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Abstract

We show that the d-dimensional Haar system H? on the unit cube I? is a Schauder basis
in the classical Besov space B; (1 4), 0 < p < 1, defined by first order differences in
the limiting case s = d(1/p — 1), if and only if 0 < ¢ < p. For d =1 and p < q < o0,
this settles the only open case in our 1979 paper [4], where the Schauder basis property
of Hin By ,(I) for 0 < p < 1 was left undecided. We also consider the Schauder
basis property of H? for the standard Besov spaces By (I 4) defined by Fourier-analytic
methods in the limiting cases s = d(1/p—1) and s = 1, complementing results by Triebel

7).

Keywords: Haar system, Besov spaces, Schauder bases in quasi-Banach spaces, spline
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1. Introduction

The classical univariate Haar system H := {h,, }men was one of the first examples of

a Schauder basis in some classical function spaces on the unit interval I := [0, 1]. In this

note, we deal with various Besov spaces B; , on the unit cube I 4 c R for the parameter
range

0<p<l, 0<q< oo, s> 0, (1)

and complement early results by Triebel [7] and this author [4] by settling the remaining
limiting cases, where the Schauder basis property of the multivariate Haar system H¢
was not known until now (for detailed definitions, we refer to the following sections).
There are many alternative definitions (Fourier-analytic, local means, atoms, ap-
proximations, differences, ...) that may lead to different Besov spaces for certain parts
of the parameter range (1), see, e.g., [8] for a brief introduction to function spaces of
Besov-Hardy-Sobolev spaces on R? and on domains. We consider the by now standard
Besov spaces Bj (I?) of distributions defined in terms of Littlewood-Paley type norms
(or equivalently, in terms of atomic decompositions or local means), and the classical

Besov spaces B; , (I 4) of functions defined by first-order differences (or, equivalently,
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by best approximations with dyadic step functions). In the parameter range (1), these
two scales of Besov spaces coincide up to equivalent quasi-norms if and only if

d/(d+1)<p<1, 0<g<oo, d(l/p—1)<s<l. (2)

In [7] it was proved that H? forms a Schauder basis in Bj (I?) in the parameter
range (2), see also [8, Section 1.7.2] and [9, Section 2.5.1], where additionally the un-
conditionality of the Haar basis was established. Moreover, it was also shown that the
Haar system cannot be a Schauder basis in B;q([d), 0<p<1,0<q< o0, if either
s <d(1/p—1) or s > 1. Recently, there has been renewed interest in investigating low-
order spline wavelet systems such as the Haar and Faber-Schauder systems and their
multivariate counterparts as bases in Besov-Hardy-Sobolev spaces on R? and I¢. We
refer e.g. to [9, 10, 3] and the many references cited therein. However, for B3 (I 4) the
limiting cases s = d(1/p — 1) and s = 1, which were not settled in [7], are still open.
We also mention the recent paper [11] directly related to this note, where the authors
study necessary and sufficient conditions on the parameters p, q, s, 7 for which the map
f = (fixra)r, = [;a fdx extends to a bounded linear functional on Besov-Morrey-
Campanato-type spaces B;:g(Rd).

As to Besov spaces defined by differences, in [4] it was shown that for 0 < p < 1
the univariate Haar system H is a Schauder basis in B; (1) if 1/p —1 < s < 1/p and
0<g<oo If0<s<1/p—1,then By ,(I) has a trivial dual space, and thus cannot
possess a Schauder basis. For s > 1/p, 0 < ¢ < oo, the spaces B; (/) degenerate to
containing only constant functions. In the only remaining limiting case s = 1/p — 1, the
proof in [4] established the Schauder basis property of the Haar system H in B;  (I)
also for 0 < ¢ < p while for the parameter range p < ¢ < oo the question was left open.

Our main goal in this paper is to settle the limiting cases for both scales of Besov

spaces. In Section 2 we will prove the following:

Theorem 1 Letd =1,2,..., and let p,q, s satisfy (1). The Haar system H¢ (equipped
with any of its natural enumerations) is a Schauder basis in the Besov space B;’qﬁl(]d)
if either

dl/p—1)<s<l1/p, (d=1)/d<p<1l, 0<gq<oc. (3)

or if
s=d(1l/p—1), (d-1)/d<p<l1l, 0<q<np. (4)

s

s o1(I%). More precisely:

In all other cases, H? cannot be a Schauder basis in B

i) Let 0 < ¢ < oco. If0 < s <min(d(1/p—1),1/p) then B, (I%) has a trivial dual,

while for s > 1/p it degenerates to containing only constant functions.

i) If s=d(1/p—1), (d—1)/d < p < 1, then we have two cases:



a) If 1 < q < oo then the coefficient functionals of the Haar expansion which are
uniquely defined on span(H?) cannot be extended to bounded linear functionals

on Bd(l/P—l) (]d) ’

D,q,1
b) If p < q < 1 then the partial sum operators of the Haar expansion are not
uniformly bounded on Bqu17/1p_1)([d).

For d = 1, the statement of Theorem 1 except for part ii) has been established in [4] using
characterizations of By, (I) in terms of best approximations by dyadic step functions.
This approach carries over to the case d > 1. The assertions in part ii) are new, and
follow from modifying the univariate examples used in [4] (see the lemma on p. 535

there).
As will be clear from the proofs, the formulation of Theorem 1 carries over to the

Haar system on R? and the Besov spaces B? | (R?) without change. Similar results are

D,q,1
expected to hold for Besov spaces Bqulép _1)(1 ) defined in terms of r-th order differences,

r > 1, and multivariate spline systems of higher order, such as the Franklin system. As
to assertion ii) a), we do not know whether BZS’/lp M) (I%) has a nontrivial dual for ¢ > 1
at all.

In Section 3, we deal with the standard Besov spaces Bj (I?) and use their char-
acterizations in terms of atomic decompositions and local means to prove the following
result.

Theorem 2 Letd =1,2,..., and let p,q, s satisfy (1), where additionally d(1/p—1) <
s < 1. The Haar system H? is a Schauder basis in the Besov space By (1) if either (2)
or

s=d(l/p—1), d/(d+1)<p<l, 0<qg<p. (5)

holds. In all other cases, H® cannot be a Schauder basis in B;’q(ld). In particular,

i) Ifs=1,d/(d+1) <p<1,0<q< o0, then the Haar expansion of the smooth
function f(x) = 14 ...+ x4 does not converge to f in B (I?)

i) Ifs=d(1/p—1),d/(d+1) <p<1, p<q< oo, wehave again two cases.

a) If1 < q < o0, then the coefficient functionals of the Haar expansion which are
uniquely defined on span(H?) cannot be extended to bounded linear functionals

on Bg,(ql/l’*l) ([d> _

b) If p < q < 1, then the partial sum operators of the Haar expansion are not
uniformly bounded on BeG/"V (1),

Compared to [7] only the proof of the Schauder basis property for the parameter range

(5), the limiting case s = 1 in part i), and part ii) of Theorem 2 are new. The theorem

holds for the suitably enumerated Haar system on R? and the spaces B;yq(Rd) without



changes in the formulation. The result of case a) in part (ii) is also covered by [11,
Corollary 2.7, (ii)].

