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Abstract

Vectorfield visualizationis animportanttopic in scientificvisual-
ization. Its aimis to graphicallyrepresentield datain anintuitively
understandabland preciseway. Here a new approachbasedon
anisotropimonlineadiffusionisintroduced It enableaneasyper
ceptionof flow dataandsenesasanappropriatescalespacanethod
for the visualizationof complicatedflow pattern. The approach
is closely relatedto nonlineardiffusion methodsin imageanaly-
siswhereimagesaresmoothedwhile still retainingandenhancing
edges.Hereaninitial noisyimageis smoothedalongstreamlines,
whereashe imageis sharpenedn the orthogonaldirection. The
methodis basedon a continuousmodelandrequiresthe solution
of a parabolicPDE problem. It is discretizedonly in the final im-
plementationastep. Therefore mary importantqualitatve aspects
canalreadybe discussedn a continuouslevel. Applicationsare
shavn in 2D and3D andthe provisionsfor flow segmentatiorare
outlined.
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1 Introduction

The visualizationof field data, especiallyof velocity fields from
CFD computationss oneof the fundamentatasksin scientificvi-
sualization. A variety of differentapproachesasbeenpresented.
The simplestmethodto drav vectorplots at nodesof someover
layed regular grid in generalproducesvisual clutter, becauseof
the typically differentlocal scalingof the field in the spatialdo-
main,whichleadsto disturbingmultiple overlapsin certainregions,
whereasn otherareasmallstructuresuchaseddiescannotbere-
solved adequately The centralgoalis to comeup with intuitively
betterreceptiblenethodswhich givesanoverall aswell asdetailed
view on theflow patterns.Single particlelines only very partially
enlightenfeaturesof a complex flow field. Thus,we wantto de-
fine a texture which representshe flow globally on the computa-
tional domain. Herewe confineoursehesto stationaryflow fields
v : Q@ — R" for somedomainQ C R". We askfor a method
generatingstretchedstreamlinetype patternswhich arealignedto
the vectorfield v(z). Furthermorethe possibility to successiely
coarserthis patternis ohviously an desirableproperty Methods
whicharebasednsuchascaleof spacesandenhanceertainstruc-
turesof imagesarewellknown in imageprocessingnalysis. Actu-
ally nonlineardiffusion allows the smoothingof grey or colorim-
ageswhile retainingandenhancingdgeg13]. Now we setupadif-
fusionproblem,with strongsmoothingalongstreamlinesandedge
enhancingn the orthogonaldirections.Applying this to someini-
tial randomnoiseimagewe generate scaleof successiely coarser
patternswhich representhe flow field. Finite Elementsin space
anda semiimplicit timesteppings appliedto solwe this diffusion
problemnumerically Furthermorea suitablemodificationof the
approachallows theidentificationof topologicalregions.

Before we explain in detail the method, let us discussrelated
work on vectorfield visualizationandimageprocessing Later on
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we will identify someof the well knovn methodsasequialentto
specialcasesyespectiely asymptoticlimits of the presentechew
method.

2 Related Work

The spotnoisemethodproposediy van Wijk [18] introducesspot
like texture splatswhich arealignedby deformatiorto the velocity
fieldin 2D or onsurfacesn 3D. Thesesplatsareplottedin thefluid
domain shaving strongalignmentpatternsin the flow direction.
The originally first orderapproximatiorto the flow wasimproved
by de LeeuwandvanWijk in [6] by usinghigherorderpolynomial
deformationsf the spotsin areasof significantvorticity. In anan-
imatedsequencéhesespotscanbe movedalongstreamline®f the
flow. Furthermorein 3D van Wijk [19] appliesthe integrationto
cloudsof orientedparticlesandanimategshemby drawing similar
moving transparenandilluminatedsplats.

