A LEVEL SET METHOD FOR ANISOTROPIC GEOMETRIC DIFFUSION IN 3D
IMA GE PROCESSING
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Abstract. A new morphologcal multiscde methodin 3D imageprocessings presenéd which combines the
imageprocessig methoddogy basedon nonlineardiffusion equaions andthe theoly of geometr¢ evolution prob-
lems. Its aim is to smoothlevel setsof a 3D imagewhile simultareously preseving geometic featuressuchas
edgesandcornasonthelevel sets.Thisis obtanedby ananisotopic curvature evolution, wheretime senesasthe
multiscale paramegr. Therebythe diffusion tensordepemls on a regularized shapeoperdor of the evolving level
sets. As one suitabk regularization local I? projedion onto quadraic polynomils is consideed. The methodis
comparel to arelated parametic surfaceapproat anda geometre interpretaion of the evolution andits invariance
propertes aregiven. A spatid finite elementdiscretzation on hexahedralmeshesanda semi-impicit, regularized
backward Euler discreization in time arethe building blocks of the easyto codealgorithm. Different applications
underine the efficiengy andflexibil ity of the presemedimageprocessingtool.
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1. Intr oduction. Multiscale methodshave provedto be successfutoolsin imagede-
noising edgeenhancmentandshaperecovery [1, 34, 39, 27]. Therebytheimageis con-
sideredasinitial dataof a suitableevolution prablem. Time represets the scaleparaméer
which leadsfrom noisyfine scaleto smootlked andenhacedcoarsescalerepresetationsof
the data. Processinghreedimensioml imagesis ataskof growing interestin various appli-
cations. Especiallyin medicalimagirng differentimagegeneratio hardware suchasCT or
MRI devices,andmorerecerly also3D ultrasound devicesdeliver large imagedataat high
resolutionfor further postprocessingandanalysis. Theseimagesandespecially3D ultra-
soundimagesare charaterizedby high frequentnoisetypicdly dueto measurems erras.
Often,oneis interestedn the extractionof certainlevel surfacesfrom the data,whichbourd
volumes or separateegions of interest.Frequently the actualintensityvalueis of minorim-
portarce and depemlenton the modality in the imagegeneréion process.Methods which
behae invaiant unde transfomationsof the intensityor gray scaleare calledmorpholog-
cal. They only effectthe morptology of theimage which coincideswith thegeomety of the
level sets.

Theaim of this papelis to discussa new anisotrojic level setmethal for thedenadsing of
large digital 3D images (cf. Section4 and[10] for arelatedmethodon paranetric surfaces
asthey typicdly appeain computergraphics). Thepecliarity of themethodis, thatit is able
to presere edgesandcorrersonlevel setswhile still allowing tangentiasmootling alongthe
edges.Furthemoreit is characteried by arich classof invariant shapes.Indead ellipsoids
givenaslevel setsof a quadratic polynomial areunafectedby the corresponéhg evolution.

Figure 1.1 gives a first glanceon the perfamanceof the new methodand compresit
with othermethod: The new anisotrgic geometic diffusion apprachis charaterizedby
substantiatangetial smoothimg, especiallyjcomparedto the original Perora Malik scheme,
andconseres sharpedgesanddetailsin theexampde muchbetterthantheanisotr@ic Perona
Malik diffusion.

Thecoreof themethodis anevolution driven by anisotiopic geometricdiffusionof level
surfaces. The anisotr@ic diffusiontensordepenihg on a presmothed shapeoperato —
andtherefoe dependingon presmathedprincipal cunaturesandprincipal directiors of cur-
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Fic. 1.1. A noisy 3D eclocardbgraphcal dataset (left) is evolved by isotropic PeronaMalik diffusion
(middle left), anisotrgic PeronaMalik diffusion (middle right) andby the new anisotopic level setmethod(right).
Snapshadepictonespeciic level setalways atthe sameevolution time. Thecomputdion wasperformedona 128
grid.

vature— is sensitve to theidentificationof theimportart surfacefeatues. It decreasethe
diffusivity in certaindirectiansin closevicinity to edgesor corrers. Here we make us of
the obsevationthatedgeson surfacesareindicatedby onedominant andonesub-daeninant
principal cunature. The curvaturedirection correspondig to the dominarn cunaturecan
be consideed asthe tangentialdirectionalongthe edge. Mainly two paraméersareat the
disposalbf theuserto influencethe performane of themethod

- A threslold value relatedto principal cunatureswvhich areassumedo indicatean

edgeandthusrequirelocal preseration and
- afilter width & which contrds the noiserediction ontheactualsurfacebefae eval-
uatingthe shapeoperato.

Thedifferercebetweertheactualandthe presmothedshapeopeaatorplays anessentiatole
in the contiol of the evolution prodem. Furthernore, the built-in prefiltering is essential
to make the proppsedmetha robust and mathenatically well-posed. In this paper we first
presenta contiruousmodel,analyze anddiscussts qualitative properties. Thenin a second
stepwe seekarobust andefficientdiscretizatio. Hencewe derive anappopriatefinite ele-
mentlevel setmethal with respecto aformuation of the continuousproddem in variatioral
form. Valueson nodes of a hexahedralgrid correspondo voxel valuesin the digital image.
We find a finite elementappioachprefaable compaed to a finite differencediscretizatio
dueto its intrinsic Galerkinstructue, which simplifies the modelingand the study of the
qualitatve behavior. Recently Deckelnick andDziuk [11] provedcorvergerce of theclosely
relatedfinite elemen appoximatian for meancurvaturemotionin level setformuationto a
viscosity solutionof the continibousprodem. Furthemore,in the finite elementsettingthe
anisotrg@y canbe handed elememwise in a naturalway. Basedon concets developedin
[29] the computationalcosteven of an adaptve finite elementschemes compaableto a
finite differerce formulationwith the samenumker of unknowns.

Thepayeris organizedasfollows. First,in Section2 we discusssomebackgound work
onimageprogessingsurfacefairingandcurvatureflow. In thefollowing Section3 we briefly
introduce somegeonetric notation Thenin Section4 we review a paranetric model for
surfaceproessingwhich hasbeenpresetedrecently[10]. It further motivatesour modelirg
in thecontext of level sets.Sectionb givesa detaileddescriptiorof thenew methal, whereas
in Section6 we discusgossiblereguarizationsof theshapeoperdor. Afterwards,in Sections
7 and8 we presentheactualdiscretemodel.Finally, in Section9 we conparetheparanetric
andthelevel setmodel anddraw conclwsionsin Sectionl0.

2. Review of relatedwork. Let uscorsidera noisyimagegiven by anintensitymap
$o : @ — R onsomeimagedomain C R®. Scalespacenethodglefineanevolutionoper
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ator E(t) which actson theimage¢, anddelivers afamily of represetations{ E(t)$o }+>0
on successiely coarserscales.Oneof the first successfumethod alongthis conceptwas
presentedy Peronaand Malik [27]. They praposeda norlinear diffusion method which
modifiesthe diffusion coeficientat edgeswhich areindicatedby steepintensitygradents.
For agiveninitial imagep, they consideedthe evolution prodem

Fp — div(G([IVell)Vp) = 0.