Acknowledgments. This research grew out of discussions with T. Ullrich who shared
the preprint version of the paper [3] with me, and encouraged me to reconsider the open
problems in [4]. T. Ullrich also pointed out the counterexamples for part ii) in Theorem
2 which are reproduced here with his permission. His contributions and interest are
gratefully acknowledged. We also thank W. Sickel who made an early version of [11]
available to us.

The work on this paper started during a recent stay at the Institute for Numeri-
cal Simulation (INS) of the University of Bonn sponsored by the Hausdorff Center for
Mathematics and the Deutsche Forschungsgemeinschaft (DFG). I thank my colleagues
at the INS for the fruitful and friendly atmosphere, and the above named institutions
for their support.

2. Proof of Theorem 1

2.1. Definitions and preparations

Recall first the definition of the Lo-normalized Haar functions. By yq we denote
the characteristic function of a Lebesgue measurable set Q C R?, and by Ag; = [(1 —
1)27%i27%) i = 1,...,2% the univariate dyadic intervals of length 27% k = 0,1,....
Then the univariate Haar system H = {h,, };men on I is given by hy = x;, and

9(k=1)/2(

. k—1
hok-1,; = XAg2i_1 _XAk,Zi)7 1=1,...,2"7, keN.

As is well known, the Haar functions h,, with m > 2 can also be indexed by their sup-
ports, and identified with the appropriately scaled shifts and dilates of a single function,
the centered Haar wavelet

ho :== X[-1/2,00 — X[0,1/2]- (6)

Indeed,
hay y, = har-1y = | A1 Pho(28 - —i + 1/2)

fori=1,...,2*! and k € N. The above introduced enumeration of the Haar functions
h., is the natural ordering used in the literature, however, one can also define H as the
union of dyadic blocks

H = U2 Hy, Ho={m}, Hp={ha_,,:i=1...,2"" keN,

and allow for arbitrary orderings within each block Hj. Below, we will work with the
multivariate counterparts of the spaces

Sk = span({hm}2_1) = span({xa, . }20y),  k=0,1,...,

of piecewise constant functions with respect to the uniform dyadic partition Ty = {Ag; :
i=1,...,2%} of step-size 27% on the unit interval I, which we call for short dyadic step
functions of level k.



Consider now the isotropic multivariate Haar system H¢ on the d-dimensional cube
I¢, d > 1, which we define in a blockwise fashion as follows. Let the partition T be the
set of all dyadic cubes of side-length 27% in I¢. Each cube in T is the d-fold product of
univariate Ay ;, i.e.,

T]g:{Ak,i = Akz,il X ... X Ak’yid Ci= (il,...,id) S {1,,2k}d}

The set of all piecewise constant functions on T,f is denoted by S,‘f. With each Ay_;; €

T¢ | ie{l,...,2"1}4 k € N, we can associate a set H,ii C S¢ of 24 — 1 multivariate
Haar functions with support Ay_4 ;, given by all possible tensor products
¢k7i1 (ZL‘1> ’ ¢k,i2 (Iz) et ¢k7id (md)v @/}kﬂ' = hAk—l,i or Q(k_l)/QXAk—l,i

where at least one of the ¢y ; equals ha,_, .
The blocks H{ that define the d-dimensional Haar system

H = UZO:OHI?

are given as follows: The block H{ is exceptional, and consists of the single constant
function x;a. The block H¢ coincides with Hﬁ , and consists of 2¢ — 1 Haar functions
(we use the notation 1 = (1,...,1), 2= (2,...,2), etc.). For general k > 2, the block
d d
Hy = UAk_l,ieT;j_l Hk,i
consists of (2% — 1)2*~V4 Haar functions which we call Haar functions of level k. It is
obvious that

Sk = span(U_oHY'),

and that H? is a complete orthonormal system in Lo(I?). Since each Haar function
in H¢ has support on a d-dimensional cube, we call this system isotropic Haar system
(in contrast to the d-dimensional tensor-product Haar system, where the supports of
the Haar functions are d-dimensional dyadic rectangles). As mentioned before for the
univariate case, the ordering of the multivariate Haar functions within the blocks Hg
can be arbitrary. The statements of Theorems 1 and 2 hold for any enumeration of H¢
as long as the enumeration does not violate the natural ordering by level k.

The Besov spaces B§7q71([ 4) considered in this section are defined for s > 0,0 < p, ¢ <
o0, as the set of all (equivalence classes of) Lebesgue measurable functions f : I? — R
for which the quasi-norm

I.f]

s
prqyl

= | fllz, ) + ||t_s_1/qw(ta Hollz,m
is finite. Here,

w(t, fp = sup [[AyfllL,u), t >0,
0<ly|<t

stands for the first-order L, modulus of smoothness, where
Ayf(x) = flx+y) — f(z), T € Ij ={zeI%: 2+yecI¥, yeR?
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denotes the first-order forward difference. Here and throughout the paper, we adopt
the following notational convention: If the domain is /¢, we omit the domain in the
quasi-norm notation, e.g., we write || - ||, instead of || - || (;a). Also, by ¢, C" we denote
generic positive constants that may change from line to line, and, unless stated otherwise,
depend on p, ¢, s only. The notation A ~ B is used if cA < B < C'A holds for two such
constants ¢, C'.

For the case 0 < p <1, 0 < ¢ < oo we are interested in, Bz’q,l(]d) is a quasi-Banach
space equipped with a 7-quasi-norm, where v = min(p, ¢), meaning that || - |
homogeneous and satisfies

.
If +ols < If

Similarly, the L, quasi-norm is a p-quasi-norm if 0 < p < 1. All spaces introduced in
the sequel have y-quasi-norms for some suitable v € (0, 1].

For the parameter region (1), the spaces are nontrivial only if s < 1/p. Indeed, if
feB; ) for some s > 1/p then using the properties of the first-order L, modulus
of smoothness we have w(t, f), = o(t'/?), t — 0, which in turn implies w(t, f), = 0 for
all t > 0 and f(x) = £ for some constant £ € R almost everywhere on I¢. From now on,
we can therefore restrict ourselves to 0 < s < 1/p in (1).

In this section we will exclusively work with an equivalent quasi-norm based on

approximation techniques using piecewise constant approximation on dyadic partitions.
Let

is
B;%I

v ¥
B, + ||9| B: .

Ey(f)p = inf ||f —s|z,, k=0,1,...,
SESg

denote the best approximations to f € L,(I¢) with respect to Sg. From [5, Theorem 6]
for d =1, and [1, Theorem 5.1] for d > 1 we have that

1fllag,, = Iz, + (22 Ex(f),)") (7)
k=0

provides an equivalent quasi-norm on B;q’l(]d) forall 0 <p <1, 0<qg<oo 0<
s < 1/p. This norm equivalence automatically implies that the set of all dyadic step

functions
S = span(H") = span({S;}iZo) (8)
is dense in BS (1) for all those parameter values. Note that in [1] the case 1 < s < 1/p
is formally excluded in the formulations but the proofs in [1] extend to this parameter
range as well.
At the heart of the counterexamples used for the proof of Theorem 1 is the following
simple observation which we formulate as

Lemma 1 Let (Q, A, 1) be a finite measure space, and f € L,(Q) := L,(Q, A, pn), 0 <
p < 1, be supported on Q' € A, where (V') < 1u(Q). Then

1 fllz, @) = %Ielﬂg 1f =&z,

i.e., best approximation by constants in L,(S2) is achieved by setting & = 0.

