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Abstract. We discuss state-constrained optimal control of a quasilinear parabolic
PDE. Existence of optimal controls and first-order necessary optimality conditions
are derived for a rather general setting including pointwise in time and space con-
straints on the state. Second-order sufficient optimality conditions are obtained for
averaged-in-time and pointwise in space state-constraints under general regularity
assumptions for the equation, and for pointwise in time and space state-constraints
when restricting in return to a more regular setting for the state equation.

1. Introduction

This paper is on optimal control of a quasilinear parabolic partial differential
equation (PDE) with pointwise control-constraints, and additional constraints on
the state variable. We prove existence of optimal controls and derive first-order
necessary optimality conditions (FONs) under rather general assumptions on the
state equation and pointwise in time and space state-constraints. Under additional
assumptions we provide second-order sufficient optimality conditions (SSCs). For
the rather general assumptions on the state equation we restrict the analysis to
averaged-in-time state-constraints. Pointwise in time and space state-constraints
are discussed for a more regular state equation and purely timedependent controls.

Optimal control of PDEs has been subject to research for several years, see e.g.
[29,/47]. Problems with pointwise state-constraints are particularly challenging,
since one usually needs continuity of the state to fulfill a Slater-type constraint-
qualification. This yields low regularity of the Lagrange multipliers, see [6}7]. For
problems with nonlinear PDEs, SSCs are important because FONs are not suffi-
cient in general. We refer e.g. to the survey [13] and references therein for an
overview on different aspects of the topic, as well as to [23], to our knowledge the
first contribution to SSCs for PDE-constrained optimization, and point out only
a few more particular aspects. A difficulty arising in the second-order analysis of
PDE-constrained optimization is the two-norm discrepancy [12,32]: differentiabil-
ity of the reduced functional and coercivity of its second derivative often only hold
w.r.t. different norms. In any case, a careful regularity analysis of the underlying
PDE is necessary, and often leads to restrictions on e.g. the spatial dimension in
particular for parabolic problems [10] or purely timedependent controls [18]. In |35]
the authors obtain SSCs for semilinear parabolic PDEs in space dimension 2 and 3
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2 F.HOPPE, I. NEITZEL

and distributed control via a careful analysis utilizing the concept of maximal par-
abolic regularity. Regarding second-order necessary optimality conditions (SNCs)
for pure state-constraints we only mention [33], as well as both SNCs and SSCs
with emphasis on a possibly small gap between them in [34,/45] for the different
setting of pointwise mixed control-state-constraints. Finally, we cite [15}48/|49] for
SNCs and SSCs in an abstract optimization-theoretic setting. For control problems
with quasilinear PDEs, we restrict our overview to the parabolic case: Early results
[21}/22] include existence of optimal controls and FONs for a problem with averaged-
in-space and pointwise in time, or finitely many state-constraints of integral-type,
respectively, yet under more restrictive regularity assumptions than in our paper.
Well-posedness of the state equation and existence of optimal controls under rather
general regularity assumptions on domain and coefficients has been proven in [41].
First- and second-order analysis has been carried out in [4], and convergence of
the SQP method applied to the respective optimization problem has been shown
in [31]. Optimality conditions for a similar problem with slightly more regular co-
efficients and domain, but unbounded nonlinearities, have been analyzed in [8]. In
the same setting finite element discretization error estimates for the state equation
have been derived in [9]. Optimal control of the thermistor problem, a coupled
system consisting of a quasilinear parabolic and a nonlinear elliptic equation, is
addressed in [39,40]. We refer to the references of all mentioned papers for a more
detailed history of the area. The non-trivial existence and regularity theory for
solutions of the underlying PDEs poses the main difficulty of such problems.

In this paper, we first establish existence of optimal controls and FONs in the
presence of state-constraints, extending the results from [4] and [8]. In particular,
the assumptions from [4}/41] are fairly general, and include certain types of non-
smooth domains, mixed boundary conditions, and nonsmooth coefficients. One of
our goals is to investigate how far first- and second-order analysis of the problem
can be performed within this “rough” setting, before regularity requirements force
us to switch to a different setup. Second, to our best knowledge, SSCs for state-
constrained optimal control of a quasilinear parabolic PDE have not been addressed
in the literature. We present a detailed analysis, restricting our setting to either
averaged-in-time state-constraints when keeping the general regularity setting of
[4], or to the strengthened regularity assumptions of [8] and purely timedependent
controls when considering pointwise in time and space state-constraints. Extend-
ing [12] towards the inclusion of state-constraints, we pay particular attention on
avoiding the two-norm gap.

The paper is organized as follows: In Section [2] we introduce the problem
setting, prove existence of optimal controls, and derive FONs in this rather general
context. In Section[3|we prove SSCs for an abstract optimization problem extending
the result from [12]. In Section [4 we explain why our abstract result from Section [3]
does not apply to the model problem as stated in Section Then, we prove
SSCs without two-norm gap for a modified version of our model problem where
the regularity assumptions remain unchanged but the pointwise state-constraints
are replaced by averaged-in-time state-constraints. In Section [5| we come back to
pointwise state-constraints and prove SSCs for this situation, but now assuming
a more regular setting for the state equation along the lines of [8] and purely
timedependent controls. In the final section we comment on changes in the case
without control-constraints.
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Notation. Given an interval I C R and a domain Q C R? we denote the space
time cylinder by @ := I x Q. We apply standard notation for Holder-, (Bochner-)
Lebesgue- and (Bochner-)Sobolev-spaces as e.g. in [4]. The conjugate exponent
of some integrability exponent p is denoted by p’. Since Q stays fixed we omit it
when refering to function spaces on 2. For interpolation spaces we use standard
notation, see e.g. [3,/46]. The domain of a densely defined operator A: X — Y
between two Banach spaces X,Y, equipped with the graph norm, is denoted by
Domy (A), and L£(X,Y) is the space of bounded linear operators X — Y with the
operator norm.

2. Existence of optimal controls and FONs

We introduce the model problem, state our assumptions, and collect some
results from [4]. Following standard techniques, we derive existence of optimal
controls and FONs.

2.1. Model Problem and Assumptions. We consider the problem:

: 1 2 v 2
(OCP) pey J(y,u) == §||y = YallZ2(rxq) + §||u||L2(A)> s.t. (SE),

with the quasilinear parabolic state equation (SE|) given by
(SE) dy+Aly)y=Bu onQ, y(0)=y, onf.

The quasilinear differential operator A is defined as A(y) := —V - £(y)uV, and
boundary conditions are incorporated in the right-hand-side of and the func-
tion spaces. Boundary conditions, control space L*(A), and operator B, as well as
the set of admissible controls U,qg C L°(A) are introduced precisely below. The
set of admissible states is clarified in each section, and given either by point-
wise in space and time inequality-constraints, i.e. Yaq = {y € C(Q): va(t,z) <
y(t,z) < ys(t,z) V(¢,z) € Q}, or, if we require a weaker type of constraints for our
analysis, by pointwise in space and averaged-in-time bounds of type Y.q = {y €
LY(I,C(Q)): ya(z) < [;y(t,z) dt < yp(z) Vo € Q}. The assumptions required for
the analysis of the state equation are close to [4], but we forego those parts that
refer to the improved regularity analysis from [4] on Bessel-potential spaces and

stick to the setting of [41]:

Assumption 2.1. 1. Q C R¢, d € {2,3}, is a bounded domain with boundary
00. I'y C 09 is relatively open and denotes the Neumann boundary part, whereas
I'p = 0Q \ I'y denotes the part of 892, where homogeneous Dirichlet boundary
conditions are prescribed. By a subscript D we indicate that the homogeneous
Dirichlet boundary conditions on I'p are incorporated in the respective function
space. Let QUT' i be Groger regular [25] such that every chart map in the definition
of Groger regularity can be chosen volume-preserving. The time interval I = (0, 7))
with T > 0 is fixed.

2. The function & R — R is twice differentiable with £” being Lipschitz con-

tinuous on bounded subsets of R. Let u: © — R%*¢ be measurable and uniformly
T

o

'= SUP,eq SUP1 < j<alMi,j(T)] < 0. We assume a coercivity condition 0 < §, <

bounded and coercive in the following sense: 0 < u, := infzcq inf,cpay\ {0}
#.
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& < &° for € as well. With this we define as above
(AW)P, ¥) w2y = /I /Q EW)pVeVy dedt, ¢,y € L*(I,Wg?).

3. We assume that there is p € (d,4) such that -V - uV + 1: Wllj’p — ng’p is
a topological isomorphism and fix this choice of p.

4. Let s > 2 be fixed such that % < %(1 — %) holds. For a measure space
(A, p) we define the control space U := L°(A) and the admissible set U,q = {u €
L°(A): ug(z) < u(z) < up(z) foraa. z € A} with ug,up € L®(A), ug < up
almost everywhere. The control operator B: U = L*(A) — L*(I, W5 '*) is bounded
linear and admits a bounded linear extension B: L?(A) — L?(I,Wp"?). Finally,
the initial condition yo € (W%, Wé,’p)l_l/s,s and the desired state yq € L°°(I, L?)
are fixed.

The constants p and s are fixed from now on. Note that in Assumption[2.1}4, we
only suppose B to be continuous from L*(A) to L¥(I, W, "?), instead from L*(A)
to LS(I,ng’p) as in [4]). This does not destroy applicability of the assumption
to the full range of situations described in |4, Section 2.2], which we repeat for
convenience:

Example 2.2. 1. Distributed control: It holds A = Q, i.e. U = L°(I x Q),
and B is the identity map L*(Q) — L*(I, ng’p). Denoting the outer normal unit
vector of 02 by ng, the state equation reads

y+ Aly)y=u on Q, ng £(y)uVy=0 onl x Ty, y=0 onlp.

