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Abstract

A morphologicalmultiscalemethodin 3D imageand3D imagesequenceprocessingis discussedwhich identifiesedgeson level setsand the motion of
featuresin time. Basedon theseindicatorevaluationthe imagedatais processedapplyingnonlineardiffusion andthe theoryof geometricevolution problems.
Theaim is to smoothlevel setsof a 3D imagewhile preservinggeometricfeaturessuchasedgesandcornerson the level setsandto simultaneouslyrespectthe
motionandaccelerationof objectin time. An anisotropiccurvatureevolution is consideredin space.Whereas,in caseof an imagesequencea weakcouplingof
theseseparatecurvatureevolutionsproblemsis incorporatedin the time directionof the imagesequence.The time of theactualevolution problemservesasthe
multiscaleparameter. Thespatialdiffusiontensordependsona regularizedshapeoperatorof theevolving level setsandtheevolution speedis weightedaccording
to anapproximationof theapparentaccelerationof objects.As onesuitableregularizationtool local � � –projectionontopolynomialsis considered.A spatialfinite
elementdiscretizationon hexahedralmeshes,a semi-implicit, regularizedbackwardEulerdiscretizationin time,andanexplicit couplingof subsequentimagesin
caseof imagesequencesarethebuilding blocksof thealgorithm.Differentapplicationsunderlinetheefficiency of thepresentedimageprocessingtool.

I . INTRODUCTION

Processingthreedimensionalimagesandimagesequencesis a taskof growing interestin variousapplications.Especiallyin
medicalimagingdifferentimagegenerationhardwaresuchasCT or MRI devices,andmorerecentlyalso3D ultrasounddevices
deliver large imagedataat high resolutionfor further postprocessing.Basedon that dataanomaliescanbe analyzedand the
progressof deseasescanbestudied.Furthermore,physicalexperimentscanberecordedvia MRI or other3D measurementdevices.
Thuscomparisonswith 3D simulationsbecamepossible.Frequentlytheresultingimagesandimagesequencesarecharacterizedby
a ratherunsatisfyingsignalto noiseratio,which leadsto seriousdifficultiesin thefurtherpostprocessing.Especiallyin 3D many
featuresarehiddenandtheessentialstructureor theinvolvedmotionsanddevelopmentsarehardto catchvisually. Frequently, one
is interestedin theextractionof certainlevel surfacesfrom thedata,which boundvolumesor separateregionsof interest.Often
theactualintensityvalueis of minor importanceanddependenton themodality in theimagegenerationprocess.Methodswhich
behaveinvariantundertransformationsof theintensityor grayscalearecalledmorphological.They only effect themorphologyof
the image,which coincideswith thegeometryof the level sets.Theaim of this paperis to combinerecentresultson anisotropic
geometricdiffusion for the denoisingof 3D imagesanda smoothingmethodfor 3D imagesequenceswhich takesinto account
featuremotionandacceleration.Thepeculiarityof themethodis, that it is ableto preserve edgesandcornerson level setswhile
still allowing tangentialsmoothingalongtheedges.Furthermore,a suitableaccelerationquantity— theapparentacceleration—
is usedto modulatethespeedof propagation.

Thecoreof themethodis anevolution drivenby anisotropic geometricdiffusionof level surfaces.In caseof imagesequences
the diffusionprocessesarecoupledon differentframesof the sequencein time andthensimultaneouslyappliedto every frame.
Thus,an anisotropicdiffusion tensordependingon a presmoothedshapeoperatorandthuson presmoothedprincipal curvatures
andprincipaldirectionsof curvature,is sensitive to the identificationof the importantsurfacefeatures.Furthermore,thespeedof
diffusionis modulatedbasedonthemeasuredmotionof level setsin imagesequences.In theidentificationof curvatureandmotion
quantities,abuild-in regularizationandprojectiononprototypeshapesturnsout to beessentialto maketheproposedmethodrobust
andmathematicallywell-posed.

The paperis organizedasfollows. First, in SectionII we discusssomebackgroundwork on imageandimagesequencepro-
cessing.SectionIII briefly introducestheanisotropicgeometricdiffusionmethodon still imagesandin SectionIV we discussthe
generalizationto imagesequencesvia a suitablecouplingof the diffusionproblemson differentframesof the sequence.After-
wards,in SectionV we sketchhow to extracttherequiredcurvatureandmotionquantitiesandin SectionVI we presenttheactual
discretizationwith finite elements.