The Line Integral Convolution (LIC) approactof CabralandLee-
dom [5] integratesthe fundamentalODE describingstreamlines
forward and backward in time at every pixelized point in the do-
main,corvolvesawhite noisealongtheseparticlepathswith some
Gaussiarntype filter kernel,andtakesthe resultingvalueasanin-
tensityvaluefor the correspondingixel. Accordingto the strong
correlationof this intensity along the streamlinesand the lack of
ary correlationin theorthogonabirectiontheresultingtexturing of
the domainshavs densestreamlinefilamentsof varying intensity
Hege and Stalling [15] increasedhe performanceof this method
especiallyby reusingportionsof the corvolution integral already
computedon pointsalongthe streamline Max etal. [12] proposed
a similar methodon surfaces. Max and Becler [11] presentech
methodfor visualizing2D and3D flows by animatingtextures.
Shenand Kao [14] applieda LIC type methodto unsteadyflow
fields. Recentlya method[3] hasbeenpresentedwhich generates
streaklinetyp patternsby numericalcalculationof the transportof
inlet coordinatesndinlet position. InterranteandGrosch[8] gen-
eralizedline integral convolution to 3D in termsof volumerender
ing of line filaments.

In [17] Turk discussesnapproactwhich selectsa certainnum-
ber of streamlines.They are automaticallyequally distributedall
over thecomputationatiomainto characterizén a sketchtyperep-
resentatiorthe significantaspectof theflow. An enegy minimiz-
ing processs usedo generateheactualdistribution of streamlines.

Especiallyfor 3D velocity fields particle tracingis a very pop-
ular tool. But a few particleintegrationsreleasedy the usercan
hardlyscopewith thecompleity of 3D vectorfields. Zockleretal.
[16] usepseudorandomlydistributed,illuminatedandtransparent
streamlinego give a denserand receptiblerepresentationwhich
shavs the overall structureandenhancegmportantdetails.
VanWijk [20] proposedheimplicit streamsurfacemethod.For a
stationaryflow field the transportequations - V¢ = 0 aresolved
for givenv andcertaininflow andoutflov boundaryconditionsin
apre-computingstep. Thenisosurficesof the resultingfunction ¢
arestreamsudcesandcanefficiently be extractedwith interactve
frameratesevenfor largerdatasets.

Most of the methodspresentedo far have in common thatthe
generationof a coarserscalerequiresa recomputation. For in-
stancejf we askfor afineror coarserscaleof theline integral con-



volution patternthe computatiorhasto berestartedvith a coarser
initial imageintensity In caseof spotnoiselargerspotshave to be
selectedandtheir stretchingalongthefield hasto beincreasedThe
approachto be presentederewill incorporatea successie coars-
eningastime proceedsn theunderlyingdiffusionproblem.

As already mentioned in the introduction our method of
anisotropicnonlineardiffusion to visualizevectorfieldsis derived
from well known image processingnethodology Discretediffu-
sion type methodsare known for a long time. Peronaand Malik
[13] have introduceda continuousdiffusion model which allows
the denoisingof imagestogetherwith the enhancingf edges.Al-
varez,Guichard,Lions andMorel [1] have establishedx rigorous
axiomatictheory of diffusive scalespacemethods. Kawohl and
Kutev [2] investigatea qualitative analysisof the Peronaand Ma-
lik model. Recwrering of lower dimensionalstructuresn images
is analyzedy Weikart[21], whointroducedananisotropicnonlin-
eardiffusion methodwherethe diffusion matrix depend®on the so
calledstructuretensorof theimage. A Finite Elementdiscretiza-
tion andits corvergencepropertieshave beenstudiedby Kavcur
andMikula [9].

3 The nonlinear diffusion problem

Let us now derive our methodbasedon a suitablePDE problem.
Here, nonlinearanisotropicdiffusion appliedto someinitial ran-
domnoisyimagewill enableanintuitive andscalablevisualization
of complicatedflow fields. Therefore we pick up the ideaof line
integral convolution, wherea strongcorrelationin theimageinten-
sity alongstreamliness achiezed by convolution of aninitial white
noisealongthe streamlines.As proposedalreadyby Cabraland
Leedom[5] a suitablechoicefor the corvolution kernelis a Gaus-
siankernel. On the otherhandan appropriatelyscaledGaussian
kernelis known to be the fundamentakolution of the heatequa-
tion. Thus, line integral corvolution is nothing elsethan solving
the heatequationin 1D on a streamlineparametrizedvith respect
to arclength.On pixelswhich arelocatedon differentintegral lines
theresultingimageintensityis notcorrelated Hence thethickness
of theresultingimagepatternsn line integral convolution is of the
sizeof therandominitial patternsin generahsinglepixel. Increas-
ing this size asit hasbeenproposedy Kiu andBanks[10] leads
to broaderstripesand unfortunatelyless sharptransitionsacross
streamlinepatterns.As describedso far, line integral convolution
is adiscretepixel basedmethod.It canberegardedasadiscretized
streamlinediffusion process. If we askfor a wellposedcontinu-
ousdiffusion problemwith similar propertieswe areleadto some
anisotropidiffusion,now controlledby a suitablediffusionmatrix.

