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Abstract

Vectorfield visualizationis an importanttopic in scientificvisual-
ization.Its aimis to graphicallyrepresentfield datain anintuitively
understandableand preciseway. Here a new approachbasedon
anisotropicnonlineardiffusionis introduced.It enablesaneasyper-
ceptionof flow dataandservesasanappropriatescalespacemethod
for the visualizationof complicatedflow pattern. The approach
is closely relatedto nonlineardiffusion methodsin imageanaly-
siswhereimagesaresmoothedwhile still retainingandenhancing
edges.Herean initial noisy imageis smoothedalongstreamlines,
whereasthe imageis sharpenedin the orthogonaldirection. The
methodis basedon a continuousmodelandrequiresthe solution
of a parabolicPDEproblem. It is discretizedonly in thefinal im-
plementationalstep.Therefore,many importantqualitative aspects
canalreadybe discussedon a continuouslevel. Applicationsare
shown in 2D and3D andtheprovisionsfor flow segmentationare
outlined.

Keywords: flow visualization,multiscale,nonlineardiffusion,
segmentation

1 Introduction

The visualizationof field data,especiallyof velocity fields from
CFD computationsis oneof thefundamentaltasksin scientificvi-
sualization.A variety of differentapproacheshasbeenpresented.
The simplestmethodto draw vectorplots at nodesof someover-
layed regular grid in generalproducesvisual clutter, becauseof
the typically different local scalingof the field in the spatialdo-
main,whichleadsto disturbingmultipleoverlapsin certainregions,
whereasin otherareassmallstructuressuchaseddiescannotbere-
solved adequately. Thecentralgoal is to comeup with intuitively
betterreceptiblemethods,whichgivesanoverallaswell asdetailed
view on theflow patterns.Singleparticlelinesonly very partially
enlightenfeaturesof a complex flow field. Thus,we want to de-
fine a texture which representsthe flow globally on the computa-
tional domain.Herewe confineourselvesto stationaryflow fields�������	��
 for somedomain �
����
 . We ask for a method
generatingstretchedstreamlinetypepatterns,which arealignedto
the vectorfield ������� . Furthermore,the possibility to successively
coarsenthis patternis obviously an desirableproperty. Methods
whicharebasedonsuchascaleof spacesandenhancecertainstruc-
turesof imagesarewellknown in imageprocessinganalysis.Actu-
ally nonlineardiffusion allows thesmoothingof grey or color im-
ageswhile retainingandenhancingedges[13]. Now wesetupadif-
fusionproblem,with strongsmoothingalongstreamlinesandedge
enhancingin theorthogonaldirections.Applying this to someini-
tial randomnoiseimagewegenerateascaleof successively coarser
patternswhich representthe flow field. Finite Elementsin space
anda semiimplicit timesteppingis appliedto solve this diffusion
problemnumerically. Furthermorea suitablemodificationof the
approachallows theidentificationof topologicalregions.

Before we explain in detail the method,let us discussrelated
work on vectorfield visualizationandimageprocessing.Lateron�
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we will identify someof thewell known methodsasequivalentto
specialcases,respectively asymptoticlimits of the presentednew
method.

