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Abstract. A new morphological multiscale methodin 3D imageprocessingis presented which combines the
imageprocessing methodology basedon nonlineardiffusion equationsandthetheory of geometric evolution prob-
lems. Its aim is to smoothlevel setsof a 3D imagewhile simultaneouslypreserving geometric featuressuchas
edgesandcorners on thelevel sets.This is obtainedby ananisotropic curvatureevolution, wheretime servesasthe
multiscale parameter. Therebythe diffusion tensordepends on a regularized shapeoperator of the evolving level
sets. As onesuitable regularization local

���
projection onto quadratic polynomials is considered. The methodis

compared to a relatedparametric surfaceapproach anda geometric interpretation of theevolution andits invariance
properties aregiven. A spatial finite elementdiscretization on hexahedralmeshesanda semi-implicit, regularized
backward Eulerdiscretization in time arethebuilding blocks of theeasyto codealgorithm. Different applications
underline theefficiency andflexibil ity of thepresentedimageprocessingtool.
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1. Intr oduction. Multiscalemethodshave proved to be successfultools in imagede-
noising, edgeenhancementandshaperecovery [1, 34, 39, 27]. Thereby, the imageis con-
sideredasinitial dataof a suitableevolution problem. Time represents thescaleparameter
which leadsfrom noisyfine scaleto smoothedandenhancedcoarsescalerepresentationsof
thedata.Processingthreedimensional imagesis a taskof growing interestin variousappli-
cations.Especiallyin medicalimaging different imagegeneration hardware suchasCT or
MRI devices,andmorerecently also3D ultrasound devicesdeliver large imagedataat high
resolutionfor further postprocessingandanalysis. Theseimagesandespecially3D ultra-
soundimagesarecharacterizedby high frequentnoisetypically dueto measurement errors.
Often,oneis interestedin theextractionof certainlevel surfacesfrom thedata,whichbound
volumes or separateregionsof interest.Frequently theactualintensityvalueis of minor im-
portance anddependenton the modality in the imagegeneration process.Methods which
behave invariant under transformationsof the intensityor grayscalearecalledmorphologi-
cal. They only effect themorphologyof theimage,whichcoincideswith thegeometry of the
level sets.

Theaimof thispaperis to discussanew anisotropic level setmethod for thedenoisingof
large, digital 3D images (cf. Section4 and[10] for a relatedmethodon parametric surfaces
asthey typically appearin computergraphics).Thepeculiarity of themethodis, thatit is able
to preserveedgesandcornersonlevel setswhile still allowing tangentialsmoothing alongthe
edges.Furthermoreit is characterizedby a rich classof invariant shapes.Indeedellipsoids
givenaslevel setsof a quadraticpolynomial areunaffectedby thecorresponding evolution.

Figure 1.1 gives a first glanceon the performanceof the new methodand comparesit
with othermethods: The new anisotropic geometric diffusion approachis characterizedby
substantialtangential smoothing, especiallycomparedto theoriginal Perona Malik scheme,
andconservessharpedgesanddetailsin theexample muchbetterthantheanisotropic Perona
Malik diffusion.

Thecoreof themethodis anevolutiondriven by anisotropicgeometricdiffusionof level
surfaces. The anisotropic diffusiontensordepending on a presmoothedshapeoperator —
andthereforedependingonpresmoothedprincipal curvaturesandprincipaldirectionsof cur-�
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FIG. 1.1. A noisy 3D echocardiographical dataset (left) is evolved by isotropic PeronaMalik diffusion
(middle left), anisotropic PeronaMalik diffusion (middleright) andby thenew anisotropic level setmethod(right).
Snapshotsdepictonespecific level setalwaysat thesameevolution time. Thecomputation wasperformedona ����� 	
grid.

vature— is sensitive to theidentificationof the important surfacefeatures. It decreasesthe
diffusivity in certaindirections in closevicinity to edgesor corners. Herewe make us of
theobservationthatedgeson surfacesareindicatedby onedominant andonesub-dominant
principal curvature. The curvaturedirectioncorresponding to the dominant curvaturecan
be considered asthe tangentialdirectionalongthe edge. Mainly two parametersareat the
disposalof theuserto influencetheperformance of themethod:

- A threshold value



relatedto principal curvatureswhichareassumedto indicatean
edgeandthusrequirelocalpreservation and

- afilter width � whichcontrols thenoisereductionontheactualsurfacebeforeeval-
uatingtheshapeoperator.

Thedifferencebetweentheactualandthepresmoothedshapeoperatorplaysanessentialrole
in the control of the evolution problem. Furthermore, the built-in prefiltering is essential
to make theproposedmethod robust andmathematically well-posed. In this paper we first
presenta continuousmodel,analyzeanddiscussits qualitative properties.Thenin a second
stepweseekarobust andefficientdiscretization. Hence,wederiveanappropriatefinite ele-
mentlevel setmethod with respectto a formulation of thecontinuousproblem in variational
form. Valueson nodes of a hexahedralgrid correspondto voxel valuesin thedigital image.
We find a finite elementapproachpreferablecompared to a finite differencediscretization
due to its intrinsic Galerkinstructure, which simplifies the modelingand the studyof the
qualitativebehavior. Recently, Deckelnick andDziuk [11] provedconvergenceof theclosely
relatedfinite element approximation for meancurvaturemotionin level setformulation to a
viscositysolutionof thecontinuousproblem. Furthermore,in thefinite elementsettingthe
anisotropy canbe handled element-wise in a naturalway. Basedon concepts developedin
[29] the computationalcosteven of an adaptive finite elementschemeis comparable to a
finite differenceformulationwith thesamenumber of unknowns.

Thepaper is organizedasfollows. First, in Section2 we discusssomebackground work
onimageprocessing,surfacefairingandcurvatureflow. In thefollowing Section3 webriefly
introducesomegeometric notation. Then in Section4 we review a parametric model for
surfaceprocessingwhichhasbeenpresentedrecently[10]. It furthermotivatesourmodeling
in thecontext of level sets.Section5 givesadetaileddescriptionof thenew method, whereas
in Section6 wediscusspossibleregularizationsof theshapeoperator. Afterwards,in Sections
7 and8 wepresenttheactualdiscretemodel.Finally, in Section9 wecomparetheparametric
andthelevel setmodel anddraw conclusionsin Section10.

2. Review of relatedwork. Let us considera noisy imagegiven by an intensitymap��
�������� �
onsomeimagedomain

����� ���
. Scalespacemethodsdefineanevolutionoper-
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ator ��� ��! which actson theimage
� 


anddelivers a family of representations "����#��! � 
�$&%(')

on successively coarserscales.Oneof the first successfulmethods alongthis conceptwas
presentedby PeronaandMalik [27]. They proposeda nonlinear diffusionmethod, which
modifiesthediffusioncoefficientat edges,which areindicatedby steepintensitygradients.
For agiveninitial image* 


they consideredtheevolution problem+ % *-, div �#./�1032-*403!�2-*5!7698;:
Herethe time � actsasthescaleparameter. For increasing � theoriginal imageat theinitial
time �<698 is successfullysmoothedandimagepatternsarecoarsened. Simultaneously edges
areenhanced if onechoosesa diffusioncoefficient ./�=:>! which suppressesdiffusion in areas

of high gradients. A suitablechoice is ./�@?A!B6DCFEHG�?�IAJ 
 I&KML4N for a positive constant


.