To beagin with, let us at first review the basicsof the nonlinear
diffusionmethodsn imageprocessingWe considera functionp :
RS x Q — R which solvesthe parabolicproblem

Zp—div(A(Vp)Vp) = f(p), InR' xQ,
P(O; ) = po , Onﬂy
Zp = 0 , onR' x9Q

for giveninitial densitypo : Q — [0, 1]. Herepe = x¢ * pisamol-
lification of the currentdensity which will later on turn out to be
necessaryor the wellposednessf the above parabolic,boundary
andinitial valueproblem.In our settingwe interpretethedensityas
animageintensity ascalargreyscaleor — with aslight extensionto
thevectorvaluedcase- asavectorvaluedcolor. Thus,thesolution
p(-) canberegardedasafamily of images{p(t)}teRg , Wherethe

timet senesasascalingparameterLet usremark thatby thetriv-
ial choiceA = 1 and f(p) = 0 we obtainthe standardinear heat
equationwith its isotropic smoothingeffect. In imageprocessing
po is a given noisy initial image. The diffusionis supposedo be
controlledby the gradientof the imageintensity Large gradients

G(d)

d

Figurel: TheshapeG(-) which appliedto the gradientof the mol-
lified imageintensitysenesasadiffusioncoeficientin imagepro-
cessing.

Figure2: The noisyimageon theleft is successiely smoothedvy
nonlineardiffusion. Ontheright theresultingsmoothedmagewith
enhance@dgess showvn.

markedgesn theimage which shouldbeenhancedwhereasmall
gradientsndicateareasof approximatelyequalintensity Herede-
noising,i. e. intensitydiffusionis consideredFor thatpurposewve
prescribea diffusion coeficient

A=G(IVeell)

whereG : R — RT is a monotonedecreasingunction with

limg,0o G(d) = 0 andG(0) = B whereB € R* is constant
(cf. Fig. 1),e.9. Gd) = ﬁg. If we would replace
the mollified gradientVp. asargumentof G by the true gradient
Vp, which leadsto the original PeronaMalik model, we would

in generalobtain a backward parabolicproblemin areasof high

gradients,which is no longerwellposed[2]. The invoked molli-

fication avoids this shortcomingand comesalongwith a desirable
presmoothingffect. Neverthelessheenhancingf steepgradients
andtherebyedgesn theimage known from backward diffusionis

retainedif we adjustthe mollification carefully A suitablechoice
[9] for this mollificationis acornvolution with theheatequatiorker

nel for smalltimes, thatis solving the standardliffusion problem
for the correspondinghortperiodof time. Figure2 givesanexam-

ple of suchaimagesmoothingandedgeenhancemerity nonlinear
diffusion. Thefunction f(-) maysene asa penaltywhich forces
the scaleof imagesto staycloseto theinitial image,e.g. choosing
f(p) = v(po — p) wherev is a positive constant.

Now we incorporateanisotropicdiffusion. For a given vector
field v : @ — R™ we considerlinear diffusion in the direction
of the vectorfield and a PeronaMalik type diffusion orthogonal
to the field. Let us supposehat v is continuousandv # 0 on
Q. Thenthereexistsanfamily of continuousorthogonalmappings
B(v) : @ — SO(n) suchthat B(v)v = eo , where{e; }i=o,..-.n—1
is the standardbasein R™ (cf. Fig. 3).  We considera diffusion
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Figure 4: The graphsof the velocity dependentinear diffusion
a(-), respectiely thescalarcontrasenhancingighthandside f ().

matrix A = A(v, Vpc) anddefine
Aw.d) =" (WD o) B

wherea : RT — R controlsthe linear diffusionin vectorfield
direction,i. e. alongstreamlinesandthe abore introducededge
enhancingdiffusion coeficient G(-) actsin the orthogonaldirec-
tions. Hereld,,—1 is theidentity matrix in dimensionn — 1. We
may eitherchoosea linearfunctiona or in caseof avelocity field,
which spatiallyvariesover several ordersof magnitudewe selecta
monotongunctiona (cf. Fig. 4) with

a(0) > 0and
lim, 0 @(8) = amax.