2. Neumann boundary control (d = 2): We choose A = I x 'y, ie. U =

L*(I x T'y), and B = tr* where tr: LS'(I,WB””) — L (I x T'y) denotes the trace
map. With this the state equation reads

y+ Aly)y=0 on Q, ng &(y)uVy=u onl x Ty, y=0 onIp.
3. Purely timedependent controls (d = 2,3): We fix by, ...,b, € ng’p, set
U = L5(I,R™), and define Bu := y_* u;b;. If, for instance, b; = tr* f; with

fi € L°(T'y) where tr: Wé’p, — L*(I'y) denotes the trace map on I'y, we obtain
as state equation:

m
By+A(y)y=0 onQ, noé(ypVy=> wfi onIxIy, y=0 onlp.
i=1
A similar construction applies to b; € L*(Q2). Of course, adding a sufficiently
regular, fixed nonhomogeneous Neumann boundary condition or distributed source
in Example 2.2]1 or 2, respectively, is possible.

Assumptions [2.1]1 and [2.1]3 impose non-trivial conditions on the geometry of
the domain, the elliptic operator —V-uV +1, and the boundary conditions. Hence,
we mention the following examples, cf. also |4, Remarks 2.1 and 2.3]:

Example 2.3. 1. Assumption[2.1]1 is fulfilled for any domain with a Lipschitz
boundary (“strong Lipschitz domain”, [24, Definition 1.2.1.1]) in case 'y = @ or
I'y = 09, cf. |28, Remark 3.3]. There are also domains without Lipschitz bound-
ary fulfilling this assumption, e.g. a pair of crossing beams in 3D |28, Section 7.3].
Moreover, if Q is a bounded domain with Lipschitz boundary, 'y = 0 or I'y = 89,
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and u: Q — R%¥? is symmetric-valued and uniformly, Assumption 3 is fulfilled
with some p > 3, see |20, Theorem 3.12, Remark 3.17]. Therefore, Assumption
covers the classical “regular” setting of domains with Lipschitz-boundary in dimen-
sions d = 2, 3 with pure Dirichlet or Neumann boundary conditions and symmetric,
uniformly continuous coefficient .

2. The work [25] shows that the isomorphism property from Assumption 3
for some p > 2 is a consequence of Assumption [2.1]1 for any coefficient y fulfilling
Assumption[2.1}2. This is also true under more general assumptions on the domain,
see [27]. Hence, for space dimension d = 2 Assumptionis guaranteed for a broad
range of nonsmooth domains, mixed boundary conditions, and nonsmooth u.

3. It is well-known that for mixed boundary conditions Assumption [2.1]3 can
only be expected to hold for some p < 4 in general. In [19] for instance sev-
eral real-world constellations in dimension d = 3 have been described that fulfill
Assumption 2.1}1 and [2.1]3. Two crossing beams in 3D, e.g., equipped with con-
stant p and pure homogeneous Dirichlet or Neumann boundary conditions, fulfill
Assumption [2.1

Finally, note that Assumptions [2.1}1{2.1]3 are identical to Assumptions 1-3 of
[4], i.e. the suppositions w.r.t. domain, coefficients, and boundary conditions re-
main unchanged. We only modify the assumptions w.r.t. the initial condition and
regularity of the right-hand-side of (SE): Assumption 4 in [4] is related to the im-
proved regularity analysis on Bessel-potential spaces. As pointed out in [4, Section
3] this analysis is not required for the first- and second-order analysis of Sections
3.1 and 4.1-4.3 of |4], except for |4, Proposition 4.7], a result concerning improved
regularity of the adjoint state. We only rely on those results that are obtained
completely within the W, Lp —Wlly’p -setting described in our Assumption 4, cf.
also |41 Theorem 5.3], and do not include the improved regularity assumptions of
[4].

2.2. Control-to-state map and reduced functional. For later reference we
recall some results from [4]. Due to |4, Proposition 3.5] (see also |41, Corollary
5.8]) the solution map of the equation

(2.1) oy + AWy =v,  y(0)=yo,

defined by y := 5’(1}) if and only if (2.1)) holds, is a well-defined map 3: L3(1, ng’p) —
WLs(I, WphP) N L°(I, W5P). Hereby, y € Wb(I,Wp'?) N L*(I, Wp?) is said to
be a solution of if and only if

Gy, @) iy—r0 1 + /Q E(E)rVy(t)Ve de = (v(t), 9)y—1p 1 0

for all ¢ € Wlly’pl and almost all ¢ € I, and y(0) = yo in (Wp"?, WpP)1/srs-
For well-definedness of y(0) € (ng’p,W}_l)’p)l/s/,s we refer e.g. to [3| Theorem
[11.4.10.2]. By composition with B we obtain the control-to-state map S: L*(A) —
WLs(I, W5 PN L (I, Wg5P), u s §(Bu). Giveny € Whs(I, W5 "P)NL (I, W5P)
we recall from [4] the notation for the derivatives of the nonlinear term, stated in
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weak form:

(A (y)v,0) = / £ (y)ouVyVe dedt,
Q
<A”(y)[’U1,’Uz], §0> = /Q(gl(y)(vlﬂvz@ + 'Uzliv'Ul) + E”(y)vlvguVy)Vgo dzdt,

with v, vy, v, € WHs(I, W5 )N L* (I, W5P) and a test function ¢ € L' (I, Wé’p,).
It is possible to relax the regularity requirements on v,v;,vs, as done e.g. in
the proof of the following differentiability properties of G |4, Proposition 4.4 and
Lemma 4.5]:

Lemma2.4. Let Assumptz'on be satisfied. 1. The map §: L*(1, ng’p) -
WLs(I,W™P) 0 L5(I,WSP) is twice continuously Fréchet differentiable with
derivatives §'(v)h = w and 8" (v)[h1, ho] = z given by the unique solutions of

(2.2) 8w + Aly)w + A'(y)w = h, w(0) = 0,
(2.3) Oz + A(y)z + A'(y)z = A" (y)[G'(v)h1, G'(u)hs], 2(0)=0

for y = S(v), respectively.

2. The nonautonomous operator A(y) + A'(y) exhibits mazimal parabolic
regularity on L (I, W5 ") forr € (1,s]. It holds §'(v) € L(L"(I, W5"P), WL (I, W5 )N
L7 (I,WgP)) for allv € L*(I,Wp™?), r € (1,3].

We introduce the reduced objective functional j: L*(A) — R, u — J(S(u),u).
From [4] Lemma 4.6] we recall that the reduced functional j is twice continuously
Fréchet differentiable on L°(A) with gradient

(2.4) Vj(u) = B*§'(Bu)*(y — ya) + 7u-

A more detailed discussion of the operators B* and §'(Bu)* will be provided later
on, see in particular Sections and

2.3. Existence of optimal controls. Let us now consider the following setting
of the state-constraints, which remains unchanged until noted otherwise:

Assumption 2.5. 1. The set of admissible states is given by Y,q = {y €
C@) : valt,z) < y(t, ) < wlt, o) V(t,z) € Q}, with bounds va,vo € C(Q)
satisfying yo(¢,z) < ys(t,z) for all (t,z) € Q, ¥ya(t,z) < 0 < yp(¢,z) for all
(t,z) € I x T'p, and y,(0,z) < yo(z) < ¥5(0,z) for z € Q. We allow for y, = —oc0
or Y, = +00.

2. There is a feasible point, i.e. there is (y,u) € Yaq X Uaq such that y and u
fulfill the state equation .

Together with Assumptionwe can prove existence of a minimizer for (OCP))
as it has already been done for the case without state-constraints in [4, Lemma 4.1]
and [41] Proposition 6.4]. An analogous result for the state-constrained thermistor
problem has already been obtained in [39].

Theorem 2.6. Let Assumptions and hold. Then there erists a
globally optimal control 4 € U,q for the optimal control problem (OCP).

Proof. The proof follows standard arguments in the calculus of variations, cf.
[4,41], [29,47]. In particular, note that existence of an infimizing sequence is
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provided by the existence of a feasible point (Assumption ). In the proof of
[41} Proposition 6.4] it is shown that a subsequence of the corresponding sequence
of states converges in C(Q) to the optimal state. Note that the presence of an
additional linear term in [41] is not essential for the respective argument which
therefore can be adapted to the present case as in [4]. For details we refer to
Appendix |Al Since Y.q is closed in C(Q) the limit is still in Y,q, i.e. it fulfills the

state-constraints. O

For comments on how Theorem and all further results change in the case
without or with only unilateral control-constraints we refer to Section [f]

2.4. First-order necessary optimality conditions. We now characterize local
solutions of that fulfill a Slater-type constraint-qualification by FONs. The
following main difficulty is well-known in state-constrained optimal control of PDEs,
cf. e.g. [6,[7]: To use a Slater-type condition, we have to ensure nonempty inte-
rior of Y,4 in the respective space. Since Y,q is defined by pointwise inequality-
constraints, this excludes states in L(Q), 1 < ¢ < +00. We have to consider them
in C(Q), which infers regular Borel measures, i.e. the corresponding dual objects,
in the KKT-system. To apply an abstract result for optimization problems in Ba-
nach spaces [7, Theorem 5.2] to our problem we formulate an additional

assumption.

Assumption 2.7. Let & € U,q be an L?(A)-local solution to (OCP) with
associated state § = S(@) € Yaq, i.e. thereis € > 0 such that j(u) > j(@) forall u €

fz(A)('&) NU,q fulfilling S(u) € Yaq. Further, assume that the following linearized
Slater-condition is fulfilled at @: There is ug; € U.q such that g+ S'(%@)(ug — @) €

Yaa, Le. yo(t,z) < y(t,z) + S'(a)(ust — )(t, z) < ys(t, z) for all (¢,z) € Q.
Since the L°- is stronger than the L2-norm, a L%(A)-local is a L°(A)-local

solution.

Theorem 2.8. Under Assumptions [2.1] and [2.7] and Assumption [2.5 1
there exists a regular Borel measure A € M(Q) = C(Q)* on Q and the so-

called adjoint state p € L"I(I,Wé’pl), r e (1, I%), such that the optimality
system

(2.5) 8y + A(§)y = Ba,  (0) = o,

(2.6) —0p+ A@) P+ A P=9-vatA  B(T)=0,
(2.7) Ny - 1’7)/\4(5),0(@) <0 for ally € Yaq,
(2.8) (B*P+ YU, u — U)o p),po(a) = 0 for all u € Uaa

s satisfied. The so-called adjoint equation ([2.6) has to be understood in the
sense outlined in the proof below, cf. also Remark[2.10,

Before going into the details of the proof we state the specific form of the
variational inequality ([2.8]) for the three variants of B discussed in Example

Example 2.9. 1. In case of distributed control we obtain B* to be the identity
map L (I, W5? ) — L*(Q), and (2.8) reads fQ(ﬁ+7ﬂ)(u—ﬂ)d:cdt >0, Vu € Uag C
L(Q).
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2. For Neumann boundary control (d = 2), B* is the trace map L* (I, Wllj’pl) —
L¥(I x T'y) and we obtain Jixr, Blrxry +78)(u — @)dsdt > 0, Vu € Uaa C
L°(I x T'y).