Thus,edgesareclassifiedby


. I. e. sharpening by backward diffusion is invokedwhenever032-*40PO 


whereasthe imageis smoothed by forward diffusion for 0Q2-*40SR 

. Kawohl

andKutev [19] gave a detailedanalysisof thediffusiontypesin this method. Unfortunately,
theabove original Perona andMalik model is still ill-posedbecausethereis a truebackward
diffusionin areasof large gradients. Catt́e et al. [6] proposeda regularizationmethodwhere
thediffusioncoefficient is no longer evaluatedon theexact intensitygradient. Insteadthey
suggestedto considerthe gradient evaluation on a prefilteredimage,i.e., they considerthe
equation + % *�, div �#./�1032-*UTV0&!�2-*5!7698 (2.1)

where * T 6XW TZY * with a suitablelocal convolution kernel W T of width � . For instance
we mayusea Gaussianfilter kernel. This model turnsout to bewell-posed,edgesarestill
retained, whereasthe prefilteringavoids the detectionandpronouncing of artificial edges,
whicharedueto theinitial noise.
Weickert [39] improvedthismethodtakinginto account anisotropic diffusion, wherethePer-
onaMalik typediffusionis concentratedin thegradient direction of a prefilteredimageand
a constant diffusioncoefficient is consideredin thetangent plane.This leadsto anadditional
tangential smoothing alongedgesandenables to amplify intensitycorrelationsalonglinesor
onlevel sets.Thegeometryof thisevolution problemespeciallyinfluencesour investigations
on anisotropic diffusion, which canbe regardedas a further refinement of Weickert’s ap-
proach. CarmonaandZhong[5] havepresentedananisotropic filtering approachthatalters
thedirectionsof smoothing. They considerPerona-Malik typediffusion in featuredirections,
andlineardiffusionorthogonalto them.Similar to theapproach wepresenthere,they define
afeaturedirectionto betheeigenvectorof theHessiancorrespondingto thelargereigenvalue.

In [28] anisotropic diffusionwastakenupfor theconstructionof streamlinetypepatterns
in flow fields.Concerning thenumerical implementationWeickertproposedfinite difference
schemes[39] andKac̆urandMikula [18] suggestedasemi-implicitfinite elementimplemen-
tation for the isotropicmodelby Catt́e et al.[6]. Adaptive finite elementmethods in image
processingarediscussedby BänschandMikula [3], Schn̈orr [32] andin [29]. Kimmel [20]
generalizesscalespacemethodology to textureson surfaces,considering theappropriatein-
trinsicdifferential operators.

Unfortunately, noneof theabove modelsis invariant under grayvaluetransformations.
An evolution is saidto beinvariantundergrayvalue transformations,if���#��!Q�\[-] � !76�[^]_�#���#��! � !
for mappings [ �`� �X�a� �

. In the axiomatic work by Alvarezet al. [1] general nonlinear
evolution problems werederived from a setof axioms. Especiallyincluding the axiom of



4 PreusserandRumpf

grayvalueinvariancethey endupwith a curvatureevolution model, i. e.+ %�� ,90Q2 � 0cb5� div b 2 �0&2 � 0edfdhgi 6j8k:
Curvature motionhasbeenstudiedfor a long time in geometry andin physics,whereinter-
facesaredriven by surfacetension. The basicmodel is the evolution of surfacesby mean
curvature, i.e.

+ %(l 6m,fno� l !=po� l ! where no� l ! is thecorrespondingmeancurvature(here
definedasthesumof the two principal curvatures),and po� l ! is the normal on thesurfaceq

at point
l
. From differential geometry [14] we know that the mean-curvature vectornPp equalsthe LaplaceBeltrami operator appliedto the identity

l 6 Id on a surface
q

:no� l !=p�� l !r6s,utZv l
. Thusgeometric diffusion+ % l ,wt-v l 6x8

is equivalentto meancurvaturemotion( y{z|y ). Dziuk [15] presenteda semiimplicit finite
elementschemefor y{z|y on triangulatedsurfaces.In dimensions higherthantwo, singu-
laritiesmayoccurin theevolution. Generalized,socalledviscositysolutions,canbedefined
in termsof a level setformulation+ %�� ,�0&2 � 0 div b 2 �0Q2 � 0ed 6j8k:
Existencein this context hasbeenprovedindependentlyby EvansandSpruck[16] andChen
etal. [8]. Themeancurvaturen is known to bethefirst variationof thesurfacearea } v d

l
.

We obtain for the areaAr ��~u�#��!�! of a subset~u�#��! of a smoothsurface
q

undergoing they{z|y evolution (cf. [17]) �� % Ar ��~u�#��!�!P6�,P}&��� % � n�I d
l
. This is one indication for the

strongregularizing effectof y{z|y .
In thecontext of Finslergeometryweconsiderfor a1-homogeneousconvex scalarfunc-

tion ���=�>! a generalized weightedarea } v ���@p�! d
l

depending on thesurfaceorientation. As
its first variationwe obtaintheweightedmeancurvature n�� . Thecorrespondinganisotropic
curvature flow hasbeenstudiedfor instanceby Bellettini andPaolini [4]. In caseof plane
curvesMikula andKačur[24] consideredanevolution equationfor thecurvature,fromwhich
onecanrecover theshapeof thecurves.Concerning theapplication this is closelyrelatedto
the preferability of certaininterfaceorientations in the crystallinestructureof material(cf.
[2, 36]). Deckelnick andDziuk [11, 12] have analyzeda corresponding fully discretefinite
elementmethod andprovedconvergencetowardviscositysolutions.

Concerning theimageprocessingapplicationy{z|y notonly decreasesthe“geometric“
noisebut also smoothsout geometricfeatures suchas edges and corners on the surface.
Neverthelesscurvaturemotion termsproved to be successfulingredientsin segmentation
andimageenhancementmethods. They have beenconsiderede. g. by Pauwelset al. [26].
Sapiro [30] proposeda modification of MCM considering a diffusion coefficient which
depends on the imagegradient. Malladi andSethian[23] presenteda numerical level set
methodon 2D imagescalled“min/max“ flow which alsoconsiders thecurvatureevolution,
but differing betweenthe smoothing of locally “concave“ perturbationson convex shapes
andlocally “convex“ perturbations on concave shapes.We seekanother curvatureevolution
model which overcomestheabove mentioneddrawbackandnicely workson 3D imagesas
well. Our modelpresentedhereis basedon anisotropic diffusion. As already mentioned the
anisotropy will dependon a regularizedshapeoperatorandnot like in theabove anisotropic
curvature flow on the normal direction. We emphasizethis differencedenoting the new
model simply anisotropic geometricdiffusion. On parametric surfacessucha model has
alreadybeenpresentedin [10] (cf. Section4).
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3. Someuseful geometric tools. While introducing and discussingour methodand
comparing it to a correspondingmodel on parametrizedsurfaceswe will make extensive
useof somefundamentalnotion from differential geometry. For a detailedintroduction to
geometry anddifferential calculuswe refer to [14] and [7, Chapter1]. Let us considera
smoothcompact embeddedmanifold

q ��� ���
without boundary. Let

l9�4��� q��5����l � � ! besomecoordinatemapfrom anatlas.In a sloppy but usefulinterpretation,we assume
that

l
is alsothe identity on the embeddedsurface

q
. For eachpoint

l
on

q
a tangent

space�e� q
is spannedby thebasis"���&� gU� ��3�=� $

. Dueto theembeddingin
� �^�

weidentify ��&�=�
with thetangent vector � ��3� � . By � q

we denote thetangentbundle.Measuringlengthon
q

requiresthedefinitionof a metric� �=� � �>!
� � � q � � � q ��� �

with ���¡  6 + l+ � � � + l+ �  
in matrixnotation ( � 6{� �5�¡  ! �¡  ), where� indicatesthescalarproductin

� � �
. Theinverseof � is

denotedby � LVN 6{� � �¡  ! �¡  . Thegradient 2¢v¤£ of afunction £ is definedastherepresentation
of ¥¦£ with respectto themetric � . In coordinatesweobtain

2-v�£B6¨§ � ©   � �¡  + �@£�] l !+ �   ++ � � :
We definethe divergence div voª for a vector field ª�«¬� q

as the dual operator of the
gradient with respectto the ­fI producton

q
andobtainin coordinates

div v ª � 6 § � ++ � � � ª �1® ¯5°Q± � ! E² ¯5°3± � :
Finally, theLaplaceBeltramioperator t�v is given by t/vo³ � 6 div v¤2Zvo³-: Furthermore,
we have to considersomefundamentalcurvature quantities.Let us assumethat

q
is ori-

entable;thenwe have a well definednormal p � q �µ´ I �¶� � �
on

q
. The second

fundamentalform [ � �·� q � �5� q ��� �
is locally givenby thematrix [¢6��@[ �>  ! �¡  with

[ �>  6�[Pb ++ � � �
++ �   d � 6�,fp¸� l © �¡  69p © � � l ©   :

For this symmetric bilinearform we consider theshapeoperator
´º¹&» v definedastheendo-

morphismon the tangent space� � q
with � � ´¼¹�» v�ª �

½ !º6�[¼�#ª �
½ ! . It is againsymmetric,

but now with respectto themetric. In matrixnotation weobtain� ´V¹�» v�! �¡  6¨§¿¾ � � ¾ [ ¾   :
TheeigenvaluesÀ  

of
´ ¹ » v arecalledprincipal curvaturesandtheeigenvectorsª  

arethe
principal directionsof curvature.Finally we definethemean-curvature n � 6 ±FÁ ´

. Notethat
throughout this paperthemean-curvature n is only thesumof theprincipal curvatures.

