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ABSTRACT

Graphics cards exercise increasingly more computing
power andare highly optimizedfor high datatransfervol-
umes.In contrastypical workstationgperformbadlywhen
dataexceedgheir processocachesPerformancef scien-
tific computationyery oftenis wrecked by this deficieng.
Herewe present novel approactby shifting the computa-
tionalloadfrom theCPUto thegraphicscard. We represent
datain imagesandoperationson vectorsin graphicsoper
ationson images. Broad accesgo graphicsmemoryand
parallelprocessingf imageoperandshusturnsthegraph-
ics cardinto anultrafastvectorcoprocessofThe presented
stratgy opensup awide areaof numericalapplicationgor
hardwareaccelerationTheimplementation®f Finite Ele-
mentsolversfor thelinearheatequatiorandtheanisotropic
diffusion methodin imageprocessinginderlineits practi-
cability.

We explain the vectorprocessousageof graphicscardsin
detail. An extensive correspondencef vectorandgraph-
ics operationss given andthe decompositiorof complex
operationsnto hardware supporteds explicated. We also
sketchtherealizationof arbitrarynumberformatsin graph-
ics hardwareandthe consequencesf the restrictedpreci-
sion. Finally, we proposeslight modificationsand exten-
sionswhich would furtherimprove computationabenefits
and extend the rangeof applicability of the proposedap-
proach. Computingin imageprocessingt 5msfor an Ja-
cobiiterationon 1282 imagesis exemplarilydepictedasan
ideal field, where Finite Elementmethodscan be greatly
accelerate@ndultimatenumberprecisionis notrequired.

KEY WORDS
graphicshardware computing, hardware acceleratechu-
mericalmethodsanisotropiadiffusion

1. Intr oduction

In the last two decaded”C graphicshardware hasdevel-
opeddramaticallyboostingits performancefunctionality
andprogrammability Theformerline drawerhasbecomea
graphicsprocessounit (GPU),which outrivalsthe CPUin
increasinglymary computations.This enormoussuccess
could only be accomplishedso quickly, becausegraph-
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ics hardware developmentclosely followed the needsof
graphicgprogrammersyhereagshegenerapurposemicro-
processorsouldnotbeorientedsolelytowardsgraphicge-
quirements.In the continuationof this developmentthere
is now a very good opportunityto upvaluethe GPU to a
revolutionaryfastvectorcoprocessor

Moti vation

In thelastyearsgraphicshardwaredesignhasbeenpartic-
ularly sensitve to memory bandwidthproblemsdueto a
rapidly increasingdatatransfervolume. As a resultmod-
ernGPUscanaccessandtransferlargedatablockstremen-
douslyfasterthanthe CPU.

In micro-processorshe sameproblem has nhamely been
tackledby introducinga hierarchyof fastmemorycaches,
whichis very goodfor acceleratingepeatedandommem-
ory accessedyut fails for large datablockswhich exceed
the cachesizes.Unfortunatelymostscientificapplications
have to handlelarge amountsof dataand thus they suf-
fer from boththelimited mainmemorybandwidthandthe
obsoleterepeateccommandransfer whenthe sameoper
ation hasto be performedon eachcomponenbf the data
block. Thereforemary typical scientificcomputingappli-
cationsperform at about 1% of the peak processormper
formance. This disastroussituationis still little acknawvl-
edged.Thoughtherearesuccessfutoncept$ow to signif-
icantly optimize storageandaccesdor caching[4, 16, 2],
overall performanceremainsfar away from peakvalues.
Unfortunatelythis will not changein nearfuture, because
cachesizesaremilesaway from reachinghesizeof graph-
ics memory and even thenthey would still lack the vec-
tor operationon entire datablocks. In conclusionwe see
thatwhencompetingwith typical micro-processosystems
graphicshoardsaremuchbettersuitedfor scientificappli-
cationsdealingwith regularlarge datablocks.

Many implementation®f this philosophy thoughthey did
not always explicitly subscribeto it, have alreadybore
very fruitful results. In particularvolume rendering,in-
cluding lighting and shading,has greatly benefitedfrom
the exploitation of fasttexturing and blendingoperations
[18, 5, 10]. But also further going techniquesof image



analysisandfiltering have found supportin graphicshard-
ware functionality [11, 6, 7] and even a rather complec
applicationlike vectorfield visualizationhasbeenimple-
mented3, §].

Goals

Going beyond renderingcalculationsand imagetransfor
mationswe want to shawv that the functionality of mod-
erngraphicscardshasreached state,wherethe graphics
processounit may be regardedasa programmabldixed-
point vector coprocessor Anything from basicalgebraic
operationsto arbitrary functions of several variablescan
be mappedonto graphicshardwarefunctionality. Observ-
ing the precisionrestrictionseven typical discretenumeri-
cal schemedor partialdifferentialequationscanbeimple-
mentedcompletelyin graphicsoperations.

We will shav how this coprocessousagecanbe accom-
plishedandwill demonstratéts capacityandflexibility by
implementingFinite-Elementschemedor the linear heat
equationandthe anisotropiadiffusionmodel[17], usedfor
the edgesensitve denoisingof images.But theseapplica-
tionsreally only scratchthe surfaceof the looming possi-
bilities.