Herethetime t actsasthe scaleparameterFor increaing ¢ the original imageat the initial
timet = 0 is successfullysmoothedindimagepatternsarecoarsenedSimultaneosly edges
areenhancd if onechoaesa diffusioncoeficient G(.) which suppessedliffusionin areas
of high gradietts. A suitablechdceis G(s) = (1+ 552/)\2)71 for a positive constanth.
Thus,edgesareclassifiedby \. 1. e. sharpenig by backward diffusion is invokedwherever
[[Vp|| > X\ whereaghe imageis smootted by forward diffusion for ||Vp|| < A. Kawohl
andKutev [19] gave a detailedanalysisof the diffusiontypesin this method Unfortunately
theabove original Perora andMalik model is still ill-posedbecausdhereis a truebackward
diffusionin areasof large gradients. Caté etal. [6] proposeda reguarizationmethodwhere
the diffusion coeficiert is no longer evaluatedon the exactintensitygradent. Insteadthey
suggestedo considerthe gradien evaluation on a prefilteredimage,i.e., they considerthe
equatia

Oip — dvV(G([IVps[)Vp) =0 (2.9

wherep, = K, * p with a suitablelocal corvolution kerné K, of width o. For instance
we may usea Gaussiarfilter kernel. This model turnsout to be well-posed edgesarestill
retained whereaghe prefiltering avoids the detectionand prorouncirg of artificial edges,
which aredueto theinitial noise.
Weickert[39] improvedthis methodtakinginto account anisotrojic diffusion wherethe Per
onaMalik typediffusionis concetratedin the gradent directian of a prefilteredimageand
a constandiffusioncoeficientis consideedin thetangem plane.This leadsto anadditioral
tangetial smootling alongedgesandenablas to amplify intensitycorrelationsalonglinesor
onlevel sets.Thegeonetry of this evolution prablemespeciallyinfluencesurinvestigations
on anisotrgic diffusion, which canbe regarded as a further refinenent of Weickert's ap-
proadr. CarmonaandZhong[5] have presentednanisotrgic filtering apgoachthatalters
thedirectionsof smootling. They consicer PeronaMalik typediffusion in featuredirectians,
andlineardiffusionorthogonalto them.Similar to theappro&h we presentere they define
afeaturedirectionto betheeigervectorof theHessiarcorrespadingto thelargereigervalue.

In [28] anisotrojic diffusionwastakenupfor theconstrection of streamlingypepatterns
in flow fields. Concernig the numeical implemertation Weickert propasedfinite difference
scheme$39] andKaturandMikula [18] suggested semi-implicitfinite elemenimplemen
tation for theisotropicmodelby Caté et al.[6]. Adaptive finite elementmethalsin image
processingarediscussedyy BanschandMikula [3], Schrom [32] andin [29]. Kimmel [20]
genealizesscalespacemethalology to textureson surfacesconsideing the appopriatein-
trinsic differential opemators.

Unfortunately noneof the abore modelsis invariart unde grayvaluetransfomations.
An evolutionis saidto beinvarantundergrayvalue transfomationsif

E(t)(ho ¢) = ho (E(t)¢)

for mappngsh : R — IR. In the axiomatic work by Alvarezet al. [1] geneal nonlinear
evolution problens were derived from a setof axionms. Especiallyincluding the axiom of
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grayvalueinvariancethey endup with a curvatureevolution mockl, i. e.

Ve N\
%~ IVl (t dv (uwu)) =0

Cunvature motion hasbeenstudiedfor along time in geonetry andin physics,whereinter-

facesaredriven by surfacetension The basicmodelis the evolution of surfacesby mean
cunature,i.e. Oyx = —H (z)N (z) whereH (z) is the correspading meancunature(here
definedasthe sumof the two principal cunatures),and N (z) is the nomal on the surface
M at point z. From differential geonetry [14] we know that the meancurveture vecta

HN equalsthe LaplaceBeltrami operdor appliedto theidentity x = Id on a surface M:

H(z)N(x) = —Aprz. Thusgeonetric diffusion

Oix — Apxz =0

is equivalentto meancurvature motion (M C M). Dziuk [15] presetedasemiimplicit finite
elementschemdor M C'M on triangulatedsurfaces.In dimensios higherthantwo, singu-
laritiesmayoccurin the evolution. Generéized, socalledviscositysolutiors, canbe definel
in termsof alevel setformulation

. V¢
o= Vol (155) =o.
Existencen this contet hasbeenprovedindepadentlyby EvansandSpruck[16] andChen
etal. [8]. ThemeancunatureH is known to bethefirst variationof thesurfacearean dx.
We obtain for the areaAr(w(t)) of a subsetw(t) of a smoothsurface M undegoing the
MCM evolution (cf. [17]) LAr(w(t)) = — fw(t) H?dz. Thisis oneindicationfor the
strongregulaiizing effectof MC M .

In thecortext of Finslergeonetry we considerfor a 1-homogeneougorvex scalarfunc-
tion y(-) ageneréized weightedarea [, , v(V) dz depenling on the surfaceoriertation. As
its first variationwe obtainthe weightedmeancurvatue H ,. Thecorrespadinganisotrojic
cunature flow hasbeenstudiedfor instanceby Bellettini and Paolini [4]. In caseof plane
curves Mikula andKacur[24] corsideredanevolution equatiorfor thecunature fromwhich
onecanrecover theshapeof the curves. Concerniig the application this is closelyrelatedto
the prefeaability of certaininterfaceorientatios in the crystallinestructureof material(cf.
[2, 36])). DeckelnickandDziuk [11, 12] have analyzd a corresponthg fully discretefinite
elemenimethal andproved convergencetowardviscositysolutions.

Concering theimageprocessingpplicationM C' M notonly deceaseshe“geomeric”
noise but also smoothsout geometricfeatues suchas edges and corrers on the surface.
Neverthelesscurvature motion terms proved to be successfuingredientsin segmentatio
andimageenharcementmethod. They have beenconsideede. g. by Pauwelset al. [26].
Sapiro[30] proposeda modfication of MCM consideriig a diffusion coeficient which
depeuls on the imagegradien. Malladi and Sethian[23] presenteda nunerical level set
methodon 2D imagescalled“min/max” flow which alsoconsides the cunatureevolution,
but differing betweenthe smoothimg of locally “concase’ pertubationson convex shapes
andlocally “convex” pertubatiors on concae shapesWe seekanother curvatureevolution
modé which overcomesthe above menticmeddravback andnicely works on 3D imagesas
well. Our modelpreseted hereis basedon anisotrgic diffusion. As alreay mentionel the
anisotrgy will dependon areguarizedshapeopertorandnotlike in the abore anisotrojic
curveture flow on the nomal direction We emphasizehis difference deroting the new
modé simply anisotopic geometricdiffusion. On parametic surfacessucha modé has
alreadybeenpresetedin [10] (cf. Sectiord).
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3. Someuseful geometic tools. While introducing and discussingour methodand
compring it to a correspnding model on paranetrized surfaceswe will make extensie
useof somefundamentalnotion from differential geomety. For a detailedintroductionto
geonetry and differential calculuswe referto [14] and[7, Chapterl]. Let us corsidera
smoothcommctembeldedmanifdd M c R? without bowndary Letz : @ — M; € —
z(&) besomecoordinatemapfrom anatlas.In a sloppy but usefulinterpretation,we assume
that z is alsothe identity on the emteddedsurface M. For eachpoint z on M a tanget
spacef, M is spannedbythebasis{ %, %} Dueto theembeldingin R*® we identify %
with thetangentvectcr . By T M we dende thetangentundle.Measuringengthon M
requiresthedefinition of a metric

o0& 0¢;

in matrixnotatian (g = (gi;):;), where- indicateghescalamproductin R3. Theinverseof g is
dendedby g=! = (¢%);;. Thegradient V o, f of afunction f is definedastherepresentation
of df with respecto themetricg. In coordnateswe obtain

. 9
Vaf = Z i2 ag ag,.'