I I . REVIEW OF RELATED WORK

Let us considera noisy imagegiven by an intensitymap
�����	��
� �������
����������

on someimagedomain
����� ���

or a
continuousimagesequence

� � �! "$#&%!')(*�+
,� ���-�/.0#&���1�
� � �2.3#&���
. Scalespacemethodsdefinean evolution operator4 �657�

which actson the initial data
� �

anddeliversa family of representations894 �657�&� �0:<;>=�� on successively coarserscales.Here,the
time parameter

5
actsasa scaleparameter, leadingform a fine, but noisy representationfor time

5@?A"
to successively smoother

andcoarserrepresentationfor increasingtime parameter
5
. To avoid any confusionwe will alwaysuse

5
for the time scaleof the

smoothingevolution and
.

for the sequenceparameter, which representstime in the imagesequencedatabase.Oneof the firstB
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successfulmethodsalongthis conceptwaspresentedby PeronaandMalik [24]. For a giveninitial image
���

they consideredthe
evolutionproblem D ;E�GF

div
��HI�KJML1�NJO�&LP�Q�R?S"

For increasingtime
5

- thescaleparameter- theoriginal imageat theinitial time is successfullysmoothedandimagepatternsare
coarsened.Simultaneouslyedges- indicatedby steepimagegradients- areenhancedif onechoosesa diffusioncoefficient

HI�ETU�
which suppressesdiffusion in areasof high gradients.A suitablechoiceis

HI�2VW�@?YX3Z\[^]3_` _baWced for a positive constantf . Catt́e

et al. [6] proposeda regularizationmethodwherethediffusioncoefficient is no longerevaluatedon theexact intensitygradient.
Insteadthey suggestedto considerthegradientevaluationon a prefilteredimage,i.e., they considertheequationD ;E�gF

div
��HI�KJOL1��h-Ji�&LP�Q�R?S"

where
� h ?kj h1l �

with a suitablelocal convolution kernel
j h

of width m . Comparedto the original Perona–Malikmethod
this modelturnsout to bewell-posedandedgesarestill retained.Indead,theprefilteringavoidsthedetectionandpronouncingof
artificial edges,which aredueto theinitial noise.

Weickert [34] improvedthis methodtaking into accountanisotropicdiffusion,wherethe Perona–Maliktype diffusion is con-
centratedin onedirection,for instancethedirectionperpendicularto the level setor featuredirection. This leadsto anadditional
tangentialsmoothingon level setsandenablesto amplify intensitycorrelationsalonglinesor on level sets.Thegeometryof this
evolution problemespeciallyinfluencesour investigationson anisotropicdiffusion. In the axiomaticwork by Alvarezet al. [1]
generalnonlinearevolution problemsbasedon thescalespaceideawherederivedfrom a setof axioms.Especiallyincludingthe
axiomof grayvalueinvariancethey endup with acurvatureevolutionmodel,i. e.D ;7�GFnJiL1�oJ@pq5

div
p L1�JML1�WJ$r�rtsu ?v"!T

Curvaturemotionshasbeenstudiedfor a long time in geometryandin physics,whereinterfacesaredriven by surfacetension.
In dimensionshigher than two, singularitiesmay occur in the evolution. Existenceof generalizedviscositysolutionshasbeen
proved by Evansand Spruck[13]. Anisotropic curvatureflow hasbeenstudiedfor instanceby Bellettini and Paolini [5]. In
caseof planarcurvesKačur andMikula [19] consideredanevolution equationfor thecurvature,from which onecanrecover the
shapeof the curves. Concerningthe applicationthis is closelyrelatedto the preferabilityof certaininterfaceorientationsin the
crystallinestructureof material(cf. [3], [31]). Startingwith theabovementionedaxiomaticresultscurvaturemotionprovedto be
a successfulingredientin segmentationandimageenhancementmethods,e.g. comparePauwelset al. [23]. Sapiro[28] proposed
a modificationof Mean-Curvature-Motion(MCM) consideringadiffusioncoefficientwhich dependson theimagegradient.

