it is easy to verify that the sequence {t,, }°°_; is orthonormal in L?(2). Moreover, the sequence {\,, }5° ;
can be characterized by the so-called approximation numbers (cf. [31, Section 2.3.1]). They are defined by

A\, = inf{||R — L|| : L € F(L*(D)),rank(L) < n} (2.4)

where F(L?(D)) denotes the set of the finite rank operators on L?(D). This equivalency is frequently employed
to estimate eigenvalues by constructing finite rank approximation operators to R.
The singular value decomposition of the bivariate function (y, «) then refers to the expansion

K, 2) = >V Andn (@)1 (y),

where the series converges in L2(Q x D). Moreover, for any M € N, the M-term truncated SVD, denoted by
Kk (y, ), is defined by

M
(Y, 2) = YV Andn (@)t (y)- 2.5)
n=1

The associated M -term KL truncation error is then

(2.6)

> Vb (2)tn(y)

n>M

Ky, z) — KM(%J;)”L?(QXD) =

L2(QxD)

It is worth emphasizing the optimality of eigenfunctions {¢,}52 ; in the sense that the mean-square error
resulting from a finite-rank approximation of x(y, =) is minimized [21]. Thus, the eigenfunctions indeed minimize
the truncation error in the L2-sense, i.e.

M

min w(ya) = ( /D K(y,x)cn(m)dx> on()

| ST
{cn (z)}M | orthonormal n=1 L2(Qx D) n>M

{en(2)})L, CL?(D)

There are various articles on the convergence rate of the M -term approximation s (y, x) to k(y, x) as M —
oo [3, 22, 35, 39]. It is well known [31] that, as smoother the kernel R(z,z’) is, as faster the decay of the
eigenvalues {\,, }°2 is, and thus as faster the decay of the KL truncation error is. Recently, for the heat equation,
an exponentially fast decay of the truncation error was shown by exploiting the special structure of the Grammian
matrix [3].

In Section 3 below, we will derive a KL truncation error estimate using a new decay rate estimate of the
eigenvalues {\,, }° ;, which in turn directly implies the decay rate of the SVD approximation. Our result relies
essentially on the following regularity condition on the bivariate function (y, ):

Assumption 2.1 (Regularity of x(y, x)). There exists some s > 0 such that* r(y,z) € L?(Q, H*(D)).

Under Assumption 2.1, by the definition of the kernel R(x,z’), we have R(x,z') € H*(D) x H*(D).

We conclude this section with some notation. Let two Banach spaces V; and V5 be given. Then, B(V7, V3)
stands for the Banach space composed of all continuous linear operators from V; to V5 and B(V}) stands for
B(Vi,V1). The set of nonnegative integers is denoted by N. For any index o € N, |/ is the sum of all
components. The letter M is reserved for the truncation number of the SVD modes. We write A < Bif A < ¢B
for some absolute constant ¢ which depends only on the domain D, and we likewise write A 2 B. Finally, || - ||
denotes the Euclidean norm. Moreover, for any m € N, 1 < p < oo, we follow [1] and define the Sobolev space
W™P(D) by

W™P(D) = {u € LP(D) : D% € LP(D) for 0 < |a| < m}.
It is equipped with the norm
1
> Il ) i 1< p < o,
Hu”WmvP(D) = 0<|x|<m

[e3 1 —
o5, 1Dl i = 0

“Note here that the space L2(Q, H*(D)) is isomorphic to L2(Q) x H*(D).



The space W;"* (D) is the closure of C§°(D) in W™P?(D). Its dual space is W~"™4(D), with 1/p + 1/q = 1.
Also we use H™(D) = W™P(D) for p = 2. The fractional order Sobolev space W*?(D), s > 0,s ¢ N, is
defined by means of interpolation [1]. Furthermore, we will need the space [40, Section 4.3.2]

HY?(D) = {v:ve HY*R?),supp(v) C D}.

Finally, besides Sobolev spaces, we will resort to Lorentz sequence spaces ¢, ,,. They are useful in the study of
s-scales [31], especially for the characterization of the growth of a nonnegative, nonincreasing sequence {a, }5 ;.
Here, a sequence {a, }32, € £, if {n%*ian}%o:l € l,, [31, Section 2.1.4] with ¢,, being the classical sequence
space which consists of the w-power summable sequences. The following embedding properties hold:
Proposition 2.1. [31, Section 2.1.11]

1. lrywe © Uy oy for 0 < ro < 11 < 00 and arbitrary wy, wy > 0,

=

2. Uy © Ly for arbitrary r > 0and 0 < wy < wy < oo.

=

3 Eigenvalue decay and KL truncation error

In this section, we establish a sharp eigenvalue decay rate for the Hilbert-Schmidt operator R and discuss its use
in analyzing the KL truncation error. We shall consider the following two cases (a) k(y,z) € L?*(Q, H*(D))
and (b) k(y, ) € L?(, H*(D)) separately. Note that L?(Q, H*(D)) C L?(Q, H*(D)). For case (a) we derive
{2, el _1» i-e., a decay rate of the order O(n=1-% ), using a rearrangement argument originating from

d
the minmax pzr&i;rlciple [20]. For case (b) we show the same decay rate by employing Stein’s extension theorem
and an argument based on the result for the first case in the special situation D = (—1,1)%, cf. Proposition
3.1. It however involves a constant Cext (D, s) arising from the extension operator which is difficult to control.
Nevertheless, R belongs to the trace class in either case.