9() : TeM x T, M - R with 9ij =

We definethe divergerce div v for a vecta field v € 7 .M asthe dual opeator of the
gradient with respecto the L? producton M andobtainin coordnates

. 0 1
divpw = ; 8—&(11,~\/detg)\/m .

Finally, the LaplaceBeltramiopertor A o is given by A yqu := divaV pu . Furthernore,
we have to considersomefundamentalcurvature quantities. Let us assumehat M is ori-
entable;thenwe have a well definednomal N : M — S2 ¢ R® on M. Thesecond
fundamentaformb : 7, M x T, M — R islocally givenby thematrixh = (h;);; with

0 0
hi; =h -N- =N;
1.7 (afz 85.7 ) wv’] 7’ 'r
For this symmeric bilinearform we conside the shapeopeator S, s definedastheendo
morphismon thetangem spacel, M with g(St, pv,w) = h(v,w). It is againsymmetic,

but now with respecto the metric. In matrix notatian we obtain

STm nghk]

The eigevaluesk’ of ST, r¢ arecalledprindpal cunaturesandthe eigervectorsv’ arethe
principal directions of cunature.Finally we definethe mean-cuwvature H := tr S. Notethat
throwghou this paperthe mean-cwvatue H is only the sumof theprincipd curvatues.

4. A parametric modelrevisited. In this sectionwe will review afirst anisotrgic dif-
fusion mocel on paranetric surfaces. The geneal procedire hassignificantimpacton the
modé to be describd in this paperandin a subsequeat sectionwe will give a detailedcom-
parison Smodhing a noisysignalug is usuallybeingdore apgying alow passfilter, in the
mostsimplestcasea Gaussiarfilter. It is well known thatthe applicationof this filter with
width ¢ is equivalentto the evalugion of the heatequatim evolution 9,u(t) — Au(t) = 0
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for the signalasinitial datau(0) = uo attime "72 In caseof noisy paranetrizedsurfaces
M, with paranetrizationz, we canproeedanalogusly and considerthe correspndirg
geonetric evolutionproblem I. e.,we seekanone-@rametefamily of embedédmanifdds
{M(t)}+>0 andcorrespondig paranetrizationsz(t), which obey the motionby meancur-
vature(M C M). For thesale of simplicity we defineM C M (M, t) := M(t), whereM(¢)
is the solutionsurfaceattime t. ThusM CM (M, o2 /2) canberegadedasthe applicatio
of a“geametric” Gaussiarfilter of width o to M.

Processingf detailedtypically noisy or disturbedtrianglatedsurfacesis animportant
topicin surfacemodelirg andcomputergraphcs. A varietyof mockls hasbeenpresetedin
theliterature[13, 21, 22, 35]. In termsof mathematicaimodding they canbe comparedto
discretevariarts of the basiccontiruoussurfaceevolution prablemsof seconcbr fourth order
for the paranetrizationz

at.fll'(t) — AM(t).’L'(t) = 0, 6,5.%’(75) + AM(t)AM(t)w(t) =0.

Unfortunately thesemodelsdo not presere singularfeaturesuch

ascornes andedgesnor do they distingtish directiors on the surface. In [10] a novel
anisotr@ic geonetric diffusion methodwasintroducedwhich is ableto preserveimportant
featules such as edges and corners on the surfaceandwhich allows tangatial smoothiry
alonganedgebut notperpewicularto it. Thecoreof the methodis a geanetricformulation
of anisotr@ic scalespaceevolution for surfaces. On images,gradiens are suitableedge
indicatas. But thegradent of a coordiratemappirg is no intrinsic objecton manifdds. The
canorical quantity is theshapeoperato, thatindicatesedgesandcornes by suficiertly large
eigemvalues. The eigervectorcorrespading to a singlelarge eigewvalueis suppaedto be
orthagonalto thedirectionof anedge.

Becausethe evaluation of the shapeoperato on a noisy surfacemight be misleadigy
with respecto the original but unkrown surfaceandits edgeswe prefilter the current sur
face M(t) by straightfaoward “geometric Gaussian'filtering. Hence,we compue a shape
operaor S%. ,, ontheresultingprefilteredsurfaceM , (), whereo is thecorrespadingfilter
width. Finally oneobtainsthefollowing typeof evolution prodem

oyx — diVM(t) (G%M VM(t)ZU) =T.

Thediffusiontensora?- ,, = a(S%. A() is definedwith respecto the orthorormal basisof
principal cunaturedirectiors on M, by

“m = ( " G0) >

whereG is a momtonedecreasingunction with asympotic limit 0 at oo (cf. Section4).
Thus, diffusion on the surfaceis significarly redu@din directiors of high principal cuna
ture,i. e. thosepergendicularto an edge. On the otherhand a larger diffusion coeficient
in the edgedirectin enablegangentialsmoothirg alongthe edge. Theright handsider of
the considereavolution prodem canbe chosersuchthatthe volumeenclsedby M is pre-
sened(cf. [10]) or onecanselecta simpleretrieving forcewhich avoidslarge defomations.
Motivatedby ourdefinitionof thediffusion tensora - ,, we defineagenealizeda? ,-mea
curvature

Ha‘hm = tr(aT, p © STaM)

which turnsoutto bethe negative propagationspeedof our mockl in normaldirection. Fig-
ure4.1shaws resultsof this appoach.



A Level SetMethodfor Anisotrapic Geometic Diffusionin 3D ImageProcessing 7

FiGc. 4.1. Two different noisy initial triangulaied surfaces (first and third picture) are evolved underthe
parametic anisotrgic geometic evolution. Smoothedepresatationsextracdedat suitable scaksfrom the evolution
aredepided (secom andfourth picture) (cf.[10]).

FiG. 5.1. As atestcasewe considerthefunction ¢(z) = |z1| + |z2| + |23| whoselevel setsareoctahedrors.
This function wasperturledandthentaken asinitial data for the anisotropicgeometre diffusion method.Fromleft
to right an original perturbel level setandthe correspondindfirst, secoml, andfifth time stepof its evolution on a
643 grid aredepiced. In the lower row we visuaize the dominantcurvature on the level setsfrom the upperrow. A
color rampfrom blueto redindicatesthe dominart curvature value.

5. Anisotropic geometic diffusion on level sets. On the baclgrourd of the previous
expositionswe arenow prepaedto discussananisotrgic geonetric diffusionappra@achasa
suitablemorphologicd scalespacemetha in 3D imageprocessing.We will definea level
setformuation for a generalizd anisotrojic curvature motion of the isosurfices. Thus,we
simultaneasly deal with all level sets,althowgh in certainapplications our interestis fo-
cusedon onespecificimplicit surface,possiblyin adwancecorvertedfrom a paranetricto an
implicit repesentation.The similaritiesand especiallythe pecuiar differencesto the para-
metric model(cf. Section4) will be discussedn detailin Section9. First, we outline the
basicingredentsandthegeneal procealure:

e Letusdende by ¢ : 2 — R the grayvaluefunction of the initial 3D imagewith
inscribedlevel sets

MG :={z € Q|do(x) =c}.