4. A parametric model revisited. In this sectionwe will review a first anisotropic dif-
fusion model on parametric surfaces. The general procedure hassignificantimpacton the
model to bedescribed in this paperandin a subsequent sectionwe will givea detailedcom-
parison. Smoothing a noisysignal ³ 


is usuallybeingdone applying a low passfilter, in the
mostsimplestcasea Gaussianfilter. It is well known that theapplicationof this filter with
width � is equivalentto the evaluation of the heatequation evolution

+ % ³`�#��!r,�t-³�� ��!�6X8
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for the signalasinitial data ³��#8�!�6X³ 

at time T �I . In caseof noisy parametrizedsurfacesq 


with parametrization
l 


we canproceedanalogously andconsiderthe corresponding
geometricevolutionproblem. I. e.,weseekanone-parameterfamily of embeddedmanifolds" q �#��! $�%('�


andcorresponding parametrizations
l � ��! , which obey themotionby meancur-

vature( y{z|y ). For thesakeof simplicity wedefiney{z|yÂ� q 

� ��!

� 6 q �#��! , where
q �#��!

is thesolutionsurfaceat time � . Thus y{z|yÂ� q � ��IAJMÃ�! canberegardedastheapplication
of a “geometric” Gaussianfilter of width � to

q
.

Processingof detailedtypically noisyor disturbedtriangulatedsurfacesis animportant
topic in surfacemodeling andcomputergraphics. A varietyof modelshasbeenpresentedin
the literature[13, 21, 22, 35]. In termsof mathematicalmodeling they canbecomparedto
discretevariantsof thebasiccontinuoussurfaceevolution problemsof secondor fourth order
for theparametrization

l+ % l �#��!�,wt v � % � l � ��!76x8 �
+ % l � ��!¼G¤t v � % � t v � % � l � ��!76j8e:

Unfortunately, thesemodelsdonotpreservesingularfeaturessuch
ascorners andedgesnor do they distinguish directions on the surface. In [10] a novel

anisotropic geometric diffusionmethodwasintroducedwhich is ableto preserveimportant
featuressuch as edgesand corners on the surfaceandwhich allows tangential smoothing
alonganedgebut notperpendicularto it. Thecoreof themethodis a geometricformulation
of anisotropic scalespaceevolution for surfaces. On images,gradients are suitableedge
indicators. But thegradient of a coordinatemapping is no intrinsic objectonmanifolds. The
canonical quantity is theshapeoperator, thatindicatesedgesandcornersby sufficiently large
eigenvalues. The eigenvectorcorresponding to a singlelarge eigenvalueis supposedto be
orthogonalto thedirectionof anedge.

Becausethe evaluation of the shapeoperator on a noisy surfacemight be misleading
with respectto theoriginal but unknown surfaceandits edges,we prefilter thecurrent sur-
face

q � ��! by straightforward “geometric Gaussian”filtering. Hence,we compute a shape
operator

´ T¹�» v ontheresultingprefilteredsurface
q T4� ��! , where� is thecorrespondingfilter

width. Finally oneobtainsthefollowing typeof evolutionproblem+ %(l , div v � % � �#Ä T ¹&» v 2 v � % � l !76jÅ¿:
ThediffusiontensorÄ T ¹�» v 6ÂÄ·� ´ T¹�» v ! is definedwith respectto theorthonormalbasisof
principal curvaturedirections on

q T by

Ä T ¹ » v 6 b ./�\À N © T ! 88 ./�@À I © T ! d
where . is a monotonedecreasingfunction with asymptotic limit 8 at Æ (cf. Section4).
Thus,diffusionon thesurfaceis significantly reduced in directions of high principal curva-
ture, i. e. thoseperpendicularto an edge. On the otherhand, a largerdiffusion coefficient
in theedgedirection enablestangentialsmoothing alongtheedge. Theright handside Å of
theconsideredevolutionproblem canbechosensuchthatthevolumeenclosedby

q
is pre-

served(cf. [10]) or onecanselecta simpleretrieving forcewhichavoidslarge deformations.
Motivatedbyourdefinitionof thediffusion tensorÄ T ¹ » v wedefineageneralized Ä T ¹ » v -mean
curvature n�Ç3ÈÉ »3Ê � 6 ±1Á �@Ä T ¹ » v ] ´ ¹ » v !
which turnsout to bethenegative propagationspeedof our model in normaldirection. Fig-
ure4.1shows resultsof this approach.
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FIG. 4.1. Two different noisy initial triangulated surfaces (first and third picture) are evolved under the
parametric anisotropic geometric evolution. Smoothedrepresentationsextractedatsuitablescalesfrom theevolution
aredepicted(second andfourth picture)(cf.[10]).

FIG. 5.1. As a testcaseweconsiderthefunction Ë5ÌÎÍ�Ï�ÐÒÑ ÍQÓQÑ#Ô�Ñ Í � Ñ@Ô�Ñ Í 	 Ñ whoselevel setsareoctahedrons.
This function wasperturbedandthentaken asinit ial data for theanisotropicgeometric diffusion method.Fromleft
to right an original perturbed level setandthe correspondingfirst, second, andfifth time stepof its evolution on aÕ×Ö 	 grid aredepicted. In thelower row we visualize thedominantcurvatureon thelevel setsfrom theupperrow. A
color rampfrom blueto redindicatesthedominant curvaturevalue.

5. Anisotropic geometric diffusion on level sets. On thebackground of theprevious
expositionswe arenow preparedto discussananisotropic geometric diffusionapproachasa
suitablemorphological scalespacemethod in 3D imageprocessing.We will definea level
setformulation for a generalized anisotropic curvaturemotion of the isosurfaces. Thus,we
simultaneously deal with all level sets,although in certainapplications our interestis fo-
cusedononespecificimplicit surface,possiblyin advanceconvertedfrom aparametric to an
implicit representation.Thesimilaritiesandespeciallythe peculiar differencesto thepara-
metric model(cf. Section4) will be discussedin detail in Section9. First, we outline the
basicingredientsandthegeneral procedure:Ø Let us denote by

�4
Ò���Ù�a� �
the grayvaluefunctionof the initial 3D imagewith

inscribedlevel sets q¶Ú
 � 6¨" l « �ÜÛ���
 � l !H6jÝ $ :
We assume

��

andthe setof corresponding implicit surfaces " q Ú
 $ Ú to be noisy andask

for a family of successively smoothed images " � �#� � �>!
Û �H« � �ZÞ
 $

where
� � � � �>!

�u�ß�à� �
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and
� �#8 � �>!w6 � 
 ��� ! . Throughout this paper

�
will always be the unit cube á 8 � E3â

�
. As

common in multiscalecalculus on imagesandsurfacesthetime � servesasthescaleparam-
eter. Thereby, for eachgrayvalue Ý a family of surfaces " q Ú �#��! $ %(ãMä å·æç is generated,withq Ú �#8è!Z6 q Ú


. Here,as long aswe derive the model we assume
� �=� � �>! to be sufficiently

smoothand 2 � � � �
l !oé6¶8 for all � � �

l !ê« � �cÞ
 � �
. Indeed,dueto the implicit function

theorem thecorresponding sets
q Ú � ��! thenareactuallysmoothsurfaces.