3.1 Case (a): x(y,x) € L*(, H*(D))

By definition, the associated operator R is self-adjoint and nonnegative. The classical Hilbert-Schmidt theorem
gives then the series expansion [42]

R(amx’) = Z)‘n(bn(x)(bn(x/)v 3.1
n=1

with convergence in the L?(D x D)-norm.
First, we show a smoothing property of the operator R under Assumption 2.1.

Lemma 3.1. Let Assumption 2.1 hold. Then R € B(L*(D), H*(D)).

Proof. Consider s € N. For any v € L?(D) and |a| < s, by taking the o’ derivative with respect to z, we have

0 (Re) = [ ([ wtya'yo(e')da")o s(y. )y,
Q Jp
With Holder’s inequality, this yields

a 2 2 a 12 2
10%(Ro) 72 py < 16l 72(0x )y 1076l 2(0x py VI 72 -
Summing up all terms for || < s leads to
2 2 12 2
IRV Ze 0y = D 10* ROy < D I8l1Z20wm) 10Kl 22 ) 10172y
|| <s |al<s
2 2 2
= H"$||L2(QxD) ||’€HL2(Q,HS(D)) ||U||L2(D) :
Consequently,
”RHB(L?(D),HS(D)) < H“”Lz’(QxD) HFGHLz(Q,Hs(D))-
This shows the assertion for s € N. The general case follows from the Riesz-Thorin interpolation theorem. O



To study the eigenvalue decay of the operator R, we need a few more auxiliary tools. Recall the floor function
|-], defined by |r| = max{k € N: k < r}, and the ceiling function [-], defined by [r] = min{k € N: k > r}
for any r > 0.

Definition 3.1 (Trace condition). Given s > 0, let D C R% be a bounded C Lsl-X_domain. Let A be the Laplacian
with respect to the spatial variable x (on the domain D) and let n be the unit outward normal to the boundary
OD. We say v € H?(D) satisfies the trace condition, if one of the following statement holds.

(i) If s > %: Adv = 00n D for all 0<j<|[%—1] Inthecasethat 5 — 1 = |5 — 1], we replace the
highest order condition with A3~y € Hz (D);

(i) Ifs > 2. & 2 ~AJy =0 on 8Df0rall() <j < |- 2]. Inthe case that § —
highest order condition with %Az iy e H2(D);

N

= |5 — 2, we replace the

2
= | & — 2], we replace the highest order condition with 6 LAS ~iy + hA3

Es
2

(i) If s > 2: ZAJv + hAJv = 0 for some h > 0 on 0D forall 0 < j < |5 —3]. In the case that
3
1 1y

Next, we introduce the space H* (D) and discuss its properties. Let A = —A represent the negative Laplacian
on a subspace of H?(D) that satisfies Definition 3.1 (for s = 2, any bounded convex domain suffices). Then A is
nonnegative, invertible and self-adjoint. Furthermore, let {v;, £;}32; be the eigenpairs of A with nondecreasingly
ordered eigenvalues. It is well known [13] that®

Vj > Cyey(d)diam(D)~2j2/4

where Cyeyi(d) denotes a positive constant depending on d only and diam (D) represents the diameter of D, and
it is clear that {¢;}2, forms an orthonormal basis in L?(D). With (-, ) being the L?(D) inner product, each v €

L?(D) admits the expansion v = > i1 (v,€5);. Next, for s > 0, we define a Hilbert space H*(D) c H*(D)
by

H*(D)={wveL*D Zu v,£)? ) (3.2)

This space is endowed with an inner product (-, -)s defined by

(v, w)s Zu (v,&)(w, &), forv,w € H*(D).

=1

We denote by | - |5 the induced norm. In view that v; = O(j2/¢), the norm |- |, is stronger than the norm ||- lz2(p)-

Assume that D C R? is a Cl*):*-bounded domain. Then the space H* (D) can also be characterized by (see
[38, Lemma 3.1] and [40, Theorem 4.3.3])

H*(D) = {v € H*(D) : v satisfies Definition 3.1}. (3.3)

Here, the boundary condition for the operator A is the same as that in (3.3) when s = 2.

This fractional-order space H 5(D) has many applications in the sparse representation of solutions to elliptic
operators (see e.g., [15]). It also shares a certain similarity to the native space associated with a positive Hilbert-
Schmidt kernel on L?(D), cf. [32]. In view of (3.2) and [16, Theorem 4], the orthonormal basis {¢;} (ONB) is
optimal in H $(D). This has to be compared to [41, Theorem 4.22] where a sequence of optimal ONB, i.e., via
wavelets, are provided for a smaller space, namely H(D), with all traces vanishing.