6



Proof. Indeed, under the above assumptions and by the inequality |a + b|P < |a|P + |b|P
we have

I =l = [ 17@) =P dute) + @ @)leP = [ (1F(0) = &P + IeP) dute)
> [ 1@ dut) = 1110

for any ¢ € R, with equality for & = 0. This gives the statement. ]

Note that the equivalence (up to constants depending on parameters but not on f)
between L,, quasi-norms and best approximations by constants holds also for p > 1 and
under weaker assumptions on the support size of f (e.g., u()/u(Q2) < § < 1 would
suffice). We will apply this lemma to our examples of dyadic step functions constructed
below, and to the Lebesgue measure on dyadic cubes in I¢, where the step functions
are not constant. Extensions to higher degree polynomial and spline approximation are
possible as well (see the proof of the Lemma on p. 535 in [4] for d = 1).

If H? is a Schauder basis in a quasi-Banach space X of functions or distributions
defined on I¢ then necessarily S? = span(H?) C X and any dyadic step function g € S¢
has a unique Haar expansion given by

oa) = 3 enloh(e). al)i= [ ghds )

heHd

Since for g € S¢ only finitely many coefficients c;,(g) do not vanish, the summation in
(9) is finite, and there are no convergence issues. Thus, for the Schauder basis property
of H% in X to hold, the coefficient functionals c;,(g) must be extendable to elements in
X', and the level k partial sum operators

(Prg)(z) :Z Z cn(9)h(z), k=01,..., (10)

=0 heH{

must be extendable to uniformly bounded linear operators in X. When applied to
the case X = B, (I ) considered in this section, this explains that the statements in
Theorem 1 i)-ii) imply the failure of the Schauder basis property of H* in B}, (I¢) for
the associated parameter ranges. The same is true for X = BS (I?) and Theorem 2
considered in Section 3.

For X = L,(I%), B, extends to a bounded projection on L;(I%) with range S¢, and
with constant values on the dyadic cubes in T explicitly given by averaging. This
comes in handy when computing Py f for concrete functions f. Indeed, the constant
values taken by Py f on dyadic intervals in T are given by

Puf(z) = ava(f), z€A, AT  fe L%, (11)

where the functionals

ava(f) ::de/dXAfdxzzkd/Afdx, AeT! k=0,1,..., (12)
I
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represent the average value of f on dyadic cubes (we will call them for short average
functionals). Note that coefficient functionals ¢y, are finite linear combinations of average

functionals as defined in (12), vice versa. Finally, for X = Lo(1%) C L(I?) the level k
partial sum operator P, realize the orthoprojection onto S¢.

2.2. Proof of Theorem 1: Positive results

For d = 1, the cases in Theorem 1, where the Schauder basis property can be
established, are covered by [4]. The proof for d > 1 does not hold surprises, we give it
for completeness. By density of S¢ = span(H?) in the quasi-Banach space B?, | (14), it
is sufficient to establish the inequality

P:q,1

. g€ S, (13)

pl_

for any partial sum operator P of the Haar expansion (9), with a constant C' independent
of g and P, for the parameters satisfying (3) or (4). According to our ordering convention
for H¢, any such partial sum operator P can be written, for some k = 0, 1, ... and some
subset H{, | C H{ ,, in the form

Pg = Prg+ Z cn(9)h € Siy. (14)

held,

For f[,‘jH = (), we get P = P}, as partial case.
The first step for establishing (13) is the proof of the inequality

I1Pglly, < 200> gll7, ). (15)
A€eTY

with the explicit constant C' = 2¢. By (11) and (12), we have

p
Il = 3 274 (2 [ gae) <290 3 Yol

AeTd AeTg

The remaining h € H{ 11 can be grouped by their supports (which are dyadic cubes
A € T by construction), where each group may hold up to 2¢ — 1 Haar functions with
the same supp(h) = A € T. Individually, by the definition of the Haar coefficients
cn(g) and the scaling ||h| 1. (a) = 2592 of the Haar functions in H{ ;, we obtain for each
term associated with a Haar function in such a group the estimate

lew(g)hllE, = len(@) PRI, ay < 257219l (a) - 2725%/2 = 20D g|[} 4.

Thus, applying the p-quasi-norm triangle inequality for L,(I¢) in the appropriate way,
we obtain (15).



Now we apply the embedding theorem B, Wp 1)([d) C Ly(I%), with the appropri-
ate coordinate transformation, to the terms || g|| 7.(a) (the stronger, optimal embedding

Bfo’/lp 1)([d) C Ly(I%) is covered by [1, Theorem 7.1]). This gives

HQHZ(A) < Cde(l_p)(HgHiP(A) + Z 21d(1_p)Ek+l(9)§,A)
1=0

for each A € T, where

Ek-‘rl(g)p,A = lg{; ||g_3||Lp(A)7 l :07]-’"'7

sE k41

denotes the local best L, approximation by dyadic step functions restricted to cubes A
from T{. Since

||g||p Z ||g||LP(A Ek-i—l Z Ek-H pA7 lzoa]-a"'7

AeTg AeTg

after substitution into (15), we arrive at the estimate

1Pl < Clgly, +24¢70 Y 290D E(g)p) (16)
=k

for the L, quasi-norm of any partial sum Pg.
With the auxiliary estimate (16) at hand, we turn now to the estimate of the Besov
quasi-norm of g — Pg. Since Pg € S, |, we have

E(g— Pg), = Ei(g)p, 1>k,
while for [ < k the trivial bound

Ei(g — Pg)p < Hg - PQHLP(N)

will suffice. This gives

lg — Pyl as

P,q,1

= llp = Pgll, + O _(2"Ei(g — Pg),)")"
=0

<C (2"““9 — Py, + (> (QZsEz(g)p)q)l/q> : (17)

I=k+1

uniformly for all P and g € S%.
To deal with the term ||g — Pg||r,, we introduce the element s, € Si of best L,
approximation, i.e.,
lg = skllz, = Ek(9)p,

9



and estimate with (16) and Psy = Pys = sy as follows:
lg—Pally, < lg—sullz, +1P(g— s,

< g — sk.||jzp + C(llg — sll® any T okd(p—1) Z MO-P (g — )
I=k+1

< C2MED N "l ) (g1 (18)
1=k

Thus, since s =d(1/p—1), (d—1)/d < p <1, and ¢/p < 1 according to (4), for the
first term in the right-hand side of (17) we get

0o a/p\ 1/ . 1/q
240/0=D)|g— Py, < C (Z 2“<1—I’>El<g>z> (Z (@8 >p>"> =
1=k 1=k
where the inequality
doa<Q a) w20, 0<y<L, (19)

has been used with v = ¢/p, @y = 2¥0"P Ey(g)2 for | > k, and a; = 0 for | < k. After
substitution into (43) we arrive at

o0

1/q
lg = Pyl yacjp-» < C (Z(leEz(g)p)q> < Cllgll aacrzp—n (20)

=k

for all g € S? if the parameters satisfy (4). Since the quasi-norm in A3 (%) is a
min(p, ¢)-quasi-norm, (20) is equivalent with (13). This proves the Schauder basis prop-
erty for H% in B}, 1(I 4) for the parameters satisfying (4).