Themethod shouldbeinvariant undergrayscaletransformations.To ensurethis purely
morphological characterwe confine to curvaturequantitiesasthedriving forcesfor thecor-
responding evolution of the level sets.Thesimplestmorphological smoothing modelwould
beto considermeancurvaturemotionof thelevel sets(cf. Section2).Ø But in addition to thesmoothing of thelevel setsouraimis to maintainor evenenhance
edgeson thesesurfaces.As alreadydescribedin Section4 anedgefeatureis characterized
by a small curvature in tangentialdirectionalongthe featureanda sufficiently largecurva-
ture in the perpendicular directionin the tangentspace. In caseof embedded surfacesthe
corresponding curvature tensoris representedby the shapeoperator

´�¹&» v . In the vicinity
of an edgetherewill be a small anda large eigenvalue À N and À)I respectively. The corre-
sponding eigenvectors ª N and ª5I indeedpoint in tangentialdirectionalongthe edgeandin
theorthogonaldirection respectively (cf. Section4). Hence,we considerananisotropic dif-
fusiontensordependingon theextendedshapeoperator

´
, which significantly decreasesthe

diffusioncoefficient in thedominantcurvaturedirection ª<I , whereasa fixeddiffusioncoeffi-
cient is prescribed in thesub-dominant ª N direction. This distinctionwill againbemadevia
a function . appliedto theprinciple curvatures À N , À�I . Fig. 5.1 illustratesthemethod’s per-
formancefor a testcaseof aperturbed3D imagewith originally sharpedgesandshows time
stepsof theevolution. Thechoiceof . is relatedto theselectionof thediffusioncoefficient
in thePerona Malik model [27].Ø Theevaluation of theshapeoperatorona level setof a noisyimagemight bemislead-
ing with respectto thetruebut unknown level setsandedges.E. g. noisemight beidentified
asfeatures.Thereforewehaveto consideraregularizationin advanceandprefilterthecurrent
image

� � � � � ! beforeevaluatingtheshapeoperator. Herewehavethechoiceto eitherglobally
or locally regularizetheimage.An appropriate“morphological” filter — ashorttime-stepof
a level setevolutionby meancurvature— woulddeliver a global regularization.As a simple
alternativewecanconsidertheconvolutionof

� �#� � �>! with somekernelwith compactsupport.
However, concerninganimplementationon discretedatathesetwo globalregularizationap-
proachesstill require thedefinitionof a shapeoperator. This involvessecondderivativeson
a typical representationof imagedataby piecewisetrilinear functions. On theotherhandwe
cantake into account a localprojectionof theimageintensityonasuitablefinite dimensional
spaceof smooth functions. Then,on this regularizationwe do not encounter theproblem of
a definitionof theshapeoperatorandits evaluationis straightforward. In Section6 we will
analyzethedifferentregularizationmethodsin detail.

We endup with thefollowing typeof nonlinearparabolic problem. Givenaninitial 3D
image

� 

onadomain

�
, weaskfor ascaleof images" � �#� � �>!

$5%('�

whichobey theanisotropic

geometric evolution equation:+ % � ,�032 � 0 div b Ä T 2 �0Q2 � 0Ud 6j8 (5.1)

on
� � Þ � �

andsatisfytheinitial condition
� �#8 � �>!76 �ë
 ��� !Q: Furthermore,wesupposenatural

boundaryconditionson
+ �

, i. e. Ä T + �+4ì 6x8
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where
ì

denotestheouternormal on
+ �

. ThediffusiontensorÄ T is supposedto bea sym-
metric, positive semidefinite endomorphism on

� �Z�
, which caresaboutthe preservation of

edgesandthetangential smoothing alongedges.
Now, our main objective is the appropriateconcretechoiceof the anisotropy at some

point
l « q � 6 q Ú � ��! (

� � � �
l !^6XÝ ). Therefore, let us first examine theJacobianof the

normal p � 6 í�îï í�î ï . We define´�� 6xð�p¶6{�@p �#©   ! �#©   6 E0Q2 � 0 � Id ,ÜpXñopS!=ð I � :
Thismapping

´
canberegardedasanextensionto

� �/�
of theshapeoperator

´<¹&» v on � � q
.

Obviously, from ð�p¶��pò6�8 it follows that therestriction
´ � Id ,opóñ�p�! is a symmetric

mapping from � � q
onto � � q

. It actuallyconincideson � � q
with the ShapeOperator´ ¹ » v . Thus,

´
is characterizedby theeigenvaluesÀ N , À�I , 8 andtheeigenvectorsª N , ªèI andp . Therefore,we will denote

´
theextendedshapeoperator. Now we definetheanisotropic

diffusion tensor Ä T as a function of a regularizedshapeoperator
´ T basedon an at least

locally regularizedsurface
q T Ä T � 6xô�� ´ T !

where ô �;� � �¿õ5� �ö� � �Aõe�
. As a suitablechoicefor this mapping ô we consider thescalar

function . from thebasicimageprocessingmodel,with ./�@?A!76{��E�G 
 L I�?&I�! LVN , now acting
onthespaceof symmetric maps ÷UøUù��@�4� q ! . Mappingthenormal spaceto the 8 wetrivially
expand it to ÷UøUùê� � � � ! . Here



servesasa steeringparameter for theidentification of edges.

For largervalue



morefeaturesonthesurfacewill beregardedasedgesandpreservedby the
proposeddiffusionmethod. In ourapplicationswealwayschoose


 6j8;: ú . Let usrecall,that
in imageprocessingby the PeronaMalik model



is exactly the switch betweenbackward

and forward diffusion. We suppose
´ T � Id ,xp�ñ{p�! to diagonalize with respectto the

basis "�ª N © T � ªUI © T $
, where ª N © T � ªUI © T areeigenvectorscorrespondingto principal curvaturesÀ N © T � À�I © T on

q T and p T is thenormal.Hencewe obtainthematrix representation

ô�� ´ T !<6jû^üTþýÿ ./�\À N © T ! ./�@À�I © T ! 8
�� ûºTº:

Here ûcT�« ´�� �@ú�! is the basistransformationfrom the regularized frame of principal di-
rectionsof curvatureandthenormal "&ª N © T � ª I © T � p

T $
onto thecanonical basis "�� N � � I � � �

$
,

wherep T�� ª � © T .
Figure5.2picksuptheinitial example for theintroduction(cf. Fig. 1.1).A 3D echocar-

diographicalimageof a human heartis taken as initial data. Here,different time stepsof
theevolution underanisotropic geometric diffusionareshown. A secondandthird example
is concernedwith true measurementdata. The salt concentration in a density driven flow
through a porousmedium filled with freshandsaltwateris measuredin a laboratory experi-
mentby anMRI device. In Figure5.3level setsof thesaltconcentrationaredrawn, whereas
Figure5.4 shows slicesthrough the 3D dataset at different stagesof the experiment. In
bothcaseswecompare theoriginal measurementdatawith smoothed resultsobtained by our
method. Below wewill furthermorebeconcernedwith volumeconservationespeciallytested
on this dataset. Figures5.5 and5.6show smoothing resultsvia theanisotropic geometric
diffusionmethodin caseof afingering experiment,whereheavy saltwateris entering on top
of a basinfilled with lighter freshwater. Thesaltwateris pulleddownwardsdueto gravity.
The underlying instability in this configuration leadsto a fingering effect on the interface
betweenfreshandsaltwater.



10 PreusserandRumpf

FIG. 5.2. Fromleft to right a certain level set- visualizi ng theshapeof oneventricle of thehumanheart- is
extractedfrom theanisotropic geometric evolution. Heresuccessive successive stepsof thesmoothing processare
shown (cf. Fig. 1.1).Thecomputationwasperformed on a ����� 	 grid.

FIG. 5.3. Theapplication of theanisotropic geometric level setmethodto experimentaldatafrom a freshand
salt water experiment is depicted. In the first and third imageisolevels of a salt-concentration are shown at two
differentstagesof theexperiment.First, thesaltwater is floating into a containerfilled with freshwater (left). Then
an outlet is opened at oneof the top corners of the container (right). During the experiment,concentration of the
saltwasmeasuredusinganMR imagingdevice. Thesecondandfourth imageshow the corresponding 3D images
obtainedby anisotropicgeometric diffusionon a

Õ×Ö 	 grid (cf. alsoFig. 5.4).