For any s > 0, one can now define the fractional power operator 7' = A*/ on H 5(D) [8,25] by

TU—ZV% (v, &) -

2 2
. j d e jd
SMore precisely, under a zero Dirichlet and Neumann boundary condition, there holds v; > C“gi;ﬁgg;é) nd i?;):rfzi I)DJ)Q

(cf. [28, Theorem 5.3]).

, respectively



Equivalently, it can be written as a Dunford-Schwartz integral in the complex plane C. By construction, 7 is
nonnegative and self-adjoint and gives an isomorphism between H $(D) and L?(D). It possesses the same eigen-
functions as A = —A.

Let {u; };";1 be the eigenvalues of 7' in nondecreasing order. Then the relations 7 = A®/2 and v >

Cweyl(d)diam<D>_2j2/d yleld
#j 2 Cuey(d)? diam(D)~**/7. (3.4)

One readily verifies that T € B(H*(D), L?(D)) and that

|T0[32p) = > v (0, &)% = o] forallv € H*(D). (3.5)

Jj=1
Now we are ready to state our regularity assumption on (y, x).

Assumption 3.1 (Regularity of k(y,z)). Let D C R? be a CLsl bounded domain for some s > 0 and let
k(y,z) € L*(Q, H*(D)).

Note here that, by Lemma 3.1, the eigenfunctions ¢,, satisfy ¢,, € H*(D), and there holds | ¢, || He(D) =
O(\;1). Indeed, by definition, we can obtain
¢n = )\’glebn-

Then after taking the || - || z+(py norm on both sides, the desired result follows with Lemma 3.1 and the fact that
|#nll2(py = 1. Under Assumption 3.1, ¢, () satisfies the same trace condition as #(y, -). This property is of
critical importance in the proof later on.

In view of the characterization (3.3), Assumption 3.1 may seem restrictive. Nevertheless, it is natural when
s is small. Moreover, in the context of Proper Orthogonal Decomposition (POD) methods for parameterized
elliptic problems, the (bivariate) function (y,-) € H}(D) represents the solution for each fixed y € €, i.e. it
is the solution map from the parameter space €2 to the solution space Hg (D). This implies directly Definition
3.1. Coincidentally, such a trace condition is also needed to ensure the fast convergence of the modified Fourier
expansion method [24].

Now, let Assumption 3.1 hold. Then T'x(y, z) € L?(Q x D) and the eigenfunctions of the operator R satisfy
¢n(x) € H*(D). Moreover,

2 2
7513 ey = [ 1703 ) oy
which is equivalent to ||/<;||2LQ(Q7HS(D)) by (3.5). Next we define
Rr(z,2') = / Tr(y,2")Tk(y, x)dy € L*(D x D),
Q

and denote by Ry : L?(D) — L?(D) the Hilbert-Schmidt operator associated with the kernel function Ry (z, z').
Obviously, Rt is compact and self-adjoint on L?(D). Let

R1=TRT, (3.6)

with its domain Z(R1) = H*(D). Then, its adjoint operator R is given by RY = Ry. In fact, for any
v € H*(D) and w € L*(D), by Fubini’s theorem and the symmetry of 7', we have

(Riv,w) = (TRTv,w) = /Q(/D H(y,l‘/)TU(CC/)dZZ?/)(/D Tr(y, z)w(z)dz)dy
= /Q(/D Tﬁ(y,x')v(x')dx’)(/D Tr(y, x)w(z)dz)dy = (v, Rrw).

The following result shows the boundedness and the symmetry of the operator R, restricted to H# (D).

Lemma 3.2. Let Assumption 3.1 hold. Then the following statements are valid:



(i) R1 € B(H*(D), L*(D)).
(ii) Rr| fe(D) = R1. Hence, R1 is a symmetric operator with R as its self-adjoint extension operator.

(iii) There holds the identity

2 2
1Tkl 22 (@xpy = D An ITdullzz ) - (3.7

n=1

Proof. Since T is self-adjoint, we have for any v € H*(D)

IR0 2 (py = H/Q /D w(y, ') To(2")dz'Tr(y, z)dy Tk(y,z")v(z")da' Tk(y, v)dy

L2(D) L2(D)

2 2 2
< ||U||L2(D) ||THHL2(QxD) < |vls HT“HL?(QxD) < |vls HKHLZ'(Q,HS(D))-

Hence, R, € B(H?*(D), L*(D)), which shows assertion (i). '
To show assertion (ii), we proceed as follows: For any g1 € H*(D) and g, € L?(D), by the definition of R,
cf. (3.6), and by Fubini’s theorem, we have

/D (Rug1)(@)ga(x)da = /Q ( /D (Tw) (g, ') g ()"} /D (%) (9, 2)gs () da)dy
- /D ( /D Rr(e!,2)gn (a/)de')gs (z)dz = /D (Regr)(@)ga(x)de.