In [7] a parametricanisotropiccurvaturemotionwasappliedto thesmoothingof noisytriangulatedsurfaces.It preservesedges
on the surfacesand incorporatesdiffusion solely along the edgeandnot perpendicularto it. In [26] a correspondinglevel set
formulationhasbeendiscussedandcomparedto the parametricmodel. This methodwill be presentedin detail below andenter
our imagesequencesmoothingschemevia theinvolvedspatialoperator.

Motion detectionin imagesequencesis alreadya classicalresearchareain computervision. Variousapproacheshave been
presentedto extract objectvelocitiesfrom movie dataand the motion or deformationof objectstherein. Either oneasksfor a
deformationcontrolledby elasticstresseswheretheelasticpropertiesmaydependonknowledgeaboutthematerialoroneconsiders
flow fieldswhich give rise for thedeformation.For detailswe refer to [32], [18], [8]. Alternatively, optical flow techniquescan
beimplied,whicharebasedonsuitableregularizationof theinverseproblemto identify thedeformation[22], [11], [2], [27], [34].
An axiomaticscalespacetheoryfor continuousimagesequenceshasbeendevelopedby Guichard[14].

Mikula et al. [21] presentedan extensionof the original Perona–Malikapproachto imagesequencesvia a modulationof the
propagationspeeddependingon a measuredaccelerationquantity. The speedmodulationpresentedherewill be basedon these
results. In their model they considera quantity introducedby Guichard[15] which assumesthat pointspreserve their intensity
alongthesmooth(lambertian) motiontrajectories,i.e. they proposeda finite volumeschemefor thescalespacemodelfor image
sequences

�w�x� ��yz({ "$#7%�'|(}�~
� "$#MZi' D ; �gF��O�����2� h �
div
�2HI�&J<L1� h JM�7L1�Q�R?S"

wheretheindex m indicatesausualregularization.Thesocalledcurvatureof lambertiantrajectories
�O���9�2�Q�

at time
.

for scale
5

is
definedby �O���9�2�Q�i��5�#K.3#7�Q�!��?�������)�E� � �1���� s�� � _��3�

Z�2�1.9�E� Xb�b� L1�W�65�#�.3#7���i#7� d F�� ��� �[ � ����5�#K.�F{�1.3#7�gF�� d �NF{�W��5�#K.3#7�Q� �[ � ����5�#K.�F{�1.3#7�1[�� � �NF{�W��5�#K.3#7�Q� � a #
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Fig. 1. Asa testcasefor theanisotrpicgeometricdiffusionfor still imagesweconsiderthefunction �$ �¡0¢�£{¤ ¡ B ¤E¥¦¤ ¡ � ¤E¥¦¤ ¡ C ¤ whoselevel setsareoctahedrons.
This functionwasperturbedand thentaken as initial data for the anisotropic geometricdiffusionmethodfor single images. From left to right an original
perturbedlevel setand the correspondingfirst, second,and fifth time stepof its evolution on a §�¨ C grid are depicted. In the bottomrow we visualizethe
dominantcurvature on thelevel setsfromtheleft column.A color rampfromblueto redindicatesthedominantcurvature value.

where © is a small ball around
�
. It measuresthe coherenceof the moving structuresin time. The first part of the

�O���9�2�Q�
definition actuallymeasuresthe so calledapparent acceleration and the secondandthird term evaluategray valuecoherences.
In the implementationoneconfineswith

�1.
beingthe time offsetbetweentwo framesof the givendiscreteimagesequenceand

considers© asadiscreteball of pixelsaround
�
.

Concerningthegeneralnumericalimplementationof PDEmethodsin imageprocessingamongothersWeickert proposedfinite
differenceschemes[34] andKačurandMikula [16] suggestedasemi-implicitfinite elementimplementationfor theisotropicmodel
by Catt́e et al.[6]. Adaptivefinite elementmethodsin imageprocessingarediscussedby BänschandMikula [4], Schn̈orr [30] and
in [25]. Kimmel [17] generalizesscalespacemethodologyto texturesonsurfaces,consideringtheappropriateintrinsicdifferential
operators.A finite volumeimplementationhasbeenstudiedby Mikula andRamarosy[20].