The main reasonfor bringing numerical computations
to graphicshardwareis the formerly explainedunrivaled
dominanceof the GPU overthe CPUin datatransferdom-
inatedapplications. Also, processoidesignorientatesto-
wards generalsoftware optimizationscomprisingbranch
predictedexecution, fast local computationsand cached
random memory access. It is hard to exploit thesein
solversfor partial differentialequationsmodelingvarious
processesn 2D or 3D domains. They would ratherneed
vectoroperationson entire datablocks andfastbroadac-
cessto large amountsof data. Theseare issuesalso put
forward-thoughmaybein differentterms-by the graphics
community Moreover, recentadvancesin graphicshard-
warefunctionality clearly corvey thetendeng to arbitrary
algebraiocoperationsandpipelinecustomizationwhich are
both very beneficial for numerical schemeimplementa-
tions. Certainlytherearesomeobstacledik e therestricted
numberformatsand precisionor someunoptimizedparts
of the graphicspipeline, but the overall hardware design
anddevelopmentamazinglyfits the numericalpurpose.
Therefore,our primary goal hereis to supporta dialog
acrossthe disciplinesof graphicshardware development
and scientificcomputing,which, with little effort on both
sides,could achiere astoundingresults. The applications
presenteddemonstratehe hugepotentialin performance
lurking in thesegraphicshardwarebasedmplementations.
But mary numericalalgorithmsstill disregardhardwareis-
suesandlittle humpsin thegraphicshardwarestill obstruct
the passag¢o generafastnumericalcomputationsHence
evenminorconsiderationsf graphicshardwareissueswith
respectto numericson the one side, and developmentof
slightly more hardware sensitve algorithmson the other,
could resultin revolutionary speedupdor mary applica-

tions. We hopethatthe forthcomingbenefitswill raisein-
terestin this interdisciplinaryfield on bothsides.
Sinceour approacHriesto bring togetheboth conceptf
numericalanalysisandgraphicsprogramming familiarity
with oneof theseareassurelygivesa differentperspectie
on the subject. We think that an alternatingchangeof the
perspectie would leave everyoneunsatisfiedvith the pre-
sentationsoherewe have choserto focuson the graphics
perspectie. To spanthe bridge from numericsto graph-
ics programmingwe must, however, utilize mathematical
languagedealingwith partial differentialequationsandits
numericaltreatment.

The presentpapercomplementsand greatly expandsour
recentpresentatiorat VisSym’01([14]). In [14] we hadto
restrictoursehesto a preliminarystudyof possibilitieson
oldergraphicshardware,andhave dealtonly with thebasic
PeronaMalik diffusionmodel.Herewe presentthorough
exposition of graphicsfeature exploitation for numerical
computationsandhave expandedheimageprocessingo
thefull anisotropiaiffusionmodel.Finally, the new hard-
waresupportednultitexturebasedmplementatiorherere-
deemgheformerly dravn up prospecbf effective speedup
resultson nowvadaysPCs.

2. Computational Setting

Herewe explain roughly in which wayswe intendto use
the graphicscardfor computations.The implementations
of our applicationsarebasedntheOpenGLAPI [12], and
to provide accurag we will referto OpenGLcommandsn
thetext, but naturallythe framework presenteds indepen-
dentof the API.

We assume moderngraphicscardwith designatedexture
memory of high memorybandwidthand an equally fast
GPU.In the GPU effectively only the rasterizatiorengine
is strained sinceno otherprimitivesthantexturedquadsof
fixed sizearedravn. The texture memoryshouldbe able
to storethealgorithmdependentumberof auxiliaryimage
operand®f therequestedize,e.q.1282%3x16 = 0.75MB
of texture memoryfor 1282 RGB imagesin caseof the
anisotropiadiffusion,discussedn Section?..

The basicideaof the computingis to usethe blendingca-
pacitiesandtheimagingsubsebr the texture environment
functionsandits extensiongo performalgebraicoperations
on images. We will call the first approachthe fragment
based implementation andthe secondthe texel based im-
plementation. In both casegshetexture memoryis usedto
containanarrayof imageswhich hold theinitial, interme-
diateandfinal dataof thecalculations.

In the fragmentbasedimplementationthe back buffer is
usedto combineintermediataesultsthroughblendingand
to apply extendedimageoperationsvia glCopyPixels. In
the texel basedmplementatiorthe multitexture extension
is neededo enablethe combinatiorof severaltexturesand
theresultis storedin anothertexture. Sincecurrentlyone
cannotrenderdirectlyto atexture,thebackbufferis usedas
atemporarytarget,from which glCopyTexSubl mage trans-



ferstheresultto thetamgettexture. Figure 1 givesanvisual
overview of thesettings.

‘ textures ‘ ‘ textures ‘
(\ blending T
- - muftitexture
:msg:pg back environment | g, back
operations/ |y ffer tunctions buffer

Figure 1. On the left the setting of the fragmentbased
implementatiorusing blendingfunctionsandthe imaging
subset. On the right the texel basedimplementationus-
ing multitextureswith texture ervironmentfunctionsand
its extensions.

Let us still sketch the overall dataflow during program
execution. In the beginninginitial datais loadedto main

memoryandthentransferedo texture memory Oncethe

computationhas startedall operationstake place on the

graphicscard and thereis no image transferto or from

the main memorywhatsoger. The programonly sends
graphicscommandsand parameterdo the graphicscard,
of whichthelargestareonedimensionatexturesor lookup

tables,necessarto code nonlinearfunctions. The only

datasentbackto the main memoryaretheintensitiespro-

vided by glGetMinMax or glGetHistogram if the applica-
tion choosedo exerciseadaptve control.

3. Vector Operations

This sectiondescribeghe key issuesof representingiu-
mericaldatain imagesandnumericalvectoroperationsy
graphicsoperation®nimages.