For the parameter range (3), i.e., when d(1/p—1) <s < 1/p, (d—1)/d < p < 1,

0 < g < 0o, we can apply the Hardy-type inequality

o0 oo

(Za p < O Q/p2 k6<2(2leal)q))1/q’ € > O’ k= 07 17 o

=k =k

valid for non-negative sequences {¢;} and all 0 < p,q < co. Setting e = s —d(1/p —1)
and q; = 2!4Y/P=DE)(f),, from (18) we obtain

2%l — Pyllz, < C28CAWrDI(Y "M E(g)n) P < C() 2 Ei(g)f)'/".
l=k l=k

It remains to substitute this into (17) and proceed as above for the parameter range (4).
This concludes the proof of the Schauder basis property for all parameters satisfying (3)
or (4).

10



2.3. Proof of Theorem 1: Negative results

We first deal with part i), and follow the proof given in [4] for d = 1. The case
s > 1/p has been discussed before. Let 0 < s < d(1/p—1),0<p<1,0< g < oo, and
assume that F is a bounded linear functional on B | (I). For any dyadic cube A € T
of side-length 27% we have by Lemma, 1

IxallL, = Ei(xa)y =277 1=0,...,k—1, Exa)y =0, l=kk+1,...,

and consequently

k-1
ap,, =27MP(L (Y2 ORI AET, k=01,
=0

By linearity and boundedness of F' this implies
Fixa)l = | ), Flhal< D> [Fxal
AETHA'CA A'ETHA'CA

S C Z ||XA/ AIS7L1 L S OQ(l—k‘)d2l(s—d/p) — CQ—deZ(S—d(l/p—l))7 [ > ]{}7
AeTE: N CA

for any given A € T¢. Here C also depends on F. If we let | — oo, we obtain F((ya) = 0
for all dyadic cubes, and by linearity F(g) = 0 for all ¢ € S¢ = span(H?). Since the
dyadic step functions are dense in B2, | (I?), this shows F' = 0, i.e., the dual of B (I )
is trivial.

The counterexamples proving the statement in part ii) of Theorem 1 are new even
for d = 1 (actually, subcase b) disproves our conjecture concerning the parameter range
p < ¢ <1 made in [4]). Consider first a), i.e., assume that s =d(1/p—1), (d—1)/d <
p < 1,and 1 < ¢ < co. Proving that the coefficient functionals in (9) cannot be extended

D,q,1

boundedly from S¢ to B, (1/ p-1) (I?) is the same as proving this for the average functionals
avp defined in (12) for arbltrary dyad1c cubes and g € S¢ C L;(I¢). Since for the above

parameter range the Besov space B, ql{p b (Id) is not embedded into L!(I%), see [4, 5, 1]
for the corresponding embedding theorems, we see the problem.

We provide the argument for the average functional av;« associated with the dyadic
cube A = % € T¢, by showing that there is a sequence g, € S? of dyadic step functions

which is uniformly bounded in Bz(ql /lp 1)(I 4) and such that

avpa(gr) = /d g dx — 00, k — oo. (21)
I

By dilating and shifting these gy to fit their supports into an arbitrarily given dyadic
cube A, similar examples can be obtained for all average functionals in (12). Since we do
not attempt to show quantitative lower bounds for the divergence in (21), the following
construction suffices for d > 1, the modification for d = 1 is stated below. Set

k
gk = Z AjXA 25 a; =271 jeN. (22)

J=1

11



This is a dyadic step function which takes positive values a; on a sequence of non-
overlapping dyadic cubes A2, j =1,...,k, located along the main diagonal of I¢, and
is otherwise zero. Thus,

k k
AT = 27l = 1> clog(k + 1),
/I . g ]21 j ]Zl J g( )
and (21) is established.

For d > 1 these g; also satisfy the assumptions of Lemma 1 with respect to any
dyadic cube A, where gy, is not constant (if g5 is constant on a dyadic cube, its best L,
approximation by constants on this cube is obviously zero). This allows us to compute
the best approximations of g exactly:

k k
1> axagalln, = () a2

j=l+1 J=I+1
< O7WA/p=( )7 1=0,...,k—1
=0, l=kk+1,...
d(1/p—1)

Substituted into the expression for the A quasi-norm, this gives

D:g,1

k—1
||gk||qu(l/p—1) = Z l—f—l l/q k=1,2,...,
Pt 1=0

which shows the uniform boundedness of the sequence g in AZSﬁp Y since q > 1in case

a). Here, we have silently used that ||gx||z, = Eo(gk)p by Lemma 1. For d = 1, to enable
the application of Lemma 1 also in this case, a modified definition of the g, e.g.,
k
9k = Zaj+1XAj+1,37
j=1
will do, the details are left to the reader. Note that the above sequences g, converge
to a limit function f € B, ;/f? V(1) which does not belong to Li(I%), for d = 1 similar
examples were used in [4].
In case b), i.e., when s = d(1/p—1), (d—1)/d < p < 1, p < q < 1, the coefficient
functionals in (9) and the dyadic averaging functionals (12) can be extended to bounded

d(1/p= 1)(Id) Thus, the level k partial sum operators P, defined in

P,q,1
(10) can be extended to bounded operators acting in Bz(ql/lp 1)(] 4). However, they are
not uniformly bounded as will be shown by a different type of examples. Fix k =1,2,.. .,
and consider the 2¢=1? dyadic cubes Ag;in T,gl for which all entries of i are odd. Select
dyadic subcubes Ay, ; of shrinking side-length 27577, j = 1,2,...,2(=1D4 one in each of
them. Then we define

o(k—1)d

gr = Z bk,jXAka brj = Q(kﬂ')dj—l/p7 j=1,... 72(k—1)d'

linear functionals on B

12



will do. The construction of this gy is such that Lemma 1 is again applicable, locally
on each dyadic cube where g is not constant. This allows us to compute the best
approximations Ej(gy), as follows: For I =0,...,k, we have

o(k—1)d

Ey(gr)y = llgrllz, = Z 2*(j+k)dbi7j < 9 kd0=p) — cro—hsp.
=1

Forl=Fk+1,..., k+2% 19 _1 we get similarly

o(k—=1)d
El(gk)g — Z 2_(k+j)dbi7j < Cz—ld(l_p)(l — k)_p — (2 ksp. 2—(l—k)sp(l _ k)_p(l _ k)_l

j=141-k

while E;(gi)2 = 0 for | > k+2*D? Thus, with these formulas for the best approxima-
tions Ej(gx), and the substitution j = [ — k for [ > k, one arrives at

o(k—1)d_q

HngAd(l/lp’U < (O27ks Zzlsq+2ksq Z 2154 . 9754 Q/p)l/q
P,q,

< C’(1+(Zj_q/p)1/q)§0<oo, k=1,2,...,

J=1

since g > p.