3. We obtain B*p = (t — <bnp(t)> ~Lp L )1 1= =(t— fr‘N fip(t )|FNd3)?;1 €

L¥(I,R™), and 327, [i(f5 fi- |des + v (t))(ui(t) — @;(t))dt > 0 for all
u € Upg C L*(I,R™) in case of purely timedependent controls.

Proof of Theorem 2.8l In |7, Theorem 5.2] choose U = L*(A), Z = C(Q), J = j,
G =8, K = Uyq and C = Yaq. Note that the embedding Wh*(J, W_l’p)
L*(I,W5?) — C(Q) |4, Proposition 3.3] ensures that the control-to-state opera-
tor maps L°(A) into C(Q). It holds §'(Ba) € L(L"(I, W5 ), Wb (I, W5'?) n
L™(I,WgP)) for any r € (1,s], cf. Lemma 2. Employing W™ (I, W5"?) N
L"(I,Wg?) — C(Q) for r € (p 5,00) [4, Proposition 3.3] we obtain S'(Ba) €
L(L™(I,W5"?),C(Q)) for those r, and consequently

(2.9) $'(Ba)* € LM(Q), L™ (I, WEP'))

for all ' € (1, s —£-). Following the usual adjoint technique in optimal control, see

e.g. [47, Chapter 6.2.1], we introduce the adjoint state p := S/ (B@)*(§ — yq + ).
Note that p is well-defined in this way and exhibits the regularity stated in the
theorem due to and § — yqg + A € M(Q). The adjoint equation has
to be understood purely formal, in the very-weak/adjoint sense. We discuss this
further in Remark below. Combining equation for the reduced gradient
of our particular setting with the abstract variational inequality 7} (5.3)] and the

definition of p yields ([2.8). O

Remark 2.10. The adjoint equation (2.6)) has to be understood purely formal:

In general, it is not guaranteed that p € L"(/ ,Wé'p ’) has a distributional time
derivative or a well-defined trace on {T'} x Q. Hence, really only serves as
a more illustrative and intuitive notation for the precise definition of p given by
7 = §(Ba)*(§ — yg + A). The notation as backward parabolic PDE is motivated
by the fact that 5'(Ba)* restricted to the spaces L"(I,WD_I’pI), r" € (1,00), can
be identified with the solution map of the respective backward nonautonomous
parabolic PDE, cf. [4, Proposition 4.7]. Moreover, the presence of mixed boundary
conditions in the state equation does not pose additional difficulties, see e.g. [26),
30,35|, in particular because the support of A is disjoint from I x I'p and {0} x Q,
cf. Remark below and Assumption 251

Remark 2.11. Condition can be rewritten in a more illustrative way:
The Jordan decomposition X = )ﬁ‘ — )\~ into non-negative measures AT, AT >0
satisfies supp AT C {(t,z) € Q: 4(t,z) = ys(t, z)}, supp A~ C {(t,z) € @: y(t,m)
Ya(t,2)}. For a proof we refer e.g. to [11, Proposition 2.5].

Remark 2.12. Because ) is, in general, only a Borel measure, we cannot
improve regularity of the adjoint state p along the lines of [4, Proposition 4.7]
using the improved regularity analysis of the state equation on Bessel-potential
spaces. However, we mention that improved regularity for adjoint states in state-
constrained optimal control has been obtained under additional assumptions and
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with different techniques in case of linear and semilinear elliptic [11] and parabolic
[14] PDEs.

Due to 1% < 2 and p' < 2 Theorem shows rather poor temporal and
spatial regularity for . This is a typical difficulty to overcome during the analysis
of second-order optimality conditions for , as we will outline in Sections
and o do so, we will either have to modify the type of state-constraints (Assump-

tion [4.1) or assume a more regular setting for the state equation (Assumption [5.1)).

3. An abstract result on SSCs

We extend the abstract framework of [12] towards inclusion of state-constraints,
i.e. we give SSCs for an abstract optimization problem similar to the one from
[7, Theorem 5.2], but now enriched with two norms as typical for PDE-constrained
optimization. However, we prove SSCs that avoid the two-norm gap. The frame-
work is developed having in particular the setting and the arguments from [18] in
mind. We start by introducing the abstract problem

(P) min j(u) st. u€e K, g(u)€C,

with the assumptions given below. The suppositions on the real-valued functional
J and the underlying spaces Us, Us, respectively, are identical to those from [12].
Here we extend this work towards the inclusion of a state-constraint-like constraint
of type “g(u) € C” that is formulated in a further Banach space Z. For instance,
choosing g to be the control-to-state map allows to handle state-constraints. Since
the set K N g~1(C) is nonconvex in general, this situation is not covered by the
results of [12]. Further, 7 and g are differentiable w.r.t. the Uy -norm, but not
necessarily w.r.t. the weaker U,-norm. We have in mind the case U, = L?(Z, m)
and Uy = LP(X,m) with some p € (2,00] for a measure space (X,dm). The
presence of such two norms goes back to [32], see also the exposition in [12,[13}|47].

We briefly put our result into context: As far as we know, prior results on
S3Cs for state-constraints without two-norm gap required differentiability of 7 and
g w.r.t. L?, cf. [45] Section 4], [10, Theorem 4.3] — an assumption that can be
avoided in our result. In particular we can state SSCs for the same semilinear par-
abolic optimal control problem as in [18], but without norm gap, see Example
below. In [15] both SNCs and SSCs for certain optimization problems in infinite
dimensions are proven. The results rely on the concept of a directional curvature
functional for the (possibly nonconvex) admissible set. The authors state that it is
possible to include cases with two-norm discrepancy (see Remark 4.6.iv), but the
special case of the present paper and [12|, in which such a discrepancy appears
but can be avoided in the formulation of second-order conditions, is not addressed.
Further, the explicit computation of the directional curvature term in the pres-
ence of pointwise state-constraints is left as topic of further research. We believe
that our approach, explicitly tailored to situations as e.g. , (18], and [12],
respectively, is of independent interest.

Assumption 3.1. Let U, be a Hilbert space and U, a Banach space such that
there is a continuous embedding Uy, — Us. With ||-||2 and ||| Wwe denote the
corresponding norms. Moreover, (-,-) is the duality product in U5 x U,. Further,
let Z be a Banach space with norm ||-||z and duality pairing (-, )z~ z.
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1. Let @ # K C Uy be convex and A D K be open in U,,. We fix % € K. The
functional j: A — R is twice continuously Fréchet differentiable w.r.t. ||||co-

la. The derivatives of 7 taken w.r.t. the space Uy, extend to continuous linear
respectively bilinear forms on Uz: j'(u) € L(U2,R), 7”(u) € L(U; ® Us,R) for
u € A

1b. Let (ux)x C K, (vg)x C U, be arbitrary sequences such that upy — @
strongly w.r.t. the Us-norm and vy — v weakly in U, as k — oo. Then it holds:

1bi. 7'(@)v = limg 00 7' (ur ) vk 1bii. j"(@)v? < liminfx e 5" (ur)vi

1biii. If v = 0, there isy > 0 such that yliminfy e ||vk |3 < lminfy oo 5 (uk)vi.

2. Let g: A — Z be twice continuously Fréchet differentiable w.r.t. ||-||oo-

2a. The derivatives of g taken w.r.t. U, extend to continuous linear respec-
tively bilinear forms on Us: g'(u) € L(Uz, Z), ¢'"(u) € L(U; ® Uz, Z) for u € A.

2b. Let (ug)r C K, (vk)r C Uz be arbitrary sequences such that ux — u
strongly w.r.t. the Us-norm and vy — v weakly in U, as k — oo. Then it holds:

2bi. ¢'(ug)vg — ¢'(@)v weakly in Z 2bii. ¢"(ux)vi — ¢"(@)v? weakly in
Z

The following is our main abstract result and extends |12}, Theorem 2.3] towards
the inclusion of a state-constraint-like constraint of type “g(u) € C”. We denote by
R(S,z) and Ts(z) the radial cone and the contigent cone, respectively, of a closed
convex set S in a Banach space X at some z € S, see e.g. [5, Definition 2.54].

Theorem 3.2.  Let Assumption hold. Let C C Z be a closed convez
set and let u € K, g(u) € C, and { € Z* fulfill the following properties:

(3.1) (G'(@) + g (@) Cu—) >0 Vuek,

(3.2) ((,2—g(@))z+ 7z <0 Vz € C,

1.e. the KK T-conditions for the problem (]ED Assume further that it holds
(3.3) 7"(@)v* + (¢, g"(@)v*)z+,z >0 Vv e Ca\{0}

with Cg = cly, (R(K,2))N{v € Uy: j'(@)v = 0, (¢'(@)*¢,v)2 = 0, ¢'(a)v €
To(g(@))}. Then, there are €,6 > 0 such that the quadratic growth condition
j(w) > j(@) + &|lu — @||2 holds for all u € K that satisfy ||u — |y < € and
g(u) € C; wn particular, u is an Uy-local minimizer for

In the theorem and its proof we make extensive use of the continuation proper-
ties from Assumptionla and 2a: In formula , for instance, ¢'(2)*( € U
is well-defined because of ¢'() € L(U,, Z) by Assumption [3.1]2a. We follow the
the proof of 12}, Theorem 2.3], and abstract the techniques of several similar results
in this context, see e.g. [104[34,45], and, in particular, [18].

Proof. Assume the contrary, i.e. there exist (ug), C K such that ||u—ug||> < %,
J(ug) < 7(@) + %llux — @l13, and g(ug) € C. Define py := ||ug — @]z and vy :=
pik(u;c —@). Since (vg)x C Us is bounded by definition and Us is a Hilbert space we
can w.l.o.g. assume that vy — v with some v € U,. We prove v € Cy in four steps:
A. From weak convergence and we derive immediately: (5/(%)+g'(@)*(,v)2 =
limg 00 (5 (%) + ¢'(2)*C, vk)2 = limg 00 p%(j’(ﬂ) +g'(@)*¢,ux — @)z > 0.