3.1 Vector Representation

In what follows we will discussnumerical schemedor
solving partial differential equations. These numerical
schemeshaowever, operateon vectorswhich describgunc-
tions on a given grid, whereasour graphicscard operates
on images. We thereforehave to explain how our images
representhesevectorsandhow our gridslook like.

In generalthe componentof the vectors,which describe
discretdfunctionsoveragrid, arenotnecessarilyhevalues
of thecorrespondingnalyticalfunctionsatthegrid nodes.
But herewe dealwith the simplestcaseof an equidistant
2D grid andbilinear Finite Elementdiscretizationsyhere
thisis thecase.

So our domainof interest( is coveredby an equidistant
n x n grid. An analyticalfunction« over this domainis
approximatedy a discretebilinear function U, which is
describedby the n? valuesat the grid-nodes. Theseval-
uesarestoredin a nodalvectorU/ on which the numerical

schemesperate. Throughoutthe paperwe will continue
to denotethe analyticalfunctionsby small romanletters
(u), the discreteby capitalromanletters(U) andthe cor-
respondingvectorswith an additionalbar (U). Matrices
operatingon thesevectorswill be markedby two bars( A).
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Figure2. Ontheleft anequidistant: x n grid enumerated
by atuple,ontheright the neighboringelementf anode
andthelocal offsetsto neighboringnodes.

Our goalnow is to representhen? valuesof the vectorlU
in animage.For this purposewve chooseheimageto have
thesamewidth andheightin pixelsasourgrid in nodesand
we enumeratehe grid-nodeswith a 2-dimensionaindex
o= (ag,ay) € (0,...,n—1) x (0,...,n—1) according
to their x andy coordinategFig. 2). This way ourimage
representshe vector U, suchthat the vectors component
U, is simply the intensity of the pixel at the coordinates
(g, ) in theimage. If we dealwith vectorvaluedfunc-
tionsthenthevectorcomponent/,, is itself a smallvector
which we representisthe RGBA color vectorof the cor-
respondingpixelin a colorimage.For vectorvaluedfunc-
tionswith morethan4 componentsve have to useseveral
images.

To somereaderghis representatiomay at first seemlike
anobsoletetautology In fact,onecouldreinterpretall the
needednumericalresultstalking aboutimagesand pixel
coordinatesnsteadof vectorsandtheir componentshutin
thelong runthis mingling of implementationafspectand
numericalnotationobscuresnorethanit reveals.

In imageprocessingapplications lik e the anisotropicdif-
fusionpresentedn Section?., the input andoutputdatais
oftenitself animage. But in generaltheinput andoutput
imagesin suchmodels,are first interpretedas a function
overadomainandthenagaindiscretized|eadingto vectors
andtheirimagerepresentationdifferentfrom the original
image.

3.2 BasicOperations

After establishinga firm connectionbetweenvectorsand
images,we may now turn towardsthe issueof hardware
supported/ectoroperations.

First let us considerthe componentwiselgebraicopera-
tions,i.e. operationsvhich actin the samemanneron ev-
erycomponenbf thevectorindependentlyf theothervec-
tor components.Thesecompriseaddition, multiplication,



linear transformationand arbitrary componentwisdunc-
tions. We have alreadymentionedthe two basically dif-
ferentimplementationahpproacheso realizetheseopera-
tionsonimages.Thefragmentbasedmplementatioruses
theblendingcapacitiesandtheimagingsubsetwhereaghe
texel basedmplementatiorassumes multitexture exten-
sionandusesthe texture ervironmentfunctionsandits ex-
tensions.

Table 1 lists the correspondencef the vector operations
to OpenGLfunctionalityfor thefirst implementationaap-
proach. The OpenGLfunction givenin the right column
of thetablenaturallyonly indicatesthe relevantpartof the
API, usuallyadditionalcalls to otherfunctionsfor execu-
tion andfurther parametesspecificationare necessaryor
the implementationof the desiredoperation. The upper
half of the table dealswith unextendedfunctionality and
we seethatevenin OpenGL1.0we mayimplementall the
basicoperationsalthoughhardwaresupporis veryrarefor
thepixel transferoperationsThelower half lists additional
andalternatve functionswhile usingtheimagingsubsebf
OpenGL1.2 or equivalentextensions.Thesealsoinclude
not componentwisdunctions: the corvolution, the vector
normsandthe color matrix multiplication which operates
independentlyon the vector componentsut intermingles
the componentstolor-componentsWe shalldiscusghem
in moredetaillaterin Sections3.4and4.

In Table2 we give the correspondencef the vectoroper
ationsto OpenGLfunctionality for the texel basedmple-
mentationabpproachlin theright columnthis time we list
the namesof the extensiongproviding the necessaryunc-
tions. The upperhalf of the tableis a subsetof the func-
tionsfrom Tablel, whereaghelower half introducesunc-
tionsof severalvariableshroughmultidimensionabepen-
denttexturelookups,whichwewill considelin moredetail
in Section3.4.

3.3 Number Formats

Thenumberformatsprocesseth graphicscardshave been
designedo describentensitiesof colors,soin generathey
only representherangef0, 1]. Althoughabsolutevaluesin
scientificcomputationarenot relevantfor the processing,
afterrescalingthemwe will usuallystill have to dealwith
a bigger value range,say [—po, p1]. Thereforewe must
explain how to emulatenumberoperationson this interval
usingonly intensitiesfrom [0, 1].