2 Related Work

Thespotnoisemethodproposedby vanWijk [18] introducesspot
like texturesplatswhich arealignedby deformationto thevelocity
field in 2D or onsurfacesin 3D.Thesesplatsareplottedin thefluid
domainshowing strongalignmentpatternsin the flow direction.
Theoriginally first orderapproximationto theflow wasimproved
by deLeeuwandvanWijk in [6] by usinghigherorderpolynomial
deformationsof thespotsin areasof significantvorticity. In anan-
imatedsequencethesespotscanbemovedalongstreamlinesof the
flow. Furthermorein 3D van Wijk [19] appliesthe integrationto
cloudsof orientedparticlesandanimatesthemby drawing similar
moving transparentandilluminatedsplats.
TheLine Integral Convolution (LIC) approachof CabralandLee-
dom [5] integratesthe fundamentalODE describingstreamlines
forward andbackward in time at every pixelizedpoint in the do-
main,convolvesa white noisealongtheseparticlepathswith some
Gaussiantype filter kernel,andtakesthe resultingvalueasan in-
tensityvaluefor thecorrespondingpixel. Accordingto thestrong
correlationof this intensityalong the streamlinesand the lack of
any correlationin theorthogonaldirectiontheresultingtexturingof
thedomainshows densestreamlinefilamentsof varying intensity.
Hege andStalling [15] increasedthe performanceof this method
especiallyby reusingportionsof the convolution integral already
computedon pointsalongthestreamline.Max et al. [12] proposed
a similar methodon surfaces. Max andBecker [11] presenteda
methodfor visualizing2D and3D flows by animatingtextures.
Shenand Kao [14] applieda LIC type methodto unsteadyflow
fields. Recentlya method[3] hasbeenpresented,which generates
streaklinetyp patternsby numericalcalculationof the transportof
inlet coordinatesandinlet position. InterranteandGrosch[8] gen-
eralizedline integral convolution to 3D in termsof volumerender-
ing of line filaments.

In [17] Turk discussesanapproachwhich selectsa certainnum-
ber of streamlines.They areautomaticallyequallydistributedall
over thecomputationaldomainto characterizein asketchtyperep-
resentationthesignificantaspectsof theflow. An energy minimiz-
ingprocessis usedto generatetheactualdistributionof streamlines.

Especiallyfor 3D velocity fields particle tracingis a very pop-
ular tool. But a few particle integrationsreleasedby the usercan
hardlyscopewith thecomplexity of 3D vectorfields.Zöckleretal.
[16] usepseudorandomlydistributed,illuminatedandtransparent
streamlinesto give a denserand receptiblerepresentation,which
shows theoverall structureandenhancesimportantdetails.
VanWijk [20] proposedtheimplicit streamsurfacemethod.For a
stationaryflow field thetransportequations����������� aresolved
for given � andcertaininflow andoutflow boundaryconditionsin
a pre-computingstep.Thenisosurfacesof theresultingfunction �
arestreamsurfacesandcanefficiently beextractedwith interactive
frameratesevenfor largerdatasets.

Most of themethodspresentedsofar have in common,that the
generationof a coarserscalerequiresa recomputation. For in-
stance,if weaskfor afineror coarserscaleof theline integralcon-



volution pattern,thecomputationhasto berestartedwith a coarser
initial imageintensity. In caseof spotnoiselargerspotshave to be
selectedandtheirstretchingalongthefield hasto beincreased.The
approachto bepresentedherewill incorporatea successive coars-
eningastimeproceedsin theunderlyingdiffusionproblem.

As already mentioned in the introduction our method of
anisotropicnonlineardiffusion to visualizevectorfields is derived
from well known imageprocessingmethodology. Discretediffu-
sion type methodsareknown for a long time. PeronaandMalik
[13] have introduceda continuousdiffusion model which allows
thedenoisingof imagestogetherwith theenhancingof edges.Al-
varez,Guichard,Lions andMorel [1] have establisheda rigorous
axiomatic theory of diffusive scalespacemethods. Kawohl and
Kutev [2] investigatea qualitative analysisof the PeronaandMa-
lik model. Recovering of lower dimensionalstructuresin images
is analyzedby Weikart[21], who introducedananisotropicnonlin-
eardiffusionmethodwherethediffusionmatrix dependson theso
calledstructuretensorof the image. A Finite Elementdiscretiza-
tion and its convergencepropertieshave beenstudiedby Kavcur
andMikula [9].