On the other hand, by (11) the level k partial sum Pgy, of gy, is constant on dyadic
cubes in T¢, and equals 28 . 2~ (k+7) dpy, ; = 2kdj= /P on the cube Ay containing Ak+],
7=1,. Z(k 1)d , and vanishes on all cubes Ay ; for which at least one entry in i is even.
The latter property ensures that Lemma 1 is also applicable to Pggx, and gives

o(k—1)d 9(k—1)d
E\(Pegr)y = | Prgelly, = Z gk gkdnjt — g Nl > o R,
7j=1

for/ =0,1,...,k — 1. Consequently,

k—1
HngAZ(;/Ipm > 02*’“/{;1/19(2 leq)l/q > cklP,
N 1=0

which shows that the partial sum operators Py, are not uniformly bounded on B

for (d —1)/d < p < q. This concludes the proof of Theorem 1.

We have not made any attempt to obtain the exact growth of norms of partial sum
operators in part b) of Theorem 1. For s = d(1/p—1) and (d —1)/d < p < ¢ < 1, the
above considerations give the lower bound

1/p N
HPkHBzféﬁp’”ﬁBch}ﬁp*” > ck'?, J=12,...,

13



which is certainly not optimal. If one takes by, ; = 24~ with a = 1/¢ + € and small
enough € > 0 in the above definition of g; then the better estimate

k(1/q—1/p—
1Py 2 @070, k=12

results, where ¢ > 0 depends also on e.

On a final note: In the literature (with the exception of [4, 5]), for 0 < p < 1 the Besov
spaces BS (1) defined as subspaces of L,(I%) using r-th order moduli of smoothness
are only considered for the values 0 < s < r (see, e.g., [1, 8]). The reason is two-fold:
It is known that for r < s <r+41/p—1, 0 < ¢ < 0o, the spaces B} .(I?) are strange:
With the exception of polynomials of degree < r, smooth functions from C"(I%) cannot
belong to B;, @ (1), while C"2-smooth dyadic splines of degree r — 1 are dense in these
spaces. This is counter-intuitive, and makes their usefulness in applications doubtful.
Moreover, the spaces B ([ 4) defined by the Fourier-analytic approach that dominate
the scene coincide with Bf, o 4) (in the sense of having equivalent quasi-norms) only
in the range d(1/p — 1) < s < r. In other words, our new results on the properties of
the Haar system H? in Besov spaces BS (%) for the limiting case s = d(1/p — 1) do
not automatically answer the same question for the scale B; (I 4). The latter will be
considered in the next section.

3. Proof of Theorem 2

3.1. Definitions and preparations

The role of the Haar system as Schauder basis in the Besov spaces B, (I 4) with
0<p<10<qg< o0, s €R, defined in Fourier-analytic terms has been examined
by Triebel [7] (see also [8, Theorem 1.58]) who settled all but the limiting cases s =
dl/p—1),d/(d+1)<p<1,0<g<oo,and s=1,d/(d+1) <p<1,0<q< o0
Theorem 2 gives now answers in the limiting cases as well.

The definition of B (I1?) is reduced by restriction to the definition of B (R?):

nf /]

B = {f =l [ € Bu(®) 1y, = ik

Bg ,(R%)- (23>

s =
Bp,q

The definition of B;’q(Rd) will be given in terms of atoms, for the equivalent definition in
Fourier-analytic terms and a short review of the various definitions for spaces on R? and
on domains we refer to [8, Chapter 1|. Since we are only interested in the limiting cases
of low smoothness s = d(1/p—1) < 1 and s = 1 in (1), some simplifications are possible.
Let us go to the details. For the parameter range d(1/p — 1) < s < 1 of interest, take
any o > s (note that for s < 1 it is always possible to take s < ¢ < 1), and consider the
set of all Holder class functions a € C°(R?) with support in a fixed cube of side-length
Cp > 1 centered at the origin, and with C?(R?) norm bounded by Cy. Denote this set
for short by Cg, . Functions of the form

a;i(z) = a(2z — 1), a€Cg,, iecz? (24)

14



are called atoms of level 0 if j = 0, and atoms of level j = 1,2, ... if additionally

/ aj,idx:/ a;;dr =0, j€N.
Rd Rd

This latter additional condition is necessary for the following statement only if s =
d(1/p — 1), the case we are most interested in.

Lemma 2 Let d(1/p—1)<s<o,d/(d+1)<p<1,0<qg<oo, andcy> 1 be fired.
Then [ € B (R?) if and only if

fl@)=)" cuazlz) (25)

Jj=0 iezd

(unconditional convergence in S'(RY)) for some atoms a;; specified by (24) and with
coefficients such that

0 Q/P
Z 9i(s—d/p)g (Z |Cj7i|p> < o0,
=0

iezd
Moreover,

171

B;yq(Rd)u (26)

[e%) 1/(1
Eii,q(ﬂ%d) = inf <Z{; QJ(Sfd/P)Q(Z |Cj7i‘p)q/p) ~ || f]
]:

iezd
where the infimum is taken with respect to all possible representations (25), is an equiv-

alent quasi-norm on B;q(Rd). The constants in the norm equivalence depend on o, Cy,
and p,q,s.

This statement is covered by [8, Corollary 1.23 (i)], where references to the history
of atomic characterizations of function spaces can be found. Note that our atoms corre-
spond to the 1,-atoms (j = 0) and (s,p),1-atoms (j = 1,2,...) of Definition 1.21 in [§]
but are scaled differently. Instead, the necessary scaling has been incorporated in the
definition of the atomic quasi-norm (26). Below, we will apply this lemma with values
o > 1, and appropriately fixed Cj, to obtain upper bounds for (atomic) Besov norms.

In some cases, especially for obtaining lower bounds for Bqu(Rd) quasi-norms, it is
more convenient to use characterizations in terms of local means

k(t, f)(z) = (k' * f)(x) == / Kz —y) f(y) dy, k' (x) =t (t 7 x), t>0, (27)
R4
where the kernel x € C*°(R?) has support in the cube [—1/2,1/2]¢, and satisfies

KY(E)#0, 0<¢ <e, (D*(Y)(0) =0 if |af < s, (28)

for some € > 0. Here, k" denotes the Fourier transform of x. For s < 1, the moment
condition in (28) reduces to requiring



while for s = 1 we additionally need also orthogonality to linear polynomials:

/ xik(z)dr =0, i=1,...,d.
Rd

We also fix another kernel xy € C*(R?) with support in the cube [—1/2,1/2]¢ which,
instead of (28), satisfies

kY (0) = /R o) dz > 0.

By applying [8, Theorem 1.10], we have the following characterization in the range
of parameters of interest to us.

Lemma 3 Let0 < s <1,0<p<1,0<q< oo, and let the kernels K, kg satisfy the
above conditions. Then

1/q
E;q(Rd = (”’%(1 f Hq (Rd) Z2J$q|| (27 7, Hq )) ||f‘

The constants in the norm equivalence depend on K, kg, and p,q, s.