B. To show (g'(%)*{,v)> < 0 observe that ({, ¢'(u))vk)z+ z = pik(c, g' (ud) (ug —

_ 3.2) . _
U))zez = pik((,g(uk) —9(%))z+z < O with some uf := Oxup + (1 —6x)a, (Ox)x C
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[0, 1] originating from the mean value theorem. Utilizing Assumption EZbl we
obtain (g'(2)*{,v)2 = ((, ¢'(2)v) 2+, z = limg—,00((, 9'(ud)vi) 2+ z < 0. Similarly we
obtain for arbitrary but fixed n € Z*: (n, Pk:( 9(uk)—9g(@)))z=.z = <n,g’(ui’")vk>z*,z
(n, g'(@)v)z- z due to Assumption [3.1]2bi, i.e. ¢'(@)v € weak-clz(R(C,g(@))) =
To(g(@)), since C is assumed to be closed and convex: From [5, Proposition 2.55]
we infer that 7-(g9(@)) = clz(R(C, g(@))). The radial cone R(C, g(4)) is convex
due to convexity of C, and hence its (strong) closure in Z is equal to its weak
closure weak-clz(R(C, g(@))), see |5, Theorem 2.23.ii] for instance.

C. As in the proof of |12, Theorem 2.3] we find with help of the mean value
theorem that j'(@)v < 0 holds. Together with B. we obtain (5'(2 Y+4'(@)*¢,v)2 <0
and therefore with A.: (5'(2) + ¢'(a ) C,v)e =0

D. Now, by B. we have j'(u ) —(g'(@)*{,v); > 0, which implies together
with j'(a@)v < 0 that j'(a)v = 0. Flnally it follows by C. that (g'(w)*¢,v)a = 0.

As in [12] one can show that v € cly,(R(K,u)) and hence it follows from
A.-D. that v € C3. Now, using our assumption and Taylor expansion we find

% > j(ug)—j(u) = j’(_)(uk @)+17"(uf)(ur—1u)? with some uf = Opup+(1—6;)a,

(6x) C [0,1]. Exploiting (3.1) and (3.2)) it follows
(3.4)

P 7 (0, g/ (@) un — @) 2z + 55" () (s — @) = (G, 9(ux) — 9(®) 7,2

+(C g(ur) — 9(@) — ¢'(@)(ug — @))z+,z + §j”(UZ)(Uk — )’

B.2) _

(€, g(us) — 9(8) — (@) (s — B)) 5,5 + 57" () (s — B

1 = .
= 5 PG, 9" (@R)v0) 2,2 + 5" (W) i),
where we used the mean value theorem for the last equality with some 'z“lz =
Orur + (1 — 6x)a € K, (6) C [0,1]. From ¢ > ((,9"(43)v7)z+,z + 3" (ul)vi

and v — 4, 4 — @ in Uz, vy — v weakly in U, we find with Assumptions

.1b11 and [3.1] .2b11 3" (@)v? + ((,9"(@)v?)z-.z = 0. Since (3.3) and v € Cz
holds, we conclude v = 0. Using Assumptions Elbnl at (&) and [3.1] -2bii at

(%) we finally arrive at 0 < v = yliminfgeo||vkl2 § liminfy o0 7" (uf)v: <

liminfy o0 (5 — ((, 9" (45)v}E) 2+ 2) (%) 0, which is the desired contradiction. O

We briefly indicate how Theorem allows to extend a result from the litera-
ture:

Example 3.3. The reader may easily verify along the lines of [12](18] that
the semilinear parabolic optimal control problem with pointwise constraints on the
state from [18] fits into the framework of Assumption Therefore, Theorem
allows to reformulate [18, Theorem 5] with L*- replaced by L2-neighbourhoods.

Remark 3.4. Let us for a moment replace convergence ux — « in U, in
Assumption by the stronger convergence uy — @ in V, where (V,||-|lv) is a
Banach space such that V — Uy, and K C V. The proof of Theorem still
shows that a quadratic growth condition of type j(u) > j(@) + $|lu — @[/ holds,
but now only for those u € K that fulfill ||u — u||y < € and g(u) € C, i.e. there
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is a so-called two-norm-gap in the quadratic growth condition. Consequently, % is
at best a V-local minimizer for (]ED, which corresponds —on the abstract level— for
V = Uy to the result of [18].

The following example, although of artificial nature, illustrates that the as-
sumptions in the formulation of Theorem are necessary. Necessity of the as-
sumptions on j is addressed in [12] and hence we only concentrate on the assump-
tions on g.

Example 3.5. With U, = L*([0,1]), U, = L*([0,1]), Z = C([0,1]) we con-
sider

1
(B) min ju):= / u(t)®dt st. —1<u(t) <1, [g(w)](t) >t Vte]0,1],
ueL2([0,1]) o
with [g fo — cos(Fu(s)))ds. Note that j satisfies Assumption and
observe that g L2([0 1) —» C([ 1]) is well-defined. Yet, since the superposition
operator associated to the cosine-function is known to be Fréchet-differentiable on
L°°([0, 1]), but not on L3([0, 1]), we only have at hand twice Fréchet-differentiablity
of g as map L*([0,1]) — C’([O 1]) One verifies that & = 1 is feasible for (E),
and satisfies the FONs and with { = %51 € C(]0,1])*. Herein, 6;
denotes the Dirac-measure concentrated at ¢ = 1. The coercivity condition is
trivially satisfied at (@, (), because Ca¢ = {0}. Further, the second derivative of
the functional at @ is even L?([0, 1])-coercive, but any u, € L?([0,1]) defined by
un(t) = —1 for t € [0, 2] and un(t) = 1, else, is also feasible for and satisfies
J(upn) = 7(2). Together with u,, — % w.r.t. the L%([0, 1])-norm, this shows that a
quadratic growth condition around # cannot hold. The reason is that Theorem

cannot be applied, because Assumption 2 fails to hold. Choose vy, := n3 1,1y,
then it holds v, — 0 weakly in L?([0, 1]), but for ﬁn = ;(un + 17,) we obtain
@y, — 4 strongly in L2([0,1]) and (&, g"(dn)v f cos( (£))vi(t)dt =
”TZ - 0 = (61,9"(@)v?) which disproves Assumptlon 2b11. However, due to
continuous Fréchet differentiability of g w.r.t. L*([0, 1]), Remark applies: 4 is
an L°°([0, 1])-local, but not an L?([0, 1])-local solution of (E).

We conclude this section with an open problem. An important property of
the SSCs in |12, Theorem 2.3] is their minimal gap to corresponding SNCs, if the
admissible set K is polyhedric: Positivity of 7”(@) on a certain cone Cz C U, is —
together with FONs— a sufficient optimality condition for %, while non-negativity of
7" (@) on the same cone is necessarily implied by local optimality of % [12, Theorem
2.2]. Obtaining SNCs for (]E[) seems to be a challenging topic and is beyond the
scope of our paper. For recent results concerning no-gap second-order conditions
we refer e.g. to [34,/45|] in case of optimal control of semilinear elliptic PDEs
with mixed control-state constraints, to [16] for optimal control of a nonsmooth
quasilinear elliptic PDE, or to [15] for an abstract optimization-theoretic result
with different applications to PDE-constrained optimization.

4. SSCs for averaged-in-time state-constraints

This section contains the first part of our discussion of SSCs for (OCP)): We
replace the pointwise in space and time state-constraints by averaged-in-time state-
constraints, see Assumption below. For the resulting modified model problem
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we prove SSCs avoiding the two-norm gap while keeping the rather low regularity
requirements on the state equation from Assumption Since Assumption [2.1
on the state equation and the control operator still holds, our results apply to
the full range of situations described in |4, Section 2.2], yet with additional state
constraints.

Since part 1. of Assumption referring to the unchanged state equation
and the objective functional, has already been verified for in [4, Section
4.3], the remaining work is to check Assumption 2. This requires a careful
regularity analysis of the derivatives of the control-to-state map. The results of this
analysis also highlight the obstructions that prevent us from applying Theorem
under Assumptions and directly, and therefore motivate the introduction
of averaged-in-time state-constraints. In particular, the analysis of the quasilinear
problem is quite different from the discussion of the semilinear problem
mentioned in Example due to the more complicated structure of derivatives of
the nonlinearity in the differential operator. This yields slightly better regularity
results in the case of semilinear PDEs.

4.1. Averaged-in-time state-constraints. We start by introducing our modi-
fied state-constraints and postpone their mathematical motivation to Section [4.2

Assumption 4.1. 1. The set of admissible states is Yoq = {y € L*(I,C(Q)) :
Ya(z) < [[y(t,z)dt < yp(z) Vz € Q}, with bounds y,,y € C(Q) satisfying
Ya(z) < yp(z) for all z € Q and y,(z) < 0 < yp(z) for all z € I'p. We allow for
Yg = —00 OF Yp = 00.

2. There is a feasible point, i.e. there is (y,u) € Yaq X Uaq such that y and u
fulfill the state equation .

Intuitively, this means, e.g. in the case of controling temperature, keeping the
average temperature over the time interval at each point of an object in a certain
desired range. To get closer to the original pointwise in time formulation, it is also
possible to consider averaging on a finite number of subintervals of I separately.
Since the latter is only a technicality, we keep the above assumption as simple
as possible. Averaged-type instead of purely pointwise constraints are common in
the literature, e.g. averaged-in-space and pointwise in time bounds on the state
[211[23}36,,38] or its gradient [37]. Existence of an optimal control for with
averaged-in-time state-constraints is proven analogously to Theorem We only
state the result.

Theorem 4.2. Let Assumptions [2.1] and [{.1] hold. Then there ezists a
globally optimal control u € U,q for the optimal control problem (OCP).