Thus, there holds
Ri1=Rr ‘HS(D) . (3.8)

Observe that Ry = Rj| i+ (D) and that R = R7. Hence, R is a symmetric operator with R as its self-adjoint
extension [42, pp. 197].

Finally, we show (3.7). By the definition of the trace of an operator and an application of Parseval’s identity
together with the self-adjointness of R, we obtain

Tr(RT):/DRT(x,x)dx: IT5N72 @u ) - (3.9)

Since {£;}2, € H*(D) is an orthonormal basis in L2(D) and since the trace is independent of the specific choice
of the orthonormal basis [42, pp. 281] and relation (3.8), we deduce

Tr(Rr) = Y (Ri&i,&) = > (TRTE, &) = Y (RTE,TE)
=1 =1 =1
= Z Z ¢n7T£z Z)‘ Z T¢na€1)
n=1 i=1 n=1 =1
= Z n HT(ani?(D) )

n=1
where we have employed Parseval’s identity and relation (3.5) in the last two identities. Then (3.7) follows from
(3.9). O

Note at this point that R, is not defined on the whole space L?(D) but only on a dense subspace H (D). Thus
its adjoint with respect to L?(D) is bounded on L?(D) while R; itself is unbounded on L?(D). We, however,
consider R only on its restriction to H* (D), which resolves this issue.

Now we are ready to derive the decay estimate of the eigenvalues of the operator R.

Theorem 3.1. Let Assumption 3.1 hold. Then {\,}°2, € Kﬁ,l- In particular,

2s

A < Cem(d, 5)Chen(d) ~*diam(D)** [|K][72 (0 gy n ™ 4

where Com (d, s) denotes the embedding constant Jortl_a_ 4 g l_q

155,00



Proof. By Lemma 3.2 (iii), it holds
o0
2 2
TRy = 32 A 1T -
n=1
Since k(y, x) € L2(Q, H%(D)), we have Tx € L2(Q x D) and

2 2
Z Ml Ténllz2py = 61720, e (D)) < - (3.10)

n=1

Next we apply a rearrangement trick which originates from the minmax principle [20, equation (11)] and obtain

S AlTula ) = (= 22) ITo1150 ) + (2 = 2) (7111320 + 1762031 )

n=1

+ (A3 — A1) <||T¢1||i2(D) + HT¢2H%2(D) + ||T¢’3||2L2(D)> +--
> (A= A2)p + (A2 = Aa) (i + p13) + (N3 — Xa) (i + pi + pi3) + -+~

= Z )‘n/ii > Z )\ncweyl(d)sdiam(D)_zsn%,
n=1 n=1

@3.11)

Here, the last inequality is due to (3.4). The third line follows from the fact that for any L?(D)-orthonormal
system {e, }"_; C H*(D) of m elements, the sum >, ||Te7,,||i2(D) achieves its minimum only if {e,}7"
are the eigenfunctions corresponding to the first m smallest eigenvalues of the operator 7', i.e.

2
> ITenll72(py = > k.
n=1 n=1
Thus, by the definition of the Lorentz sequence space, it follows from (3.10) and (3.11) that

{Atnzi€l_a_; and ||{)‘n}$10:1H€¢1 Scweyl(d)_sdiam(D)2s ||"€||iz(g,gs(p))-
d+2s d+2s°

Now Proposition 2.1 (ii) implies that £ -

s

1 € Edfzs . and, as a consequence,

,00

2s
sup {n! ¥ A, m e N} = [{Adialle , < oo
n d+2s

Due to the embedding ¢ 1 <+ 4{_a_ ., we obtain
d+2s”

KA dnzalle = Cem(d: s)[{Anizalle_

,00 4 1

d+2s°

d
d+2s°

with an embedding constant Cep (d, s). Then A, < [[{A\}5%,ll¢ ,  n 1=, which gives the desired assertion.
Tt

O

Next we show the eigenvalue decay rate O(n =1~ ) for the case x € L2(Q, H*(I?)) via a similar argument.

Here, due to the special structure of the domain 1% = (—1,1)?, the boundary regularity is relaxed, and so is the

trace condition on the function x(y, x), cf. Assumption 3.1. This result will later be needed in Section 3.2 as a
stepping stone to obtain the decay rate for the case of the general domain L?($2, H*(D)).