1]

B.s q(Rd

We conclude this subsection by a technical result which shows how to reduce esti-
mates for partial sum operators P associated with the Haar expansion (9) of functions
on I? to estimates for similar operators acting on functions defined on R?. To this end,
to any P given by (14) we associate its extension

k+1

for f € L1 10¢(R?), where A runs through all dyadic cubes A of side-length 27% in R\ 14
In other words, we define P outside I by P, the natural extension of the level k partial
sum operator Py to functions on R?. Other extensions are possible, this one simplifies
some considerations below. In particular, P f has the following properties which we use
throughout the rest of this subsection. First of all, it is piecewise constant on dyadic
cubes A € T¢ outside I% and A € T} ', inside I?. Here, and in the following, T denotes
the collection of all dyadic cubes of side-length 27% in R? (thus, T = TdﬂI ). Moreover,
in analogy to (11), we have

Pof(z) = ava(f); reAeTd, (30)

while by the definition of the Haar functions for each h € Hf,, we have

len(f)h] = Z aparava-(f)| Z apa-=0.  (31)

A"eTk_H A*Csupp(h) A*ETk_H A*Csupp(h)
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Because of shift-invariance, depending on the type of Haar function A and the location of
the cube A* relative to the cube supp(h) containing it, there appear only finitely many
different coefficient sets {ap a+} in (31). Consequently, the restriction of the difference

to any A* € T, can be bounded by the sum of differences |ava(f) — ava-(f)| of
averages with respect to neighboring dyadic cubes A’, A” € T, | belonging to the same
dyadic cube of side-length 2* as A*. This will be used in subsection 3.3 .

From now on, the notation f € Y is reserved for functions in Bs (R?) such that

f € S'(R%) is represneted by an atomic decomposition (25) satisfying
c;i=0 if supp(a;;) C RO (32)

For a given f belonging to a Besov space B, (I 4) for which Lemma 2 holds, we write
f € Yyif f €Y and f |;a = f. Then, by the definition of atomic quasi-norms we have

1/] inf /]
Fi=i

(33)

>
By, =€

+ _ . Fl+
By (RY) = ¢ inf ) Ilf] By (R):

|;a feyynBg  (R?

Lemma 4 Assume that the parameters p,q, s are such that Lemma 2 and 3 hold. Then
the operator P defined in (14) satisfies

I1Pf]

B;, < C|f]

p,q —

By ¢ f € B;,q([d>7 (34)
with a constant independent of P, if its extension P defined in (29) satisfies

1P f]

By < OIS, @ap  FEY DB RY, (35)

with a constant independent of P.

_ Proof. This follows by the locality properties of partial sum operators. By (35),
Pf e B; (RY) is meaningfully defined for f € Y;NB; (R?). Since f|;« = f, by definition
of P we also have

Pflja = PF.

Thus, Pf is an extension of Pf, and by the definition of the B; , quasi-norm, by Lemma
3, and by (35) we get

1PFllmg, < 1P Fllag ey < Il oy < CUFIS, gy

It remains to take the infimum with respect to f € Yy N B;q(Rd), and to apply (33).
Lemma 4 is proved. O
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3.2. The limiting case s = 1

We first deal with the case s =1, d/(d+ 1) <p <1, 0 < ¢ < oo, and show that for
f(z) =z + ...+ x4 we have

If = Pefllpy, >c>0, k=01, (36)

for some positive constant c. Since f ¢ span(H?), we have f — P, f # 0, and it suffices
to consider large enough k.

To obtain the lower bounds needed for (36), we compute lower estimates for the L,
quasi-norm of x(2-*+1 G})(x) for any extension G}, of f— P, f with a kernel & as defined
in subsection 3.1 for s = 1 (in particular, s is orthogonal to linear polynomials (28)).
To this end, we observe that inside I the difference Gy (x) = (f — Pof)(x) coincides a.e.
with the restriction to I of a suitably dilated and scaled single integer-shift invariant
function fy(z) given by

folx +i) = f(x)—d/2, 2€(0,1]%, icZ.

Indeed, we have
(f — Puf)(z) = 27% fo(2F), z el

which can be checked from the formula

(f = Pf)(z) = f(z) —ava(f) = f(2) = flaa) =27"f(2"(x —2a)), @ €A,

where A is an arbitrary cube in T¢, and za denotes the center of A.

Using the invariance of f — P, f with respect to shifts of the form 27%j inside I, and
the fact that x2~""" has support in a cube of side-length 2=*+1 centered at the origin,
we see that

R(270HY Gy () = 277 R(27 Y, fo(28)) (2) = 270K(1/2, fo) (2M)
holds for all z € [2=*+1D 1 — 2=(k+D])d Thus, for k > 1 we obtain

625D GOl ey = 275 16(L/2, fo) (25|, (a-t+0 1 _o-ternja)
> 27R((28 = 2)/25)7)k(1/2, fo)lln, = 27F,

for some constant ¢ > 0 depending on the kernel and p. By Lemma 3 we conclude that

If = Pefley, = 2 inf k@D, Gl 2 e k> 1,
k

which proves (36).

We finish the consideration for s = 1 with a remark concerning the special case
p = d/(d+1). In the proof of (36) we have not made explicit use of the restriction
d/(d+1) <p < 1. That (36) contradicts the Schauder basis property of H% in B} (I%)
as claimed in Theorem 2 is clear if d/(d + 1) < p < 1 since for this parameter range
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B} ,(I"),0 < q < 00, is continuously embedded into Ly (1) which ensures that the P, are
the right candidate to be considered for partial sum operators. Moreover, the embedding
also implies together with (36) that the set S? = span(H?) of dyadic step functions
cannot be dense in B} (I?), thus extending the similar statement for 1 < s < 1/p
proved in [7] to the case s = 1.

For p = d/(d + 1), we have d(1/p — 1) = 1 = s, and the continuous embedding
Bcll/(dﬂ)’q(fd) C Li(1%) holds only if ¢ < 1. For ¢ > 1, we cannot automatically exclude
the possibility that there are Haar series other than (9) representing the above f in
Bcll/(dﬂ)’q(fd). Nor do we know for sure if S¢ is dense in Bcll/(dﬂ),q(fd). However, even in
this special case H? cannot be a Schauder basis since case a) in part ii) of Theorem 2
applies (for the proof, see the next subsection).

We finally note that an example similar to f(x) = x; + ... + x4 has been used in
[3, Section 4] for showing lower bounds for B (R?) quasi-norm of the level k partial
sum operators Py if max(d(1/p — 1),1) < s < 1/p. This implies that the Haar system
on R? is not a basic sequence in B;’Q(Rd) for this parameter range, and strengthens the
result of Triebel [7]. As far as we know, the uniform boundedness of the partial sum
operators P on Bl (R?) has not been settled. This question is also open for B} (%),
as we only showed that f — P f does not converge to zero in the B;’q(f 4) quasi-norm
for some f € B, (I*) but did not provide upper bounds for s = 1).

3.3. The limiting case s = d(1/p — 1)
3.8.1. Counterexamples for p < q < oo

Throughout this subsection, we fix s = d(1/p—1),d/(d+1) <p < 1,and p < g < 0.
In particular, this implies s < 1 (with equality for p = d/(d + 1)).

