Institut fur Numerische Simulation

Rheinische Friedrich-Wilhelms-Universitat Bonn

Endenicher Allee 19b « 53115 Bonn « Germany
phone +49 228 73-69828 - fax +49 228 73-69847
www.ins.uni-bonn.de

M. Griebel, J. Hamaekers

Generalized sparse grid interpolation based
on the fast discrete Fourier transform

INS Preprint No. 1902

March 2020






Generalized Sparse Grid Interpolation Based on
the Fast Discrete Fourier Transform

Michael Griebel and Jan Hamaekers

Abstract In [9], an algorithm for trigonometric interpolation involving only so-
called standard information of multivariate functions on generalized sparse grids has
been suggested and a study on its application for the interpolation of functions in
periodic Sobolev spaces of dominating mixed smoothness has been presented. In this
complementary paper, we now give a slight modification of the proofs, which yields
an extension from the pairing (7, 7. ) to the more general pairing (¢, /")
and which in addition results in an improved estimate for the interpolation error. The
improved (constructive) upper bound is in particular consistent with the lower bound
for sampling on regular sparse grids with r = 0 and s = 0 given in [4, 5].

1 Introduction

This is an addendum to our previous paper [9]. Throughout this article we will
use the definitions and notation given therein. As noted in [9], so-called sparse
grid based approaches [2, 12] have emerged as useful techniques to tackle higher-
dimensional problems, since they allow to break the curse of dimensionality under
certain conditions. For example, for the periodic Sobolev spaces
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of bounded mixed smoothness on the n-dimensional torus T" which, e.g. indeed
appear witht = % — &, r =1 for the solution of electronic Schrédinger equation [20], a
specific generalization of the regular sparse grid spaces based on Fourier polynomials
"X and associated Fourier coefficients fi with frequencies k from the generalized
hyperbolic cross

L = {keZ” T k) (14 Kw) T < 2L(1T)}
d=1

were introduced in [18] and further discussed in [9, 11, 12, 14, 19]. Here, T €
[—co, 1) is an additional parameter that controls the mixture of isotropic and mixed
smoothness: The case 7' = 0 corresponds to the conventional hyperbolic cross (or
regular sparse grid) discretization space where ¢(21L"~1) frequencies are involved.
Furthermore, the case 7 = —oo corresponds to the full tensor grid. The case T — 1
corresponds to a latin hypercube and the case 0 < T < 1 resembles certain energy-
norm based sparse grids where the order of the amount of included frequencies does
not depend on the number of dimensions 7, i.e. it is &'(2F) only.

Usually, these generalized sparse grid spaces are based on linear information, i.e.
on the Fourier coefficients of f, which involve an explicit integration of f against the
respective Fourier basis function. In contrast to that, so called standard information
involves only function values, which is of interest in many practical applications.
In this case, it is in general not clear if the approximation error of an associated
interpolant exhibits the same order of the convergence rate as that of the best linear
approximation [15, 25].

In [9], we have shown that, if L€ No, T < 1,5 <t,t > J and f € J, = %’j;lg
with a pointwise convergent Fourier series, it holds
2 (T =L =1 £ Ly for T > 8,
I =L Pl 45 M TR
2 Hf”jy;r{nx forT < 7

where 1 a7 denotes the general sparse grid interpolation operator, as defined via (13)
with
I = -TNe<(1-T)L}, T<I. 2)

Analogous estimates for the specific case of regular sparse grids, i.e. T = 0, can
be found e.g. in [23, 24, 27]. Moreover, for T = 0, estimates with an improved
logarithmic term, i.e. L%, are given in [3, 6, 22, 26, 28].

In this addendum to our previous article [9] we now show the following: Let
LeNo, T<Il,s—r<t t+;> %,IZO, rZOandfe%’j;;; with a pointwise
convergent Fourier series. Then it holds

27((tf(sfr))+(Tt7(x7r));’:})LL% ||f||¢);ﬂ” for T > s%r’
270D £ s |

“mix

—1I yrfllws S
||f B f||%“ for T < ?
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Thus, we extend (1) from the pairing (¢, 7, ) to the more general case of

(s ,%’jf”;) This allows us to also treat the case r > 0, in contrast to the previ-
ous estimate (1). At the same time we prove for the first clause a logarithmic term
of type L"~1/2 only, which improves on the L"~! term contained in the first clause
of (1). Moreover, for the specific case T = 0, s = 0, r = 0, this upper bound is in
particular consistent with the lower bound given in case of sampling on the Smolyak
grid (regular sparse grid) in [4, 5, 17].