Thenumericalapproximationof curvaturemotionin level setform hasrecentlybeeninvestigatedby DeckelnickandDziuk [9].
They haveanalyzedacorrespondingfully discretefinite elementmethodandprovedconvergencetowardviscositysolutions.

I I I . ANISOTROPIC GEOMETRIC DIFFUSION ON STILL IMAGES

At first, we confineto the processingof still images.Thus,we considera noisy initial image
���}�-�A
ª� ���q�«�
¬���b�6���

with��®� � �
andaskfor a scaleof images8 �W�65�#M¯ � � 5	°«" : with

�W��"�#O¯U�±?� �
. Throughoutthis paper

�
will alwaysbe theunit cube "$#OZO' �

. We will definea level setformulationfor ageneralizedanisotropiccurvaturemotionof theisosurfaces.
Here,aslong aswe derive themodelwe assume

�W�7¯�#M¯ �
to be sufficiently smoothand

L1�W�65�#&���³²?´"
for all

�65�#&���¶µz� ��y� (��
.

Indeed,dueto theimplicit functiontheoremthecorrespondinglevel setsareactuallysmoothsurfaces.
To keepour methodinvariantundergrayscaletransformationswe confineto curvaturequantitiesasthedriving forcesfor the

correspondingevolution of the level sets. The simplestmorphologicalsmoothingmodelwould be to considermeancurvature
motionof the level sets(cf. SectionII). But in additionto thesmoothingof the level setsour aim is to maintainor evenenhance
edgeson thesesurfaces.Edgetypefeatureson a smoothlevel setarecharacterizedby a smallcurvaturein thedirectionalongthe
featureanda sufficiently largecurvaturein theperpendiculardirectionin thetangentspace.For implicit surfacesthesecurvature
quantitiesarerepresentedby theshapeoperator· ? · �/�Q�@�U?¹¸nº , where

º»? ¼o½¾ ¼o½ ¾ . In thevicinity of anedgetherewill bea

smallanda largeeigenvalue ¿ d and ¿ � respectively. ThecorrespondingeigenvectorsÀ d and À � point in tangentialdirection. The
evaluationof theshapeoperatorona level setof anoisyimagemightbemisleadingwith respectto thetruebut unknown level sets
andedges.E. g. noisemightbeidentifiedasfeatures.Thuswehaveto consideraregularizationin advanceandprefilterthecurrent
image

�W�65�#M¯ �
beforeevaluatingtheshapeoperator. We take into accounta local Á � projectionof theimageintensityon thespace

of quadraticpolynomials.Thewidth m of theprojectionstencilis consideredto betheparametersteeringthis regularization.The
evaluationof theshapeoperatoron this polynomialsis straightforward. We endup with thefollowing typeof nonlinearparabolic
problem. Given the initial 3D image

� �
on a domain

�
, we askfor a scaleof images 8 �W��5�#O¯U� :<;>=�� which obey the anisotropic
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Fig. 2. From left to right a certain level set- visualizingthe shapeof oneventricelof the humanheart - is extractedfrom the anisotropic geometricevolution
processfor still images.Heresuccessivestepsof thesmoothingprocessareshown.Thecomputationwasperformedona Â ��Ã C grid.

geometricevolutionequation: D ;E�W�65�#7�Q�oFnJiL1�W�65�#7�Q�9J
div

p$Ä h �65�#&��� L1�JML1�oJ �65�#&��� r ?S" (1)

on
� � y (Å�

andsatisfytheinitial condition �W�2"$#O¯U�)?�� � �E¯U��T
Furthermore,wesupposenaturalboundaryconditionson

D �
, i. e.Ä h ��5�#7�Q� D �DeÆ �65�#&���R?v"

where
Æ

denotestheouternormalon
D �

. Thediffusiontensor
Ä h

is supposedto dependon theregularizedshapeoperator· hÄ h ��5�#7���!�U?SÇG� · h �65�#7�Q�7�
where