In generalt doesnotmale senseo consideracertaininitial image.
As initial datap, we thuschoosesomerandomnoiseof anappro-
priatefrequeng range.This canfor instancebe generatedunning
alinearisotropicdiffusion simulationon a discretewhite noisefor
ashorttime. Hencepatternswill grow upstreamanddownstream,
whereaghe edgegangentialto thesepatternsaresuccessiely en-
hanced. Still thereis somediffusion perpendicularto the field
which suppliesus for evolving time with a scaleof progressiely
coarserrepresentationf theflow field. If we runthe evolution for
vanishingright handside f the imagecontrastwill unfortunately
decreasalue to the diffusion along streamlines. The asymptotic
limit would turn out to be a averagedgrey value. Therefore,we

Figure5: A singletimesteps depictedrom thenonlineadiffusion
methodappliedto the vector field describingthe flow aroundan
obstacleat a fixed time. A discretewhite noiseis consideredas
initial data.We run the evolution on thetop for a smallandon the
bottomfor alarge constandiffusioncoeficient a.

strengthertheimagecontrastduringtheevolution, selectinganap-
propriatefunction f : [0, 1] — R™ (cf. Fig. 4) with

f0)y=f1)=0,
f>00n(0.5,1),andf < 00n(0,0.5).

If we - atthefirst glance- neglectthe diffusive termin the equa-
tion, onerealizeghatperturbationdelov the averagevalue0.5 are
pushedowardsthezerovalueandaccordinglyvaluesabore 0.5 are
pushedowardsl. Well-known maximumprinciplesensurehatthe
interval of grey values|0, 1] is not enlagedrunningthe nonlinear
diffusion. Herethe first propertyof f is of greatimportance.Fi-

nally we endup with the methodof nonlinearanisotropicdiffusion
to visualizecomple vectorfields. Therebywe solve the nonlinear
parabolicproblem

%p — div (A(v, Vo) Vp) = £(p)

startingfrom somerandominitial image po andobtaina scaleof
imagesrepresentinghe vectorfield in anintuitive way (cf. Fig. 5).

If we askfor pointwiseasymptotidimits of theevolution, we ex-
pectanalmosteverywherecorvergenceto p(co, -) € {0,1} dueto
thechoiceof thecontrasenhancindunction f(-). Analytically 0.5
is athird, but unstabldfix pointof thedynamics.Thusnumerically
it will notturnoutto belocally dominant.The spaceof asymptotic
limits significantlyinfluencegherichnessof the developingvector
field alignedstructures.We may askhow to furtheron enrichthe
patternwhich is settledby anisotropicdiffusion. This turnsout to
bepossibleby increasinghe setof asymptoticstates We nolonger
restrictourselhesto a scalardensityp but considera vectorvalued
p: Q — [0,1]™ for somem > 1 anda correspondingystemof
parabolicequations.The couplingis given by the nonlineardiffu-
sioncoeficient G(-) which nov depend®nthenorm||Vp|| of the
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Figure6: A sketchof the vectorvaluedcontrastenhancingfunc-
tion £ which leadsto asymptoticstatesp(co, -) € {0} U (S™™' n
[0,1]™). Here,the componentf the densityare interpretedas
bluerespectrely greencolorvalues.Thearrovsindicatethedirec-
tion of contrastenhancement.

Jacobiarof the vectorvalueddensity Vp andthe right handside
(). Wedefine

f(p) = h(llpl))p

with h(s) = f(s)/s for s # 0, wheref is theold right handside
from the scalarcase,and h(0) = 0. Furthermorewe selectan
initial densitywhich is now a discretewhite noisewith valuesin

B1(0)N[0,1]™ . Thusthecontrasenhancingiow pusheghepoint
wisevectordensityp eitherto the0 or to somevalueonthesphere
sectorS™~' N [0,1]™ in R™ (cf. Fig. 6). Again a straightforvard
applicationof the maximumprinciple ensurep(t, z) € S™ ' n

[0,1]™ for all t andz € Q.

Figure7 shaws anexamplefor the applicationof the vectorval-
uedanisotropidiffusionmethodappliedto a corvective flow field.
An incompressibléénardcornvectionis simulatedn arectangular
box with heatingfrom belav andcoolingfrom above. Theforma-

tion of convectionrolls will leadto an exchangeof temperature.