We assumep, andthe setof correspading implicit surfaces{M§}. to be noisy andask
for a family of successiely smodhedimages{#(t,-) |t € R} where¢(t,-) : @ = R
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and ¢(0,-) = ¢o(-). Througtout this paperQ will always be the unit cube[0,1]3. As
comma in multiscalecalculs onimagesandsurfacesthetime ¢t senesasthe scaleparam
eter Therely, for eachgrayvaluec afamily of surfaces { M C(t)}teng is geneated,with

Me(0) = M§. Here,aslong aswe derive the model we assumey(-, -) to be sufficiently
smoothand V¢(t,z) # 0 for all (t,z) € R x Q. Indeed,dueto the implicit function
theoren thecorrespnding setsM ¢(t) thenareactuallysmoothsurfaces.

The metha shouldbe invaiiant undergray scaletransfomations.To ensurethis purdy
morphologcal charaterwe confire to cunaturequantitiesasthe driving forcesfor the cor
respoting evolution of the level sets. The simplestmorphologcal smoothig modelwould
beto considemeancurvature motionof thelevel sets(cf. Section2).

¢ Butin addition to thesmootling of thelevel setsouraimis to maintainor evenenhare
edgeson thesesurfaces.As alreadydescribedn Sectiond4 anedgefeatureis characterize
by a small curvature in tangentialdirectionalongthe featureanda sufiiciently large curva
turein the perpewicular directionin the tangentspace. In caseof embedéd surfacesthe
corresjndirg curvature tensoris representedy the shapeopertor S 7, r¢. In the vicinity
of an edgetherewill be a smallanda large eigevaluex! and«? respectiely. The corre-
spondng eigervectos v andv? indeedpoint in tangentialdirectionalongthe edgeandin
the orthagonaldirectian respectiely (cf. Sectiond). Hence we considerananisotrojc dif-
fusiontensordepeiding on the extended shapeoperato S, which significarlly decreaesthe
diffusioncoeficiert in thedominantcurvature directian v 2, whereasa fixed diffusioncoefi-
cientis prescribd in the sub-daninantv?! direction. This distinctionwill againbe madevia
afundion G appliedto the prindple curvaturesx!, k2. Fig. 5.1lillustratesthe methods per
formancefor atestcaseof a pertubed3D imagewith originally sharpedgesandshavstime
stepsof the evolution. Thechoiceof G is relatedto the selectionof the diffusion coeficient
in the Perom Malik modée [27].

e Theevaluaion of theshapeopertoron alevel setof anoisyimagemight be mislead-
ing with respecto thetrue but unknown level setsandedgesE. g. noisemight beidentified
asfeaturesTherefae we haveto considrareguarizationin advarceandprefilterthecurrent
image¢(t, -) beforeevaluatingthe shapeoperato. Herewe have thechoiceto eitherglobally
or locally reguarizetheimage.An appopriate“morphologcal” filter — a shorttime-stepof
alevel setevolution by meancurvature — would deliver a global regulaiization. As a simple
alternatie we cancorsidertheconvolutionof ¢(t, -) with somekernelwith compacsuppot.
However, con@rninganimplemertationon discretedatathesetwo globalreguarizationap-
proadesstill requite the definition of a shapeoperate. This involvessecondderivativeson
atypical repesentatiorof imagedataby piecavisetrilinear functiors. Ontheotherhandwe
cantake into accoum alocal prgectionof theimageintensityon a suitablefinite dimensioml
spaceof smodh functions. Then,on this regulaiizationwe do not encourter the prodem of
adefinitionof the shapeopeatorandits evaluationis straightforward. In Section6 we will
analyzethe differentreguarizationmethalsin detail.

We endup with the following type of norlinear paralwlic prodem. Givenaninitial 3D
imagego onadomain(2, we askfor ascaleof images{¢(t, -) } >0 Whichobey theanisotrojic
geonetric evolution equation

. Vo
Op — ||Vl div (a" —) =0 (5.9
onR™ x Q andsatisfytheinitial condtion ¢(0,-) = ¢o(-). Furthemore,we suppsenatural
bourdaryconditinson 912, i. e.

299
o 2?_

61/_0
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wherev derotesthe outernormal on 0f2. Thediffusiontensora“ is supposedo be a sym-
metric, positive semidefiite endanorghism on R?, which caresaboutthe preseration of
edgesandthetangetial smootling alongedges.

Now, our main objectie is the appopriateconcretechoiceof the anisotroy at some
pointz € M := M*(t) (¢(t,z) = c). Therefae, let usfirst examine the Jacobiarof the

.— V¢ i
normal NV := Vol " We define

S :=DN = (N;;)i,; Vol (Id— N ® N)D*¢.

Thismappng S canberegadedasanextersionto R? of theshapeopeator S, o on 7, M.

Obviously, from DN - N = 0 it follows thattherestrictionS(ld — N ® N) is asymmetric
mappng from 7, M onto 7, M. It actuallyconinciceson 7, M with the ShapeOperato
S1.m. Thus,S is charaterizedby the eigevaluesx !, x2, 0 andthe eigervectorsv?, v? and
N. Therdore,wewill dende S the extended shapeoperaor. Now we definethe anisotrojic

diffusion tensora” asa function of a reguarized shapeoperato S basedon an at least
locally reguarizedsurface M ,,

a’ := A(S7)

whereA : R**® - R3**3. As asuitablechoicefor this mappirg .4 we conside the scalar
function G from thebasicimageprocessingnodel,with G(s) = (1+ X ~2s?)~1, now acting
onthespaceof symmetic maps Sym(7,.M). Mappingthenormal spaceo the0 wetrivially

expard it to Sym(IR®). Here\ senesasa steeringparaméer for theidentificatian of edges.
Forlargervalue morefeatuesonthesurfacewill beregadedasedgesandpreseredby the

proposeddiffusionmethod In our applicatiors we alwayschose A = 0.3. Let usrecall,that
in imageprocessingby the PeronaMalik model A is exactly the switch betweenbackward

and forward diffusion. We suppse S?(ld — N ® N) to diagoralize with respectto the
basis{v!?,v?}, wherev!:?,v*? areeigervectorscorrespndingto principd curvatues
k17, k%% on M, andN? is thenormal.Hencewe obtainthe matrix representation

G(K,l’g)
A(S°) = BT G(k>7) B, .
0

Here B, € SO(3) is the basistransfomationfrom the regulaized frame of principal di-
rectionsof cunatureandthe normal {v1-7 v*? N} ontothe canorical basis{e, ez, e3},
whereN? 1 v%°,

Figure5.2picksuptheinitial exanple for theintroduction (cf. Fig. 1.1). A 3D echoca
diographicalimageof a human heartis taken asinitial data. Here, different time stepsof
the evolution underanisotrgic geometic diffusionareshavn. A secondandthird exampe
is concenedwith true measurmentdata. The salt concettration in a dersity driven flow
throwgh a poraus medium filled with freshandsaltwateris measuedin alabordory expeii-
mentby anMRI device. In Figure5.3level setsof the saltconcetrationaredravn, whereas
Figure 5.4 shaws slicesthrowgh the 3D dataset at different stagesof the experiment. In
bothcasesve compae the original measurerentdatawith smoothe resultsobtainel by our
method Below wewill furthermoe becorcernedwith volumeconserationespeciallytested
onthis dataset. Figures5.5and5.6 shov smoothimg resultsvia the anisotrojic geonetric
diffusionmethodin caseof afingering expeiment,whereheavy saltwateris enterirg on top
of a basinfilled with lighter freshwater The saltwateris pulleddovnwardsdueto gravity.
The undelying instability in this configuration leadsto a fingering effect on the interface
betweerfreshandsaltwater
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—

Fi1G. 5.2. Fromleft to right a certain level set- visudizi ng the shapeof oneventricle of the humanheart- is
extractedfrom the anisotopic geometrt evolution. Heresuccesive succesive stepsof the smoothimg processare
shawn (cf. Fig. 1.1). Thecomputtionwasperformel ona 128% grid.