3 The nonlinear diffusion problem

Let us now derive our methodbasedon a suitablePDE problem.
Here, nonlinearanisotropicdiffusion appliedto someinitial ran-
domnoisyimagewill enableanintuitiveandscalablevisualization
of complicatedflow fields. Therefore,we pick up the ideaof line
integral convolution,wherea strongcorrelationin theimageinten-
sity alongstreamlinesis achievedby convolutionof aninitial white
noisealong the streamlines.As proposedalreadyby Cabraland
Leedom[5] a suitablechoicefor theconvolution kernelis a Gaus-
siankernel. On the otherhandan appropriatelyscaledGaussian
kernel is known to be the fundamentalsolutionof the heatequa-
tion. Thus, line integral convolution is nothingelsethansolving
theheatequationin 1D on a streamlineparametrizedwith respect
to arclength.Onpixelswhicharelocatedondifferentintegral lines
theresultingimageintensityis notcorrelated.Hence,thethickness
of theresultingimagepatternsin line integral convolution is of the
sizeof therandominitial patterns,in generalasinglepixel. Increas-
ing this sizeasit hasbeenproposedby Kiu andBanks[10] leads
to broaderstripesand unfortunatelylesssharptransitionsacross
streamlinepatterns.As describedso far, line integral convolution
is a discretepixel basedmethod.It canberegardedasa discretized
streamlinediffusion process. If we ask for a wellposedcontinu-
ousdiffusionproblemwith similar properties,we areleadto some
anisotropicdiffusion,now controlledby asuitablediffusionmatrix.

To begin with, let us at first review the basicsof the nonlinear
diffusionmethodsin imageprocessing.We considera function ! ���"#%$ �&�'� whichsolvestheparabolicproblem((�) !+* div �-,+�.� !0/ �1� ! �2� 34� ! ��5 in � " $ ��5! �-�056� �7� ! # 5 on �85((:9 ! � � 5 on � " $<; �
for giveninitial density! # �=�>�@? �05BA6C . Here !0/ �%D /0EF! is amol-
lification of the currentdensity, which will later on turn out to be
necessaryfor the wellposednessof the above parabolic,boundary
andinitial valueproblem.In oursettingweinterpretethedensityas
animageintensity, ascalargreyscaleor – with aslightextensionto
thevectorvaluedcase– asavectorvaluedcolor. Thus,thesolution! �G� � canberegardedasa family of imagesHI! �KJL�LM ).N:OQPR , wherethe

time J servesasascalingparameter. Let usremark,thatby thetriv-
ial choice ,S�TA and 34� ! �U�V� we obtainthestandardlinearheat
equationwith its isotropicsmoothingeffect. In imageprocessing! # is a given noisy initial image. The diffusion is supposedto be
controlledby the gradientof the imageintensity. Large gradients
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Figure1: TheshapeW �G� � whichappliedto thegradientof themol-
lified imageintensityservesasadiffusioncoefficient in imagepro-
cessing.

Figure2: Thenoisy imageon theleft is successively smoothedby
nonlineardiffusion.Ontheright theresultingsmoothedimagewith
enhancededgesis shown.

markedgesin theimage,whichshouldbeenhanced,whereassmall
gradientsindicateareasof approximatelyequalintensity. Herede-
noising,i. e. intensitydiffusionis considered.For thatpurposewe
prescribea diffusioncoefficient,�� W �LXI� ! / X6�
where W �Y��"# �Z� " is a monotonedecreasingfunction with[]\]^`_Iacb W ��d0�e�f� and W �-�g�h�
i where ikjl��" is constant
(cf. Fig. 1), e. g. W ��d0�m� no "qp _ psr . If we would replace
the mollified gradient � ! / asargumentof W by the true gradient� ! , which leadsto the original PeronaMalik model, we would
in generalobtain a backward parabolicproblemin areasof high
gradients,which is no longerwellposed[2]. The invoked molli-
ficationavoids this shortcomingandcomesalongwith a desirable
presmoothingeffect. Neverthelesstheenhancingof steepgradients
andtherebyedgesin theimage,known from backwarddiffusionis
retainedif we adjustthemollification carefully. A suitablechoice
[9] for thismollificationis aconvolutionwith theheatequationker-
nel for small times,that is solving the standarddiffusion problem
for thecorrespondingshortperiodof time. Figure2 givesanexam-
pleof sucha imagesmoothingandedgeenhancementby nonlinear
diffusion. Thefunction 34�G� � mayserve asa penaltywhich forces
thescaleof imagesto staycloseto theinitial image,e.g. choosing34� ! �t�>uq� ! # *m! � whereu is a positive constant.