We start with the statement in case b) in part ii) of Theorem 2. The corresponding
counterexamples have been suggested to me by T. Ullrich. They are similar to the
counterexamples for Theorem 1 but are now defined by linear combinations of special
atoms. For the latter, we fix a function a(z) = []°, ¢(z;), where ¢(z) € C®(R) is
a univariate odd function, supported in [—1,1], positive for z € (0,1), and such that
|allcs =1 for some o > 1. Obviously, if we define the functions a;;, i € Z9 for j > 1 as
in (24) from this a, then, with Cj suitably fixed, they represent atoms of level j > 1, and
we can apply Lemma 2 for any s < 1 to estimate B;yq(Rd) quasi-norms of their linear
combinations.

Consider the family of functions

ng
gr(x) = Zjﬂ/p?wﬂ)damj,ik,j (), g = (2" =17 k=34,...,
j=1
where the multi-indices iy ;, 7 = 1,...,n4, are chosen such that the support centers

Tpj 1= Tpyjh,, of the atoms ayj;, (v) are different, and coincide with the ny interior
vertices of T¢ ,. Note that ny ~ 2¥ as k — oo, and that gx(z) is a finite linear
combination of atoms with different scale parameters whose supports are well-separated.
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By (23) and Lemma 2 we have gy(z) € Biu/P™V(I?), p < ¢ < oo, with uniformly
bounded quasi-norm for all k£ > 3 since

Hgk”qu»((Il/p71) < ‘|gk|’quF(11/p71>(Rd)SO(Hngggfql/pfl)(Rd))q

ng
< C Z (k+)(d(1/p=1)=d/p) (j=1/po(k+i)dya

j=1
ng ng

= C) jr<C) j <o,
j=1 j=1

For convenience, we use the same notation g, for the extension by zero of g to RY.

On the other hand, since the centers xy,; of the atoms a1, , are located at the inte-
rior vertices of T , and have supports in cubes of side-length 2~ +7=1 their supports
are well-separated. Moreover, they have the same symmetry properties with respect to
their centers as the function

hi(x) := ho(z1) - ... - ho(wg)

has with respect to the origin. Here, hg is the univariate centralized Haar wavelet defined
in (6). Therefore, the Haar projection Pygy onto S¢ can easily be computed in explicit
form:

Nk
(Prgi) () =) byyg 2Wnd(2M (@ — ayy), k=34,
j=1
where by, ; is the average value of Akt j iy, ; OVET the cube in T,ff whose lowest vertex coincides
with xy, ;. This average value can easily be computed as

by, = 25 / a(2"y) dy = 2827 DNy = b2~ =1y,
0,2-+]4

where by = ( fol o(x) dz)? > 0 is a fixed constant. Thus, the formula for Pyg; simplifies
to

n
(Prgi)(x) = 002" > 57 Phi(28 (x — ), k=3,4,.... (37)
j=1
In order to get a lower bound for the Bg,(ql /p=1) quasi-norm of P.g,, we next compute

a lower bound for its local mean x(27%, Pygy)(z), where the kernel x has the properties
required for Lemma 3 to hold. E.g., we could set k = a(2-) with the above function a
because s < 1 and the dilation factor 2 ensures that supp(x) C [~1/2,1/2]¢. Since the
support cubes (denoted by Iy ;) of the terms hd(2%(z — x1;)) in the representation (37)
have side-length 2751 and are centered at x,; € T{ ,, they are still well-separated, and
we have

2(k—1)dj—1/P(n2_k * hg@k(- - $lcg)))(x)
= DUy e (20) Bz — )
ok=Dd;=1/p (15 & hd) (2% (2 — Trj), T € Iy,

k(27%, Pogr)(2)
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where we have used (24). Since the cubes I} ; are also well-separated from the boundary
of I, this lower bound holds for any extension Gj € S'(R%) of P.gx. Thus, since the
C* function « * hd is non-vanishing in a neighborhood of the origin by construction, we
obtain
ng
[6(27%, G2 - c2<k’—1>dpz jTroRd > cokde—) 1og(ny) > 2RV,
j=1

By definition of Besov quasi-norms on domains and by Lemma 2 we arrive at

HPkngBg(qupq) > Cipr HékH*Bg(;/p_U > C2kd(1/p_l)“l€(2_k, Gk)HLp(Rd) > ckl/P.
, . ,

(R)
This shows that for p < ¢ < 1 the partial sum operators P, which are well-defined
on the set of dyadic step-functions S? and extend by continuity to Bp(l/ P 1)(1 4) due
to the continuous embedding B;lﬁ} /P= 1)(.7 4y C Ly(I%), cannot be uniformly bounded on
Bgﬂ(ql/p_l)(ld). This contradicts the Schauder basis property for s = d(1/p—1),p < g < 1,
and finishes the argument for case b).

For case a) of part ii) of Theorem 2, we provide examples analogous to (22) in
subsection 2.3 which show that the average functionals ava defined by (12) on the
set of dgfadlc step functions S¢ cannot be extended to bounded linear functionals on

d(l/ P=U(14) if ¢ > 1. For simplicity, consider A = ¢, and define g, = gi|;a by the
atomlc decomp081t10n

k
G= b by=27""

This is, up to different coefficient notation and the replacement of characteristic functions
Xa,. by atoms ajo defined in (24) with the above function a, the same construction as
n (22). Obviously, by construction

avya(gr) Zb avya(a ZbQ jdbg—ng] > clog(k) — oo

as k — oo, while

Hglf”qu(ql/pr < Hng BaG/p= 1>(]Rd) = (HQkH B/ (Rd))q
k ng
< CZ(Qj(d(l/pfl)*d/p)jfl2jd)q — Czij <(C < o0,
=1 j=1

since 1 < g < oo.

3.3.2. Proof of the Schauder basis property for 0 < q <p
We now turn to case a) in part ii) of Theorem 2, where d/(d+1) <p < 1,0 < ¢ < p,
and 0 < s =d(1/p—1) < 1 can be assumed. Since for this parameter range the set of all
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dyadic step functions is dense in B;,q([ 4)_ it suffices to prove the uniform boundedness
of the partial sum operators

pzpk—i— Z Ch(')h

heH}

using Lemma 4, i.e., to establish (35) for all f € Y N Bg,(ql/p_l)(Rd). We proceed in
several steps.

Step 1. Using the properties of Pf, and in particular (30) and (31), we show that
Z 2jd(1/p*1)qH/1(2’j, ISJF)H%,,(W) <COst,, (38)

where s;1 is given by
1/p

Spyp =27k > lava (f) — avan ()P | . (39)

A ATETE  distoo (A,A")=0

In the case j > k, consider any cube A € T @ and denote the set of its neighbors in
T¢ by
n(A)={AeT!: AnA+#p}.
Recall from (30) that Ppf|a = ava(f). Since k27 (z — -) is supported in a cube of
side-length 277 centered at x and is orthogonal to constants due to the assumed moment
condition for the kernel k, for j > k and = € A we have

5@ PR@)| = 627, PI() — aua(F) (@) -
< |57, Bf() — ava( @) + 527, Pf - Bf)()].