To address FONs we first require a suitable constraint-qualification:

Assumption 4.3. Under Assumption 1 let @ € Uag be an L%(A)-local
solution to (OCP|) with associated state § = S(4) € Yaa such that that the fol-
lowing linearized Slater-condition is fulfilled at @: There is ug; € Ua.q such that

7+ 8'(@)(usi — @) € Yaq, ie. ya(2) < [ [3(t,2) + §'(8) (us1 — ) (¢, 2)] At < gs(2)
for all z € Q.

As in Section the proof of the following result is based on |7, Theorem 5.2].
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Theorem 4.4. Under Assumptions and [{.3 and Assumption [{.1] 1

there ezists a regular Borel measure v € M(Q) = C(Q)* on Q and the adjoint
state p € LT,(I,WBP ), 7' € (1,00), such that the optimality system

(4 2) 0P+ A@G) P+ AG)P=F—ya+dt®7, p(T) =0,
(4.3) supp(7) C {{ﬂ(t, -)dt =y}, supp(¥~) C {{ g(t,-)dt = ya},
(4.4) (B*P + Y8, u — U)o (py poa) = 0, for all u € U,gq,

1s satisfied. Here, 7 = vt — i~ denotes the Jordan-decomposition of v, cf.
Remark and (4.2) has to be understood in the sense outlined in the

proof.

Proof. Because the proof is completely analogous to the proof of Theorem 2.8,
we mainly comment on the differences w.r.t. the new type of state-constraints: In

[7, Theorem 5.2] we choose Z = C(f2) and G := v 0o Ao S:, where S: L°(A) —
WLs(I, W5 ) n Ls(I,W5P) is the control-to-state map, v W5* — C(Q) the
Sobolev embedding, and A: ¢ — (z — f] (t,z) dt) is averaging w.r.t. time,

which is a bounded linear map L"(I,W5?) — Wg? for any r € (1,00). The
choice 7 = s shows that G is well-defined from L°(A) into C(Q). From A €

L(L"(I,WhP),WkP) we conclude A* € L(Wp™ L7 (I, Wp™*)), and +* is the
embedding M(Q) — WBl’pl. For a test function ¢ € L"(I,W5”) we compute
) e gy oy = (0 AP o = fg Avd7 = [ veeds, e
Avp =dtev e L7 (I,W, ’p) for each 7' € (1,00). Together with S'(Ba) €
L(L™(I,W5"P), L™ (I, WgP)), for r € (1,s], which follows from Lemma 2, we
find §'(Ba)*A** € E(M(ﬁ),LTI(I,Wllj’p,)) for ' € [s',00). This shows that

S’(Bu) (y—ya+A**D) € L’“'(I,Wé’p,), r" € (1,00), is well-defined. Equation
has to be understood in this sense. Finally, a short computation shows that
1} holds. O

Remark 4.5. Let in addition to Assumption [2.I]the enhanced regularity as-
sumptions from [4, Assumption 4] hold that enable the improved regularity analysis
of the state on the Bessel-potential space ch’p — ng’p from |4, Theorem 3.20]:
More precisely, yg € (ch’p, Dom—¢»(—=V - uV))1/s,s and B is a bounded linear

D
map L°(A) — LS(I HBC’p) where ¢ € (0,1) and s > 2 satisfy max{1l — l 7} <
and s > max{ T T C} The situations from Examplestlll fit into thls setting,
cf. |4, Examples 2.4 6], with the minor modification that b; € HDC P is required for
purely timedependent controls. Under these stricter assumptions, [4, Proposition

4.7] shows that S'(Ba)* coincides with the solution operator of the backward-
parabolic PDE

Oz + A(y)'z+ A'(Y)'z = w, z(T) =0.
Moreover, for any 7' € [s',00) the map w +— z is bounded linear L (I, W’l’pl) —
Wi (I, W=y L7 (I, W5P'). Since it holds A*/*7 = dt® 7 € L™ (I, W ") for
any 7' € (1, 00) we obtain improved regularity $ € W' (I, W-4#')n L™ (I, Wé’p,),
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r' € [s',), for the adjoint state from Theorem in this case. Moreover, the
adjoint equation (4.2)) even holds in the distributional sense in the respective space.

4.2. Regularity of the derivatives of the control-to-state map. From Sec-
tion 2.2 recall the definition of S and its derivatives stated in Lemma 2.4l In this
subsection we carry out a more detailed analysis w.r.t. regularity, continuity, and
extension properties of the derivatives. Moreover, we use these results subsequently
to motivate the introduction of the averaged-in-time state-constraints.

Proposition 4.6. Let Assumption hold and fiz u € L*(A).

la. The first derwative S'(u) of the control-to-state map extends to a
continuous linear map from L?(A) to LI(I,C(Q)) for any q € (1, 22).

1b. The second deriwvative S"(u) extends to a continuous bilinear map
from L2(A) x L2(A) to Wh (I, W5'P) N L™ (I, W5?) for any r € (1, p+d)

2. Let (ug)r C L5(A) converge to u strongly in L*(A) and (vx)r C L2(A)
converge to some v weakly in L?(A). Then it follows S'(ux)vy — S'(@)v
strongly in L9(I,C(Q)) and S"(ux)v? — S"(@)v? weakly in WH(I,W5"P) N
L"(I,WSP) for g and r as in part 1.

As already pointed out at the end of Section our Assumption suffices
to apply those results of |4 that are used in the proof below.

Proof. 1. We know S'(u) € L((L2(A), WY2(I, W5 PYNLA(I,W5P)) for all u €
L%(A), cf. Lemma Hence, la. follows from W12(I, W5 ") N L3(I, W5?) <.
L(1,C(Q)), q¢ € (1,7F), see e.g. [4, Proposition 3.3]. Since this embedding is
compact, S'(u) € L(L?(A), LI(I,C(Q))) is also compact. For 1b. it suffices due to
Lemmato show for r € (1, +d) and wy,wy € WY3(I, W5 P)NLA (1, W5P) that
||‘A”(y)[w1’wQ]HLT(I,ng‘P) Nle||W1=2(I,W51’P)OL2(I,Wzl;”)Hw?||W1,2(I,W51’p)ﬁL2(I,W}3”’)
holds, where y = S(u). This, however, follows from the definition of A", Hélders
inequality and the aforementioned embedding. ; ;

2. Inthe proof of |4, Proposition 4.9] it has been shown that S'(Bug) — S'(Bu
in L(L7(I,W=1P), WL (I, W5 P)NL" (I, WEP)) as long as 7 < :Tpd; see Section
for the meaning of §. In particular, §'(ug) — S'(@) in L(L2(A), WH2(I, W5 P) N
L2(I,W5P)) is true, from which we conclude the first statement of part 2. For the
second derivative we write S (uy,)vi —S" (2)v? = (§'(Buy)—S5'(Ba))A" (yx)[S' (ug)vr]*+
S'(Ba) (A" (yx)[S' (uz)vi]> — A"(7)[S(@)v]?), with v = S(ug) and § = S(@). Con-

vergence of the operators above is in particular true for r € (1, z%)' Hence, it

suffices to show that A" (yy)[S'(u)ux]? — A"(g)[S'(@)v]? weakly in L7(I,Wp*?),
which follows by Holders inequality and the previous results. O

Proposition[4.6|motivates the introduction of averaged—in—time state-constraints:
Assume we want to apply Theorem |3 to in case of pointwise in time and
space state-constraints ( Assumptlon Consequently, we have to verify As-
sumptlonfor U = L*(A , K =U.gq, Z = C(Q), C = Yaq, j being
the reduced functional and g = S belng the control-to-state map of . We
would have to show that S’(u) extends to a bounded linear map L?(A) — C(Q),
and that S”(u) extends to a continuous bilinear map L?(A) x L2(A) — C(Q),
for any fixed u € U,q. The proof of Proposition .6 however, shows this al-
ready fails to hold for the first derivative: From Lemma we know that the
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extension S'(u): L2(A) — WL2(I, W5 P) N L2(I,WSP), is the best possible we
can expect. However, there is no embedding W2(I, W5'?) N L (I, W5?) <
C(Q). Due to }% < 2, the situation is even worse for S”(u). Similarly, the
application to averaged-in-space and pointwise in time state-constraints [38], i.e.
Yaa = {v: () < [qu(t,z)w(z)dz < yp(t) V& € I}, with continuous func-
tions yq,ys € C(I) and a weight function w € L™, would require an embedding
WL (I, Wa™P) 0 L7 (I, W5P) — C(I, L) for some r € (1, ﬂ) in order to verify
Assumption [3.1]2bii. Unfortunately, such an embedding cannot be true. However,
the embedding W17 (I, W5 "*) N L7 (I, W5?) — LY(I,W5?) — L(I,C(Q)) is ob-
vious. Therefore, averaging in time —instead of averaging in space— seems to be
reasonable, resulting in the formulation of Assumption

Remark 4.7. The improved regularity analysis of |[4] and considering the
linearized state equation on certain Bessel-potential spaces instead of W LP does
not improve the situation significantly, as can be seen along the lines of the proof of
Proposition Moreover, the appearance of the A”-term in the second derivative
of the control-to-state map, and hence in the second derivative of the Lagrangian
of , makes it impossible to repeat the approach of |35], cf. in particular
[35, Proposition 3.8]: The reason is the presence of differential operators in A"
that have to be applied to solutions of the linearized state equation. In contrast,
for the semilinear equation discussed in [35] all terms in the second derivative of
the nonlinearity are of order zero, which allows to get along with less regularity for
the linearized state equation.