Proposition 3.1. Let Assumption 2.1 hold and let D = I%. Then {\,}%; € ¢ o dn particular,

_1_2s
)\n S Cem<d7 5)”/{”%2(97]_[5([(1))” o ’

Proof. The proof is analogous to that of Theorem 3.1, which essentially relies on Lemma 3.2. To this end, we
define A; := —9;((1 — 27)9;), i.e. the one-dimensional singular Sturm-Liouville operator in the variable x;,
1 < j < d. Tts n-th smallest nonzero eigenvalue is n(n + 1) forn = 1,2,---. Now, let T be a tensor product
of certain fractional powers of A, i, let T = TIJ_, A}/, with o = {a;}9_; C R% and o = 55 for all
j = 1,---,d. One can readily check that 7" is a nonnegative and self-adjoint operator on H*(I¢) and its n-th
smallest nonzero eigenvalue is n24 (n + 1)32 for n = 1,2, ---. Now, we can define the operators Rz and R; as

previously (actually, in this case, we now have R = R1). Then, Lemma 3.2 and the desired assertion follow. [J



Remark 3.1. A close inspection of the proof indicates that the regularity requirement € L*(Q, H*(I%)) in

Proposition 3.1 can be relaxed. We now need just the existence of a multi-index o = {aj}?zl - Rﬂlr with

o = 35 forall j =1, ,d such that, with associated operator T, there holds Tr. € L*(2, L*(I%)).
3.2 Case (b): L?(Q2, H*(D))

Now we provide a singular value decay rate for the general case (b), i.e., k(y,x) € L?(Q, H*(D)). Our proof
employs Stein’s extension theorem and Proposition 3.1.

To this end, we will introduce the definition of approximation numbers. Given two Banach spaces I and F/,
the n-th approximation number a,, (W) of an operator W € B(E, I) is defined by

an(W):=inf{|W —L| : L € §(E, F), rank(L) < n}, (3.12)
where §(E, F') denotes the set of the finite rank operators.

Theorem 3.2. (Eigenvalue estimate for the general space L*(Q), H*(D)).) Assume that D satisfies the strong
local Lipschitz condition. Let k(y,z) € L?(Q, H*(D)). Then

)‘n S diam(D)2SC€m(da S)Cext (D7 S) H"QHi%Q,HS(D)) n_l_%s7

where Coxt (D, s) is a constant depending only on D and s.

Proof. Let K O D be a d-dimensional cube with diam(K) = diam(D). Then, by the strong local Lipschitz
property of the domain D, Stein’s extension theorem implies the existence of a bounded linear operator £ :
H*®(D) — H?*(K) satisfying

Ep=¢inDand [E6] .y < v Coxt (D 5) 18]l o (py forall p € H*(D) (3.13)

with Cext (D, s) being the extension constant that depends on D and s only.
This extension operator £ allows for defining a bivariate function #(y,-) € H*(K) forall y € Q, s.t.

#(y,-) = k(y,-)in D and ”’%”LQ(Q,HS(K)) < VCext(D, 5) ||/‘€HL2(Q,HS(D)) : (.14)

We will denote Rc € B(L?*(K)) as the corresponding Hilbert-Schmidt operator with the covariance function of
K as its kernel. Its eigenvalues in a nonincreasing order are {\,, }22 ;.
The scaling argument in the proof of Proposition 3.1 together with (3.14) then leads to

_1—2s

An < diam(D)?*Com (d, 5)Coxi (D, 5) HFLHng(Q’HS(K)) n= A, (3.15)

Given € > 0, the equivalence of approximation numbers and eigenvalues in a Hilbert space [31, Section 2.11.15]
combined with (3.12) implies the existence of a self-adjoint operator Ly € B(L?(K)) with rank(Lg) < n,
satisfying

IRk — LicllBzz(xy < An + €. (3.16)
Note that L can be regarded as a rank < n operator on L2 (D). To prove the desired result, we only need to show
IR — Lr|s20)) < IRk — Li|Br2(k))- (3.17)

Then an application of (3.12) together with (3.16) and (3.15) leads to the assertion, after letting € — 0.
To derive (3.17), we obtain by definition that

R —Lg)v,v Rk —Lk)0,0)k
IR~ Li|sz2py =  sup M = sup (( - )0, 0)

0#£veL2(D) (v,v) 0£0€L?(K) (0,0) K

| g\ p=0
Rix — Li)0,0
S sup (( K _ ~I() )K _ HRK _LKHB(LZ(K))

0#£9€ L2 (K) (0,9)K

Here, (-, ) is the inner product on L?(K). This proves (3.17), and thus completes the proof. O
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Note that this proof of (3.16) is in spirit similar to the proof of [7, Theorem 3.1]. Furthermore, note that we
made the assumption of C'l*)-!-boundedness for the domain D of H*(D) in Theorem 3.1 to guarantee the higher
regularity of that space. Now, for the more general case of Theorem 3.2 involving H*(D), we do not need such
higher regularity on the domain any more but just assume D to satisfy the strong local Lipschitz condition.

The results in Theorems 3.1 and 3.2 essentially improve the known eigenvalue estimates in [35] and [22].
There, decay rates of O(n~4) and O(n~ 3*5) were shown, respectively, but both under somewhat higher regularity
conditions on the bivariate function x(y, ) and using a finite element approximation (and not an orthogonal basis).
Formally, our results are in the spirit of the estimate in [31, Section 6.4.31] and [26, Section 3.c.5], where it was
established that {\,}22, € ¢ 2400 Nevertheless, that result is slightly weaker than our {A,}°2, € ¢ . from
Theorem 3.2 and Theorem 3.1, due to the strict inclusion ¢ S c/ 24 0, cf. Proposition 2.1. Our higher decay

rate stems from the nonnegativity and the symmetry of the covariance function R(x, z"), which was not exploited
in the previous results ([31, Section 6.4.31] and [26, Section 3.c.5]).