FurthermoreFigure8 shaws resultsof this methodappliedto sev-

eraltimestepof the sameconvective flow. We recognizethatthe

presentednethodis able to nicely depictthe global structureof

the flow field, including its saddlepoints, vortices,and stagnation
pointson the boundary Figure9 shaws resultsfor the samedata
setsobtainedby line integral convolution (Here we usedthe im-

plementatiorof Hege and Stalling [15]). Finally, Fig. 10 shavs a

differentapplicationto a porousmediaflow field.

4 Application in 3D

Theanisotropimonlineardiffusionproblemhasbeenformulatedn
Section3 for arbitraryspacedimension.t resultsin a scaleof vec-
tor field alignedpatternswvhich we thenhave to visualize. This has
alreadybeendonein astraightforvardmanneiin theabove figures.
In 3D we have somehwr to breakup the volumeandopenup the
view to innerregions. Otherwisewe mustconfineourseheswith
somepatterncloseto the boundaryrepresentingsolely the shear
flow.

Herea further benefitof the vectorvalueddiffusion comesinto
operation.We know thatfor m = 2 the asymptotidimits - which
differ from 0 - arein meanequally distributed on S N [0, 1]°.

Figure7: Four successie diffusiontimestepsaredepictedrom the
vectorvaluednonlinearanisotropicdiffusion methodappliedto a
corvective flow field in a2D box.

Figure8: Corvective patternsin a 2D flow field aredisplayedand
emphasizedy the methodof anisotropicnonlineardiffusion. The

imagesshav the velocity field of the flow at differenttimesteps.
Therebythe resultingalignmentis with respectto streamlinesof

thistimedependerflow.



Figure 9: LIC imagegeneratedor one of the datasetsthat have
alreadybeenprocessedh Fig. 8 by nonlineardiffusion.

Figure 10: Field aligneddiffusion clearly outlinesthe principle

featuresof a porousmediaflow in the vicinity of a salt dome.

Lenseof lower permeabilityforcetheflow to passhroughnarrav
bridges.We depicttwo timestepf thediffusion process.

Hence,we reducethe informational contentand focus on a ball
shapecheighbourhood3;(w) of a certainpointw € S* N[0,1]*.
Now we caneitherlook atisosuracesof thefunction

a(z) = llp(z) —wl|?,

wheretheisolevel §2 allows usto depicttheboundaryof the preim-
age of Bs(w) with respectto the mappingp (cf. Fig. 11 and
Fig. 12). Alternatively we might use volume renderingto visu-
alize this type of subvolumes. A detaileddiscussiorof the latter
approachs beyondthe scopeof this paper

5 Discretization

In what follows we discussthe discretizationandimplementation
of theField Aligned Diffusionmethod which requiresthe solution
of a systemof nonlinearparabolicequations. For this purposea
Finite Elementdiscretizationin spaceanda semiimplicit second
order Crank Nicolssonschemein time are considered. We have
restrictedoursehesto regulargridsin 2D and3D generatedby re-
cursive subdvision. On thesegrids we considerthe bilinear, re-
spectvely trilinear Finite ElementspacesNumericalintegrationis
basednthesimplestjuadratureule, which evaluategheintegrant
solelyatthe elements centerpoint. Theseintegrationformulasare
appliedto computethe local stiffnessmatrices. The semiimplicit
characterof our schememeans,that the nonlinearity G(Vp.) is
evaluatedattheold time. In eachtimestepthe computatiorof p is
basedn asingleshortimplicit timestepfor the correspondindneat
equationwith respecto initial datap. We take into accountmass
lumpingto calculatethe local massmatrices.Theregulargridsare
procedurallyinterpretecasquadtreesiespectrely octtrees Finally
nomatrixis explicitly stored.Thenecessarynatrix multiplications
in the appliediterative CG solver are performedin successie tree
traversals. HierarchicalBPX type [4] preconditioningis usedto
acceleratehe corvergenceof the linear solver. The computation
of a singletimestepon a 256 grid performedon a Silicon Graph-
ics workstationwith an R10000processorequiresa few seconds.
Computingtimein 3D is currentlyevenmuchmoreexpensve. But
thereis still a greatpotentialto speedup the algorithm consider
ably, for instanceby taking into accountbetterorderingstratejies
for the unknavns which correspondo the anisotroy. Thiswill be
exploited in future. Furthermorethe codeis preparedo incorpo-
ratespacialgrid adaptvity if possible.