For finite pg, p1 thereis a canonicalinear correspondence
r: [=po,p1] = [0,1], r(2):= s3-(z + po), which we
canuseto represenhumbersrom [—po, p1] by intensities
from [0,1]. We have to keepin mind that the intensities
from [0, 1] aretypically resolhedby only 8 bitsin graphics
hardware,sothatthe numbersfrom [—pg, p1] will alsobe
resohed by only 8 bits throughour correspondencelt is
thereforevery importantto choosep, and p; assmall as
possible potentially throughthe expansionor collapseof
formulasandtheirrearrangemerin the algorithm.

Tablel. Correspondencef the blendingandimagingsub-
setoperationof OpenGLto vectoroperationsyherevec-
torsarerepresentetty images.

operation formula OpenGL
OpenGL1.0
addition V+W BlendFunc
multiplication V e W BlendFunc
scalaradd. V +b1 BlendFunc
scalamult.  aV BlendFunc
lin. trans. aV + bl PixelTransfer
function f(v) PixelMap
imagingsubsebf OpenGL1.2
subtraction V —-W BlendEquation
lin. trans. aV + bl BlendFunc
function f() ColorTable
maximum max(V, W) BlendEquation
minimum min(V, W) BlendEquation

convolution SxV ConvolutionFilter

vectornorms ||V ||k=1,....00 Histogram

colormatrix C-V MatrixMode

To clearly expresswhich entitieswe mean,we will con-
tinue to refer to the elementsof [—pg, p1] asthe numbers
or values in atexture or framehuffer, andthe elementsof
[0, 1] astheintensitiesin atextureor frameluffer. Similarly
wewill call thetransformatiorfrom numbergo intensities
the encoding andthe inversetransformatiorfrom intensi-
tiesto numbersgthe decoding. Soby thesetransformations
we obtainencodechumbersanddecodedntensities.

Now we know how to represenhumbersn abiggerinter
val but sincethe GPUwill only performoperationson the
intensities,we have to defineformulaswhich performthe
desiredoperationon numbershy combiningtheintensities
of the operandsnto anintensitywhich representshe cor-
respondinghumberresult. In Table3 we list exactly these
formulasfor the symmetricinternval [—p, p]. Theleft col-
umn shows the operationto be performed,and the right
columnshawvs which operationmustbe performedon the
encodedperandgo obtainthe equivalentencodedesult.

The formulas must be build up and evaluatedin a way
which guaranteeshat ary intermediateresultsin intensi-
tiesdo not transcenahe range[0, 1], althoughwithin cer
tain stageof the graphicspipeline this may happen. For
example: £ is representetly %; theresultof the operation
on numbersf + £ = p is thusobtainedby first comput-



Table2. Correspondencef the multi-texture ervironment
functionsand its extensionsin OpenGLto vector opera-
tions,wherevectorsarerepresentetly images.

operation formula OpenGL

addition V+W texture.erv_add

multiplication V e W standard

lin. trans. aV + bl texture_erv_add
lin. trans. aV + bl texture scalebias
function f(v) texture_color_table
function F(Vo, V1, Va) textureshader(2)
function f(Vo,V1,Va,V3)  pixel_texture

ingh:= 1.2+ 1.3 = 3 whichis still in [0, 1] andthen
2h — £ = 1 whichin factrepresentthecorrectnumberre-
sult p. For someoperationswve possiblycannotguarantee
the final resultin intensitiesto fit into [0, 1], asfor exam-
ple the productof two numbersfrom [—p, p], p > 1 may
alwaystranscend—p, p]. Thereforeit is importantto an-
alyze the underlyingalgorithmin advanceand choosep
appropriately

We have confinedoursehes to a symmetricinterval be-
causethis is the typical numberrangeof mary numerical
schemesand more importantly we may always multiply
with —1 without exceedingour interval. Moreover, theen-
codedoperationson intensitiesbecomesimpler and thus
fasterwith the symmetricencoding.

Finally, we wantto emphasiz¢hatno otheroperationghan
thosealreadydiscussedn the last Section3.2 areneeded
to evaluatetheabove formulas.

3.4 Optimized Operations

Althoughwe do not needary additionaloperationgo eval-
uatethe formulasfrom Table 3, which insurethe correct
functionality for the encodednumbers,we may want to
male useof specialgraphicdeaturego reducethe number
of passeqiecessaryor their evaluation. We have several
optionsavailable.

The form in which the formula for the multiplication has
beenwritten in Table 3, for example, already suggests,
thatthe useof appropriateblendingsourceanddestination
factorswill evaluate(r(a)(1 — r(b)) + r(b)(1 — r(a))) at
onceandsoreducethe numberof renderingpasseso two.
As demonstrateih thelastSection3.3in theexample,the
formulafor the additionmusthave a ratherawkward form
to ensurethat the intermediateresult after the first blend-
ing remainswithin the range[0, 1]. However, the avail-
ability of the EXT _texture_env_combine extensionswith the
ADD_SIGNED_EXT texture ernvironmentfunction allows
usto perform2 (3r(a) + 37(b)) — 3 = r(a) +r(b) — 5 i

Table3. Correspondencef operationsn numbersandin-

tensities.Numbersreferto therealvaluesfor whichacom-
putationshouldtake place,whereasntensities referto the
encodedepresentationsf thesenumbersin the graphics
internalnumberformats.

Numbers Intensities

— rizog(rtp) —

a € [=p, p] r(a) €[0,1]

a+b 2(5r(a) +57(%) — 3

ab 12— p(r(a) (1=r(b))+r(b) (1-7(a)))
aa+ ar(@) + (£ + 152)

max(a, b) max(r(a), r(b))

f(ao,-..,an) (rofor=Y)(r(ap),...,r(as))
> Q0a Yaar(aa) +31-3,a)

— pRy—-1)+y:rt

asinglepass.