Fi1G. 5.3. Theapplcation of the anisotopic geometit level setmethodto experimentaldatafrom afreshand
salt water experimentis depided. In the first and third imageisolewels of a salt-cncentation are shovn at two
differentstageof the experiment. First, the saltwate is floating into a containerfilled with freshwate (left). Then
anoutlet is openal at one of the top cornes of the contaner (right). During the experiment, concentraton of the
saltwasmeasuredisingan MR imagingdevice. The secondandfourth imageshaw the correspoding 3D images
obtainedby anisotropicgeometic diffusionona64® grid (cf. alsoFig. 5.4).

Remark:Obviously, independentof the questionof wellpasednesst is essentiathata
depensonthereguarizedS? andnotonthe actualshapeoperato S. Otherwisewe would
obtaina trivial evolution prodem, which restsat theinitial image. Indeel from ker A(S) =
span{ N} we getA(S)N = 0.

Remark:Already meancunaturemotionin level setformulationsleadsto a degenerate
paralwlic problem wherediffusionis restrictedto the tangem space.Considering the regu-
larizedlevel set M, in our modelwe immediatelyobsere thatthe resultingtangent space
T. M, nolongercoinciceswith the actualtangem space7, M. Thus,in caseof very noisy
datait cannot be guaanteedthat A(S?) still actsasa positive definiteendanorphism on
T.M. In fact, N7 might be contairedin 7, M. Positve definitenesganbe enforcedintro-
ducing a small, positive diffusion coeficient « in the directionof N ¢ aswell. Hence,we
obtain

a® = A%(S).

where A%(S7) = diag(G(k>7), G(k*7), a) with respecto the basis{v!:7,v%7, N°}. In
our applicatios we obsenred no problens with the lattertype of degenerag andconfire to
theorigind modelwith o = 0.

In what follows, we will more closely examire the geonetry of the proposedmethod
Theunderlying evolution turnsoutto beequivalentto the prapagatio of thelevel setsM (t)
with speedf in normal direction N, i. e. 9;z = f N holdsfor

fi=tr(a®(Sy = 5)) + (diva”)(N? — N).
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Fi1G. 5.4. Fromthedevelopmentof theconeentraion distribution in theexperimentd data(cf. Fig. 5.3)vertical
slicesareextraded. Againin thefirst andthethird imagethe actual measuremestarevisualizedat the two different

stagesof the experiment, whereasin the secoml and fourth picture the correspondingslicesthroughthe smoothed
datasetsareshown.

Fi1G. 5.5. Theanisotopic geometrc level setmethodis appliedto noisydatafrom afingering experimentin a
two phaseporousmediumflow of freshandsaltwater. During the experimentthe saltconentraton wasmeasurd
usingan MR imaging device. On the left isosurbcesof the salt concentration at an early time in the experiment
are shavn, wherea the right imagesshav data from a later time in the experiment. The first andthe third image
represet the original data In the secondandfourth imagethe 3D dataobtanedby the anisotopic diffusionon a
643 grid areshavn (cf. alsoFig. 5.6).

HerewedefineS, = DN?. LetusemphaizethatS, coincideswith theactuallyconsiderd
reguarizedshapeoperato S?, if we evaluatethe latter on level setsof a globally prefiltered

image. Evaluating S separatelyfor eachpointz € €2 onalocally regulaized surface M ,,
wein geneal obtainS? # S, .

Proof. Pickingup the above notationfor the anisotry, the normalvectorsN,N ? on
M, M, respectidy, we obtain

div(aN) = (diva’)N + tr(a” DN)
= (diva?)N? + (diva®)(N — N?) + tr(a’ S)
=div(a®N?) — tr(a” DN?) + (diva?)(N — N?) + tr(a’S)
=0—tr(a’Sy) + (diva?)(N — N7) + tr(a’S) .

Therebre,our prodem canberewritten as
0 + ||Vl (tr(a® (Se — S)) +diva’(N° — N)) =0.

Dueto the equivalerce of the level setequatio 9:¢ + |V¢|| f = 0 andthe correspndirg
paranetric evolution 9,2 = f N we have verifiedourclaim.O

The evaluation of the shapeoperato is basedon secondorde derivatives,whereaghe
normal only reliesonfirst order derivatives. Thus,for noisyimageswe expect

1S5 () = S(@)[| > [|N(z) = N°(2)]|
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FiG. 5.6. Fromthe expefimental datashowvn in Figure 5.5 vertical slicesare extracted. Again two succes-
sive stages of the experiment are depided. The first and the third image shawv slices throughthe original datg
correspading slicesthroughthe smoothedlatasetsareshavn in the secondandfourth image.

“ale,

Fi1G. 5.7. Wecompaetheprinciple, qualitative behavior of differentmethodsextracting level setsatarelatively
large time in the evolution: anisotopic geometic diffusion (left), meancurvature motion (middle left), isotropic
PeronaMalik diffusion [27] (middle right), and anisotopic diffusion model proposedby Weickert [38] (right).
Always the sametime stept = 0.00375 is depicted from the correspmding evolution. The computdions were
performedona 643 grid andthebuild in regularization wasbalancedwith respecto anequivalerce of afilter width
o = 4 h. Thus,for theisotropic andanisotopic diffusionmodels(right) we regularized by atime stepe® /2 of the
heatequdion. Finally, for the anisotopic geometic diffusionwe took ! = 4.

for geneal pointsz € Q. Therefae, tr(a’ (S, —5)) will bethedominat termin the propa-
gationspeedn nomaldirection. Finally, thisallows usto give anicegeonetricinterpretation
of theproposedevolution prodem:
Theanisotopic level setevolutionis mainly driven by the differenceof a
regularized shapeopemtor andthetrue shapeoperator weightedapplyirg
theanisotiopic weightsgivenby thediffusiontensor
Furthemore, we verify that the propagationspeedf vanishs, if N7 = N (cf. Section
9). Besidesthe momholodcal charater of the prgposedappoachespeciallythis built-in
compmrisonbetweernreguarizedandactualshapeopeator andnomal givesreasonfor the
methods perfamance Figure 5.7compaesdifferentevolutionmethalsin imageprocessing
We have balancedparanetersandcorsidera ratherlong time in the evolution. For nore of
the methalsthis reflectsa proper choiceof paranetersandtime but it strondy reflectstheir
principle behaior.