6 Comparison to Other Methods

Sofarwe have introduceda novel approactwhich providesaswith
an intuitive understandingf comple flow fields. We have dis-
cusseda variety of importantpropertiesand adwantages. Let us
now rankthis methodamongothervisualizationmethodsandcom-
pareit with differenttechniques.Here we especiallypick up the
line integral convolution methodandthe spotnoiseapproach.

For stationaryflow fieldswe obtainsimilar resultsby bothmeth-
ods. Thin flow alignedpatternsaregeneratedLine integral corvo-
lution leadsto comparableesultswith the essentiatifferencethat
thePDEbasednethodcarryanicescalespaceproperty |. e. evolv-
ing a longertime in the anisotropicdiffusion methodwe obtaina
successie coarsenin®f theresultingflow representation.

Furthermoren arestrictedsenseline integral convolution (LIC)
andspotnoisecanbe regardedas specialcasesf the anisotropic
nonlineardiffusion method. LIC with Gaussiarfilter kernel can
beidentifiedasthe asymptotidimit of thelattermethodfor a con-
centrationof the edgeenhancingunction G(-) at0. Otherfilter
kernelshapesorrespondo different,in generalnon linear diffu-
sion processeslong streamlines.Furtheron, generatinga single



Figurell: Theincompressibldlow in awaterbasinwith two in-
terior walls andaninlet (on the left) andan outlet (on theright) is
visualizedby the anisotropicnonlineardiffusion method. Isosur
facesshaw the preimageof 0Bs(w) underthe vectorvaluedmap-
ping p for somepointw on the spheresector Fromtop to bottom
theradiusd is successiely increasedA colorrampblue—green—red
indicatesanincreasingabsolutevalueof thevelocity. Thediffusion
is appliedto initial datawhich is a relatively coarsegrain random
noise.

Figure12: Nonlinearanisotropiadiffusionappliedto the same3D
datasetasin Fig. 11, but with a fine grain white noiseasinitial
data.

deformedspot on the computationakdomainlike proposedn [6]
canbe regardedasan early timestepin the diffusion startingwith
initial data,thatis a characteristi¢unctionof a circulardisk. If we
releasea bunchof suchdisksasinitial datain sucha way thatthe
evolving patternsdo not overlap, thenthe resultingimageis com-
parableto spotnoise. Thus, the original spotnoisetechniquecan
beregardedasa parallelversionof shorttime diffusive vectorfield
visualization.

7 Towards Flow Segmentation

Theabove applicationsalreadyshow thecapacityof theanisotropic
nonlineardiffusionmethodto outlinetheflow structurenotonly lo-
cally. Indeedespeciallyfor largerevolution timesin the diffusion
processghe topologicalskeletonof the flow field become<learly
visible. We will now investigatea possibleflow segmentationby
meansof the anisotropicdiffusion. Let us restrictto the two di-
mensionakaseof anincompressibldlow with vanishingvelocity
v at the domainboundaryd€2. Thentopologicalregionsare sep-
aratedby homoclinic, respectrely heteroclinicorbits connecting
critical pointin theinterior of the domainandstagnatiorpointson
the boundary Critical points, by definition pointswith vanishing
velocity v = 0, may eitherbe saddlepointsor vortices. Further
morewe assumeritical pointsto be non degeneratej. e. Vv is
regular Saddlepointsarecharacterizedby two real eigervaluesof
Vv with oppositesign,whereasat vorticeswe obtaincomple con-
jugateeigervalueswith vanishingreal part. Stagnationpointson
o) aresimilarto saddlesFor detailswe referto [7]. In eachtopo-
logicalregionthereis afamily of periodicorbitscloseto thehetero-
clinic, respectrely homoclinicorbit. This obserationgivesreason
for the following segmentationalgorithm. At first, we searchfor
critical pointsin Q andstagnatiorpointson 992. We calculatethe
directionswhich separatehe differenttopologicalregions. In case
of saddlepointsthesearethe eigervectorsof Vu. Next, we suc-
cessiely placeaninitial spotin eachof the sectorsandperforman
appropriatdield alignedanisotropiadiffusion. Let us supposehat
a single sectoris spanneddy vectors{s, s— } wherethe sign+
indicatesincomingandoutgoingdirection. The methodpresented
in Sect.3 would leadto a closedpatternalongone of the above
closedorbitsfor time ¢ largeenough.To fill outtheinterior region
we modify the diffusion asfollows. Up to now the PeronaMalik
diffusionsenhancegdgesof the currentimagein both directions
normalto the velocity. Henceforthwe selectan orientationfor a
onesideddiffusion (cf. Fig. 13). I. e. we selecta uniquenormal
v* to v andconsidetthe diffusion matrix