4.3. SSCs. Using the previously obtained results we formulate SSCs for (OCP)).
As already pointed out, the proof relies on Theorem For convenience, we intro-
duce the “regular part” p of the adjoint state p defined by the following equation

(4.5) —0p+ A@) P+ A@)P=9—va, B(T)=0,

Note that this allows us to express the first derivative of the reduced functional j
as j'(@)v = (B*p + y@,v) r2(a), cf. Section

Theorem 4.8. Let Assumption [2.1] and Assumption [{.1] 1 hold and let
U € Uag, = S(t) € Yaq, ¥ € M(Q) fulﬁll the optimality system from
l (4.8

Theorem. We define the critical cone by Cg 5 := {v € L*(A 4.8)) hold};
(4.6
(yu + B*p)v =0, / /zv(t,x)dtdﬂ =0,
A QJrI
(4.7)
Zy(t,-)dt >0 on{fy( )dt = ya b, /zu -)dt <0 on{fy( dt = yp},
I
4.8)
v <0, on {i=up}, v2>0, on { = u.},

where p and p are defined by (4.2) and (4.5)), respectively, and z, = S'(w)v. If

49 Aol + [ (1~ @RI ~ 2 (D TRzt >0,



OPTIMAL CONTROL OF QUASILINEAR PARABOLIC PDES WITH STATE CONSTRAINTS 17

holds for all v € Cgz 5 \ {0}, there are €,6 > 0 such that the quadratic growth
condition j(u) > j(u) + g||u - 'a||%2(A) s satisfied for all u € U,q such that
llu—1l|2(ay < € and ya(z) < [, S(u)(t,2)dt < ys(z) for allz € Q. In particular,
4 1s an local solution of w.r.t. the L?(A\)-topology.

Proof. We apply Theorem with Uy, = L°(A), Uy = L%(A), K = U,g,
Z=C(Q),and C = {z € C(Q): ya < z < yp on Q}. The properties for the reduced
functional j, j(u) = J(S(u),u), required in Assumption have already been
checked in [4, Theorem 4.14]. Note that the average-in-time map A is linear and
continuous from both L4(I,C(Q)) and Wb (I, W=LP)NL" (I, W'P) — L"(I,C(Q))
into C(Q) for any g, > 1. Hence, extension and continuity properties for the
derivatives of g := A o S in Assumption [3.1]2 immediately follow from Propo-
sition Hereby, observe that convergence of (ug)r C Uaq to @ w.r.t. LZ(A)
implies, due to L*(A)-boundedness of U,q, also convergence w.r.t. L°(A) by the
Riesz-Thorin interpolation theorem. Therefore, application of Proposition [4.6] is
possible. O

Although with averaged-in-time state-constraints is slightly easier than
with pointwise in time and space state-constraints from an analytical point
of view, Theorem illustrates the full strength of Theorem To prove C?-
differentiability of the control-to-state map we need controls in L°(A) with s > 1
as in Assumption cf. [4], because already existence of solutions to relies
on such an assumption [41]. Hence, C2-differentiability, and even well-definedness,
of the reduced functional j is guaranteed on L°(A), but not necessarily on L2(A).
However, we cannot hope for a coercivity or positivity condition like with
the increments v coming from L°(A). The latter condition can only hold for v
coming from L?(A), cf. [13,32,/47]. For the same reason, a similar situation holds
for g := Ao S. It is clear that g is well-defined and C?-differentiable on L°(A).
The question whether g is even well-defined on L2(A) is not clear. Although the
problem necessarily requires to refer to two non-equivalent norms, a norm gap in
the formulation of Theorem [4.8] can be avoided. This is the main benefit and
novelty of Theorem (3.2

5. SSCs for pointwise state-constraints

In the previous section we relaxed the type of state-constraints while keep-
ing the regularity assumptions for the equation unchanged. Now we proceed the
other way round and strengthen the regularity assumptions and restrict ourselves
to purely timedependent controls. In return, we establish SSCs for with
pointwise in time and space state-constraints as introduced in Section We re-
place Assumption by a slightly smoother setting that allows to use stronger
regularity results from [8]. Based on this we derive a result analogous to Propo-
sition in the LP-W?P-setting that finally allows to apply Theorem also in
case of pointwise in time and space state-constraints.

5.1. Regularity assumptions for the state equation. For brevity, we do not
exploit the results of [8] in their full generality, that allows, contrary to [4l/41], e.g.
for unbounded nonlinearities and a semilinear term in the state equation. Instead,
we state the following regularity assumptions for domain, coefficients, and initial
conditions that are those of [8] applied to the setting described in Assumption
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Assumption 5.1. 1. Q C R¢, d € {2,3} is a bounded domain with C1-
boundary I', and homogeneous Dirichlet boundary conditions hold on the entire
boundary I'.

2. Let Assumption 2:1]2 on x and ¢ hold and assume in addition that wx is
Lipschitz-continuous as map Q — R*<.

3. Choose p > d and s > 2 such that 1 < (1 - %). The set of admissible
controls is given by U.q := {u € L**(I,R™) : u, < u < up on I} with control-
bounds u,, uy € L*(I,R™), and for fixed control-functions b; € L*, 1 = 1,...,m we
define B: L?*(I,R™) — L?*(I,LP), u — Y..*, u;b;. The initial value yo for the state
equation fulfills yo € (L?, W>* N W5P)1_1/5,s N (W5, W5)1_1 /(26,26 N C(Q),
and the desired state has regularity yq € L*°(I, L?).

Unlike in [8] we have to restrict ourselves to purely timedependent controls as
introduced in [18]. The reason is the following, cf. also [18, Remark 2]: When
switching from controls in U, = L2?*(I,R™) to controls in U, = L2(I,R™), only
time integrability decreases, but the spatial regularity of the right-hand-sides of
the PDEs is not affected. This turns out to be crucial for obtaining the required
regularity for the derivatives of the control-to-state map. From the applied point of
view, having only finitely many pre-defined actuators to influence a system might
also seem reasonable. However, note that LP-regularity (unlike ng’p -regularity
in Example [2.2|3) of the fixed control-functions now excludes any possibility of
boundary control.

Remark 5.2. From [8, p. 609] we recall: C'*'-smoothness of I', combined with
homogeneous Dirichlet boundary conditions and Lipschitz-continuity of x implies
that —V - uV +1: W% — W;™? is a topological isomorphism for any g € (1, 00).
Consequently, Assumption [5.1]is indeed a tightened version of Assumption [2.1

5.2. Improved regularity of the state. We start by recalling the following
regularity result from [8] that will be the cornerstone of our further analysis:

Theorem 5.3 ([8], Theorem 2.3). Let Assumptions [5.11 and [5.12 hold
and fir p,s € [2,00) such that %4— % < 2. Given v € L**(I,LP) and yy €
(LP, WP N Wé’p)l_l/s,s N (ngp, Wé,zp)l_l/(%ms NC(R) there is a unique so-
lution y to equation with regularity y € WH(I, LP)NL* (I, W>PNWSF). In
particular, the control-to-state map S introduced in Section[2. is well defined
from L25(I,R™) to Whs(I, LP) N L*(I, WP N W5?) under Assumption .

Note that |8, Remark 2], addressing relaxation of the smoothness of I' in case
of convex polygonal/polyhedral domains, does only apply to our case in dimension
d = 2: To have sufficient spatial regularity in the following corollary we require
p>d.

Corollary 5.4. Under Assumption[5.1] there are some p,k > 0 such that

Wbe(I,LP) N LS (I, WP N WEP) < COP(I,C1").
Proof. Choose %(1 + %) <f<1-— % and set p=1— % — 6 > 0. Then it holds

WLs(I,LP) N LS (I, WP N WEFP) < C%P(I,(LP,W*P)s,) by standard Bochner-
Sobolev embedding, see e.g. [1]. Further, it is well-known that (LP,W%P),; <
[LP,W?2P],. Since Q is in particular a domain with Lipschitz boundary, there is
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a bounded linear extension operator LP — LP(R?) that restricts to a bounded
extension operator W2? — W2P(R%) [44]. Thus, a standard argument utilizing
the retraction-coretraction theorem ([46, Theorem 1.2.4], |3, Proposition I1.2.3.2])
shows that it suffices to prove [LP(R?), W2P(R%)], — C1*(R?). The latter follows
from [LP(R?), W2P(R%)], = H?%P(R?) |46, Theorem 4.3.2.2] and standard Sobolev
embeddings on R? with «k = 26 — % —1>0 [46, Theorem 2.8.1]. O

5.3. Improved regularity for derivatives of the control-to-state map. We
provide an improved version of Lemma under the strengthened regularity As-
sumption The improved regularity of the state from Theorem is the crucial
point, because we can show that the domain of —V - £(y(¢))uV in LP is indepen-
dent of t € I for y € C%?(I,CV*). Hence, it is possible to show that A(y) and
A(y) + A'(y) exhibit maximal parabolic regularity [12] on LP-spaces, which finally
allows to prove the desired regularity result analogous to Lemma and propo-
sition The approach is similar to [4] with the essential difference that the
weaker regularity y € WhS(I, W5P) N L° (I, W5F) for the states in [4, Section 3.2]
suffices to show constant domains and maximal parabolic regularity on ch’p for
certain ¢ € (0,1) close to 1, but not on L?, cf. the proof of |4, Proposition 3.17].
However, an analysis carried out on HBC’p will not suffice for the derivation of
SSCs for in case of pointwise in time and space state-constraints, see Re-
mark The following observation is rather trivial in our case. We state it due
to its importance for the following results.

Lemma 5.5. Under Assumptions .1 and .2 let n € WH>° with n >
Ne >0 on Q. Then it holds: 1. Domps(—V -nuV +1) = Domy»r(—V - uV +1) =
W2PNWEP, i.e. =V -nuV +1 is a topological isomorphism WP N\W 5P — LP.

2. The map n — —V -nuV is bounded linear as map W1 — L(W?P N
WLP, LP).

Similar results have been obtained in |28 Lemmas 6.5, 6.7, Corollary 6.8] if
(SE) is considered on certain Bessel-potential spaces instead of LP.

Proof. 1. This follows from |24, Theorem 2.4.2.5] for instance.
2. It holds —V-nuV € L(W>PNW 5P, LP) for any n € W1, with linear depen-
dence on 7. A short computation shows |-V - nuVol|lze S ||nllwrell@ly2enmes
D

for any n € Wh®, o € W2? N W5P, which verifies boundedness. O

The following lemma is a first step towards the analysis of the linearized state
equation on LP, where linearization takes place at some y that exhibits the regu-
larity obtained in Theorem for solutions of . The linearized state equa-
tion is given by the parabolic PDE associated to the nonautonomous linear para-
bolic operator A(y) + A'(y). Regularity of the first summand of this operator, i.e.
A(y), is provided by the following lemma; the whole operator will be addressed in
Lemma 5.7

Lemma 5.6. Let Assumptions . 1 and.2 hold and fizy € Wb*(I, LP)N

L*(I,W>?NW5P). The nonautonomous linear parabolic operator A(y) exhibits
mazimal parabolic regularity on L"(I,LP), r € (1,00), t.e. the solution map
(w,wp) — z of the equation

0:z + A(y)z = w, z(0) = wy,
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is linear and bounded as a map L' (I, LP) x (LP, WP AW 5P )1 jpr » — W' (I, LP)N
L™(I,W?Pn Wllj’p). Moreover, the corresponding operators norms are bounded
uniformly for y coming from a bounded set in WY5(I, LP)NL*(I, W??P N Wé’p).