Now we incorporateanisotropicdiffusion. For a given vector
field �l�Y�
�7� 
 we considerlinear diffusion in the direction
of the vector field and a PeronaMalik type diffusion orthogonal
to the field. Let us supposethat � is continuousand �wv�x� on� . Thenthereexistsanfamily of continuousorthogonalmappingsy ���0���g�z�|{q}`��~�� suchthat

y ���0�s����� # , where H ���sM���� #6� � � � � 
�� o
is thestandardbasein � 
 (cf. Fig. 3). We considera diffusion
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Figure3: ThecoordinatetransformationB(v).
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Figure 4: The graphsof the velocity dependentlinear diffusion���G� � , respectively thescalarcontrastenhancingrighthandside 34�G� � .
matrix ,���,+���F5L� ! / � anddefine

,+���F5Gd0�t� y ���0�G��� ���LX���X6� W ��d0� Id 
�� om� y ���0�
where �V��� " ��� " controlsthe linear diffusion in vectorfield
direction, i. e. alongstreamlines,and the above introducededge
enhancingdiffusion coefficient W �G� � actsin the orthogonaldirec-
tions. HereId 
0� o is the identity matrix in dimension~ * A . We
mayeitherchoosea linearfunction � or in caseof a velocity field,
whichspatiallyvariesoverseveralordersof magnitude,weselecta
monotonefunction � (cf. Fig. 4) with���-�=���z� and[]\�^�� a+b ���.���t���

max .

In generalit doesnotmakesenseto consideracertaininitial image.
As initial data ! # we thuschoosesomerandomnoiseof anappro-
priatefrequency range.This canfor instancebegeneratedrunning
a linearisotropicdiffusionsimulationon a discretewhite noisefor
a shorttime. Hencepatternswill grow upstreamanddownstream,
whereastheedgestangentialto thesepatternsaresuccessively en-
hanced. Still there is somediffusion perpendicularto the field
which suppliesus for evolving time with a scaleof progressively
coarserrepresentationof theflow field. If we run theevolution for
vanishingright handside 3 the imagecontrastwill unfortunately
decreasedue to the diffusion along streamlines.The asymptotic
limit would turn out to be a averagedgrey value. Therefore,we

Figure5: A singletimestepisdepictedfrom thenonlineardiffusion
methodappliedto the vector field describingthe flow aroundan
obstacleat a fixed time. A discretewhite noiseis consideredas
initial data.We run theevolution on thetop for a smallandon the
bottomfor a largeconstantdiffusioncoefficient � .

strengthentheimagecontrastduringtheevolution,selectinganap-
propriatefunction 3e�F? �05BA�C��'� " (cf. Fig. 4) with34�-�=����34�GA��t��� ,3e�>� on �-��� ��5BA�� , and 3��z� on �-��5��0� �g� .
If we - at the first glance- neglect the diffusive term in the equa-
tion, onerealizesthatperturbationsbelow theaveragevalue ��� � are
pushedtowardsthezerovalueandaccordinglyvaluesabove �0� � are
pushedtowards1. Well-known maximumprinciplesensurethatthe
interval of grey values ? �05BA6C is not enlargedrunningthe nonlinear
diffusion. Herethe first propertyof 3 is of greatimportance.Fi-
nally we endupwith themethodof nonlinearanisotropicdiffusion
to visualizecomplex vectorfields. Therebywe solve thenonlinear
parabolicproblem;; J !+* div �-,����F5L� !0/ �1� ! �t��34� ! �
startingfrom somerandominitial image ! # andobtaina scaleof
imagesrepresentingthevectorfield in anintuitive way (cf. Fig. 5).