Remark:Obviously, independentof thequestionof wellposedness,it is essentialthat Ä T
dependson theregularized

´ T andnot on theactualshapeoperator
´

. Otherwisewe would
obtaina trivial evolution problem,which restsat theinitial image.Indeed from � °&Á ô�� ´ !k6	�

��� "Ap $

we get ô¢� ´ !�p 6x8 .
Remark:Alreadymeancurvaturemotionin level setformulationsleadsto a degenerate

parabolic problem, wherediffusionis restrictedto the tangent space.Considering theregu-
larizedlevel set

q T in our modelwe immediatelyobserve that the resultingtangent space�5� q T no longercoincideswith theactualtangent space�ë� q
. Thus,in caseof very noisy

datait cannot be guaranteedthat ô�� ´ T ! still actsasa positive definiteendomorphism on�5� q
. In fact, p T might becontainedin �·� q

. Positive definitenesscanbeenforcedintro-
ducing a small, positive diffusion coefficient � in the directionof p T aswell. Hence,we
obtain Ä T � 6jô��ë� ´ T !4:
where ô � � ´ T !º6 ¯������ �#./�\À N © T ! � ./�@À�I © T ! � ��! with respectto thebasis "�ª N © T � ªèI © T � p

T $
. In

our applicationswe observed no problems with thelatter typeof degeneracy andconfine to
theoriginal modelwith �S6j8 .

In what follows, we will morecloselyexamine the geometry of the proposedmethod.
Theunderlying evolution turnsout to beequivalentto thepropagation of thelevel sets

q Ú � ��!
with speed£ in normal direction p , i. e.

+ % l 6j£_p holdsfor£ � 6 ±1Á �@Ä T � ´ T-, ´ !F!¼Gx� div Ä T !3�#p T ,ÒpS!·:
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FIG. 5.4. Fromthedevelopmentof theconcentration distribution in theexperimental data(cf. Fig. 5.3)vertical
slicesareextracted.Again in thefirst andthethird imagetheactual measurementsarevisualizedat thetwo different
stagesof the experiment,whereasin the second andfourth picture the correspondingslicesthroughthe smoothed
datasetsareshown.

FIG. 5.5. Theanisotropic geometric level setmethodis appliedto noisydatafrom a fingering experiment in a
two phaseporousmediumflow of freshandsaltwater. During theexperimentthesaltconcentration wasmeasured
usingan MR imagingdevice. On the left isosurfacesof the salt concentration at an early time in the experiment
areshown, whereas the right imagesshow data from a later time in the experiment. The first andthe third image
represent the original data. In the secondandfourth imagethe 3D dataobtainedby the anisotropic diffusionon aÕ×Ö 	 grid areshown (cf. alsoFig. 5.6).

Herewedefiné TZ6xð�p T . Let usemphasizethat
´ T coincideswith theactuallyconsidered

regularizedshapeoperator
´ T , if we evaluatethelatteron level setsof a globally prefiltered

image.Evaluating
´ T separatelyfor eachpoint

l « �
on a locally regularizedsurface

q T
we in general obtain

´ T é6 ´ T .
Proof. Pickingup theabove notationfor theanisotropy, thenormalvectorsp , p T onq

,
q T , respectively, we obtain

div �@Ä T pS!<6{� div Ä T !=pXG ±FÁ �#Ä T ð�p�!6{� div Ä T !=p T Gx� div Ä T !3�#pó,Òp T !¼G ±1Á �@Ä T ´ !6 div �#Ä T p T !�, ±FÁ �#Ä T ð�p T !ëGj� div Ä T !Q�#pm,Üp T !¼G ±FÁ �#Ä T ´ !698c, ±FÁ �#Ä T ´ Te!VGx� div Ä T !3�#pm,Üp T !VG ±1Á �@Ä T ´ !·:
Therefore,ourproblem canberewrittenas+ %�� G�0Q2 � 0�� ±FÁ �#Ä T � ´ T^, ´ !F!VG div Ä T �#p T ,ÒpS!�!76j8k:

Due to theequivalenceof the level setequation
+ %=� G�0&2 � 0V£¤6¬8 andthecorresponding

parametric evolution
+ %¦l 6�£up wehaveverifiedourclaim.

Theevaluationof theshapeoperator is basedon secondorder derivatives,whereasthe
normal only reliesonfirst order derivatives.Thus,for noisyimagesweexpect0 ´ T4� l !�, ´ � l !�0���0�po� l !�,Üp T � l !�0
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FIG. 5.6. From the experimental datashown in Figure5.5 vertical slicesareextracted. Again two succes-
sive stages of the experiment are depicted. The first and the third imageshow slices throughthe original data;
correspondingslicesthroughthesmootheddatasetsareshown in thesecondandfourth image.

FIG. 5.7. Wecomparetheprinciple,qualitativebehavior of differentmethodsextractinglevel setsatarelatively
large time in the evolution: anisotropic geometric diffusion(left), meancurvature motion (middle left), isotropic
PeronaMalik diffusion [27] (middle right), and anisotropic diffusion model proposedby Weickert [38] (right).
Always the sametime step � Ð���� �����! #" is depicted from the corresponding evolution. The computations were
performedona

Õ×Ö 	 grid andthebuild in regularization wasbalancedwith respectto anequivalenceof a filter width$ Ð Ö&%
. Thus,for the isotropic andanisotropic diffusionmodels(right) we regularized by a time step $ ��' � of the

heatequation. Finally, for theanisotropic geometric diffusionwe took (�Ð Ö
.

for general points
l « �

. Therefore, ±FÁ �#Ä T � ´ T|, ´ !�! will bethedominant termin thepropa-
gationspeedin normaldirection. Finally, thisallowsustogiveanicegeometricinterpretation
of theproposedevolutionproblem:

Theanisotropic level setevolution is mainlydrivenby thedifferenceof a
regularizedshapeoperator andthetrueshapeoperator weightedapplying
theanisotropicweightsgivenby thediffusiontensor.

Furthermore, we verify that the propagationspeed£ vanishes, if p T*) p (cf. Section
9). Besidesthe morphological character of the proposedapproachespeciallythis built-in
comparisonbetweenregularizedandactualshapeoperator andnormal givesreasonfor the
method’sperformance. Figure5.7comparesdifferentevolutionmethodsin imageprocessing.
We have balancedparametersandconsidera ratherlong time in theevolution. For none of
themethodsthis reflectsa proper choiceof parametersandtime but it strongly reflectstheir
principle behavior.

In general wecannotguaranteethat 2 � é6j8 evenif theinitial datafulfills thisregularity
assumptions. In fact, EvansandSpruck[16] gave an example for meancurvature motion
by thelevel setapproachwherea certainlevel setdegeneratesandthecorresponding

q Ú � ��!
fattens,loosingits surfaceproperty. Thus, we have to regularize theproblem replacing the
norm 0M� 0 in equation(5.1) by a regular approximation 0¿� 0,+ . I. e. wechoose(cf. [16])

0�ª40-+�6/. 0 I G�0�ª40 I :
Thecorresponding regularizedvariationalformulation is thengivenby

b + %=�032 � 0-+ �
1 d G b ô�� ´ T ! 2 �032 � 0-+ � 2

1 d 6j8 � (5.2)
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for all testfunctions
1 «�z32ê� � ! . Here �=� � �>! indicatesthe ­ I product on

�
. Considering a

finite elementimplementationwe will pick up this formulationin Section7.

6. A regularized shapeoperator. In our model above we have madeextensive use
of a regularizedshapeoperator

´ T , on which we basethe computation of the anisotropic
diffusiontensor. As alreadydescribedin thepreviousSection5 wehavedifferentchoicesfor
thedefinitionof theregularization:

1. The geometrically naturaland purely morphological presmoothing of an image is
given by a short time evolution under meancurvature motion. Thus, for every �S« � �êÞ

we maysolve + %54 ,9032 4 0 div b 2 4032 4 0Ud 6j8
with initial data

4 �#8 � �>!B6 � � � � � ! andnatural boundary conditions andevaluatethe shape
operator

´ T � l !c6 ´ � � T
�
l ! on

� T �#� � �>!
� 6 4 � T �I � �>! . Theadvantageof this approach is that

theresultingmodel is completely definedin morphological termsonly.
2. Anothersimpler— but not morphological— approachis theregularizationvia con-

volutionof theimagewith akernel WST of width � , i.e.
� T � 6jW¢T Y �

, andagainthedefinition´ T � l !76 ´ � � T
�
l ! .