The proof relies on the same technique as in [4, Theorem 3.20]. Nevertheless,
the present situation is slightly easier than in [4], because the additional regularity
assumptions ensure that the domains of A(y(t)) in LP stay independent of t.

Proof. We apply [4, Lemma D.1], see also [42, Corollary 14]. First, note that
LP is an UMD space, see |3, Section II1.4.4] for the definition. Uniform resolvent
estimates and uniform R-sectoriality for A(¢) := —V-£(y(¢))uV on LP have already
been established, see formulas (3.16) and Lemma 3.12 in [4]; note that uniformity
already holds for y’s coming from a bounded set in C*(Q), which is a much weaker
assumption than in the present case. It remains to check the so-called Acquistapace-
Terreni condition on L?. The latter was done in [4] only on the Bessel-potential
spaces ch’p for appropriate ( € (0,1), but not on L?. As in the proof of [4,
Proposition 3.18] we write with help of the resolvent calculus: (A(¢)+1)R(z, A(t)+
D[(A(t) + 1)7t — (A(s) + 1) Y] = R(z, A(t) + 1)[A(t) — A(s)](A(s) + 1)7L. From
Lemma2 it follows that || A(%) —A(s)||£(W2,mWé,p’Lp) < cléW)lleer,wree)|t—s|?
with ¢ > 0 independent of y. Employing formula (3.16) from [4] there is 6 €
(0,m/2) such that [|R(z, A(t) + 1)||zze) < clz| 7! for all z € C\ Ty, ¢t € I, with
Y9 ={z € C\ {0} |argz| < 8}, and finally it follows again from Lemma [5.5| that
H(A(S)“Ll)ﬂ||£(LP,W21PNW,13”’) < cllé(y)|| Lo (1,w1.) with a constant c independent of
y. Together, this shows the Acquistapace-Terreni condition, ||(A(t) + 1)R(z, A(t) +
D[(A®)+1)" = (A(s)+ 1) |l gzry < Clt—s|P|z|7* for all z € C\ T, t, s € I, with
the constant C > 0 depending on the C?(I, W1*°)-norm of y. Therefore, C' can be
chosen uniformly for y’s coming from a bounded set in W(I, LP) N L*(I, WP N
WLP) due to Corollary O

Now, we consider maximal parabolic regularity for the linearized state equation.
This extends Lemma (see also [4} Proposition 4.4], |8, Theorem 3.2]), where
maximal parabolic regularity on W~—1? has been dealt with.

Lemma5.7. Let Assumptions.l and.2 hold, and fizy € W15(I, LP)n
L*(I,W>? N WEP). For any r € (1,s] and f € L"(I,LP), the linearized state
equation

Sw+ Aly)w + A'(y)w = f,  w(0)=0,

has a unique solution w € W™ (I, LP)NL" (I, W>?» "W 5?). The nonautonomous
operator A(y) + A'(y) has mazimal parabolic regularity on L"(I,LP) for r €
(1,s].

Proof. Maximal parabolic regularity of A(y) on L"(I, LP), r € (1,00), has been
shown in Lemma Corollary [6.4] together with Lemma [5.5] implies continuity of
the map I — L(W2PNWSF, LP), t — —V-£(y(t))uV, from which we conclude that
each autonomous operator —V - £(y(t)uV € L(W?P N Wé’p, LP), t € I, has in fact
maximal parabolic regularity on L?. This follows from |2}, Proposition 7.1]. Regard-
ing the second summand, A’(y), we observe that the map I — L(W1%°, L?), t —
(Y= =V-&(y(t)puVy(t)) is L°-integrable w.r.t. time: This follows from the con-
tinuity of the map Wh*® — L(W2P NWSP, LP), n— —V -nuV, see Lemma 2,
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together with ¢'(y) € L (I, W), the continuity of the product on W1 x W%,
and the fact that y € L°(I, W2P N Wx?). Hence, we have just shown A'(y) =
(t = (& o —V - £ (Q)YuTY)) € L1, LW, 1)) o L(1, L((LP, WP)g oo, I?)
with some 1 —1/s > 6 > 6 > % + %. Hereby, we made use of the embedding
(LP,W?P)g o — [LP,W?P]; — W, cf. the proof of Corollary From |2, The-
orem 7.1] we conclude maximal parabolic regularity of A(y) + A'(y) on L"(I, LP)
for r € (1,s). Similar to the proof of |4, Proposition 4.4] we invoke [43, Corollary
3.4] to get maximal parabolic regularity on L°(I, L*). O

We point out that Lemma and Theorem do not allow immediately to
conclude differentiability of the solution map of from L" (I, L?) to W17 (I, LP)N
L™(I,W2P N WgP). Of course, for 1<1- %, e.g. r = 2, there is an embedding
WL (I,LP) N L7 (I, W2? N WEP) — C(Q), which can be shown with a similar ar-
gument as for Corollary Hence, the map F: W17 (I, L?)N L7 (I, W2P "W ) x
L"(I,LP) = L7 (1, LP) x (L, WP AW 5P )1 /71 1, (y,v) = (89 +A(y) = v,9(0) = %0),
is continuously Fréchet differentiable. Further, for r € (1,s] the partial deriv-
ative 0, F(y,v) is even continuously invertible, cf. Lemma Nevertheless,
the fact that prevents us from application of the implicit function theorem is
that we would first require a well-defined solution map v — y(v) associated to
F(y,v) =0, and we do not have such a map at hand: To obtain solutions to in
WLs(I, LP)NL* (I, WP "W 5?) we need right-hand-sides v € L2*(I, L?) and not in
L*(I,LP), see Theorem[5.3} For v € L*(I, L?) we do not know whether there exists
some y € Whs(I, LP)NL* (I, W*>PNW5P) such that F(y,v) = 0. On the other hand,
8, F(y,v) cannot be invertible from Wh*(I, L?) N L*(I, W>P NW5?) to L>*(I, LP),
because invertibility of 8, F(y,v) holds between W17 (I, L?) N L" (I, W2? N W5¥)
and L"(I,LP), r € (1, s], cf. Lemma [5.7

Remark 5.8. Double time integrability on the right-hand-side of ([2.1]) in The-
orem is due to the technique applied in the proof of [8, Theorem 2.3]. For a
short outline we refer to the proof of Lemma below.

The following lemma is the first step towards an analogue to Proposition [4.6]1
under Assumption Particularly, the regularity of the A”-term appearing in the
second derivative of the control-to-state map can be essentially improved in the
present case. Even in this highly regular setting A" (y)w? is from L"(I, WBl’p), ie.
a distributional object in general, which illustrates the difficulty of this term.

Lemmab5.9. Guweny € Wl’S(I,LP)OLS(I,WQ”’HW}?’I’) andw € WH2(I, LP)n
1, .
L(I,W2PNW,?) it holds ||A”(y)w2||LT(I,W51,p)§ cy,,ﬂ||w||3[/1,2(1,“7)0[’2(I,Wz,mwé,p)
forr € (1,00). The constant ¢y, can be chosen uniformly w.r.t. y coming from
a bounded set in L>®(I,W1P).

Proof. This follows from the definition of A" and Hélders inequality. We have
to make use of the embeddings W42(I,L?) N L*(I, W>? N W5?) — C(Q) and
WL2(I,LP) N L2(I,W2P N WgP) < LI(I, WL?) for every q € (1,00), that can be
shown similarly as in Corollary O

The following lemma is the last auxiliary result before we will be able to verify
the assumptions of Theorem in the proposition thereafter.
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Lemma 5.10. The solution map of the state equation (2.1) is continuous
from L2?(I,LP) to WY*(I,LP) N L°(I, W?P N er,’p).

This result is not explicitly contained in [8]. There, differentiability and, conse-
quently, continuity of the control-to-state map have been addressed in the W Lp_
setting, cf. [8, Theorem 3.2]. As outlined after Lemma arguing via the implicit
function theorem is not possible here. To prove continuous dependence we go
through the steps in [8] tracking continuous dependence of the quantities under
consideration.

Proof. It is well known that L3(I,LP) < L*$(I,W5"*?) and that solution
map of is continuous (in fact even C2) from v € L*(I,W5" %) to y =
y(v) € Whas(I, W 12P) n [25(I, W5?®): Existence is clear by |8, Theorem 2.1]
and differentiability follows using the implicit function theorem similarly as in the
proof of [8, Theorem 3.2]: The required invertibility property is assured by maximal
parabolic regularity of A(y)+ A'(y) on L2*(I, ng’zp), which is proven similarly as
in the proof of |4, Proposition 4.4] with s and p replaced by 2s and 2p, respectively,
cf. also the similar proof of Lemma in the LP-setting. Next, following the main
idea in the proof of [8, Theorem 2.3] we rewrite equation as 0yz — €&V -uVz =
v+ VE - u with y = y(v) € WH2S(I, W—12P) 0 L2*(I, W5*?) being the solution to
and ¢ = €(y(v)). It is clear that the right-hand-side measured in L°(I, L?)
depends continuously on ¢ in L2°(I, W12P) and y in L2%(I, W12?P), respectively, i.e.
on v in L#(I,W~1?P) by the above consideration. Further, due to the embedding
WL2s(1,W-12P)nL25 (I, W5*P) — C(Q), also ¢ = £(y(v)) depends continuously in
C(Q) on v. Finally, the map C(Q) — L(WYs(I, LP)NL* (I, W*PnW5P), L* (I, L?)),
& 8, —¢V-uV, is continuous. Therefore, using [8, Lemma 2.4] the solution z =y
depends continuously on ¢ in C(Q) and y in Wh2s(I, W ~122) 0 L2$(I, W5°F), and
thus on v in L?S(I, LP). O

The following proposition is our analogon to Proposition for the present
section. It provides the main steps in checking Assumption for the setting
described by Assumption and therefore forms the main part of the proof of
our second main result, SSCs for with pointwise in time and space state-
constraints, below.