Here, both terms in the right-hand side vanish only if the support cube of K2 (@ — )
intersects with the boundary of any of the dyadic cubes in T; ,f+1, where the piecewise

constant functions Pf , P,f may have jumps. The set of these # € A has measure
< 027927Fd=1 "and due to (30) we have the bound

6(277, Bf () —ava(f))(@) < C Y lava(f) —avs(f)],

Aen(A)

which in turn can be estimated by the sum of differences [ava( f) —vaar(f)| appearing
in (38) with neighboring A’, A” € T{, | belonging to the union of cubes in n(A). The
other term is similarly bounded since for x € A

8@ Pf = B)@) <Ol Y lenlDhOM oy, 2

heHf
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and we can apply (31). Thus, altogether we arrive at
Lo~ ~ / ~ ~. ~
k@ PR@I<CY laos(D) —avse(Pl, weAeTh ik (40

where ' indicates that the summation extends to all those neighboring dyadic cubes
A, A" in T, | which belong to the union of all cubes in n(A). This bound is only needed
on a subset of A of measure < ('2-92-k(d-1)

From (40) we get for j > k

k@ PO @y = D 1K@ PRI o
AT
< _j_k(d_l) ! / £ — " f p
< C Z 2 ZA/,N'@”A (f) — avar (f)]
AeTg
< Cghoighdp) 3 lavas(f) = avan(f)IF
ALATETE, s distoo (A7,A7)=0

—dia—k(d—
= (2727 Ma=bgr

where we have used that each term |avas(f) — avar (f)[P belongs to at most 3% neighbor-
hoods n(A). Taking the previous estimate to the power ¢/p and substituting the result
into the left-hand side of (38) leads to the desired estimate in (38). Indeed,

Z2jd(1/p71)q”,i(27j, Pf)Hqu(Rd) < C'Qk(l/zafd/p)qSzJrl Z 9—i(1/p=d(1/p=1))a < CQ*deSZH,
j=k j=k
since 1/p—d(1/p—1)<0ford/(d+1) <p< 1.

Step 2. For 1 < j < k, we start with

H"f(27ja PJE)HILP(W) < H"i(zij? JE - Pf)HZP(Rd) + ”’i(zij: J?)Hip(Rd)v

(similarly for j = 0 and ro(1, Pf )), and proceed with estimates for the term correspond-
ing to f—Pf (after substitution into the expression for the local means quasi-norm, the
other term will be automatically bounded by the right-hand side in (35)). This time we
use the fact that f — Pf has zero average on each dyadic cube A € T,f, and that the
kernel # is smooth. With the short-hand notation A4 for the support cube of K (x — ),
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this yields

IA

5277, f = Pf)(x)] >

AeTd: AnAL£0

S e =)~ s [ 1 - PG dy

AeTd:ANAL#D

jdoi—k P pF
xS 1= Piwldy

[t (- P dy]

IN

VAN

IN

iyt [|f-Pfla, weded,
AeTd: distoo (A,A)<Cr2-7 ¥ &

if the constant (] is suitably chosen depending on d. Since moment conditions of the
kernel x did not play a role in this part, the estimate will also hold for j = 0 and
Ko (L, f P f ). o~

We next compute the L,(R?) quasi-norm of x(277, f — P f):

k277, F = PHIE oy = D 1627, F =PRI,

ATy
p
< €Uk " gk > / |f = Pfldy
AeTy AeTd: distos (A,A)<Cr2-3 7 2
< Crgl=hp § ™ gk > ( / |f — Pf|dy)
ATy AeTd: distoo (A,A)<C1 277 A
< (2idp=1)9—k)p Z ([ |f _ pf’ dy)P
Aerg 74

_ 24D oi=kpg. j=1...k—1,

where in the change of summation step we used that the number appearances of integrals
over any fixed A € T¢ is bounded by C2%%=7). The notation

1/p
sei= | SO 17— Pfldyy (41)
AeTg /A

is introduced for convenience. The estimate also holds for j = 0 with s replaced by k.
This eventually gives

k—1 k—1
o, PAIG, gy + D 2 D27, PRI gy < C27H151 D201 < Csf.
j=1 j=0
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Together with (38), we arrive at
HPfH*BgS/p—l)(Rd) < Cspr1 + 5 + HfH*Bgfql/p—l)(Rd))- (42)

Step 3. It remains to deal with the terms s;, 1 and 55 in (42) which do not depend on
g. This task is reminiscent of the estimation of the right-hand side in (15) in the proof
of Theorem 1. We show all details for 5, the estimates for s;.; are analogous, we only
indicate the changes in the argument.

We explore the atomic decomposition (25) of fe Yﬂng/ P 71)(Rd), and observe that
for 0 < ¢ < p we have

||f||;gf;/p—1)(Rd) S CHf”Jl;gS/p_l)(Rd)'

Therefore, it suffices to set ¢ = p and to show that

s 1/p
§ <Oy 29 = (Z |Cj,i!p) 7 (43)
=0

since, after taking the infimum in (43) with respect to all atomic decompositions repre-
senting the same f, we get the desired bound

5 O vy < Ol e O< 4 <0
For each integral over a dyadic cube AeT, 4 in sk, we estimate
~ ~ o~ e ~
JIF=PRlac<y Y el [ o Paglde
A J=0 i supp(ajyi)ﬂA;é@ A

For j > k, we can estimate the relevant terms in the sum by
/ |aj; — Paj;| do < C/ lajs| de < C279%
A A

and each such term may appear only for < C' different A (this C' depends on Cj and d).
For j < k, we explore the C'! continuity of the atoms (recall that we assumed a € Cg,
with ¢ > 1 in (24)) which gives

|aji(z) — Paji(z)] < aji(z) —avala)] + > 252\ (a;4)]
heﬁg+1:supp(h):A

< CP7F ze A,

where C' depends on Cy, o, and d. Thus, in this case we get
/ laj; — ﬁaj7i| de < C2~Fko=Hd,
A
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where each such term appears for < C2* =94 different A.
Substitution into the expression (41) for s} in gives

o= Y ([ 1F-Phayy
Aefg 74
k 00
< o (LT a3 S e

j=0 iczd j=k+1iczd
k

- C (gk(—Hd(l/p—l))psz(—d/pﬂ)pc?? + Z 2—jdpcl?> _
J J

i=0 j=h+1
Since 1 — d(1/p — 1) < 0 for our parameter range p > d/(d + 1) implies
ok(=1+d(1/p=1))pgj(=d/p+1)p _ 9—(k—j)(1=d(1/p—=1))po—jdp < 9~ Idp.

this proves (43).

To estimate s}, ; by the right-hand side in (43), instead of the terms I/ — Pf”’zl@)

with A € T¢, we must now consider the terms

p
Q_kdp|ch/(f) — CL’UA//(f>|p = 2dp

A/fdy—/”fdx

/aj,idy—/ a;;dx
A/ 1

for neighboring dyadic cubes A/, A” in Tj,,1. But the estimates for the quantities

/aj,idy—/ a;; dz

in the two cases j > k and j < k look completely the same as the estimates for |la;; —
paj7i|| Li(A)- The remaining steps can be repeated without change.

Together with (42), we have shown the uniform boundedness of the partial sum
operators P in Bs (R?). This finishes the argument.

o

<2®} > |¢jl”

J=0 i€Z?: supp(a;,;)N(A'UA) D

p

p
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