3. As already mentioned with respectto a discretization, we arestill left to definea dis-
creteshapeoperatoron level setsdescribedby a finite elementfunction. As long aswe do
not useat leastquadratic elementsevena suitabledefinition— without takinginto account
theconsistency problem— remainsanopenquestion[31]. Sincetypically imagesaredis-
cretizedbasedon trilinear interpolation of pixel or voxel values,ourmethodof choiceis one
basedon local regularization. Unfortunatelythelocal regularizationdefinedin thesequelis
not guaranteedto beinvariant under grayvaluetransformations.Neverthelesswe expect the
corresponding regularizedshapeoperatortodepend essentiallyonlyonthemorphologyof the
local image.We basethelocal regularizationona leastsquaresfit — in fact local ­^I projec-
tion — of theimage

�
ontoasubspaceof thespaceof quadraticpolynomials6 I . To thisend

let usfix a point
l « �

anddenoteby 7 � 6 	�

�8� " l I N �
l II �

l I� �
l N l I �

l N l �
�
l I l �

�
l N �

l I �
l � $

this subspaceof 6 I . We skip theconstant functions in 7 , sincewe assumethe image
�

to
belocally shiftedsuchthat

� � l !k6�8 . Thelocal ­ºI projection 9c� © T � «:7 of theintensity
�

onto 7 is thendefinedvia theorthogonality relation;=< È � � � � � �?>e!�,��@9u� © T � !Q�@>5!F!BA_¥8>/698 CDA�«E7 �where F T � l ! is a small neighborhood of
l

(cf. Fig. 6.1 for the effect of different stencil
width parameter � on the evolution result). For the easeof presentation we write

� T� �@>e!
insteadof �@9c� © T � !3�?>e! for afixed

l « �
. Locally, theprojection definesasurface

q �T , whose
tangent space�
G q �T in general doesnot coincide with �V� q

becausein generalp T� �?>e! � 6í�î È» � G �ï í�î È» � G � ï é69p .
Now we define in analogy to the non-regularized casethe shapeoperator

´ T 6´ � � T� �@>e!�! � 69ð G p T� �@>5! , whoserestrictioń T � Id ,¢p T ñ�p T ! is againasymmetricmapping
from � G q �T onto � G q �T (cf. Section5). Thus,

´ T � Id ,op T ñ�p T ! is characterizedby its
eigenvaluesÀ  1© T , HB6ÂE � Ã andtheeigenvectors "&ª N © T � ªèI © T $

. Therefore,with anappropriate
basistransformation û^T¢« ´�� �@ú�! , we obtain´ T � Id ,ÜpÙñop�!<6xû-üT ýÿ À N © T À�I © T 8

�� û T :
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FIG. 6.1. We comparethe influence of thefilter width parameter $ on theresults of theanisotropic curvature
evolution. As initi al data we consider thenoisyoctahedrondatasetalreadyshown in Fig. 5.1 andchoose$ Ð�� %
(left column), $ Ð Ö&%

(middlecolumn),and $ Ðh� % (right column).Theupper row shows thefirst timestepof the
evolution whereasin the lower row the third time stepof the evolution is shown. The results obviously reflectour
theoretical expectations(cf. remarkin Section 6).

Let usagainemphasizethatthis
´ T 6 ´ � � T� ! is evaluatedfor every

l
separatelyandtherefore

in general
´ T é6 ´ T . Finally we observe that in caseof coinciding

� T� and
�

thenonregular-
izedandregularizedshapeoperator andnormal areequal,i. e.

´ T 6 ´ T�6 ´
and p T 6�p .

This especiallyholdsif
� «I6 I . Thus,quadratic imageintensitiesandinducedellipsoidal

shapesareinvariant under theproposedanisotropic geometricdiffusion.
Remark: Still wehaveto selectaproper regularizationparameter � , whichalwaysplays

the role of a stencilwidth, either in a geometric smoothing (regularizationvariant 1), in a
linearconvolution (variant2), or in theactuallyimplemented ­�I projectionmethod(variant
3). As usualin diffusion processesthe stoppingtime � of the geometric diffusionprocess
is relatedto a filter width

² Ã�� (cf. Section4). Thus it is reasonable with respectto the
modeling to choose �IJ ² Ã�� (cf. Morel andSolimini [25]). Dueto the tradeoff between
smallervaluesof � leadingto moredetailedfeature detectionandlarger � valuesimproving
theconsistency of theextractedshapeoperator for smoothdatawechoose �KJ�LM[ , e.g. LMJON
in ourapplications. Independent of thechoiceof regularizationthederivedregularizedshape
operator actsasaquantizedindicatorfor therelevanceof edgesandtheirdirectionandnotas
a descriptor of thesomehow optimallimit shape.

7. Finite elementdiscretization. Up to now we have consideredanimageintensity
�

whichhasbeenasufficiently smoothfunction ontheimagedomain
�x�¤� �h�

. Concerningthe
implementationof theproposedmultiscalemethodandits actualapplicationto digital images
we now have to discretizeour model in spaceandtime. In theapplicationimagestypically
ariseasarrays of pixels. We interpret pixel valuesasnodalvalueson a uniform hexahedral
meshP covering thewholeimagedomain

�
andconsider thecorresponding trilinearinterpo-

lationoncells z «QP to obtaindiscreteintensityfunctionsin theaccompanying finite element
space.To clarify thenotationwe will alwaysdenotespatiallydiscretequantitieswith upper
caselettersto distinguishthemfrom thecorrespondingcontinuous quantities in lower case
letters. A subscript[ indicatesthegrid size. Let us definethespaceof piecewise trilinear,
continuousfunctionsR3S 6s"�T�«Pz 
 � � ! Û T Û U «V6 N ñE6 N ñW6 N C4z�«QP $

�
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where6 N denotesthespaceof linearpolynomialsand” ñ ” thetensorproduct.
Now we areableto formulateour discreteproblem. Discretizingfirst only in spacewe

obtaina variational finite elementformulationof our level setevolution problem (cf. Eq.
(4.1) for thecontinuouscase):
Find T ��� �uÞ
 � R S

with initial data T_�#8�!<6YX S ��

, such that for all Z/« R S

b + % T032[Tc0 + � Z d
S

GÙb
\ T 2[T032[Tc0 + � 23Z d 6j8;:
Here, X S � z 
 � � ! � R S

is theLagrangeinterpolationon thegrid P andthediffusion
tensor\ T is supposedto beasuitableapproximation of Ä T . Finally, wehaveusedthelumped
massscalarproduct �=� � �>!

S
, which is definedby�^] �

R ! S � 6 §U�ã�_ ; U X S �^] R ! d
l

for discretefunctions ] �
` « R S (cf. [37]). Asanimmediateconsequencethecorresponding

nonlinearmassmatrix y S �aT ! is diagonal.Thissimplifiestheresultingschemesignificantly.
Weendupwith asystemof ordinarydifferentialequationsfor thenodal valuesof theintensity
function T . Obviously the regularizationparameter 0 should becoupled somehow with the
grid size.Following Dziuk andDeckelnick [12] we select0bJ�[ .

Next, we have to discretizein time, which includesthe choiceof sometime stepping
schemeand the decisionwhich term to handleimplicitly and which explicitly. Here we
chooseasemi-implicitbackward Eulerdiscretization.Expressedin geometric termswecon-
sider the metric and the regularizedshapeoperator explicitly (cf. [15]). I. e. the shape
operator is updatedevery time stepandwe expect andexperimentallyobserve surfacefea-
turessuchasedges to besuccessively betteridentifiedvia theprinciplecurvature evaluation
on

´ T . Let c beaselectedtimestepsize.Thenweobtain thetimeandspacediscreteproblem:
Find a sequence of discrete intensityfunctions "dTfe $ e�g 
 ©ihihih with Tjex« R S

and T 
 6X S � 

, such that for all Z�« R S

b E0&2kT e 0 + Tje Þ N ,ETjec � Z d
S

G b \ T 2[Tje Þ N032kT e 0 + � 2�Z d 698e:
We expect T e to be an approximation of T_�?lmc;! . Finally, in eachstepof the discrete

evolution we have to solve a singlesystemof linear equations. In termsof nodalvectors
indicatedby a baron top of thecorrespondingdiscretefunction we canrewrite thescheme
andget �\y S �^T e !VGEce­ S �aT e !�!jnT e Þ N 6jy S �aT e !onT e (7.1)

for thenew vector of nodalvalues nTje Þ N at time � e Þ N 6��@lZG¤E�!pc . Here,wehaveappliedthe
nonlinearlumpedmassandstiffnessmatrices

y S �^T !H6rq b s �0&2[T e 0-+ � s   d
S�t

�>  � ­ S �aT !76 bub \ Te 2 s �0&2kT e 0u+ � s   dud �>  �
where " s   $   is thenodalbasisof

R S
.