ÇÈ�\ÉqÊ��Å��� � � �g
�ÉbÊb�Å�6� � � �
. Here

ÉbÊb�Å�E¯U�
denotesthe spaceof symmetricmaps. Finally · h �6��� is the shapeoperator

at the position
�

evaluatedon the local Á � projectionon quadraticpolynomialswith respectto a stencil ball Ë hQ�6��� of radiusm . As a suitablechoicefor this mapping
Ç

we considerthe scalarfunction
H

from the basicimageprocessingmodel, withHI��VN�g?Ì�EZÍ[ f c � V � � ced , now actingon the shapeoperatorof the projection. Mappingthe normalspaceto the
"

we trivially
expandit to

ÉbÊb�}��� � � �
. Here f servesasa steeringparameterfor theidentificationof edges.Theshapeoperator· h diagonalizes

with respectto thebasis8MÀ d � h # À � � h #&º h : , whereÀ d � h # À � � h areeigenvectorscorrespondingto principalcurvatures¿ d � h # ¿ � � h onthe
level setand

º h
is thecorrespondingnormal.Hencewe obtainthematrix representationÇG� · h �)? Ë¶Îh¹ÏÐ HI� ¿ d � h � HI� ¿ � � h � "zÑÒ Ë h T

Here Ë hÓµ ·RÔ ��Õ3� is the basistransformationfrom the regularizedframe of principal directionsof curvatureand the normal8MÀ d � h # À � � h #&º h : ontothecanonicalbasis89Ö d # Ö � # Ö � : .In Figure2 a 3D echocardiographicalimageof a humanheartis takenasinitial data.Here,differenttime stepsof theevolution
underanisotropicgeometricdiffusionareshown. A secondexampleis concernedwith truemeasurementdata.Thesalt concen-
tration in a densitydrivenflow througha porousmediafilled with freshandsaltwateris measuredin a laboratoryexperimentby
anMRI device. In Figure3 level setsof thesaltconcentrationaredrawn, whereasFigure4 shows slicesthroughthe3D dataset
at differentstagesof theexperiment.In bothcaseswe comparetheoriginal measurementdatawith smoothingresultsobtainedby
our method.

Concerningthefurtherdetailsandananalysisof thismodelwereferto [26]. Weespeciallyobservethattheunderlyingevolution
is equivalentto thepropagationof thelevel setswith speed× in normaldirection

º
, i. e.

D ; �³? × º holdsfor× �U?n�&Ø9��Ù h �2ÉqhPF�É$�7�-[S� div
Ù h �O��Ú h F{Ú±�QT

Herewe define · ht?Ó¸Gº h , where
º h

is thenormalof the locally projectedimage.This impliesthatour methodis invarianton
images

� �
whicharequadraticpolyonomials.
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Fig. 3. Theanisotropic geometriclevel setmethodis appliedto noisydatafroma fingering experimentin a two phaseporousmediumflow of freshandsaltwater.
During theexperimentthesalt concentration wasmeasuredusingan MR imaging device. Fromleft to right differentstagesof theexperiment(corresponding
to different framesin theimage sequence)are depcited.In thetop row theoriginal noisydatais shown,whereasin thesecondandthird row thescalesteps2
respectively3 of thecoupledanisotropic evolutionona §�¨ C grid aredepicted(cf. alsoFig. 4).

IV. PROCESSING IMAGE SEQUENCES VIA COUPLED ANISOTROPIC GEOMETRIC DIFFUSION

Let usnow focuson themultiscaleevolution of imagesequencesvia ananisotropicgeometricdiffusionmethod.We therefore
consideragrey valuedimagesequence

���Û�� "�#7%!'<(!�«
Ü "�#OZO'
where

 "$#&%!'
is thetimeintervalof thegivensequence.Ourapproach

hereis basedon a combinationof theansitropicgeometricdiffusionmethodfor still images(cf. SectionIII) appliedto time slices
of thesequenceanda couplingof theseinitially seperateprocessesin thesequenceparameterbasedon theapproachpresentedin
[14], [15], [29]. Thecouplingconsistsof thespeedmodulationvia the

�i���
-termwhichmeasuresthecurvatureof amotiontrajectory

in the planespannedby the normalon the level setof the imageintensityandthe apparentvelocity [14], [15]. The curvatureis
provedto coincidewith theaccelerationof thenormalcomponentof thevelocity in thedirectionof theapparentvelocity. Thus,
noisymotiontrajectorieswill leadto afasterdiffusion,which inducesasmoothing.In SectionVI wewill outlinethattheproposed
modelis still handsomewith respectthecomputationcomplexity alsofor large3D imagesequence.This holdstruealthoughwe
endup with a PDEin 5 dimensions:threespatialcoordinates

�
, thesequenceparameter

.
, andthescaleparameter

5
.