3.3 Examples and KL truncation error estimates

Now, we provide two examples to illustrate the optimality of our estimate.

Example 3.1. For s = 0 we have k(y,x) € L?(Q2 x D). Since

9]

2
Z An = ||K:||L2(Q><D) < oo,
n=1

we immediately obtain {\,}>2, € {1, which is the best possible estimate for this type of operator. Theorem
3.1 also implies {\,}52, € (1. But in contrast, we can have by [31, Section 6.2.15 or Section 6.4.31] only
{52 € €o D £y. Thus our estimate is clearly superior.

Example 3.2. The isotropic Matérn kernel is defined by

1-v _ v _
Gu(lx—y]) = 022 (\/2V|x y) K, <\/21/|xy|) inD x D,
I'(v) p p

where v is the smoothing parameter, o2 is the variance, p is a length scale parameter, I is the Gamma function, and
K, denotes the modified Bessel function of the second kind. Consider the one-dimensional case with D = (0, 1),
o=1p=1andtakev =1/2and 3/2, i.e.,

Gi(lz—yl) = e~le—vl ¢ H%_‘S(D x D)

and

Gs(lz—yl) = 1+ V3Blz —y))e™V3*=¥ € H2 (D x D),

respectively, where 6 € (0,1/2) is arbitrary. Such kernels are popular in machine learning [14]. The decay
rates of their singular values have been numerically computed in [22, Section 6.3]. The results therein show that
the square of the n-th largest singular value of G 1 (| — y|) and G 3|z — y|) decays like O(n=*) and O(n8),
respectively, which is in excellent agreement with the theoretical predictions of our Theorem 3.2. In addition, we
can infer that G € L2(D, H2=9(D)). Thus, the same decay rate can also be deduced from our Theorem 3.1 in
that case.

Now we will consider the convergence rate of the KL truncation error (2.6). The following error estimate is
an immediate consequence of the Theorems 3.1 and 3.2.

Theorem 3.3. Let Assumption 2.1 hold. Then, forany 1 < M € N, there holds

Ky, ) — Z m¢n(x)wn(y) <C(M + 1)_%

L2(Qx D)
with the constant

. s 1 1 d
C = diam(D)*Cem(d, 8)2 Cext (D, 8)? |6l 20, 11+ () |/ 25

11



Proof. Under the given assumptions, Theorem 3.2 can be applied to obtain {\, }52, € ¢

4, and
2s54+d>

_1—2s

An < diam(D)* Com(d, 5)Coxt (D, 8) 1Kl[7 20 ooy 2~ 7 - (3.18)

For any 1 < M € N, the L?(D)-orthonormality of the sequence {¢,, ()}, then yields

L2(Q2x D) n=M+1

2

M
R (,2) = 3V At (@) (y)

In view of the eigenvalue estimate (3.18), we obtain immediately

2

M

L2(Qx D)

. s > _2s_

< diam (D) Com(d, 5)Coxt (D, 5) |6l To ooy 9 74
n=M+1

d 20

d

< diam(D)** Com(d, 8)Cext (D, 5) H'%H2L2(Q,H-‘(D)) ﬂ(M +1)”

which shows the desired assertion after taking the square root on both sides. O

Note here that the error estimate of our Theorem 3.3 for the KL truncation of a bivariate function k(y, z) €
L?(Q, H*(D)) for the case D = I is identical to that in [3, Proposition 3.1], which was derived for the special
situation s (y,z) € L?(Q, H*(I)) with I = (—1,1) only. The authors of [3] however mention that their proof
can be generalized to the situation when D = ¢ := [—1,1]¢, which would result in a rate of O(M ~*/%) for the
M -term truncation error.

Last we show the sharpness of Theorem 3.3.

Theorem 3.4. Let M > 0 be given. Then there exists a bivariate function g(y,x) € H*(I? x I?) satisfying
Assumption 3.1, such that

e

> M~d,
L2(IdxTd)

M
9(y, ) — Z un (7)vn(y)
n=1

nf
{un}pl, CL*(I%)
{”n}%=1 CLQ(Id)

Proof. The proof follows as in [4], where g(y,z) € H*(I%) x H*(I%) was constructed to show the lower bound
in the truncation estimate. O

Note that Theorem 3.4 implies the sharpness of our eigenvalue decay estimates of Theorems 3.1 and 3.2 by a
simple contradiction argument.