The remainder of this paper is organized as follows: In section 2, we summarize
necessary definitions. In section 3, we present our improved error estimate. In section

4, we discuss our new result and give some concluding remarks.

2 Fourier-based approximation for general sparse grids

In this section we will shortly recall necessary definitions given in our previ-
ous article [9]. Let T" be the n-torus, which is the n-dimensional cube T" C R",
T = [0,2x], where opposite sides are identified. We then have n-dimensional coor-
dinates x := (x1,...,%,), where x; € T. We define the basis function associated to a
multi-index k = (ki,...,k,) € Z" by

C()k(X) = <® a)kd> (X) = ﬁ (J)kd(xd), Cl)k(x) = eikx.
d=1 d=1

Every f € % (T”") has the unique expansion f(X) = Yyczn fu@k(X), where the
Fourier coefficients are given by

R 1 '
= " dx. 3
o= i [, o) G)

In the following, let us now define finite-dimensional subspaces of the space
2 (T") =2 #°(T") and associated appropriate interpolation operators. To this end,
we first consider the one-dimensional case, i.e. n = 1, and we set

_i i
c:Ny—=Z:j— ,]/ 1 ]fseven, 4)
(j+1)/2 if jisodd.
For [ € Ny we introduce the one-dimensional nodal basis
Br:={9j}ocjca1 With  @;:= 0(;) (5)

and the corresponding spaces V; := span{.% }.
Now, let the Fourier series Y ;<7 /3 @i be pointwise convergent to f(x). Then, for
interpolation points .7} := {mzz—’f :m=0,...,2 —1} of level I € Ny, the interpolation

operator can be defined by I; : V=V, 1 f=[f ==} jcq f}l)qu with indices ¥ :=
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{0,...,2! — 1} and discrete nodal Fourier coefficients

V=271 Y f)e; (), ©)

xeS]

which only involve point evaluations f(x) at points x € .#;. This way, the 2 inter-
polation conditions f(x) = I; f(x) for all x € .77 are fulfilled. In particular, from (6)
and (3), one can deduce the well-known aliasing formula

A=Y fi2 ¥ @5 @)00) = X Foigyomar @

kel XES] me7Z

Next, we introduce an univariate Fourier hierarchical basis function for j € Ny by

for j =0,
yy = P T (8)
0j—y_y_; for2-l<j<2l—1,1>1,

and we define the one-dimensional hierarchical Fourier basis including basis func-
tions up to level / € Ny by £ := {wito<j<ari
Let us further introduce the difference spaces

| span{ £} for 1 =0,
"7\ span{#"\ #" |} forl>0.

Note that there holds the relation V; = span{ %, } = span{ %"} for all / € Ny. Thus, we
have the decomposition of V; into the direct sum V; = EB{,ZOWI. Now, let [ € Ny and
u € V). Then, for any u € V, one can easily switch from its hierarchical representation
u= Yo jcrr_ uy;, where ut € R, to the nodal representation u = Yo ;o1 u;9;
by a linear transform.

Next, we define the difference operator

A= (11—11,1) VoW, forl >0,

where we set I_; = 0. Note that the image of A; is a subspace of W;. Hence, we define
the corresponding hierarchical Fourier coefficients f; by the unique representation

af=Y Y -7+ ¥ A= Y v ©)

0<v<l je g j€S J€ES

= {0} for/ =0,
T2 21 forl > L

with

Moreover, we can write the interpolation operator associated with level / in the form
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Lf=U—L 4+l 14— —Ih+Ih—11)f
=(A+-+A)f
=Y Y fvi= Y v
0<v<l je gy 0<j<2!—1

In particular, let us note that the interpolation relation
Af(x)=f(x)=L_1f(x) forallxe.#! and Af(x)=0 forallxe .7_,

holds, where <5”lh =\ -1, with 1 :=0.
For I € Ny, the equation

Y YA -2+ Y Aei=— X Y A0+ Y Fio

0<v<li je gy JES 0<v<li je gy €

follows by the definitions (8) and (9). Therefore, the hierarchical Fourier coefficient

f ' is equal to the discrete nodal Fourier coefficient f]@ associated with level [ for
J € #;. Hence in the case | € Ny, j € _#;, we obtain the relation

=1 = X Tt m (10)

mez

with the help of the aliasing formula (7).