In geneal we cannotguaanteethatV¢ # 0 evenif theinitial datafulfills this regulaity
assumptios. In fact, Evansand Spruck[16] gave an exanple for meancurvatue motion
by thelevel setappoachwherea certainlevel setdegeneratesindthe correspading M ¢(t)
fattens,Joosingits surfaceproperty. Thus, we have to regulaiize the prodem replacirg the
norm||-|| in equation(5.1) by areguar appoximatia ||-|| . |. €. we choosgcf. [16])

2
l[olle = v/ €+ loll” -

Thecorrespondimg regularizedvarationalformuationis thengivenby

0t¢ ) ( o V¢ >_
— 9 Sy ——— Vi) = 5.
(nwu; A g V) =0 (52



A Level SetMethodfor Anisotrapic Geometic Diffusionin 3D ImageProcessing 13

for all testfunctiors ¥ € C°°(Q2). Here(-,-) indicatesthe L? prodicton Q. Considerig a
finite elemenimplemenationwe will pick upthis formulationin Section?.

6. A reqularized shapeoperator. In our modelabose we have madeextensve use
of a reguarized shapeopeator S?, on which we basethe compuation of the anisotrojic
diffusiontensor As alreadydescribedn the previous Section5 we have differentchoicesfor
thedefinitionof theregulaization:

1. The geometically naturaland purely morphologcal presmathing of an imageis
given by a short time evolution under meancurvatue motion Thus, for everyt € R
we maysolve

Vi

o — V] div (W) 0

with initial datay(0,-) = ¢(t,-) andnatual boundhry condtions and evaluatethe shape
operdor S?(z) = S(¢%,x) ong?(t,-) := @b(";, -). Theadwantaye of this appro&h is that
theresultingmodel is comgetely definedin morphologica termsonly.

2. Anothersimpler— but not morphological— appoachis theregulaiizationvia con-
volutionof theimagewith akerrel K, of width o, i.e. ¢7 := K, * ¢, andagainthedefinition
57 (z) = S(¢7, 2).

3. As alreag mentionel with respecto a discretizationwe arestill left to definea dis-
creteshapeopeator on level setsdescribedyy a finite elementfundion. As long aswe do
not useat leastquadatic elementsven a suitabledefinition— without takinginto account
the consisteng problem— remainsanopenquestion31]. Sincetypically imagesaredis-
cretizedbasedntrilinear interpdation of pixel or voxd values, our methodof choiceis one
basedon local regulaization. Unfortunatelythe local reguarizationdefinedin the sequelis
not guararteedto beinvariant uncer gray valuetransfomations.Neverthelesswve expectthe
correspndirg regularizedshapeopertorto depeml essentiallyonly onthemorphology of the
localimage.We basethelocal regularizationon aleastsquaresit — in factlocal L? projec-
tion — of theimage¢ ontoa subspacef thespaceof qualraticpolynomialsP . To thisend
let usfix apointz € 2 anddenoteby Q := span{z?, x3, x3, 2172, 2173, T2T3, T1,T2,T3}
this subspac®f P,. We skip the constaih functionsin Q, sincewe assumeheimage¢ to
belocally shiftedsuchthat¢(xz) = 0. Thelocal L? projection I, , ¢ € Q of theintensity¢
onto @ is thendefinedvia theorthognality relation

/B 00~ (eod)) ady =0 VgeQ,

whereB, (z) is a small neichbortood of x (cf. Fig. 6.1 for the effect of different stencil
width paranetero on the evolution result).  For the easeof presentatin we write ¢ 2 (y)
insteadof (I1, ,¢) (y) for afixedz € Q. Locally, theprojectio definesasurfaceM Z, whose
tanget spaceT, M7 in generadoesnot coincice with 7, M becausén generalNy (y) :=

V63 (y)
Vst 7 V-

Now we definein analgy to the nonreguarized casethe shapeopeator S =
S(¢2(y)) := D,yNZ (y), whoserestrictionS? (Id — N? ® N?) is againasymmetricmappirg
from 7, M onto 7, M7 (cf. Section5). Thus,S°(ld — N7 ® N7) is characteized by its
eigevaluesk’-?, j = 1,2 andtheeigemectors{v!:?,v%°}. Theefore,with anappopriate
basistransfomationB, € SO(3), we obtain

ﬂl,o

S°(ld— N®N) = Bf K37 B,.
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44,
200

FI1G. 6.1. We comparethe influence of thefilter width paranetero on the resuls of the anisotiopic curvature
evolution. As initial data we conside the noisy octehedrondatasetalready shavn in Fig. 5.1 andchooses = 2 h
(left column),o = 4 h (middlecolumn),ando = 8 h (right column). Theuppe row shavs thefirst time stepof the
evolution whereasn the lower row the third time stepof the evolution is shavn. Theresuls obviously reflectour
theordical expedations(cf. remarkin Secton 6).

Letusagainemphasizéhatthis S” = S(¢?) is evaluatedfor every = separatelandtherefae
in geneal S” # S,. Finally we obsere thatin caseof coindding ¢ and¢ the norreguar-
izedandregularizedshapeoperato andnormal areequal,i. e. S = S, = SandN? = N.
This especiallyholdsif ¢ € P,. Thus,quadatic imageintensitiesandinduced ellipsoidal
shapesreinvaiiant uncer the proposedanisotrgic geametricdiffusion.

Remark: Still we haveto selecta prope regularizationparaméer o, whichalwaysplays
the role of a stencilwidth, eitherin a geomdéric smootling (regularizationvariart 1), in a
linear convolution (variant2), or in the actuallyimplemened L 2 projectionmethod(variant
3). As usualin diffusion processeshe stoppingtime ¢ of the geonetric diffusion process
is relatedto a filter width /2¢ (cf. Section4). Thusit is reasonale with respecto the
modding to choseo ~ /2t (cf. Morel andSolimini [25]). Dueto the tradeoff between
smallervaluesof ¢ leadingto moredetailedfeatue detectiorandlargero valuesimproving
theconsisteng of theextradedshapeoperato for smoothdatawe choseo ~ [ h,e.g.l ~ 4
in our applicatiss. Indeendem of thechoiceof reguarizationthe derivedreguarizedshape
operdor actsasa quartizedindicatorfor therelevarce of edgesandtheirdirectionandnotas
adescripor of thesomehav optimallimit shape.

7. Finite elementdiscretization. Up to now we have consideed animageintensity ¢
which hasbeena sufiiciently smoothfunction ontheimagedomain Q ¢ R 2. Conceningthe
implemenationof theproposedmultiscalemethodandits actualapplicatiorto digitalimages
we now have to discretizeour modé in spaceandtime. In the applicationimagestypically
ariseasarrays of pixels. We interpiet pixel valuesasnodalvalueson a uniform hexahedral
meshC covering thewholeimagedomeain ) andconsicerthecorrespondimg trilinearinterpo
lationoncellsC € C to obtaindiscretentensityfunctionsin theacconparying finite element
space.To clarify the notationwe will alwaysdenotespatiallydiscretequantitieswith upper
caselettersto distinguishthemfrom the correspading continuais quarities in lower case
letters. A subscripth indicatesthe grid size. Let us definethe spaceof piecewvise trilinear,
continwusfunctions

th{q)ECO(QH(mC eEPLRP ®P1VC€C},
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whereP; denoteghespaceof linearpolynomialsand” ®” thetensormproduct.