4 Application to elliptic PDEs with random coefficient

In this section, we use the results of Section 3 to analyze a model order reduction algorithm for a class of elliptic
PDEs with random coefficient in the multi-query context. In the algorithm, we apply the Karhunen-Lo¢ve approx-
imation to the stochastic diffusion coefficient «(y, ) to arrive at a truncated model with finite-dimensional noise.
We shall provide an error analysis below. Throughout this section, we assume that the conditions of Theorem 3.3
are satisfied.

Let D be an open bounded domain in R? with a strong local Lipchitz boundary, and let (€2, ¥, P) be a given
probability space. Consider the elliptic PDE with random coefficient

Eu(ya):fa I'GD,

4.1
u(y,") =0, xz€dD, @D

for a.e. y € €, where the elliptic operator L is defined by

£u(y7 ) =-V- (H(y>$)vu(y7 3'}))7

12



and V denotes taking the derivative with respect to the spatial variable x. We assume the diffusion coefficient
k(y, ) to be k(y,-) € L (D) almost surely and the force term f(x) to be f € H~(D). In model (4.1), the
dependence of the diffusion coefficient x(y,x) on a stochastic variable y € € reflects imprecise knowledge or
lack of information.

The extra-coordinate y poses significant computational challenges. One popular approach is the stochastic
Galerkin method [5]. There, one often approximates the stochastic diffusion coefficient x(y, ) by a finite sum of
products of deterministic and stochastic orthogonal basis (with respect to a certain probability measure). This gives
a computationally more tractable finite-dimensional noise model. Then, the choice of the employed orthogonal
basis® is crucial for the accurate and efficient approximation to (y, x).

In this article, we just consider the KL approximation x(y, ) of the random field x(y, ), cf. (2.5). First,
we specify the functional analytic setting. Let V = H} (D) with the inner product (vi,ve) = (Vvy, V) and
the induced norm [v| 1 (py = +/(v,v), and let H~*(D) be its dual space. Then, for any given y € (2, the weak
formulation of problem (4.1) is to find u(y, z) € V such that

/ k(y, ) Vu(y, x) - Vo(z)dz = / f(z)v(x)de Vv e V. 4.2)
D D

To analyze its well-posedness, we make some conventional assumptions [17].

Assumption 4.1 (Uniform ellipticity assumption on k). There exist some constants o and 3, 0 < « < 3 such that
a<k(y,z) < B, Y(y,z) € QxD.
Under Assumption 4.1, the weak formulation (4.2) is well-posed due to the Lax-Milgram theorem, and
u(ys Ny < @ N fllg-1py Yy € Q. 4.3)

Thus £ : V — H~'(D) is an invertible linear operator with inverse S = £~ : H=1(D) — V that both depend
on the stochastic diffusion coefficient x(y, z). Clearly, S is a self-adjoint operator for all y € €Q.

To analyze the truncated model with the KL truncation &y (y, =), we further assume the following two condi-
tions on the L?()-orthonormal bases 1/, () from (2.3), and on the truncated series a7 (y, 7).

Assumption 4.2. There exists some 0 > 0 such that |1),,(y)| < 0 < 00,V n € Nandy € Q.

Assumption 4.3 (Uniform ellipticity assumption on 7). There exist some constants’ o and 3, 0 < a < 3 such
that
a<rm(y,z)<pB, V(y,x)eQxD.

Note here that Assumption 4.2 allows to derive a KL truncation error in L2 (D) which is uniform in 5. Indeed,
under Assumption 4.2, and for 1), (y) as defined in (2.3), Theorem 3.3 implies

sy, ) = war (v, )2y = D Maln@)® <67 D A S 92 +1)7F wye @4

n>M n>M
Furthermore, Assumptions 4.2 and 4.3 together enable the control of the KL truncation error in LP(D) which is
uniform in y. Indeed, for p > 2 and for given y € {2, we obtain the bound
p—2
H (ya ) - ’iM(yv ')”LP(D) < ” (yv ) - HM(y» )HL2(D) ” (yv ) - HM(y’ ')”LOO(D)
d _
SO ()7 (M + 1) BB 4.5)

This estimate will now be used to bound the error of the solution to problem (4.1) due to the KL truncation. After
substituting the KL approximation ks (y, x) of the diffusion coefficient «(y, ) into problem (4.1), we arrive at a
truncated problem with finite-dimensional noise: For a.e. y € Q)

EMUM(ya):fa :CED’

4.6
u]ﬂ(yv'):Oa xéaD» ( )

%Note that instead of an expansion in the eigenbasis, there are other choices, like a polynomial chaos expansion [35, 12]. Moreover, there
is the expansion with respect to the hierarchical Faber basis or some wavelet type basis, i.e. to a local basis. In certain situation this allows to
further improve on the approximation rate of w, for details, see [12, 6].