I. e. weobtainthefollowing problem:
For each frame

�����/.0#M¯ �
of theimagesequencefinda scaleof images 8 �W�65�#�.0#M¯ � : ;>=�� such that for

�65�#�.3#7���i#Oµ}� ��y«( 8 . : (Å�D ; �W�65�#�.3#7���oF��O��� h �2�Q�i��5�#K.3#7�Q�|JML1�W�65�#�.3#7���9J
div

p Ä h �65�#K.3#&��� LP�JMLP�NJ �65�#K.3#&��� r ?v"
andin

� �W��"�#K.3#O¯U�)?�� � �2.3#M¯ �iT
Furthermore,wesupposenaturalboundaryconditionson

D �
, i. e.Ä h ��5�#K.3#7�Q� D �DeÆ �65�#�.0#&���R?v"

where
Æ

denotestheouternormalon
D �

. Here,wetake into accountthesameanisotropicdiffusiontensor
Ä h ��5�#K.3#7�Q�

asin thecase
of still images,excepttheinvolvedregularizedshapeoperator· h ��5�#K.3#7�Q� is now evaluatedfor a timeslice

.
in theimagesequence�W�65�#M¯�#M¯ �

. Furthermore,thecurvatureof lambertiantrajectory
�i���<�/�Q�

is evaluatedonthespatiallyregularizedimagesequence.Indead
we applythesamelocalprojectionof theimagesequencetime slicesonquadraticpolynomialsandevaluatetheoperator

�O���9�E¯U�
for

fixedposition
�

andscale
5

on thefamily of resultingpolynomialsin
.
. Hence,the involvedspatialregularizationis indicatedby

anupperindex m .



6

Fig. 4. Fromtheexperimentaldatashownin Figure3 vertical slicesareextracted.Againfromleft to right differentframesof thesequenceandfromtop to bottom
differentscalesfromtheevolutionareshown.

In generalwe cannot guaranteethat
L1�S²?^"

and
�i���<�/���I²?^"

even if the initial datafulfills this regularity assumptions.Thus,
we have to regularizetheproblemreplacingthenorm

J�¯ÝJ
in equation(1) andthe

�i���<�7¯ �
-termby a regularapproximation.I. e. we

choose J À JOÞß��? à á � [SJ À J � #�i��� h �6âã� Þ ��? �IÙxä 8 �i��� h �6âã��#Ká : T
Thecorrespondingregularizedvariationalformulationis thengivenby ( å ?¹��5�#K.3#7�Q� )p D ;E��� å ��i��� h �2�Q�7ÞM� å �|J<LP�W� å �<J Þ #&æ r [çp Ä h � å � LP�W� å �JiL1�W� å �9J Þ #�Lèæ r ?v"!#
for all testfunctions

æwµ¦é�ê}�/�!�
. Herethebrackets

�E¯�#O¯U�
indicatethe Á � producton

�
. Consideringafinite elementimplementation

we will pick up this formulationin SectionVI.

V. LOCAL CURVATURE AND MOTION EVALUATION

In our modelabove we have madeextensive useof a regularizedshapeoperator· h andthecurvatureof lambertiantrajectory
term

�O�����E¯U�
, onwhichwebasethecomputationof theanisotropicdiffusiontensorandthespeedmodulationcouplingtheevolution

problemson differenttime steps.
To this endlet us fix a scale

5gµë� ��y
. For eachframe

â±�/.3#O¯U�t�U?ì����5�#K.3#O¯U�
of the imagesequencescalewe considera localÁ � projection in spaceof

â±�/.3#O¯U�
onto a subspaceof the spaceof quadraticpolynomials í � . Supposewe have fixed a point�vµv�

andwe denoteby î �U?çï7ð�Ùx� 8 � � d #&� �� #7� �� #$� d � � #7� d � � #&� � � � #q� d #7� � #7� � #MZ : this subspaceof í � . The local Á � projectionñ�ò � h â±�/.0#M¯ �!µ î of theintensity
â±�/.0#M¯ �

onto î is thendefinedvia theorthogonalityrelationóbôqõ0ö ò<÷ �6â±�/.3#7øèF����)Fù� ñ ò � h�â	�i�/.3#7ø$�7�!úÍû3ø1?n" üÍúèµ î #
where ý hQ�6��� is a ball of radius m around