A more universally applicable extension is
NV_register_combiners, becausebetween the combin-
ers intermediate values can range in [—1,1] without
encoding. So not only addition, but even the linear
combinationandthe multiplication requireonly onepass,
if the scalingandbiasingfactorsaresmallenough.
Sometimes,not only single renderingpassesbut entire
computationgouldbesaved,if, for example we knew that
we have alreadyapproximatedhe solutionof our problem
up to the given precision,so that ary further calculations
would not lead to a betterresult. The ideawould be to
calculatetheerrorvectorin graphicshardwareandthenex-
amineits values for exampleby computinga vectornorm
of it. But readinganentireimagefrom the graphicsmem-
ory to the main memoryfor this purposeis, in compari-
sonto internal graphicsoperations,a very slow process.
Instead,the histogramextensionoffers the possibility to
obtain a histogramof pixel intensitiesfor an image, re-
quiring to transferfar lessdata. Given suchan histogram
H : {0,...,255} — N which assignghe numberof ap-
pearanceso every intensity of animageV, the different
vectornormswith coeficient exponentsk = 1,2,... can

1
be computedby [|7[lx = (232, (r ') H@w) ",
andfor k = co we simply pick upthelargest|r—! (y)| with
H(y) > 0, wherer~! is the inversetransformatiorfrom
intensitieso numbers.

The color matrix offers anotherway to save rendering
passesBecausdasttexture copy from theframehuffer re-
quiresbothto have the sameformat, we usuallyhave three
color-componentfRGB availablefor storageandprocess-
ing. As all color-componentsare processedn eachop-



erationwe may perform parallel computationson them.
However, to obtainthe final result, we needa possibility
to megethedifferentcolor values,andthisis givenby the
color matrix.

Finally, we shoulddiscussprecisionissueswhen dealing
with nonlinearfunctions. Certainlywe cannotresole the
resultof anonlinearfunctionbetterthanthefixedprecision
permits,but in mary casesve areboundto do it far worse
thanthat. Whenevaluatingtermsof the form % or (z* +

y¥) * we may obtainvery erroreneousesults becausave
mustcomputethemsequentially So for sufficiently small
numbergy theapplicationof theinversefunctionwill result
in a very large number which cannotbe encodedn [0, 1]
arymore;andsoevenif x =y > 0 andthus% =1 wewill

obtainz, sincel will have beenclampedto 1. In such
caseghe applicationof a function of several variablesis
recommendedThelower half of Table2 lists the relevant
functions.

4. The Matrix Vector Product

One of the most commonlinear algebraoperations,re-
quired especiallyin our Finite Elementdiscretizationsjs
the matrix vectorproduct. We thereforemustexplain how
it canberealizedin graphicsoperations.

Our aim is to expressthe productof a matrix with s non-
vanishingbandsanda vector, in termsof a shortseriesof
vectoroperationspf which we have alreadyseerthatthey
canbeimplementedn graphicshardware.We examinethe
band matrices,becausethey representhe typical matrix
form occuringin Finite Elementdiscretizations

We will usea, 8 asindicesfor matricesand vectorsand
v = B — a asanindex offset. The generalreformulation
malkesno referenceo the vectorimagecorrespondencef
Section3.1, so first we may think of «, 8 as’'normal’ in-
dices. B B

We aregivena matrix A = (A, 5)a.5 andavectorX =

(Xa)a andareinterestedn theresultingvectorof thema-
trix vectorproduct(AX), = 35 Aq,5Xp. Thesubdiag-

onalsof A aregivenby A7:= (A,_~,«)a andarevectors.
Let "4 bethe setof the y-indicescorrespondingdo the s
nontrivial subdiagonalef A. Moreover, we definethein-
dex shift operatorsT, (V):= (Va—~)a. Theindex differ-
encesn the above definitionsmay evaluateto indicesout-
side of the index rangeof the matrix or vector For this
casewe definethevalueof the matrix or vectorto be zero.

Now we mayreformulatethe matrix vectorproduct:

(AX)o = > AapXs= Y (Aot Xoty,
B YET 4

AX

Y T ,(A7eX). ()

Y€l A

In Finite Element discretizationsof partial differential
equationghe numberof nontrivial subdiagonals = |T' 4]

is fairly small,sothatthereareonly few subdiagonalto be
storedandthe above sumcanquickly beevaluated.

For the implementatiorlet us recall from Section3.1 that
ourvectorsX = (X,), areenumeratedy 2-dimensional
indicesa € (0,...,n —1) x (0,...,n — 1) (cf. Fig. 2).
Thusa matrix in our context A is definedby the n* val-
ues(A. 5)a,3- Thepopularperceptionof a matrix asa 2-
dimensionahumberagglomeratiommayleadhereto some
confusion.In fact,we would needa 4-dimensionatexture
for an equivalentrepresentatiorof a full matrix. But as
alreadyindicated we wewill only needto storefew subdi-
agonalswvhich arevectorsandthusrepresentetty images.
As we alreadyknow how to performadditionandmultipli-
cationonvectors,n view of (1) we only needto saywhich
graphicsoperationcorrespondsgo the index shifts 7', for
vy € {(-(n-1),...,n=1)x(=(n-1),...,n—1)}. From
Section3.1we recallthattheindex of avectorcomponent
correspondso thez, y pixel positionin its imagerepresen-
tation. Thusanindex shift by v = (v,,7,) correspondso
animageshift by v, pixelsin z-directionand~y, pixelsin
y-direction. This canbe simply accomplishedy drawing
a(vz,vy)-shiftedcopy of theimageinto theframehuffer or
by offsettingthetexture coordinatedy (—v,, —vy), While
accessingt from thegraphicsmemory

We may summarizethe matrix vector productasfollows.
The nontrivial subdiagonal®f the matrix in our numeri-
calschemeaarecomputedrom theinitial dataandstoredin
textures.Whenamatrix vectorproductis required thetex-
turesrepresentinghe subdiagonalsire subsequentlynul-
tiplied with thetexturerepresentinghevector, thenshifted
andadded. The resultingsumis the representationf the
resultingvectorfrom the matrix vectorproduct.