"Here, for notational simplicity, we have assumed the same constants as in Assumption 4.1.
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where L)y is the elliptic differential operator with the diffusion coefficient ;. The corresponding weak formu-
lation is then to find ups (y, x) € V such that

/ K (y, ) Vupr (y, z) - Vo(x)da = / f@v(z)de Yv eV, 4.7
D D
for any given y € 2. Under Assumption 4.3 on the KL truncation «p;, we get the well-posedness of problem (4.7)
by the Lax-Milgram theorem. As before, we set

Sy = EJ_wl.
Then Sy is a self-adjoint operator for all y € Q. Clearly, the solution u,s(y, ) = Sp(y)f corresponds to the

perturbed coefficient ; (y, x) (relative to the unperturbed coefficient x(y, x)).
The next lemma quantifies the effect of the perturbation of the coefficient «(y, x) on the solution u(y, ).

Lemma 4.1. Let Assumptions 4.1, 4.2 and 4.3 hold. Then, for given p; > 2 and -+, = L we have

2,
1 2 d 1 _2s p1-2
u(y.) — w0 sy 0% (o) (M 1) 5 8755 [V (0, )

Proof. From the weak formulations for u(y, ) and us (y, x), cf. (4.2) and (4.7), we obtain for any y € Q
/ Ky, )V (u(y,2) — up(y, x)) - Vo(x)da 4.8)
D

= /D(KM(y’l“) — k(y,2))Vupr (y,x) - Vo(x)de Yo e V.

By setting v = w — ups € V in the weak formulation (4.8), using Assumption 4.1 and the generalized Holder
inequality, we have

oy ) = s iy < [ w2V aly.2) = s ()P

- /D (kat () — () Veuns (9,) - Yy, 7) — upg (y, 2))ddz

< HHJW(yv ) — k(Y ')”LPl(D) \u(y, ) — un (Y, ')|H1(D) VU (y, ')HLPz (D) -
Consequently, by (4.5), we get

d.L _2s p1=2
VAT (M + 1) 55 85 [ Vunt (9, ) s -

lu(y, ) — unm(y, )IHl(D) 91’1(28

O

The estimate in Lemma 4.1 depends on the bound ||[Vuar(y, )|l sz (p)- Using Meyers’ Theorem [30], this
term can be directly controlled by the force term f(x), provided that it possesses higher integrability.
Theorem 4.1 (Meyers’ theorem). There exist a number ps > 2 and a positive constant C(«, 8, D,p2) > 0,
which both depend only on «, 3, D and po, such that if f € W 172 (D), with po =t + p’2_1 =1, then the solution
un(y, ) € Wy (D) and satisfies

||U]\/[(y, ')HWOLPQ(D) S C(O{, Bv D7p2) ||fHW*1,:D'2 (D) *

The largest possible number ps in Theorem 4.1 is called Meyer’s exponent and is denoted by P.

Assumption 4.4. f € W—L2(D), for some 2 < p; < P.

Finally, under Assumptions 4.1, 4.2, 4.3 and 4.4, and by combining the preceding results, we obtain the
following error estimate of the solution u s due to KL truncation:

Theorem 4.2. Let Assumptions 4.1, 4.2, 4.3, and 4.4 hold. Then, for p1 = , , we have

d
|u(ya‘)_ulu(yv')‘H1(D)Sc(aaBaDaPZ) 01’1( S)pl (M+1) dp15 pl Hf” —1,11’2(D)'

Theorem 4.2 provides an error estimate of Sys to S in the operator norm. Indeed, we have

1 2 d 1
(8 = S3) i) S Clev B, D, p2) 0% (507 (M 1) 35 85 [l 1

This in particular implies the convergence in operator norm as M — oo.
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5 Concluding remarks

In this paper, we have derived a new estimate for the sigular value decay rate of order O(n~1/2=) for bivariate
functions in L2(Q, H*(D)) and L?(Q, H*(D)). This result improves on known results in the literature. Our new
estimate was established by analyzing the eigenvalue of the kernel operator R using two different techniques, i.e.,
a rearrangement trick originating from the minmax principle, and Stein’s extension together with an operator theo-
retic argument, respectively. We demonstrated its usefulness in the analysis of an algorithm for solving stochastic
elliptic PDEs, which employs the Karhunen-Loeve truncation of the stochastic diffusion coefficient and provided
an error estimate for the truncation approximation. Our improved decay rate and the resulting error estimate can
be applied to many other problems as well.

Note furthermore that our approach allows to also deal with negative values s of isotropic smoothness on D.
A simple consideration shows the validity of our result also for the case s € (—d/2,0). This may be helpful for
integral operators with weakly singular kernels, which have applications in, e.g., image and video processing.

Note finally that we have only analyzed the KL truncation error for approximating Sobolev smooth bivariate
functions at the continuous level. This is of course only the first step in the analysis of a numerical method which
is, after discretization, based on such a truncated series expansion. Any efficient overall numerical algorithm still
needs a proper sampling or discretization method to approximate the integrals on 2 (which is a challenging task
when it comes to high-dimensional problems), and a suitable discretization algorithm on D to approximate the
continuous eigenfunctions (which we here assumed to have at our disposal). Beyond the KL truncation error,
these two additional types of approximation errors surely need also be taken into account. The further balancing
of all these errors and their corresponding numerical costs will be future work.
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