Now we areableto formuate our discreteprodem. Discretizingfirst only in spacewe
obtaina variatianal finite elementformulation of our level setevolution prodem (cf. Eq.
(4.7) for thecortinuouscase):

Find® : Ry — V" with initial data®(0) = Zy¢o, sud thatfor all § € V"

8 \" , V& 3
<||v<1>||;9> * (A ||v<1>||€’w’> =0

Here,Z,, : C°(2) — V" is the Lagrangeinterpolationon the grid C andthe diffusion
tensorA” is supposedo beasuitableappoximatian of a 7. Finally, we have usedthelumped
massscalarprodict (-, -)*, whichis definedby

(U, V)= Z/CIh(UV)d:c

cec

for discretefunctionsU, W € V" (cf. [37]). Asanimmediateconsegencethecorrespndirg
nonlinearmassmatrix M, (®) is diagonal. This simplifiestheresultingschemesignificantly
We endupwith asystenof ordinary differentialequatimsfor thenodd valuesof theintensity
function ®. Obviously the reguarizationparametee shoud be couged someha with the
grid size.Following Dziuk andDeclelnick [12] we selecte = h.

Next, we have to discretizein time, which includesthe choiceof sometime steppimg
schemeand the decisionwhich term to handleimplicitly and which explicitly. Herewe
choseasemi-implicitbackward Eulerdiscretization Expressedn geometic termswe con-
siderthe metric and the reguarized shapeoperdor explicitly (cf. [15]). I. e. the shape
operdor is upcatedevery time stepandwe expect andexpeaimentally obsene surfacefea-
turessuchasedges to be successiely betteridentifiedvia the principle curvature evaluation
onS°’. LetT beaselectedime stepsize. Thenwe obtan thetime andspaceliscreteprodem:

Find a sequene of discrete intensityfunctions{®"},—.... with ®” € Vhand®Y =
Tn o, sudh thatfor all § € V7

1 entl_gn \" ventl
A v =o.
(nwne . ’0> *( ||v<1>n||€’w> 0

We exped ®" to be an appoximatian of ®(n7). Finally, in eachstepof the discrete
evolution we have to solve a single systemof linear equatios. In termsof nodalvectors
indicatedby a baron top of the correspading discretefunction we canrewrite the scheme
andget

(Mp(®™) + 7Ly (™)) " = My, (™) 0" (7.9

for thenew vecta of nodalvalues®™*! attimet,,; = (n + 1)7. Here,we have appliedthe
nonlinearlumpedmassandstiffnessmatrices

My(@) = ((ﬁﬂh) R A ((A%\P)) ,

where{¥,}; is thenodalbasisof V.
In eachtime stepthediscretediffusiontensorA? is evaluatedfor every grid node sepa-
rately Then,oncellsC € C we usetrilinearinterpdation to defineA ¢. Furthemore,in the
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numeical applicationwe have replacedheintegratian of (A ¢ %, T ;) by theonepoint
numeical quadaturewhichrefersonly to thevalueatthe elements centerof mass.

Theresultingsystemsof linear equatios, which arisein eachtime stepof the discrete
anisotrgic cunatureevolution are solved by a precorditioned conjugte gradiert method
For compuationsona 1282 grid thesolver typically needs50 iterationsto decreas¢herela-
tive residualbelon 105,

8. Shapeoperatar on discretedata. In this sectionwe will describehow to compue
thelocal L? projection definedin Section6 on givendiscreteimagedata® € V . Without
loss of generalitywe will assumehatz = 0 andfurthermoe that¢(z) = 0. Sincewe
areworking on hierachical octtreegrids, it is natual to definethe ¢ neightorhood B , ()
in the maximum norm For an! € {2m|m € IN} we setB,(z) to be a patchcontainirg
(I4+1)x (I+1) x (I+1) nodeshaving z in its center In otherwordsB,, consistofl x I x 1
elementsThenfor o = diam B, (z), we obtaine =1 h.

To compue the prgection ®2(y) := (II,,®)(y) onto the subspace@) =
span{z?}, 23,23, 172, 7123, T2T3, T1,T2,23} Of P2, we conside the repesentation
D7 (y1,y2,y3) 1= E?:l a;q; in the above canotical basisof Q. Then(e;); € R? solves
thelinearsystenof equatios

9

Z(/ Qindy>aj:/ @ q; dy
B (z) B, (z)

Jj=1

fori = 1,...,9. For afixedl, the inverseof the matrix on the left handsideof the above
equation canbe premmputedon reguar grids. This speedaup the projectian processn the
implemenationconsideably. We easilyderive that

1 ar 200 a4 s
ag |, D*%7 (y)| ay 20 g

y=0 = 2 2 2 y=0 -
vartagtag \ o as  ag 203

Finally, recallingthe definition of the reguiarizedshapeopeator S 7, we obtaina formula of
theshapeoperdor S in termsof theabove quartities, i. e.
1 .
87 = —— (D?®° — N° @ D?®° N7) .
e )

N (y)|

After arestrictionof the obtainedopemtor ontothe tangentspaceT, M? = (N?)*, which
thenresultsin S?(ld — N? ® N?) we easilycanevaluatethe principd cunatuesx?-? and
principal directiors of curvaturev >

To studythe consisteng of the curvature evalugion we againpick up the secondreg-
ularizationmethal basedon local convolution of the imagewith a kernd K ,. We expect
our actuallyappliedthird regulaiization methodto behae similar concering the interplay
of filter width andgrid size. Let us supmse¢ to be smooth at leastcontaired in the usual
Soboler spaceH?? for 1 < p < oo. If we considera nodal interpolation & in the finite
elementspaceve obtaina secondorderappraimationresult[9], i. e. [|¢ — @||, , < C h?.
Next, we corsiderthecorvolution ®? = K, x & andevaluatesecondderivativeson ®? asa
simplificationof the evaluationof curvatureson level setsof ® 7. In this casea consisteng
analysiss straightfoward. We estimate

| (K7 @) = D?6],, < [(D*Ky) + (@ = 9)|,, + | Ko+ D*6 — D¢,

h2
<C (5 +0) 6l
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FiG. 8.1. Cunature evaluation of the noisy octatedron levelsetresoled on a 64 grid is comparel with
respetto differentstendl widths of the I? projection. Fromleft to right the noisylevel setandcurvature evaluation
with stencl widths! = 2, 4, and8, respeditvely, areshavn. A color rampfrom blueto redindicates the dominart
cunature.

Balancingof the two errortermsleadsto an optimd choiceof o = k3 in caseof a smodh
function ¢, wherasfor o sufficiently smallthefirsttermwill bedomirant. Thuswerecogrize
thatthe width of our stencil B, (x) shouldincreasesignificantlywith decreasingrid sizeto
ensureconsisteng. Neverthelesghisis unrealisticin trueimageprocessin@pplicaionswith
nonsmoothintensityandsteeptransitions hencewe have to fix the stencilwidth somehav.
Fromourexpelienceasuitablevalueis ! = 4,i.e.0 = 4 h.