If weaskfor pointwiseasymptoticlimits of theevolution,weex-
pectanalmosteverywhereconvergenceto ! �.�%56� ��j H �05BA�M dueto
thechoiceof thecontrastenhancingfunction 34�G� � . Analytically �0� �
is a third, but unstablefix point of thedynamics.Thusnumerically
it will not turnout to belocally dominant.Thespaceof asymptotic
limits significantlyinfluencestherichnessof thedevelopingvector
field alignedstructures.We may askhow to furtheron enrichthe
patternwhich is settledby anisotropicdiffusion. This turnsout to
bepossibleby increasingthesetof asymptoticstates.Wenolonger
restrictourselvesto a scalardensity ! but considera vectorvalued! ����� ? �05BA�C¢¡ for some£|¤ A anda correspondingsystemof
parabolicequations.Thecouplingis givenby thenonlineardiffu-
sioncoefficient W �G� � which now dependson thenorm X6� ! X of the
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Figure6: A sketchof the vectorvaluedcontrastenhancingfunc-
tion 3 which leadsto asymptoticstates! �.�%56� �¥j H ��M¥¦m�.{q¡Y� oq§? �05BA�C ¡ � . Here, the componentsof the densityare interpretedas
bluerespectively greencolorvalues.Thearrows indicatethedirec-
tion of contrastenhancement.

Jacobianof the vectorvalueddensity � ! andthe right handside34�G� � . We define 34� ! �t��¨4�LX ! X6� !
with ¨4�.���¥�ª©34�.���1«:� for ��v�V� , where ©3 is theold right handside
from the scalarcase,and ¨4�-�g�8�@� . Furthermorewe selectan
initial densitywhich is now a discretewhite noisewith valuesiny o �-�g� § ? �05IA�C ¡ . Thusthecontrastenhancingnow pushesthepoint
wisevectordensity! eitherto the � or to somevalueon thesphere
sector{q¡Y� o�§ ? �05BA�C�¡ in ��¡ (cf. Fig. 6). Again a straightforward
applicationof the maximumprinciple ensures! �KJ65G���`j%{ ¡Y� o §? �05BA�C¢¡ for all J and �hje� .

Figure7 shows anexamplefor theapplicationof thevectorval-
uedanisotropicdiffusionmethodappliedto aconvective flow field.
An incompressibleBénardconvectionis simulatedin a rectangular
box with heatingfrom below andcoolingfrom above. Theforma-
tion of convection rolls will lead to an exchangeof temperature.
Furthermore,Figure8 shows resultsof this methodappliedto sev-
eral timestepsof the sameconvective flow. We recognizethat the
presentedmethodis able to nicely depict the global structureof
the flow field, including its saddlepoints,vortices,andstagnation
pointson the boundary. Figure9 shows resultsfor the samedata
setsobtainedby line integral convolution (Here we usedthe im-
plementationof HegeandStalling [15]). Finally, Fig. 10 shows a
differentapplicationto aporousmediaflow field.

4 Application in 3D

Theanisotropicnonlineardiffusionproblemhasbeenformulatedin
Section3 for arbitraryspacedimension.It resultsin a scaleof vec-
tor field alignedpatternswhich we thenhave to visualize.This has
alreadybeendonein astraightforwardmannerin theabovefigures.
In 3D we have somehow to breakup the volumeandopenup the
view to inner regions. Otherwisewe mustconfineourselveswith
somepatterncloseto the boundaryrepresentingsolely the shear
flow.

Herea furtherbenefitof thevectorvalueddiffusioncomesinto
operation.We know that for £ �­¬ theasymptoticlimits - which
differ from � - are in meanequally distributed on { o § ? �05BA6C¢® .

Figure7: Foursuccessive diffusiontimestepsaredepictedfrom the
vectorvaluednonlinearanisotropicdiffusion methodappliedto a
convective flow field in a 2D box.

Figure8: Convective patternsin a 2D flow field aredisplayedand
emphasizedby themethodof anisotropicnonlineardiffusion. The
imagesshow the velocity field of the flow at different timesteps.
Therebythe resultingalignmentis with respectto streamlinesof
this timedependentflow.



Figure9: LIC imagegeneratedfor oneof the datasetsthat have
alreadybeenprocessedin Fig. 8 by nonlineardiffusion.

Figure10: Field aligneddiffusion clearly outlinesthe principle
featuresof a porousmedia flow in the vicinity of a salt dome.
Lensesof lowerpermeabilityforcetheflow to passthroughnarrow
bridges.Wedepicttwo timestepsof thediffusionprocess.