A(U,VPE) = B(U)T ( " G((Vps : UJ_)+) ) B(U)’
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Figure13: A sketchof thefour sectorsatacritical point, theinitial
spotfor thediffusioncalculationandthe orientedsystem{v, v* } .

Figure 14: Nonlineardiffusion sggmentationis appliedto a ve-

locity field from a Bénardconvection. Severaltimestepsareshavn

startingfrom initial seedspotsin critical point sectors. Here we

have placedtheseseedsascloseaspossiblein termsof thegrid size
in thesectorsspannedy the eigevaluesof the Jacobiarof the ve-
locity. Only to emphasizéhe evolution processa singlegreyscale
imagefrom the diffusion calculation(cf. Fig. 7) is underlyingthe
sequencef sgmentatiortimesteps.

wherea is a positive constantand (s)+ := max{s,0}. Further
morewe considera nonnegative, concae function f : R — RY
with f(0), f(1) = 0 asasourcetermin the diffusion equation.If
the orientationof {s4,s_} coincideswith thatof {v,v"}, then
linear diffusionin the directiontowardsthe interior will fill up the
completetopologicalregion. A seggmentationof multiple topolog-
ical regionsat the sametime is possible,if we carefully selectthe
sectorgo releasenitial spots.Figure 14 shaws differenttimesteps
of the sgmentatiorappliedto a convective incompressiblélow.

Sofar we have seenthatanisotropicdiffusion hasstrongprovi-
sionsfor flow sggmentationaswell. In a certainsensewe thereby
identify the complemenibf what is usually extractedin topology
recognition. An outstandingadwantageof the new methodis its
numericalstability andits self sharpeningffectdueto theedgeen-
hancingstratgy. We pay for this by a highercomputationatom-
plexity. If we apply a standardmplementatioron a uniform grid
of sizen?, the sgmentationcostis at leastO(n?) comparedo a
O(n) countof grid cellsmetby thedirect ODE integrationto com-
pute the homoclinic and heteroclinicorbits correspondingo the
critical points. Fig 15 shavs an adaptve quadtreewhich allows
the sameresolutionquality for the segmentatiorfunctionp asona

Figure15: The adaptve quadtreeon which we approximatethe
segmentatiorfunction p ata certaintimestep.

full grid, but now at a muchlower cost. Thereby we consideran
piecavise linear andcontinuousFinite Elementspaceon the adap-
tive quadtree.

8 Conclusions

We have introduceda nev methodbasedon the solutionof a non-
linearanisotropiadiffusionproblemfor the postprocessingf flow
data. From a mathematicapoint of view oneof the major adwvan-
tagess, thatit is basedon a physicallyintuitive continuousmodel,
i. e. streamlinaaligneddiffusion. Most of the propertiecanbedis-
cussednthis level. Finally, it is discretizedn anappropriatevay
makinguseof recentandefficient numericalalgorithms.

From the authors’point of view exciting future researctdirec-
tions are further investigationsof flow visualizationin 3D. Expe-
cially the exploiting of adaptve Finite Elementparadigmsandor-
deringstratgiesfor the unknavnswill bekey issuego reducethe
computingcosts.

Furthermorea visualizationapproachbasedon anisotropicdif-
fusionandapplicablefor timedependentectorfieldsis achalleng-
ing topic. Finally, the anisotropicdiffusion flow segmentationalso
carriesprovisionsfor the identificationof interestingflow regions
in 3D, suchasrecirculationzonesandvortex cores.

Furtherresultsandthealgorithmrunningonann x m 2D vector
arrayis availableasa sourcecodeatthe URL:

http://www .iam.uni-bonn.de/FktAnaNumMath/
Num_Vis/projekte/flow_visualization/
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