As mentilmedabove, we exped our third reguarizationapprachto behae similar to
thecornvolutionmethal in termsof therelationbetweerfilter width andgrid size. To analyze
theconsisteng of ourimplementationexperimentally, we have consideredhespheical level
setsof theimageg¢(z) := ||z —r||,r = (R, R, R)7 for afixed R € R anddefinal anerror

1
R

129,

that is the L? norm of the difference betweens; and the real cunatue 1/R of the
sphericallevel sets. In our compitation we set Q := [0,1]® and assumeQ), :=
{z € Q|dist(z,00) > 1/4}. This turns outto be the maximum subsetof 2 suchthatthe
consideed projedion stencilis alwayscompletéy containedn (2 for everyz € Q. In Table
8.1 we collect for threedifferent grid widths h, fixed R = 4 andincreasingsize! of the
projedion stencilthevaluesof e;.

For sufiiciently smallwe expect Z—i to bethedomiranttermin ourconsisteng analysis
above. Thus,recallingthato = [ h, we shouldobsere for a dowling the stencilwidth I a
decreasef the erras appoximatelyby afactorl/4. In addition we obsere thatfor fixed!
theerroris moreor lessindependentf thegrid sizeh.

Furthemore, we testthe invariance property known for the continous mockl in case
of our numeical implementation. Therdore, we study ellipsoidal level setsdefinedby a
guadatic polynamnial imagefunction ¢ interpdatedonthe grid noces. We obsere thatthe
relative loss of volume of the consideed level setsis in the rangeof interpdation erras.
Moreover in an applicdion (cf. Fig. 5.3 and5.4) we recoqize that the isotropc Perona
Malik methal aswell asthe MeanCurvature Motion appoachdecreasé¢he consideed sub
volumeduiing the evolution aboutten timesfasterthe new anisotrojic geoméric diffusion
method

9. Parametric versuslevel setapproach. Besideghe generaldifferencethatthe new
level setmethal propagatesll level setson a givenimagesimultaneuslyandthe paranetric
mode (cf. Sectiord) dealswith asinglesurface thetwo modelsbehae surpisingly different
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TABLE 8.1
Consisteny errors for differentsizesof h andincreasig stencl width I of the I? projection.

‘ h ‘ l H €1 €o h l €1 €9
1/32| 2 || 5.45e-02] 5.45.e-02 1/128| 2 || 5.4%8e-02 | 5.4Be-02
4 1.3Be-02 | 1.38Be-02 4 1.40e-02 | 1.4Me-02
8 || 3.517e-03 | 3.517e-03 8 || 3.54e-03| 3.54e-03
16 || 8.806e-04 | 8.8%6e-04 16 || 8.8e-04 | 8.85e-04
1/64 | 2 || 5.4M@e-02| 5.4e-02 32 || 2.20e-04 | 2.2De-04
4 || 1.406e-02| 1.46Be-02 64 || 5.50e-05 | 5.5Pe-05
8 || 3.5%e-03| 3.5%e-03
16 || 8.832e-04 | 8.832e-04
32 || 2.214e-04 | 2.214e-04

conceningtheactualpropajationvelocity althoudh theconsideeddiffusiontensorsarevety
closelyrelated.

The parametic surfaceprocessingprodem discussedn Section4 is charactaeedby a
speedof propagationV of a single surface M which splits into a tangetial anda nomal
commnent,i. e.

V = Viang — tr(a o © ST )N

whereVian, is thetangetial compaent(cf. [10]). In caseof meancurvaeture motion where
aTp = Id|7, ¢ the propagationis in nomal direction, i. e. Viang varishes. But for
anisotr@ic geonetric diffusion this tangetial dislocationturnsout to be a shortomingin
thecorrespndingnumnericalimplementationalthoudh it effectively doesnotchargethecon-
tinuows evolution. Indeedit leadsto a stretchingof a triangular finite elementmeshin the
neighborhad of edgeson the surface. In comparisonto this modcel, the level setmethal
presentedhereby its natureconsides only propagationin nomal direction andwe avoid the
prodem of tangentialdislocatio. As propajationspeed/ oneobtains

V =fN=(tr(a”(S, — S)) + (diva”)(N° — N)) N.

Hence the speedn the paranetric modelmeasureshe anisotrofic meancurvature,whereas
thespeedn thelevel setmethal mainly depend onananisotrojcally weighteddifferenceof
prefilteredandactualcurvatures,givenby the corresponéhg shapeoperaors. This especially
implies the above statedinvarianceof the level setmethal for ellipsoidalshapesiefinedas
level setsof a qualratic polynomial. In contrastto that, genealized minimal surfaceswith
H,- = 0 aretheonly invaiiant surfacesunder the parametic evolution. Indeed thereis no
compmctinvatiant suriaceembededin R>.

The precisecountepart of the paranetric mocel in the level setcontext is given by the
evolution equdion

9¢ — IV tr(a” S) = 0.

But, we canalsoadaptthe paranetricevolution to thenew modd, introducedherein thelevel
setcontext. Thus, we conside a parametic evolution describé by theequdion

8,51' - diVM(t)(a%;M VM(t)a:) =r,
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wherewe definea local averagd forcing r = tr(a%, ,, o S%. o) for a corvoluted shape
operdor SZ- ,,. Letusundeline thatthis canbe regadedasa local version of the global
volumeconserationmodelpropasedin [10] wherer = ﬁ Jos tr(@% o0 STomm).

Although, origindly designe for 3D imagedatawe couldalsoapplythepresentedevel
setmethodto parametricsurfaces asinput dataasthey frequently appeain computergraph
ics. To this end,we have to corvert the paraméric representatiorio animplicit onevia the
computationof a discreteapgoximatian of the signeddistancefunction [33], runthe algo-
rithm, andfinally extractagaina triangulatian from the volume datasetvia somemarchirg
cubemetha or procesghesurfacefurtherin volumetric form.

10. Conclusions. We have preseted a level setmethodfor genealizedgeometic dif-
fusionin 3D imageprocessing.The correspndingevolution equation invokes mainly geo-
metric quantitiesof level setsof the imageintensity This classifiesthe appoachasa mor-
pholaggical scalespacemethal. It is ableto successiely smoothnoisy initial datawhile
simultaneasly retainirg edge andcornes onthelevel setswhich arecharactaeedby con-
siderablylarge principal cunatures.Theevaluatian of theshapeopeaator, thesurfacenormal,
andtangenspaceaespectiely is basedna prefilterirg of thenoisyinitial data. Theréoy, the
proposedmethodof choiceis alocal L? projectian ontothe spaceof quadatic polynomials.
The correspading nonlinear partial differential equationhasbeendiscretizedby finite ele-
mentsin spaceanda semiimplicit backvard Euler schemdn time. In eachtime steponly
a sparsesystemof linearequatios hasto be solved Theusercontrds the surfaceevolution
mainly by two paraneters— the prefilterwidth ¢ andthethreshold\ — which bothhave an
intuitive meanig. The methal comesalongwith a geonetric interpreation of the propaja-
tion speedof level setsanda large setof invariant shapes. In factthe invarianceprindple
for level setsof secondbrderpolynamialsandtheedgeindicatingshapeoperato asa second
orderdifferential operato on thelevel setsgive reasorfor the essentiatharactestics of the
describednethal. Interestingfutureresearchtirectinsare

e to studythe actualcountepart of the paranetric surfaceproessingmodelin level
setform andvice versa,

e to generalizeéhe methodfor inpairting or restoratiorpurppseson 3D images,

e andto expandthe evolution prodem by consideing additional termsin the propa-
gationspeedyhich allow a moregenerdamodelirg of thelevel sets.
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