In eachtime stepthediscretediffusiontensor\ Te is evaluatedfor every grid node sepa-
rately. Then,on cells z¬«vP we usetrilinear interpolation to define\ Te . Furthermore,in the
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numerical applicationwe have replacedtheintegration of �@\ Te íxw �ï íxy
z ïa{
� s   ! by theonepoint

numerical quadraturewhichrefersonly to thevalueat theelement’scenterof mass.
The resultingsystemsof linearequations, which arisein eachtime stepof thediscrete

anisotropic curvatureevolution aresolved by a preconditionedconjugate gradient method.
For computationsona EAÃ�| �

grid thesolver typically needs60 iterationsto decreasetherela-
tive residualbelow E�8 L,} .

8. Shapeoperator on discretedata. In this sectionwe will describehow to compute
thelocal ­rI projection definedin Section6 on givendiscreteimagedata T « R S

. Without
loss of generalitywe will assumethat

l 6�8 and furthermore that
� � l !�6ò8 . Sincewe

areworking on hierarchical octtreegrids, it is natural to definethe � neighborhood FBT·� l !
in the maximum norm: For an L|«{"AÃ�~ Û ~ « � � $

we set FuT·� l ! to be a patchcontaining�@L�GoE�! � �@L�GoE�! � �@LèGwEA! nodeshaving
l

in its center. In otherwords FcT consistsof L � L � L
elements.Thenfor ��6 ¯���� ù�F T·� l ! , we obtain �P6�L�[ .

To compute the projection T T� �@>5! � 6 �@9º� © T
T !3�?>e! onto the subspace � 6	�

��� " l I N �
l II �

l I� �
l N l I �

l N l �
�
l I l �

�
l N �

l I �
l � $

of 6 I , we consider the representationT T� �?> N � > I � > � !
� 6����� g N � � A � in the above canonical basisof 7 . Then ��� � ! � « � � � solves

thelinearsystemof equations�§  g N q ; < È � � � A � A   ¥�> t �   6 ; < È � � � TVA � ¥�>
for �|6mE � :3:&: ��� . For a fixed L , the inverseof the matrix on the left handsideof theabove
equation canbeprecomputedon regular grids. This speedsup theprojection processin the
implementationconsiderably. We easilyderive that

p T �?>e!d�� G g 
 6 E® � I� G:� I� G:� I� ýÿ � �� �� �
��

� ð I T T �?>e!d�� G g 
 6 ýÿ Ã�� N ��� � }� � Ã�� I ���� } ��� Ã�� �
�� :

Finally, recallingthedefinitionof theregularizedshapeoperator
´ T , we obtaina formula of

theshapeoperator
´ T in termsof theabove quantities, i. e.´ T 6 E0&2[T T 0 C@ð I T T ,Òp T ñ�ð I T T p T K�:

After a restrictionof theobtainedoperatorontothe tangentspace� G q �T 6ó�#p T !�� , which
thenresultsin

´ T � Id ,�p T ñ�p T ! we easilycanevaluatetheprincipal curvatures À  F© T and
principal directions of curvature ª  F© T .

To studythe consistency of the curvature evaluation we againpick up the secondreg-
ularizationmethod basedon local convolution of the imagewith a kernel WjT . We expect
our actuallyappliedthird regularization methodto behave similar concerning the interplay
of filter width andgrid size. Let us suppose

�
to besmooth, at leastcontained in theusual

Sobolev spacen � © �
for EÜR/���óÆ . If we considera nodal interpolation T in the finite

elementspace,we obtaina secondorderapproximationresult[9], i. e. 0 � ,YTc0 
 © � R�zÜ[;I .
Next, we considertheconvolution T T 6jW�T Y T andevaluatesecondderivativeson T T asa
simplificationof theevaluationof curvatureson level setsof T T . In this casea consistency
analysisis straightforward.We estimate�� ð I �#W¢T Y T !`,Üð I � ��u�=� R �� �#ð I W�T5! Y �aTo, � ! ����=� G �� W�T Y ð I � ,Üð I � ��-�=�R�z b [;I� I Go� d 0 � 0-� i�� �
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FIG. 8.1. Curvature evaluation of the noisy octahedronlevelset resolved on a
Õ×Ö 	 grid is compared with

respect to differentstencil widthsof the
���

projection. Fromleft to right thenoisylevel setandcurvatureevaluation
with stencil widths (eÐS��� Ö , and � , respectively, areshown. A color rampfrom blue to red indicates thedominant
curvature.

Balancingof the two error termsleadsto anoptimal choiceof ��6�[ �i in caseof a smooth
function

�
, whereasfor � sufficientlysmallthefirst termwill bedominant.Thuswerecognize

thatthewidth of our stencil FfT)� l ! shouldincreasesignificantlywith decreasinggrid sizeto
ensureconsistency. Neverthelessthis is unrealisticin trueimageprocessingapplicationswith
nonsmoothintensityandsteeptransitions,hencewe have to fix thestencilwidth somehow.
Fromourexperiencea suitablevalueis L¼6ON , i.e. �ê6ONr[ .

As mentionedabove, we expect our third regularizationapproachto behave similar to
theconvolutionmethod in termsof therelationbetweenfilter width andgrid size.To analyze
theconsistency of our implementationexperimentally, wehaveconsideredthespherical level
setsof theimage

� � l ! � 6 0 l ,ÒÅ;0 � Å�6{��� � � � �|! ü for a fixed ��« � �
anddefined anerror� � � 6 ���� À T� , E� ������ � ��� È � �

that is the ­rI norm of the difference between À � and the real curvature EAJd� of the
spherical level sets. In our computation we set

� � 6 á 8 � E3â
�

and assume
� T � 6" l « �ÜÛ ¯���	�± � l �

+ � !¡ ¨EAJdN $ . This turns out to be the maximum subsetof
�

suchthat the
consideredprojection stencilis alwayscompletely containedin

�
for every

l « � T . In Table
8.1 we collect for threedifferent grid widths [ , fixed � 6rN and increasingsize L of the
projection stencilthevaluesof � � .

For L sufficiently smallweexpect

S �T � to bethedominanttermin ourconsistency analysis
above. Thus,recallingthat �¤6¢L�[ , we shouldobserve for a doubling thestencilwidth L a
decreaseof theerrors approximatelyby a factor E¿J�N . In addition we observe that for fixed L
theerroris moreor lessindependentof thegrid size [ .

Furthermore,we test the invarianceproperty known for the continuousmodel in case
of our numerical implementation. Therefore, we studyellipsoidal level setsdefinedby a
quadratic polynomial imagefunction

��

interpolatedon thegrid nodes.We observe thatthe

relative loss of volumeof the considered level setsis in the rangeof interpolation errors.
Moreover in an application (cf. Fig. 5.3 and5.4) we recognize that the isotropic Perona
Malik method aswell astheMeanCurvature Motion approachdecreasetheconsideredsub
volumeduring the evolution aboutten timesfasterthe new anisotropic geometric diffusion
method.

9. Parametric versuslevel setapproach. Besidesthegeneraldifferencethat thenew
level setmethod propagatesall level setsonagivenimagesimultaneouslyandtheparametric
model (cf. Section4)dealswith asinglesurface,thetwo modelsbehavesurprisinglydifferent
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TABLE 8.1
Consistency errors for differentsizesof

%
andincreasing stencil width ( of the

���
projection.

[ L � N � I
1/32 2 5.451e-02 5.451e-02

4 1.398e-02 1.398e-02
8 3.517e-03 3.517e-03
16 8.806e-04 8.806e-04

1/64 2 5.479e-02 5.479e-02
4 1.405e-02 1.405e-02
8 3.535e-03 3.535e-03
16 8.852e-04 8.852e-04
32 2.214e-04 2.214e-04

[ L � N � I
1/128 2 5.493e-02 5.493e-02

4 1.409e-02 1.409e-02
8 3.544e-03 3.544e-03
16 8.875e-04 8.875e-04
32 2.220e-04 2.220e-04
64 5.549e-05 5.549e-05

concerningtheactualpropagationvelocity although theconsidereddiffusiontensorsarevery
closelyrelated.