Now, let us consider the multivariate case. To this end, let the Fourier series
Y kezn frox be pointwise convergent to f. Then, we introduce the n-dimensional
interpolation operator on full tensor grids as

hi=l®oh, VoW fohf=Y Ve, with§:=9, x x4, cN;
i

and multi-dimensional discrete nodal Fourier coefficients

fi(]) =2 Y f(x)¢;(x), where A= x - x7, CT"

XeS

Moreover, for the n-dimensional case, we use a tensor product ansatz to construct n-
dimensional basis functions as well as spaces. To this end, for a multi-index 1 € Njj, we
define finite-dimensional spaces by a tensor product construction, i.e. Vi := Qy_, V.
Furthermore, we introduce the space V := Yy V) and we set yj := ®’_; y;, and
Wi := ) W, for1 € Nj. In addition, we define W ; := D), Wi for an index set
JC N§. Now, similar to (7), there holds the multi-dimensional aliasing formula

/\l A
K= X Foyima (1)

mezZ"

where 6(j) := (6(ji1),...,0(js)) and m2' := (m;2"1,... m,2).
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For the general sparse grid construction, we restrict ourselves to index sets, which
obey the admissibility condition given in [7, 13]. For any admissible index set _Z,
we define generalized sparse grid space by

Vyi= Y Vi=@Wm=w,. (12)
le 7 le 7

Moreover, we introduce the corresponding general sparse grid trigonometric interpo-
lation operator by

1y ::1Z]Al V=V, where A=A, ® --®A4,: V=W (13)
ey

The associated set of interpolation points is given by

S g = U A2, where A ::yfllx---x%};.
le #

For a function f with a pointwise convergent Fourier series, the multi-dimensional
hierarchical coefficients f; are given by the unique representation

ni= X Fs where = S xS
JEA

In particular, .the hierarchical Fourier series ZIGNS Yic A % converges point.wise
to f on all grids .4, 1 € Njj. Furthermore, with the help of the multi-dimensional
aliasing formula (11), a relation similar to (10) can easily be deduced, that is, for
e Njand j€ _#, it holds

19 Al A
i=f"= ¥ Jogimn-

mezZ"

3 Approximation error of the interpolant

In the following, we consider the error of the approximation by trigonometric interpo-
lation. We proceed in two steps. First, we introduce functions f3, B, which determine
Sobolev spaces of general smoothness 73, /3 and we derive an upper bound of
the interpolation operator / ; in terms of the pairing (3%, p). Then, we invoke

for 3 and f the specific functions which characterize the norm of J#* in which
the interpolation error will be measured and the regularity assumption f € %’j;;;,
respectively. Finally, we derive our new bound in Lemma 1.

To this end, let B : Z" — R, be a continuous and positive function, which
implicitly expresses some smoothness class and defines the Sobolev space given by
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" = X) = ook (X) = 212 < oo b
HAp(T") {f() ké"fkwk() £l 1/kénﬁ(k) fl? < }

Now, let us consider two smoothness functions ﬁ and B with associated Sobolev
spaces ./ and #p and norms ¥l A and || f] - respectively. It should hold

Ay C Ay C 2 and thus B(K) S B(Kk).
Let furthermore f € 73 obey a pointwise convergent (hierarchical) Fourier series.
Then, the relation

I =L flg =11y ¥ fvi-Y Y ﬁ‘l’j”ﬂ,‘; =Yy X fi%’”%};
IeENG je A le 7je A 1eENG\ 7 J€E AN