Hence,we reducethe informationalcontentand focus on a ball
shapedneighbourhood

yY¯ �¢°U� of a certainpoint °�j±{ o § ? �05BA�CK® .
Now wecaneitherlook at isosurfacesof thefunction² �����t�VX ! ����� * °³X ® 5
wheretheisolevel ´ ® allowsusto depicttheboundaryof thepreim-
age of

yµ¯ �¢°�� with respectto the mapping ! (cf. Fig. 11 and
Fig. 12). Alternatively we might usevolume renderingto visu-
alize this type of subvolumes. A detaileddiscussionof the latter
approachis beyondthescopeof this paper.

5 Discretization

In what follows we discussthe discretizationandimplementation
of theFieldAligned Diffusionmethod,which requiresthesolution
of a systemof nonlinearparabolicequations.For this purposea
Finite Elementdiscretizationin spaceanda semi implicit second
order Crank Nicolssonschemein time are considered.We have
restrictedourselvesto regulargrids in 2D and3D generatedby re-
cursive subdivision. On thesegrids we considerthe bilinear, re-
spectively trilinearFinite Elementspaces.Numericalintegrationis
basedonthesimplestquadraturerule,whichevaluatestheintegrant
solelyat theelement’s centerpoint. Theseintegrationformulasare
appliedto computethe local stiffnessmatrices.Thesemiimplicit
characterof our schememeans,that the nonlinearity W �.� ! / � is
evaluatedat theold time. In eachtimestepthecomputationof !0/ is
basedonasingleshortimplicit timestepfor thecorrespondingheat
equationwith respectto initial data ! . We take into accountmass
lumpingto calculatethelocal massmatrices.Theregulargridsare
procedurallyinterpretedasquadtrees,respectively octtrees.Finally
nomatrix is explicitly stored.Thenecessarymatrixmultiplications
in theappliediterative CG solver areperformedin successive tree
traversals. HierarchicalBPX type [4] preconditioningis usedto
acceleratethe convergenceof the linear solver. The computation
of a singletimestepon a ¬g��¶=® grid performedon a Silicon Graph-
ics workstationwith anR10000processorrequiresa few seconds.
Computingtime in 3D is currentlyevenmuchmoreexpensive. But
thereis still a greatpotentialto speedup the algorithmconsider-
ably, for instanceby taking into accountbetterorderingstrategies
for theunknownswhich correspondto theanisotropy. This will be
exploited in future. Furthermore,thecodeis preparedto incorpo-
ratespacialgrid adaptivity if possible.

6 Comparison to Other Methods

Sofarwehave introducedanovel approachwhichprovidesaswith
an intuitive understandingof complex flow fields. We have dis-
cusseda variety of importantpropertiesand advantages. Let us
now rankthismethodamongothervisualizationmethodsandcom-
pareit with different techniques.Herewe especiallypick up the
line integral convolution methodandthespotnoiseapproach.

For stationaryflow fieldsweobtainsimilar resultsby bothmeth-
ods.Thin flow alignedpatternsaregenerated.Line integral convo-
lution leadsto comparableresultswith theessentialdifferencethat
thePDEbasedmethodcarryanicescalespaceproperty. I. e. evolv-
ing a longertime in the anisotropicdiffusion methodwe obtaina
successive coarseningof theresultingflow representation.

Furthermorein arestrictedsense,line integralconvolution(LIC)
andspotnoisecanbe regardedasspecialcasesof the anisotropic
nonlineardiffusion method. LIC with Gaussianfilter kernel can
beidentifiedastheasymptoticlimit of thelattermethodfor a con-
centrationof the edgeenhancingfunction W �G� � at � . Otherfilter
kernelshapescorrespondto different, in generalnon linear diffu-
sion processesalongstreamlines.Furtheron, generatinga single



Figure11: The incompressibleflow in a waterbasinwith two in-
terior walls andan inlet (on the left) andanoutlet (on theright) is
visualizedby the anisotropicnonlineardiffusion method. Isosur-
facesshow thepreimageof ; y ¯ �¢°�� underthevectorvaluedmap-
ping ! for somepoint ° on thespheresector. Fromtop to bottom
theradiuś is successively increased.A colorrampblue–green–red
indicatesanincreasingabsolutevalueof thevelocity. Thediffusion
is appliedto initial datawhich is a relatively coarsegrain random
noise.