Proposition 5.11.  Under Assumption[5.1] the control-to-state map is twice
continuously Fréchet differentiable as map L°(I,R™) — Wbs(I, W5 "P)NL* (I, W5?)
and the following continuation and continuity properties hold for the respective
derivatives:

1. For any u € L**(I,R™), S'(u) and S"(u) extend to continuous linear
and bilinear forms on L?(I,R™) with values in C(Q), respectively.

2. Let (ug)r C L?*(I,R™) converge to @ strongly in L?*(I,R™) and (vg)x C
L%(I,R™) converge weakly in L?(I,R™) to some v. Then S'(ux)vy — S'(u)vy
and S"(ug)vi — S"(2)v? weakly in C(Q).

The proof has similar structure as the one of Proposition [4.6
Proof. Differentiability of the control-to-state map and the formulas for the

respective derivatives follow from Lemma [2.4] Note that Assumption [5.1] indeed
suffices to invoke this result, cf. Remark The extension property for the first
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derivative follows from Lemma with » = 2 and the first embedding in the
proof of Lemma For the continuation of the second derivative, combine the
continuation property for S’(u) with Lemmas and and the embedding from
[4, Proposition 3.3]. It remains to check the continuity properties: As an auxiliary
result, we first show that S'(ug) — S'(@) in L(L"(I,R™), WL (I, LP)NL" (I, W?PN
Wj:l,’p)) for any r € (1,00). To do so, it suffices, by continuity of operator inversion,
to show convergence A(yx)+A'(yx) = A(§)+A'(§) in LW (I, LP)NL" (I, W?PN
Wé’p ),L"(I,LP)). This can be done using Lemma Holders inequality and
WL (I, LP) N L7 (I, WP N W5P) < LI(I, W) for some g such that % +i<y
which can be shown by the same technique as for Corollary Having at hand this
auxiliary result, the continuity property for the first derivative follows similarly as in
the proof of Proposition[4.6] For the second derivative we also argue similarly as in
the proof of Proposition Due to the embedding from |4, Proposition 3.3] for r >
2B it suffices to show that §'(Buy) — §'(Ba) in L(L" (I, W5 "F), Wh (I, W5 F)n
L™ (I,W5?)), and A" (yx)[wg]? — A" (y)[w]? weakly in L" (I, W5"?). We leave the
details to the reader. O

5.4. SSCs. We now apply Theorem to (OCP) under Assumptions
and and formulate SSCs for (OCP|) with pointwise in time and space state-

constraint. Compared to Theorem we crucially rely on the improved regularity
results due to the strengthened regularity Assumption 5.1

Theorem 5.12. Let Assumption and Assumption[2.5.1 hold, and let
e L*(I,R™), g€ Wl’s(l,LP)ﬂLs(I,WQ’PﬂWé’p)ﬂYad and X € M(Q) fulfill the
FONs — from Theorem (2.8, We define the cone of critical directions
by Cyx:=qv € L3(I,R™): (5.1) — (5.3) hold},

(5.1) /I(fyﬂ(t) + B*p(t))Tv(t)dt = 0, /szd,‘\ =0

(5.2) zy(t,2) <0, on{y=w}, 2z4(¢t,2) >0, on {y =v.},
(5.3) ’Ui(t) <0, if ’Ei(t) = ub,i(t), ’Ui(t) >0, if ’L_Li(t) = ua,i(t),
where p ts defined by (4.5) and z, = S'(w)v. If

(54) llwlBagrzm + /Q (1 — €"(IuVVP)22 — 26(§)2.uV 2, Vp)dedt > 0,

holds for all v € Cy 5 \ {0}, then @ is a L?(I,R™)-local minimizer for (OCP),
and there are €,8 > 0 such that the quadratic growth condition j(u) > j(@) +
g||u - ﬂ||%2( holds for all u € U,q that satisfy ||u — 4l|z2(;rm) < € and
S(U) € Yaq.-

Proof. We apply Theorem with Uy, = L*(I,R™), Uy, = L?(I,R™), Z =
C(Q), K = Uaq, C = Yaq. As stated in the proof of Theorem the assumptions
on the reduced functional j from Assumption [3.1}1 have been verified in [4] and
Assumption [3.1]2 for g = S is fulfilled due to Proposition The crucial point
is as in the proof of Theorem to observe that due to L*°-boundedness of U,q
L2(I,R™)- implies L?*(I,R™)- and L°(I,R™)-convergence, respectively. O

I,R™)

The problem formulation requires two different norms: Reduced functional
and control-to-state map are well-defined and C2-Fréchet on L*(I,R™) with some
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s > 2, but not necessarily on L?(I,R™). The positivity condition might
hold for directions v from L?(I,R™), but cannot be expected to hold for directions
v € L°(I,R™). However, it is possible to state the quadratic growth condition in
Theorem @ only referring to the L2(I,R™)-norm, i.e. similarly to Theorem
and Example [3.3] occurrence of a two-norm gap can be avoided.

6. The case without control-constraints

In the terminology of Assumptions [2.1] and [5.1] we now consider the case u, =
—00 Or Up = +00.

6.1. Existence of optimal controls. The argument in the proof of Theorem [2.6]
relies on the possibility to extract a L*(A)-bounded subsequence of the infimizing
sequence of controls, see the proof of [41, Theorem 6.3]. Therefore, we require
either boundedness of Uyg in L*(A), or boundedness of the infimizing sequence has
to be enforced by the choice of the objective functional. The latter can be modified
by an L°(A)-Tikhonov term as follows

1 Y Vs
(6.1) J(y,u) = §||y — Yalli2(rxa) + §||u||iz(1\) + ?||U| Le(A)

with some y; > 0. Now, the techniques used in the proof of Theorem apply
again, and existence of a globally optimal control can be shown.

6.2. FONs. Theorems [2.8] and do not rely on the existence of optimal
controls; they only characterize locally optimal controls, if they exist. Hence, these
results stay valid for unilateral or no control-constraints. In the case Uyq = L°(A)
the variational inequalities and , respectively, simplify to the equality
B*p + yu = 0. Moreover, the reduced gradient for the modified functional
is given by Vj(u) = B*p + vu + vs|u|° !, and and have to be adapted
accordingly.

6.3. SSCs. The verification of Assumption [3.1 makes use of L*-boundedness
of the admissible set U,q, cf. the proofs of Propositions and and [4, The-
orem 4.14]. Hence, we cannot apply Theorem However, following Remark
it is still possible to obtain SSCs with norm gap: The quadratic growth condition
will only hold on an L*(A)- and L2%(I,R™)-neighborhood of #, respectively. Fur-
thermore, when using the modified functional the choice v = 0 is not possible
when aiming at SSCs with the technique of the present paper, even at such with
two-norm gap: The condition y > 0 is crucial for verifying Assumption [3.1] 1biii for
the reduced functional; see formula (30) in [18], or formula (5.3) in [12], respec-
tively.

Appendix A. Applicability of the results of |41]

In the paper we used results from [41]. We now comment on their applicability
in our setting, applying the notation of [41]. The results of |41} Sections 5 and 6]
refer to the PDE

(A.1) Sw — V- p(w)pVw + w = F(t, w(t)), w(Ty) = wo,

which differs from (SE]) by the additional identity-term on the left-hand-side and
the nonlinearity on the right-hand-side. The special case of right-hand-sides in-
dependent of w, as in the present paper, is contained in this setting. Existence
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and regularity of solutions [41, Theorem 5.3] and weak-to-strong continuity of the
solution map [41, Theorem 6.3] have alreadby been applied to in [4]. We now
give the details concerning the required adaptations. If I'p has nonzero measure,
omitting the identity-term does not require changes in the arguments, cf. |41} Re-
mark 2.12]. In the following we outline the changes needed to deal with the general
case.

A.1. Uniform Holder estimates. The crucial idea is to obtain uniform Holder
estimates for nonautonomous linear parabolic PDEs without identity-term from
those with identity-term by application of a well-known scaling technique, see |17
Chapter XVIII.§3.1.4, Remark 2] for instance: Observe that u is a solution to

atu(t) -V :U'(t: )V’U,(t) = f(t)a U’(TO) = o,
if and only if 4(¢,-) := e tu(t, ) is a solution to
Bii(t) - V- plt, JVA) + (8 = e F(D),  UTH) = e Do,

Since the results of [41] apply to @ and scaling back u(t,-) = e'é(t,-) does not
affect Holder-continuity, both [41, Proposition 2.10] and [41, Theorem 2.13] also
hold true without the identity-term, with adapted constants, of course.

A.2. Existence of solutions to (SE]). We check that the proof of [41, The-
orem 5.3] works without the identity-term. First, we ensure that the auxiliary
results used in the proof stay valid: The proof of [41, Lemma 5.4] does not
need modification. In part (i) of [41, Lemma 5.5] we have to argue on maxi-
mal parabolic regularity of —V . ¢pV instead of —V - ¢pV + 1. To do so, note
that —V - ppV = (—=V - ¢pV + 1) — 1 inherits maximal parabolic regularity from
—V - 9pV + 1 due to —1 € L®((To, T1), LWEL, W5Y))) by [2, Theorem 7.1]. It
is clear that the continuous dependence in part (ii) stays true. Then, the proof of
[41, Theorem 5.3] can easily be adapted: Equation (5.7) now reads

(A.2)
Ov — V- p(u+9P)pVv = F(u + ) — Oiu + Vo(u + ¥)pVu, v(Tp) = 0.

The technique of the proof of [41, Theorem 5.3] does not need further adaptation.
The fixed-point argument from [41] continues to be applicable to , since uni-
form Holder-estimates for the respective nonautonomous linear parabolic operators
are also valid without the identity-term. For the same reason also the uniform es-
timates from |41} Corollaries 5.7 and 5.8] stay true, again with adapted constants.

A.3. Weak-to-strong continuity of the solution map. Weak-to-strong conti-
nuity of the solution map of (A.l)) is shown in [41, Theorem 6.3] based on the
results already discussed in Appendices and No further adaptations are
needed.
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