< Y Y dvillg (14)
IENg\ 7 JEA

holds. By definition of the hierarchical basis (8) we obtain

i¥l%, = R0 PN %
||J€Zjl J Jl%ﬁ ||j€§¢lve{§l}” Jg IJVd(]d)H%ﬁ
=) Y, lilPBlow())’

je A ve{0,1}11—-v>0

=Y X

JEA ve{0,1}1 1—-v>0

2
Y foima| Blo((i)))?

meZ*

. 1 2 »
L Foiyema o v | POGRE.

meZ"

JEA ve{0,1}" 1—-v>0

where

~1 if1<0
Ly - L/ _ =Y,
() =j.  me) {2’-1-,’ i1,

py = (,uéll ... i) and ¢_; = 0. With the Cauchy-Schwarz inequality it follows that

Vn

. Bloli)+m2)[
2., fo0 2 (o i) m2)

mezZr
< ( Y

meZ

fc(j)+m2‘ﬁ(6(j)+mzl>‘2> ( Yy B(G(j)+m2')2> (15)

mezZ"

and hence it holds
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~

o 2 . 2
DR EAED S o e ET R B
€A je /1 ve{0,1}71-v>0 \meZ"
X < Y ﬁ(c(j)+m2')2> B(o(u(i)))*.
mezZ"
Now, let us assume that there is a function g : Njj — R such that it holds
5 . . -2
Blo(y()))* Y, [B(a()+m2")| " <) (16)
mezZ"

forallje #andve {0,1}",1—v > 0, with a constant C independent of j and v.
Then, with |{0, 1}"| = 2", we have

1Y, fivillg <2°Cg) ( Y X |fc(j)+m212ﬁ(6(j)+mzl)2> ,

i€ je_Amezn
which results with relation (14) in

1
2

Y Y Avillg <2'C ) g(D(Z )y fa(j>+m21|2ﬁ(6(j)+m2'>2>

NI\ # J€A 1eN\ 7 je Amezr

With Hoélder’s inequality we obtain

D=

Y Y fwllg<2c| Y e x
1eNB\ 7 j€ A 1eNg\ 7

D=

x| Y Y Y /o imnBlol) +m2')?

1eNG\ 7 J€ /AmeZ”

This leads finally to the estimate

1

2

If=1sflggs| X s®*| IIflsg (17)
1eNG\ 7

Let us now specifically consider the error in the .#°-norm for approximating
fe jﬁil; in the sparse grid space V T by interpolation. To this end, we specify

B(K) == digo(K) Amix (k) and B (k) := Ao (K)*, (18)

where



Generalized Sparse Grid Interpolation Based on the Fast Discrete Fourier Transform 9

n

Liso(K) := 1+ K| and  Amix(k) := [J(1+ |kal)- (19)
d=1

Furthermore, let us recall the following upper bound: For L€ Ny, T < 1, s <t
and ¢ > 0 it holds

Z 2—!\]1\1—&-5\]1\00 g
N7

,((zfs)Jr(Tlf.\') ;Z:l )L n—1 > s
{2 )= forT > 1, (20)

2=k for T < 3.
A proof is for example given in [18], Theorem 4.
Now, we can give the following lemma:

Lemmal.Let LEN), T <1, s—r<t,t+2>11>0r>0and f € . with
a pointwise convergent Fourier series. Then it holds

T 1)

(=G=L| f]| s for T < .

—\I—=(s—r —(s—r n—1 n—1 o,
ot ol J2 Oy Sor T >
7 S 9-

Proof. Forje #andv e {0,1}" with1—v > 0 it follows the relation

n —2t .
Y T1(1+10Ga) +ma2)) ~ (1+]0() +m2'l.)
meZ" d=1

n —2t —2r
< ¥ (20 +ma)) (2" (1+|ml..))
meZ" d=1
5272t\1\1272r|l\m Z H(1_~_|md|)72t(1_~_|m|w)72r. (22)
meZ" d=1

Fort > 0 and r > 0 it follows with the inequality of arithmetic and geometric means

Y 10+ mal) (04 ml) > < ¥ ( i<1+|md|>—2’> (1-+ fml.)