Figure12: Nonlinearanisotropicdiffusionappliedto thesame3D
datasetas in Fig. 11, but with a fine grain white noiseas initial
data.

deformedspoton the computationaldomainlike proposedin [6]
canbe regardedasan early timestepin thediffusion startingwith
initial data,thatis a characteristicfunctionof a circulardisk. If we
releasea bunchof suchdisksasinitial datain sucha way that the
evolving patternsdo not overlap,thenthe resultingimageis com-
parableto spotnoise. Thus,the original spotnoisetechniquecan
beregardedasa parallelversionof shorttime diffusive vectorfield
visualization.

7 Towards Flow Segmentation

Theaboveapplicationsalreadyshow thecapacityof theanisotropic
nonlineardiffusionmethodto outlinetheflow structurenotonly lo-
cally. Indeedespeciallyfor largerevolution timesin thediffusion
processthe topologicalskeletonof the flow field becomesclearly
visible. We will now investigatea possibleflow segmentationby
meansof the anisotropicdiffusion. Let us restrict to the two di-
mensionalcaseof an incompressibleflow with vanishingvelocity� at the domainboundary; � . Thentopologicalregionsaresep-
aratedby homoclinic, respectively heteroclinicorbits connecting
critical point in theinterior of thedomainandstagnationpointson
the boundary. Critical points,by definition pointswith vanishing
velocity �±��� , may eitherbe saddlepointsor vortices. Further-
morewe assumecritical points to be non degenerate,i. e. ��� is
regular. Saddlepointsarecharacterizedby two realeigenvaluesof��� with oppositesign,whereasatvorticesweobtaincomplex con-
jugateeigenvalueswith vanishingreal part. Stagnationpointson; � aresimilar to saddles.For detailswe referto [7]. In eachtopo-
logicalregionthereis afamily of periodicorbitscloseto thehetero-
clinic, respectively homoclinicorbit. Thisobservationgivesreason
for the following segmentationalgorithm. At first, we searchfor
critical pointsin � andstagnationpointson ; � . We calculatethe
directionswhich separatethedifferenttopologicalregions. In case
of saddlepoints thesearethe eigenvectorsof �+� . Next, we suc-
cessively placeaninitial spotin eachof thesectorsandperforman
appropriatefield alignedanisotropicdiffusion. Let ussupposethat
a singlesectoris spannedby vectors H � " 5�� � M wherethe sign ·
indicatesincomingandoutgoingdirection. Themethodpresented
in Sect.3 would lead to a closedpatternalongoneof the above
closedorbitsfor time J largeenough.To fill out theinterior region
we modify the diffusion asfollows. Up to now the PeronaMalik
diffusionsenhancesedgesof the currentimagein both directions
normal to the velocity. Henceforthwe selectan orientationfor a
onesideddiffusion(cf. Fig. 13). I. e. we selecta uniquenormal�0¸ to � andconsiderthediffusionmatrix

,+���F5L� !0/ �7� y ���0� � � � W �1�.� ! / �6� ¸ � " � � y ���0��5
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Figure13: A sketchof thefour sectorsat a critical point, theinitial
spotfor thediffusioncalculationandtheorientedsystemH �F51� ¸ M .

Figure14: Nonlineardiffusion segmentationis appliedto a ve-
locity field from a Bénardconvection.Severaltimestepsareshown
startingfrom initial seedspotsin critical point sectors. Herewe
haveplacedtheseseedsascloseaspossiblein termsof thegrid size
in thesectorsspannedby theeigenvaluesof theJacobianof theve-
locity. Only to emphasizetheevolution processa singlegreyscale
imagefrom the diffusion calculation(cf. Fig. 7) is underlyingthe
sequenceof segmentationtimesteps.

where � is a positive constantand �.��� " � � ^�¹�º H �g5���M . Further-
morewe considera nonnegative,concave function 3��=��"# �»��"#
with 34�-�g��5�34�GAB�µ��� asa sourcetermin thediffusionequation.If
the orientationof H � " 5�� � M coincideswith that of H �F5G� ¸ M , then
lineardiffusion in thedirectiontowardsthe interior will fill up the
completetopologicalregion. A segmentationof multiple topolog-
ical regionsat thesametime is possible,if we carefullyselectthe
sectorsto releaseinitial spots.Figure14 shows differenttimesteps
of thesegmentationappliedto a convective incompressibleflow.