5. SolvingaLinear Systemof Equations

With the availability of a matrix vectorproductrealizable
in graphicshardware we cannow implementan iterative
solver for a linear systemof equations. This is the core
componenbf mostFinite Elementcodes.

We aregivena sparsdinearsystemof equations

AU = R, )

with the matrix A € R™" andthe right handside vector
R € R™ andwantto obtainthe vectorU/' € R" approxi-
mating the exact solution, by applyinganiterative solver:
X+t = (XY, X° = R. Typical solversarethe the
Jacobiiteration

F(X)= D"Y(R—(A-D)X), D:= diagA)

andthe conjugategradientiteration

_ R
FXh)= X4+ P 5
Aﬁl-ﬁl
=7+ e P, 7= R—AX.

Fl—l . Fl—l



We seethatall theoperationsxeededareavailablein graph-
ics hardware (cf. Table 1, Equationl). The so far un-
mentionedscalarproductof two vectorscan be rewritten
asV - W = ||V e W||;, andtheinversionof the matrix D
is simply theapplicationof a componentwisénversefunc-
tion to a vector, becauseD is a diagonalmatrix compris-
ing only a nontrivial main diagonalvector For the Jacobi
solver even the smallerset of operationsavailablein the
texel basedimplementationsufiices (Table 2 upperhalf).
Of course duringthe calculationsve mustalwaysobsene
the encodingof numbers by replacingary operationson
numbersby the transformatiorformulasfor operationson
imageintensitiesgivenin Table3.

6. Linear Heat Equation

In this sectionwe presenta graphicshardware solver for
thelinearheatequation.Thediscussiorof thiswell known
partial differentialequationwill help usto understandhe
more complex model of the anisotropicdiffusion derived
fromit in the next Section7..

We considerthe time dependentemperaturedistribution
u : RY x Q = R in the domainQ:= [0,1]?>. The ini-
tial temperaturdunctionug atthe pointin time¢ = 0 and
static heatersrespectiely coolersin form of the function
f : Q@ — R aregiven. For simplicity, let the temperature
of thebordersbe constantlyzero. Thentheevolution of the
temperatureaistribution u is governedby the linear heat
equation:

%U—Au = f, inRt xQ,

u(0,-)

®3)

ug, ongl.

We discretizethe domain{2 with anequidistant: x n grid,
andthe analyticalfunctionsover Q2 with discretefunctions
representedly nodalvectorsconsistingof thevaluesof the
analyticalfunctionsat the grid nodes. Thesenodal vec-
tors are representedn graphicshardware by imagesof
equialentsize. A detaileddescriptionof the correspon-
dencebetweerthe nodalvectorsandthe representingm-
agess givenin Section3.1. Furthermoreve discretizethe
time parametet into anascendingeriesof pointsin time
to =0 < t; <ty < .... Foreachpointin time k, thereis
acorrespondingolutionvectorU* to befound,apartfrom
the first vector U°which is given asinitial data. The fol-
lowing linearsystenmof equationsllows usto computethe
next solutionvectorU*+! for the pointin time k + 1 from
the currentsolutionvectorU*

(I:+ T—’“i) ghtt U* + 7, F
h? —
A Ukt — R([jk),

where 7, = tr11 — tx is the currenttimestepwidth,

h = -1+ thegrid specificdiametey F' thenodalvectorcor
respondingo the givenfunction f, I the identity matrix,

andL the stiffnessmatrix relatedto the Laplacian.Strictly
speaking,we have discretizedthe problemwith bilinear
conformingFinite Elementon anequidistantuadrilateral
n x n grid andan implicit first order Euler time scheme,
usingalumpedmassmatrix [15].

Thestiffnessmatrix L in this casehasa fairly simplestruc-
ture, becausall of its subdiagonalsreconstant.Theval-
uesof theseconstantarisefrom thespecificFinite Element
discretizatiorwe use. The constantvaluesof the main di-
agonaklndthe8 subdiagonalarearrangedn thefollowing
stencil:

Sy =

W= W= W

Wi Wl o=

W= W= W=

Thea-componentLX), of theresultingvector(f,g?) ina
matrix vectorproductthusis the sumof % times X, plus
—% timesall the valuesof X at the neighboringnodesof

a. ThereforeL X is nothingelsethana convolution of the
imagerepresentingt with thestencilS;,.

Although at first it may seemthat we have departedfar
away from animplementationn graphicshardwaretalking
solelyaboutvectorcomponentsindoperationsye havein
fact almostspecifiedthe concreteimplementationfor the
linearheatequation.