meZ"d=1 meZ"* d=1
S Z ‘m‘]—Ztn‘m|o—02r§ Z Z |m|°—°2tn|m|;2r§ Z mn—lm—Ztnm—Zr
meZ"\0 meN |m|=m meN
_ Z m—2tn—2r+n—1
meN

and hence, with  + - > % and (22), we obtain

(1100 T TT (14100 +m2¥)) (1 1oG) +m2) ™

< o=t +(s=nllls

According to the estimates (16) and (17) with the definitions (18) and (19), this yields
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1
2

If =1 afles| X 2~ 2=l | ]
leNs\ 77

P
'%’{mix

and, with relation (20), we obtain the upper estimate

\/ Y 2 22l <
1

N\

(== HTi=(=r) =P )L for T > st
2~ (t=(s=r))L for T < *7F,

which gives the desired result. O

Note again that our previous article [9] contained a weaker version of Lemma 1,
which just involved the logarithmic term L"~! instead of L"~1)/2 and which was
restricted to the case r = 0.

4 Discussion and Concluding Remarks

Now, we want to compare the error bounds for standard information and linear
information. To this end, for 1 € N, let us first define the approximation operator O
with respect to the .%5-norm by Q) := Q) ®...® 0y, : L (T") — W, where

0: LM =Viif= Y o9

0<j<2/-1

Then, for any admissible index set ¢, we define the general sparse grid approxima-
tion operator Q s : £ (T") =V s by

0,f=Y Y Jot)@(- (23)
le 7je A

Now, we can get from [9] the following upper estimate associated to linear informa-
tion for the special case of the error measured in the 77°-norm: For L € Ny, T < 1,
s<t-+r,t>0and f € . (T") it holds

inf [ = Flloes < 1f=Q o flloes

fGV/Z‘ 7

AL((s=r)—t+(Tt—(s=r)) f=7 ) £l . for

S
L= £ for

with the approximation operator Q g as defined via (23) with the index set ¢, i
from (2).

We see that, for general sparse grids, there is a difference in the error behavior
between the best approximation (24) and the approximation by interpolation (21)
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in the situation 7" > S:—’ Indeed, in the #7°-norm error estimate for the interpolant
resulting from Lemma 1 with z + 7 > %, t>0,s—r>0and T > %+, there is the
logarithmic factor L"~1)/2 present. In contrast, for the best linear approximation
error in the ##*-norm, there is no such logarithmic term involved, compare relation
(24) with s —r > 0,7 >0 and T > **. For the special example of regular sparse
grids, i.e. T = 0, see also Table 1.

Table 1: Convergence behavior in case of regular sparse grid spaces, i.e. T = 0, in
situation 7 > ** for best linear approximation and for interpolation, i.e. Q 7P and

1 705 respectively. Note that, for reasons of simplicity, we restricted ourselves to just
the case s = r here.

fe F*-error dof M convergence

0,0 Hgpt>0 0@ oRH) ﬁ(M”log(M)’("’l))
I/LO jﬁ;;;ﬂl>% ﬁ(z—tLL(n—l)/Z) ﬁ(ZLL”_l) ﬁ(M—t]Og(M)(t-%—l/Z)(n—l))

Next, we cast the estimates on the degrees of freedom and on the associated error
of approximation by interpolation into a form which measures the error with respect
to the number M of the involved degrees of freedom. To this end, let us first recall
from [9] the following: Let L € Ny and T < 1. Then, the number of the degrees of
freedom of the general sparse grid spaces V a7 with respect to the discretization

parameter L is

2L for0<T <1,
1 L= for T =0,
M= ‘ijT DML S (25)
1€ 77 2°T/n=1  forT <0,
2Ln for T = —oo.