�
. For the easeof presentationwe write

â h� � ò �6ø$� insteadof
� ñ � � ò � hbâã�i��øq� for fixed�2.3#&���!µ* "$#&%!'|(¦�

in caseof thelocal Á � projectionappliedto animageframe.Now we definein analogyto thenon-regularized
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casethe shapeoperator · h �2.3#7�Q�¦? · �6â h� � ò �E¯U�7�i�����{��?Ü�2¸Pþ�º h �O�6�Q�
(cf. SectionIII), with

º h �6ø$�}? ¼Nÿ�� õ��� � ö þi÷J ¼ ÿ � õ��� � ö þi÷ J . Thus, · h
is charaterizedby its eigenvalues0, ¿ � � h , � ?YZ3#	�

andthe eigenvectors 8MÀ d � h # À � � h #&º h : . Therefore,with an appropriatebasis
transformationË h µ ·)Ô ��Õ�� , weobtain · h ? Ë Îh ÏÐ ¿ d � h ¿ � � h " ÑÒ Ë h T

Furthermorewe will basetheevaluationof thecurvatureof thelambertiantrajectoryon thelocally projectedimages.Hence,in
anticipationof a laterdiscretesequenceof framesweconsiderthelocalprojectionsof aprevious(

.NFt�1.
), theactual(

.
) andanext

frame(
.\[«�P.

), respectively. Thenwe computethe
�O���

-termby thefollowing formula�i��� h ��â	�i��5�#K.3#7�Q�!��? �1���� s�� � _���

õ0ö ò<÷ Z�2�1.9� � X� L¶â h� � ò ��"3�i#7� d F�� ���[ � â h� c �)� � ò �6� d �oF�â h� � ò ��"3� �[ � â h� y �)� � ò ��� � �NF�â h� � ò �2"3� � a #

sincewe haveshiftedtheprojectionslocally suchthat
â h� � ò ��"3�	?ë����5�#K.3#7�Q� . Theevaluationof the

�i���
-termcanbedonevia testing

a latticeof different
���	µ Ë he����� or by a continousminimizationof theresultingpolynomial. In our implementationwe currently

applythelatticeapproach.

VI . FINITE ELEMENT DISCRETIZATION

Up to now wehaveconsideredanimageintensity
����5�#K.3#7�Q�

whichhasbeenasufficiently smoothfunctionon � y (t "�#7%!'$(1�ù�� � �
. Concerningthe implementationof the proposedmultiscalemethodandits actualapplicationto digital imagesequenceswe

now haveto discretizeourmodelin spaceandin thescaleparameter
5
. First,asalreadymentionedweconsiderour imagesequence

to consistof � [ÓZ
framesat time steps

�P.���? Î� . In applicationstheseimageframestypically ariseasarraysof pixels. We
interpretepixel valuesasnodalvalueson a uniform hexahedralmesh � covering the whole imagedomain

�
andconsiderthe

correspondingtrilinear interpolationoncells
é^µ � to obtaindiscreteintensityfunctionsin theaccompanyingfinite elementspace.

To clarify the notationwe will always denotespatially discretequantitieswith uppercaselettersto distinguishthemfrom the
correspondingcontinuousquantitiesin lower caseletters.A sub-or superscript� indicatesthegrid size,anupperindex thetime
step,anda lower index theprocessedframe,i.e. � � ��5�#7���\? � �65�#��E�P.3#&��� . Let usdefinethespaceof piecewisetrilinear, continuous
functions ��� ? 8�� µ¦é � �2�!� � � � � µ í d � í d � í d ü|éÓµ � : #
whereí d denotesthespaceof linearpolynomialsand

�
thetensorproduct.Discretizingfirst only in spaceweobtainavariational

finite elementformulationof our level setevolutionproblem:

For
�N?v"�#OTOTMTi# � find � �P�o� � y� 
 � �

with initial data � �&�2"3�)?! � ���b�"�E�1.9� , such thatp D ; � ��i��� h � � � Þ JML � �KJ Þ #$# r � [&%Åp(' h� L � �JiL � �KJ Þ #KL�# r ?S"
for all

#Iµ � �
.