Theparametric surfaceprocessingproblem discussedin Section4 is characterizedby a
speedof propagation

R
of a singlesurface

q
which splits into a tangential anda normal

component,i. e. R 6 R�£@¤¦¥-§ , ±1Á �@Ä T ¹ » v ] ´ ¹ » v !�p
where

R
£@¤�¥u§
is thetangential component(cf. [10]). In caseof meancurvaturemotion whereÄ T ¹ » v 6 Id
Û ¹ » v the propagationis in normal direction, i. e.

R�£�¤�¥u§
vanishes. But for

anisotropic geometric diffusion this tangential dislocationturnsout to be a shortcoming in
thecorrespondingnumericalimplementationalthough it effectively doesnotchangethecon-
tinuous evolution. Indeedit leadsto a stretchingof a triangular finite elementmeshin the
neighborhood of edgeson the surface. In comparisonto this model, the level setmethod
presentedhereby its natureconsiders only propagationin normal direction andweavoid the
problemof tangentialdislocation. As propagationspeed

R
oneobtainsR 6j£_p¶6{� ±1Á �@Ä T � ´ T-, ´ !F!¼Gx� div Ä T !3�#p T ,Üp�!e! p�:

Hence,thespeedin theparametric modelmeasurestheanisotropic meancurvature,whereas
thespeedin thelevel setmethod mainlydependsonananisotropically weighteddifferenceof
prefilteredandactualcurvatures,givenby thecorresponding shapeoperators.Thisespecially
implies theabove statedinvarianceof the level setmethod for ellipsoidalshapesdefinedas
level setsof a quadratic polynomial. In contrastto that,generalizedminimal surfaceswithn Ç È 6�8 aretheonly invariant surfacesunder theparametric evolution. Indeed, thereis no
compactinvariant surfaceembeddedin

� ���
.

Theprecisecounterpartof theparametric model in the level setcontext is givenby the
evolution equation + % � ,90Q2 � 0 ±FÁ �#Ä T ´ !<698f:
But,wecanalsoadapttheparametricevolution to thenew model, introducedherein thelevel
setcontext. Thus,we consider aparametric evolutiondescribed by theequation+ %\l , div v � % � �#Ä T ¹�» v 2 v � % � l !76jÅ �
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wherewe definea local averaged forcing Å�6 ±FÁ �#Ä T ¹�» v ] ´ T¹&» v ! for a convolutedshape
operator

´ T¹�» v . Let us underline that this canbe regardedasa local version of the global
volumeconservationmodelproposedin [10] whereÅ�6 N¨ v ¨ }�© ±1Á �@Ä T ¹�» v ] ´ ¹ » v ! .

Although, originally designed for 3D imagedatawecouldalsoapplythepresentedlevel
setmethodto parametricsurfaces asinputdataasthey frequentlyappearin computergraph-
ics. To this end,we have to convert theparametric representationto animplicit onevia the
computationof a discreteapproximation of thesigneddistancefunction [33], run thealgo-
rithm, andfinally extractagaina triangulation from thevolume datasetvia somemarching
cubemethod or processthesurfacefurther in volumetric form.

10. Conclusions. We have presenteda level setmethodfor generalizedgeometric dif-
fusion in 3D imageprocessing.Thecorrespondingevolution equation invokesmainly geo-
metricquantitiesof level setsof the imageintensity. This classifiestheapproachasa mor-
phological scalespacemethod. It is able to successively smoothnoisy initial datawhile
simultaneously retaining edges andcorners onthelevel sets,whicharecharacterizedby con-
siderablylargeprincipal curvatures.Theevaluation of theshapeoperator, thesurfacenormal,
andtangentspacerespectively is basedonaprefiltering of thenoisyinitial data.Thereby, the
proposedmethodof choiceis a local ­cI projection ontothespaceof quadratic polynomials.
Thecorrespondingnonlinear partial differential equationhasbeendiscretizedby finite ele-
mentsin spaceanda semiimplicit backwardEulerschemein time. In eachtime steponly
a sparsesystemof linearequations hasto besolved. Theusercontrols thesurfaceevolution
mainlyby two parameters— theprefilterwidth � andthethreshold



— whichbothhavean

intuitive meaning. Themethod comesalongwith a geometric interpretationof thepropaga-
tion speedof level setsanda large setof invariant shapes. In fact the invarianceprinciple
for level setsof secondorderpolynomialsandtheedgeindicatingshapeoperator asasecond
orderdifferentialoperator on thelevel setsgive reasonfor theessentialcharacteristicsof the
describedmethod. InterestingfutureresearchdirectionsareØ to studytheactualcounterpartof theparametricsurfaceprocessingmodelin level

setform andviceversa,Ø to generalizethemethodfor inpainting or restorationpurposeson3D images,Ø andto expandtheevolution problem by considering additional termsin thepropa-
gationspeed,whichallow a moregeneral modeling of thelevel sets.
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[3] E. BänschandK. Mikul a. A coarseningfinite elementstrategy in imageselectivesmoothing.Computing and
Visualization in Science, 1:53–63,1997.

[4] G. Bellettini and M. Paolini. Anisotropic motion by meancurvature in the context of finsler geometry.
Hokkaido Math. J., 25:537–566, 1996.



20 PreusserandRumpf

[5] R.A. CarmonaandS.Zhong.Adaptivesmoothing respecting featuredirections. IEEETransactionsonImage
Processing, 7(3):353–358,1998.

[6] F. Catt́e, P.-L. Lions, J.-M. Morel, andT. Coll. Imageselective smoothingandedgedetection by nonlinear
diffusion. SIAMJ. Numer. Anal., 29(1):182–193,1992.

[7] I. Chavel. Eigenvaluesin RiemannianGeometry. AcademicPress,1984.
[8] Y.-G. Chen,Y. Giga, and S. Goto. Uniqueness and existence of viscosity solutions of generalized mean

curvatureflow equations. J. Diff. Geom., 33(3):749–786,1991.
[9] P. Ciarlet andJ.Lions. Handbookof numerical analysis.Vol. V: Techniquesof scientific computing. Elsevier,

1997.
[10] U. Clarenz, U. Diewald, and M. Rumpf. Nonlinearanisotropic diffusion in surfaceprocessing. In Proc.

Visualization 2000, pages397–405,2000.
[11] K. Deckelnick andG. Dziuk. Discreteanisotropiccurvature flow of graphs. Mathematical Modelling and

Numerical Analysis,to appear, 2000.
[12] K. Deckelnick andG. Dziuk. A fully discretenumerical schemefor weightedmeancurvatureflow. Technical

Report30,MathematischeFakultät Freiburg, 2000.
[13] M. Desbrun,M. Meyer, P. Schroeder, andA. Barr. Implicit fairing of irregular meshesusingdiffusion and

curvatureflow. In Computer Graphics (SIGGRAPH’99 Proceedings), pages317–324,1999.
[14] M. P. do Carmo.Riemannian Geometry. Birkhäuser, Boston–Basel–Berlin, 1993.
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[18] J. Kačur andK. Mikula. Solution of nonlineardiffusionappearing in imagesmoothingandedgedetection.

Appl.Numer. Math., 17 (1):47–59,1995.
[19] B. Kawohl and N. Kutev. Maximum andcomparison principle for one-dimensional anisotropic diffusion.

Math.Ann., 311(1):107–123,1998.
[20] R. Kimmel. Intrinsicscalespacefor imagesonsurfaces:Thegeodesic curvatureflow. GraphicalModels and

Image Processing, 59(5):365–372,1997.
[21] L. Kobbelt. Discrete fairing. In Proceedingsof the 7th IMA Conference on the Mathematics of Surfaces,

pages101–131,1997.
[22] L. Kobbelt, S. Campagna, J. Vorsatz, andH.-P. Seidel. Interactive multi-resolution modeling on arbitrary

meshes.In ComputerGraphics(SIGGRAPH’98 Proceedings), pages105–114,1998.
[23] R. Malladi andJ.A. Sethian. Imageprocessing: Flowsundermin/maxcurvatureandmeancurvature.Graph-

ical ModelsandImage Processing, 58(2):127–141,March1996.
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