Now, we restrict ourselves to the special case of regular sparse grids, i.e. T =0,
and s —r = 0. Here, a simple consequence of Lemma 1 and relation (25) is that for
LeNy,t> % and f € %rfni with a pointwise convergent Fourier series, there holds
the relation

1 =1 ol S ML 1 i < M Tog(M) DO £y
(26)
whereas, for linear information, we only have

1f =@ g fllors S M fl s <M Tog(MY V] £1] e
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The question, if this gap between the sampling (standard information) and the
approximation numbers (linear information) exists or if it can be closed, is for general
sampling point distributions an open problem, see [15, 25, 17] for the case s =0
and compare also the recent improvement in [21]. However, in the special case of
sampling on Smolyak grids (i.e. for regular sparse grids with 7 = 0) and for the
pairing (%, jfjfl;g), i.e. with s = 0 in (26), it follows from the lower bound given
in [4, 5] that estimate (26) is indeed asymptotically sharp. Hence the corresponding
sampling number and approximation number are not equal in this case, compare also
Table 1 and see [5, 17] for a further more detailed discussion.

In contrast, for general sparse grid spaces in the situation 7 < **, the error of
the best linear approximation and the error by interpolation behave asymptotically
equal and hence there is no gap in these situations, c.f. Table 2. Note that, compared
to the case 7 = 0 given in Table 2 with T < =%, Table 1 covers the case T =0 in
the situation 7 > S;—’

Table 2: Convergence behavior in case of general sparse grid spaces with T < 1,
s <t+rand T < ** for best linear approximation and for interpolation, i.e. Q o

and / T respectively. For a shorter notation we set o : =t + (r — ).

fe H-error  dof M convergence
Q,7.0<T<*t  Jiai>0 o2 002" o(M~%)
Ly 0<T<SE it l>) 0@ 0@ o)
Q7. T=0 A >0 027 oMLY oM log(M)* 1)
Ly, T=0 A1 5> 5 0(27) 0Q2HL") O(M*log(M)** V)
T—-1 n—
Q1 —=<T<0 Hit>0 002 ﬁ(er;n—ll ) ﬁ(M’aT'I;—ll )
1= T/n—1

Lyr,—e0<T <0 Hlt+;> I oo@e) o2 ) OM™*TT)

mix’

Q= AT >0 o) oY) OM™)

“mix’ " —

1= A+ > Lo gy gt oM7)

Note furthermore that, in the case T > St;r > 0, we still see the additional factor

Ln;z1 , 1.e. a gap, for the error estimate and we do not know a lower bound like for
T =0 and s =0 as in [4, 5], i.e. we do not know if our estimate is sharp in this
situation. But this is not the interesting case anyway, since we have a dimension-
dependent error rate and dimension-dependent convergence complexity.

Altogether our theory shows that, in many cases, general sparse grids are a suitable
approach to avoid the curse of dimensionality at least to a certain level of extent.

Especially, in case of 7#*-error measurement of an interpolate / a7 ffor fe %’jél;

with 7 + 5 > % s<t+rand0<T < ¥ the rate of the interpolation error with
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respect to the involved degrees of freedom is independent of the dimension and hence
the curse of dimensionality is completely avoided, see also the first row in Table 2,
albeit it may still be present in the big O constants. Moreover, our numerical results
given in [9] are consistent with the derived theory.

Let us furthermore note that we only discussed the sparse grid interpolation oper-
ator / T for the periodic case. However, all the related estimates can be transferred
in a straightforward way to other spectral transforms like e.g. discrete cosine, sine,
Chebyshev, Legendre, generalized Hermite, Jacobi transform and Laguerre trans-
forms, which allow to treat non-periodic cases as well. Here, just the cost for the
underlying one-dimensional transform may differ, e.g. in the worst case O(2%) for
a naive polynomial transform might be involved in a general situation compared
to O(12!) for the fast Fourier transform in the simple periodic setting. Indeed, our
implemented software library HCFFT (www.hcfft .orqg) allows in particular to
deal with discrete cosine, sine, Chebyshev, Legendre, generalized Hermite, Jacobi
transform and Laguerre transforms, and also their mixtures, compare [29]. Moreover,
discretization spaces associated with arbitrary admissible index sets and also spaces
with finite-order weights [8, 10] and dimension-adaptive methods [1, 7, 16] can be
treated analogously.

We believe that our general approach via the functions B and B and the pairing
(%7; , /3 ) is helpful for much more general situations than the one dealt with in this
article, as long as the corresponding right hand side of (17) involving the g-based
bound of (16) can be handled properly.
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