Here,
 � �-é � �2�!��
 � �

is the Lagrangeinterpolationon thegrid � andthediffusion tensor
' h�

is supposedto be a suitable
approximationof

Ä h �65�#�� �1.3#O¯U�
. Finally, wehaveusedthelumpedmassscalarproduct

�7¯�#M¯ � �
, which is definedby�*)!# � � � ��?,+� �.- ó �  � �*) � �

d
�

for discretefunctions
)ã#0/ µ � �

(cf. [33]). As an immediateconsequencethecorrespondingnonlinearmassmatrix © � � � � is
diagonal. This simplifiesthe resultingschemesignificantly. We endup with a systemof ordinarydifferentialequationsfor the
nodalvaluesof theintensityfunction � . Following Dziuk andDeckelnick [10] weselect

á21 � . Furthermoreweconsiderastencil
width m ?vé � for integers

é
equalto

�$#&Õ
or 3 .

Next, we have to discretizein time,which includesthechoiceof sometime steppingschemeandthedecisionwhich termto be
handledimplicitly andwhich explicitly. Herewe choosea semi-implicit backwardEulerdiscretization.Expressedin geometric
termswe considerthemetricandtheregularizedshapeoperatorexplicitly for eachframe(cf. [12]). Let

%
bea selectedscalestep

sizeandlet �54� to beanapproximationof � � �768%�� . Thenwe obtainthetime andspacediscreteproblem:
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For
�W?S"$#MTOTOTO# � finda sequenceof discreteintensityfunctions8�� 4� : 4.9 � � :;:;: with � 4� µ � � and � � � ?< � �����7� �1.9� , such thatp � 4 y d� F �54��i��� h � � 4 � Þ JiL � 4� J Þ #$# r � [<%ëp=' h � 4� L � 4 y d�JML � 4� J Þ #KL�# r ?v"

for all
#Iµ � �

.

Finally, in eachstepof thediscreteevolution, for eachframein the imagesequencewe have to solve a singlesystemof linear
equations.In termsof nodalvectorsindicatedby a baron top of thecorrespondingdiscretefunctionwe canrewrite the scheme
andget � © � � � 4� �|[<% Á � � � 4� �7�5>� 4 y d� ? © � � � 4� �?>� 4�
for thenew vectorof nodalvalues

>� 4 y d�
at time

5 4 y d ?¹�76g[nZ9��% . Here,we haveappliedthenonlinearlumpedmassandstiffness
matrices © � � � 4� �)?A@@p BDC�i��� h � � 4 � Þ JOL � 4� J # BFE r �.G C.E #Á � � � 4� �)?ìp�p(' 4 � h� L B CJiL � 4� J Þ #�L B E r�r C.E #
where 8 B C : C is thenodalbasisof

� �
.

In eachtime stepthe discretediffusion tensor
' 4 � h� and

�i���<� �54 � Þ are evaluatedfor every grid nodeandevery imageframe
separately. Then,on cells

é µ � we usetrilinear interpolationto define
' 4 � h� . Furthermore,in thenumericalapplicationwe have

replacedtheintegrationof
�H' 4 � h� ¼I�KJJ ¼IL=MN J�O # BFE � by theonepointnumericalquadraturewhichrefersonly to thevalueat theelement’s

centerof mass.
Concerningtheproperchoiceof thestencilparameterm with respectto thegrid sizewe referto [26].
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[16] J.Kačur andK. Mikula. Solutionof nonlineardiffusionappearingin imagesmoothingandedgedetection.Appl.Numer. Math., 17 (1):47–59,1995.
[17] R. Kimmel. Intrinsicscalespacefor imagesonsurfaces:Thegeodesiccurvatureflow. GraphicalModelsandImage Processing, 59(5):365–372,1997.
[18] F. Maes,A. Collignon,D. Vandermeulen,G. Marchal,andP. Suetens.Multi–modalvolumeregistrationby maximizationof mutualinformation.IEEETrans.

MedicalImaging, 16(7):187–198,1997.
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