If welook closely we seethatby knowing thesubdiagonals
of L, we alsoknow thoseof A = I + 4L, andwith F
beingthenodalvectorof theuserdefinedfunction f we can
easilyidentify theright handsidevectorR = U* + 7, F.
Hence,we have a definedlinear systemof equationgust
likein Section5., wherewe have shovn to be ableto solve
it in graphicshardware. Below we have summarizedhe
whole processn pseudacodenotation:

linear heat equation {
load the images related to uo, f and the parameters n, 7%;
encode the images in graphics memory U°, F;
(From now on perform all operations on image intensities
according to the transformation formulas from Table 3.)
for each timestep & {
store the right hand side image R* = U* + 7, F;
initialize the iterative solver X° = R*;
for each iteration [
calculate a step of the iterative solver X1 = F(X?);
(Each time a matrix vector product is needed, apply
the subdiagonal reformulation (1) to compute it.)
store the solution U**! = X!+!

}
}

7. Anisotropic Diffusion in Image Processing

In this sectionwe presenta graphicsbasedacceleratiorof
theanisotropidiffusionmodelin imageprocessingwhich
isafull grownapplicationusedfor advancededgesensitve
denoisingof images.



The nonlineardiffusion modelswere first introducedby
a work of Peronaand Malik [13], who createda model
that allows for denoisingof imageswhile retaining and
enhancingedges. The regularizedmodel was derived by
Cateet.al. [1] andWeickert[17] introducedananisotroyy
dependingon the so called structuretensor of images,
that steersa nonlinear diffusion processtaking care of
tangentialand normal directionson edges. Concerning
the numericalimplementatiorKacur and Mikula [9] sug-
gesteda semi-implicit Finite Elementimplementatiorfor
the isotropic diffusion, on which our presentatiorhereis
based.

We considerthe unknovn u : Rt x O — R in the do-
main Q:= [0, 1]?. An initial noisyimageasa functionug
atthe pointin time ¢ = 0 anda contrastenhancingunc-
tion f : R — R which dependnu aregiven. Theidea
is to evolve the initial imagethrougha partial differential
equationsuchthatin the multiscaleof theresultingimages
u(t,.),t > 0 thenoisedissohesandthe contrastandedges
enhancewith progressingime. This may be comparedo
the evolution of thetemperaturelistributionin thelastsec-
tion, wherestartingwith an inhomogeneousnitial distri-
bution ug, we obtaina multiscaleof temperaturdunctions
u(t,.),t > 0 in which theinitial unevennesdevelsoutin
time. However, herewe do notusethe LaplacianA, which
is responsibléor thehomogeneoudiffusionof thetemper
ature but the modifiedtermdiv (B g(Vu.) BVu), which
steersthe diffusion both in force anddirectiondepending
on Vu,, a mollification of the gradientVu, for example
throughthe corvolution with a Gaussiarkernel. Thuswe
candetectedges diffusethemin the tangentialdirection
and protectthem from diffusion in the normal direction.
The2 x 2 matricesB andg aredefinedby

Ozu  Oyu

A ’ (4)
—0yu  Oyu
Vu, 0
s(vu e | 7D
0 92([[Vuel])

wheretypical functionsin g areg;(z) = 1 andga(z) =

7=+ Hencethe modified partial differential equation
g

hasthefollowing form:

2u—div(BTg(Vu)BVu) = f(u), inRt xQ,
uw(0,) = w , onq,
Tg(Vu)BVu-v = 0 , onRt xaQ.

We useagainthebilinearFinite Elementsanddeviatefrom

the linear heatequationdiscretizationmainly in the time

schemewherewe now usea semi-implicitschemegvalu-

atingthelinearVu atthecurrenttimestepandthenonlinear
BT g(Vu.)B and f(u) explicitly atthe previoustimestep.
Hence we formally obtainthe sameinear systemof equa-
tions

(f+ %i(vk)) g U*+nF(U%) (5)

with thecurrenttimestepwidth 7, = 41 — t; andthegrid
specificdiameterh = —L, but with a differentstiffness

matrix L, which stronglydependsn U*.
Here,thecomponentsf L(U*) vary globally with theirin-
dex, i.e. therepresentingubdiagonalmageshave differ-
entvaluesacrossll its pixels,unlike thestiffnessmatrix of
the linear heatequation(4) whereall pixels hadthe same
value. Therefore we canspecifythe subdiagonald.,” only
locally, in dependencen the local U* values. The key
pointto remembeis, thatthestiffnessmatrix L(U*) inher
its the propertyof locally steeringhediffusionin forceand
direction,from theweightmatrix

G:= BT g(Vu.)B. (6)

To specifyL first we have to evaluatethis 2 x 2 weightma-
trix G. This is accomplishedy substitutingthe discrete
gradientVU*, evaluatedat the centerof eachgrid-element
E (cf. Fig. 2), for the analyticalgradientV« in the defi-
nitions (4). Thuswe obtainthe discreteweightmatrix G%,
for eachelementof thegrid.

With G%, we canidentify the subdiagonald.” of the stiff-
nessmatrix as

Eg = Z Z GE i,5(S")i 5 (7)
EcE(a) i,je{z,y}

where E(«) is definedasthe setof the 4 elementsaround
thenodea, theindicesi, j € {z,y} addresshe2 x 2 ma-
tricesand

(8M)iy =

[-1,1]?

32"1’(37, 3/)(0,0) : 5j‘i’($a y)y dzdy

arefactorswhich canbe precomputednddependon spe-
cific Finite Elementbasisfunctions. We cananalyzethe
whole term (7) asfollows: G%, containsthe right weight
distribution to steerthe diffusion alongthe edgesbut not
acrosghem;S” containsthe discretizationrdependentac-
torswith which to assigrthe weightsto thenodesthe sum
Yije{s,yy SUMmMarizesthe effects calculatedseparately
for the directioncombinationsandthe sum_ ;. () lets
all the neighboringelementsontribute to the entry of this
node.