So far we have seenthatanisotropicdiffusionhasstrongprovi-
sionsfor flow segmentationaswell. In a certainsensewe thereby
identify the complementof what is usuallyextractedin topology
recognition. An outstandingadvantageof the new methodis its
numericalstabilityandits selfsharpeningeffectdueto theedgeen-
hancingstrategy. We pay for this by a highercomputationalcom-
plexity. If we apply a standardimplementationon a uniform grid
of size ~ ® , the segmentationcost is at least }`��~ ® � comparedto a}`��~�� countof grid cellsmetby thedirectODE integrationto com-
pute the homoclinic and heteroclinicorbits correspondingto the
critical points. Fig 15 shows an adaptive quadtree,which allows
thesameresolutionquality for thesegmentationfunction ! ason a

Figure15: The adaptive quadtreeon which we approximatethe
segmentationfunction ! ata certaintimestep.

full grid, but now at a muchlower cost. Thereby, we consideran
piecewiselinearandcontinuousFinite Elementspaceon theadap-
tivequadtree.

8 Conclusions

We have introduceda new methodbasedon thesolutionof a non-
linearanisotropicdiffusionproblemfor thepostprocessingof flow
data. From a mathematicalpoint of view oneof themajor advan-
tagesis, thatit is basedon a physicallyintuitive continuousmodel,
i. e. streamlinealigneddiffusion.Mostof thepropertiescanbedis-
cussedon this level. Finally, it is discretizedin anappropriateway
makinguseof recentandefficient numericalalgorithms.

From the authors’point of view exciting future researchdirec-
tions are further investigationsof flow visualizationin 3D. Expe-
cially theexploiting of adaptive Finite Elementparadigmsandor-
deringstrategiesfor theunknownswill bekey issuesto reducethe
computingcosts.

Furthermore,a visualizationapproachbasedon anisotropicdif-
fusionandapplicablefor timedependentvectorfieldsis achalleng-
ing topic. Finally, theanisotropicdiffusionflow segmentationalso
carriesprovisionsfor the identificationof interestingflow regions
in 3D, suchasrecirculationzonesandvortex cores.

Furtherresultsandthealgorithmrunningonan ~ $ £ 2D vector
arrayis availableasa sourcecodeat theURL:

http://www.iam.uni-bonn.de/FktAna NumMath/
Num Vis/projekte/flow visualization/
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[9] J. Kačur andK. Mikula. Solutionof nonlineardiffusion ap-
pearingin imagesmoothingandedgedetection.Appl.Numer.
Math., 17 (1):47–59,1995.

[10] M.-H. Kiu andD. C. Banks. Multi-frequency noisefor LIC.
In ProceedingsVisualization’96, 1996.

[11] N. Max andB. Becker. Flow visualizationusingmoving tex-
tures.In Proceedingsof theICASE/LaRCSymposiumonTime
VaryingData,NASAConferencePublication3321, pages77–
87,1996.

[12] N. Max, R. Crawfis, andC. Grant. Visualizing3D Velocity
FieldsNearContourSurface.In Proceedingsof IEEEVisual-
ization’94, pages248–254,1994.

[13] P. PeronaandJ.Malik. Scalespaceandedgedetectionusing
anisotropicdiffusion. In IEEE ComputerSocietyWorkshop
onComputerVision, 1987.

[14] H.-W. ShenandD. L. Kao. Uflic: A line integral convolu-
tion algorithmfor visualizingunsteadyflows. In Proceedings
Visualization’97, pages317–322,1997.

[15] D. StallingandH.-C. Hege. Fastandresolutionindependent
line integral convolution. In SIGGRAPH95 ConferencePro-
ceedings, pages249–256.ACM SIGGRAPH,AddisonWes-
ley, Aug. 1995.
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