For the implementatiorwe mustexplain how we canbuild
up the right handside vector F(U*) andthe subdiagonal
vectorsL” (U*) of the stiffnessmatrix from the vectorU*
in graphicshardware.

A typical choicefor f is f(z) = c¢|u®(z) — uk ()|, from
whichwe deducethenodalvector F(U*) = ¢;|U° — U¥|,
with |.| operatingon componentsObviously, we caneas-
ily implementthisin graphicshardware. For the construc-
tion of L?(U*) we mustcalculatethe values(G%,); ; and
(87);,; for all grid-elements, indicesi, j € {z,y} and
offsetsy € {0,+1} x {0,£1} (cf. 7).

As (S7);,; donotdependon the grid-elementthey canbe
precomputedas4 x 9 = 38 differentvalues. The weight
values(G%,); ; aremoredifficult to handle. We organize



themin 4imagesG{; ;== (G}, (; ;) &, eachcontainingthe
valueson all elementsvith common(i, j)-index.

Before invoking the solver for the linear equationsys-
tem, we computethe imagesd,U*:= (8,,sU*)r and
0,U*:= (0,,gU*)E by differencingthe valuesof U* on
the nodesof eachelementin the z and y direction re-
spectvely. Fromthesewe computethe image||VU*|| =
V/(0:U*)2 + (8,U*)2 andthencorvoluteit with a Gaus-
siankernel,representetly astencil to || VUF||. Finally, we
evaluatethefunction g, to obtaintheimageg. (|| VUE|)).
Thenwe have all the discreteequivalentsof the entriesof
thematricesB andg (4) by which G hasbeendefined(6).
Hencewe obtainthe4 imagesG{“m asthe4 entriesresult-

ing from the computationBT (VU*)g(||VU¥|) B(VU*).

Figure 3. One step of the anisotropicdiffusion model
apllied to noisy 1282 images. The computationin graph-
ics hardwaretakes about0.05s ensuringreal time perfor
mance.

Theexampledn Fig. 3 underlinetheedgeconservingrop-
erty of theanisotropidiffusionmodel. Performancéssues
arediscussedn thefollowing Section8..

8. Performance Measurementsand Conclu-
sions

All computation$ave beenperformedon an ELSA Glad-
iac Ultra graphicscard poweredby NVIDIA’s GeForce2
Ultra chip. We have usedthe texture ervironmentbased
implementation(Table 2) with the NV _registercombiners
extension(cf. Section3.4) and RGB8 texturesunderthe
[-1,1] — [0, 1] encodingrepresenting 282 vectors. All

matrix vector productshave beencomputedby applying

the subdiagonateformulation(1), evenwherea convolu-
tion would have sufficed, and the Jacobisolver with the
fixed numberof 10 iterationshasbeenusedfor solving of
thelinearsystemsf equations.

In the caseof the linear heatequationoneiterationof the
Jacobisolver takesapproximatelyl.6ms. This equivalents
more than 300 MOP/s, a value hardly reachableby pure
softwareimplementationsn nowadaysPCs.Thesameap-
pliesto the anisotropicdiffusion. Hereoneiterationof the
Jacobisolver took approximatelysms, thuscomputingthe
imagesof Fig. 3in about0.05s.
Besidesthesepromisingresults,there are however some
importantissuesto discuss. We have beenusing a very
restrictedset out of the introducedoperations. This is
becausepnly theseoperationsactually exploit the main
adwantageof the graphicshardware, namelythe superior
memorybandwidth. Activating an operationwhich does
not do that, hits performanceby a hugefactor Therefore
we hadto approximateall involved nonlinearfunctionsby
linear in the implementationof the anisotropicdiffusion.
Thisleadsto andeteriorationin imagequalityin thefollow-
ing timesteps.The feedbackfunction glHistogram which
enablesadaptive iterationabortis alsotoo slow to be used.
Moreover, largernumberintervalsthan[—1, 1], costmary
morepasseshecauseinlike theslow glPixel Transfer, scal-
ing andbiasingwith intensities|a| > 1 is very restricted.
Finally, the restrictedprecisionof 8 bits per color compo-
nentleadsto unsatisfyingresultsfor the linear heatequa-
tion, becausesmoothtransitionsin temperatureproduce
very small valuesin the corvolution, with very high rel-
ative errors.

But the remainingrestrictionsdo not distractus from the
looming possibilities. Thereforewe wantto considethere
a few graphicshardware developmentswhich would be
very beneficialto numericalimplementations. Some of
theseare alreadyon the way, othersalreadystrongly ad-
vocatedby the graphicscommunity but let uslist themall
to pointouttheneeds:

o Numbers

— Signedtextures,signedcolor buffer values.

— Exact representatiorof —1,0,1 in the fixed
point numberformat (very importantfor itera-
tions).

— Cumulatinghigh precisionformatslike LA16 or
L32in additionto RGBAS.

— Fastscale biasoutof (—oo, 00).
e Operations

— Directrenderingto arbitrarytextures.
— Fastdependentexturelookup.

— 3D texture hardware support(greatly simplifies
computation®n 3D data).

— Volumetricrenderingto 3D textures.



Obviously, this list is by no meanscomplete. Instead,we
have concentratean graphicsfeatureswithin reachof the
forthcomingGPU generatiorand hopethatthey canbe a
starting point for further consideration®f graphicshard-
wareapplicationgn scientifccomputations.
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