
Using Graphics Cards for QuantizedFEM Computations

MARTIN RUMPF

Deparmentof AppliedMathematics

Universityof Duisburg

47048Duisburg, Germany

email: rumpf@math.uni-duisburg.de

ROBERT STRZODKA

Deparmentof AppliedMathematics

Universityof Duisburg

47048Duisburg, Germany

email: strzodka@math.uni-duisburg.de

ABSTRACT
Graphics cards exercise increasingly more computing
power andarehighly optimizedfor high datatransfervol-
umes.In contrasttypicalworkstationsperformbadlywhen
dataexceedstheirprocessorcaches.Performanceof scien-
tific computationsveryoftenis wreckedby this deficiency.
Herewepresentanovel approachby shifting thecomputa-
tionalloadfrom theCPUto thegraphicscard.Werepresent
datain imagesandoperationson vectorsin graphicsoper-
ationson images. Broadaccessto graphicsmemoryand
parallelprocessingof imageoperandsthusturnsthegraph-
ics cardinto anultrafastvectorcoprocessor. Thepresented
strategy opensupawideareaof numericalapplicationsfor
hardwareacceleration.Theimplementationsof Finite Ele-
mentsolversfor thelinearheatequationandtheanisotropic
diffusionmethodin imageprocessingunderlineits practi-
cability.
We explain thevectorprocessorusageof graphicscardsin
detail. An extensive correspondenceof vectorandgraph-
ics operationsis givenandthe decompositionof complex
operationsinto hardwaresupportedis explicated.We also
sketchtherealizationof arbitrarynumberformatsin graph-
ics hardwareandtheconsequencesof the restrictedpreci-
sion. Finally, we proposeslight modificationsandexten-
sionswhich would further improvecomputationalbenefits
andextendthe rangeof applicability of the proposedap-
proach.Computingin imageprocessingat

�
msfor anJa-

cobi iterationon ������� imagesis exemplarilydepictedasan
ideal field, whereFinite Elementmethodscanbe greatly
acceleratedandultimatenumberprecisionis not required.

KEY WORDS
graphicshardware computing, hardware acceleratednu-
mericalmethods,anisotropicdiffusion

1. Intr oduction

In the last two decadesPC graphicshardwarehasdevel-
opeddramaticallyboostingits performance,functionality
andprogrammability. Theformerline drawerhasbecomea
graphicsprocessorunit (GPU),whichoutrivalstheCPUin
increasinglymany computations.This enormoussuccess
could only be accomplishedso quickly, becausegraph-

ics hardware developmentclosely followed the needsof
graphicsprogrammers,whereasthegeneralpurposemicro-
processorscouldnotbeorientedsolelytowardsgraphicsre-
quirements.In the continuationof this developmentthere
is now a very goodopportunityto upvaluethe GPU to a
revolutionaryfastvectorcoprocessor.

Moti vation

In thelastyearsgraphicshardwaredesignhasbeenpartic-
ularly sensitive to memorybandwidthproblemsdue to a
rapidly increasingdatatransfervolume. As a resultmod-
ernGPUscanaccessandtransferlargedatablockstremen-
douslyfasterthantheCPU.
In micro-processorsthe sameproblem has namely been
tackledby introducinga hierarchyof fastmemorycaches,
which is verygoodfor acceleratingrepeatedrandommem-
ory accesses,but fails for large datablockswhich exceed
thecachesizes.Unfortunatelymostscientificapplications
have to handlelarge amountsof dataand thus they suf-
fer from boththelimited mainmemorybandwidthandthe
obsoleterepeatedcommandtransfer, whenthesameoper-
ation hasto be performedon eachcomponentof the data
block. Thereforemany typical scientificcomputingappli-
cationsperform at about 1% of the peak processorper-
formance.This disastroussituationis still little acknowl-
edged.Thoughtherearesuccessfulconceptshow to signif-
icantly optimizestorageandaccessfor caching[4, 16, 2],
overall performanceremainsfar away from peakvalues.
Unfortunatelythis will not changein nearfuture,because
cachesizesaremilesawayfrom reachingthesizeof graph-
ics memory, andeven then they would still lack the vec-
tor operationson entiredatablocks. In conclusionwe see
thatwhencompetingwith typicalmicro-processorsystems
graphicsboardsaremuchbettersuitedfor scientificappli-
cationsdealingwith regularlargedatablocks.
Many implementationsof this philosophy, thoughthey did
not always explicitly subscribeto it, have alreadybore
very fruitful results. In particularvolume rendering,in-
cluding lighting and shading,hasgreatly benefitedfrom
the exploitation of fast texturing andblendingoperations
[18, 5, 10]. But also further going techniquesof image



analysisandfiltering have foundsupportin graphicshard-
ware� functionality [11, 6, 7] and even a rathercomplex
applicationlike vectorfield visualizationhasbeenimple-
mented[3, 8].

Goals

Going beyond renderingcalculationsand imagetransfor-
mationswe want to show that the functionality of mod-
erngraphicscardshasreacheda state,wherethegraphics
processorunit may be regardedasa programmablefixed-
point vector coprocessor. Anything from basicalgebraic
operationsto arbitrary functionsof several variablescan
be mappedontographicshardwarefunctionality. Observ-
ing theprecisionrestrictionseventypical discretenumeri-
cal schemesfor partialdifferentialequationscanbeimple-
mentedcompletelyin graphicsoperations.
We will show how this coprocessorusagecanbe accom-
plishedandwill demonstrateits capacityandflexibility by
implementingFinite-Elementschemesfor the linear heat
equationandtheanisotropicdiffusionmodel[17], usedfor
theedgesensitive denoisingof images.But theseapplica-
tions really only scratchthe surfaceof the looming possi-
bilities.
The main reasonfor bringing numerical computations
to graphicshardware is the formerly explainedunrivaled
dominanceof theGPUover theCPUin datatransferdom-
inatedapplications.Also, processordesignorientatesto-
wardsgeneralsoftware optimizationscomprisingbranch
predictedexecution, fast local computationsand cached
random memory access. It is hard to exploit thesein
solversfor partial differentialequationsmodelingvarious
processeson 2D or 3D domains.They would ratherneed
vectoroperationson entiredatablocksandfastbroadac-
cessto large amountsof data. Theseare issuesalso put
forward-thoughmaybein differentterms-by thegraphics
community. Moreover, recentadvancesin graphicshard-
warefunctionalityclearlyconvey thetendency to arbitrary
algebraicoperationsandpipelinecustomization,which are
both very beneficial for numerical schemeimplementa-
tions. Certainlytherearesomeobstacleslike therestricted
numberformatsandprecisionor someunoptimizedparts
of the graphicspipeline, but the overall hardwaredesign
anddevelopmentamazinglyfits thenumericalpurpose.
Therefore,our primary goal here is to supporta dialog
acrossthe disciplinesof graphicshardware development
andscientificcomputing,which, with little effort on both
sides,could achieve astoundingresults. The applications
presented,demonstratethe hugepotentialin performance
lurking in thesegraphicshardwarebasedimplementations.
But many numericalalgorithmsstill disregardhardwareis-
suesandlittle humpsin thegraphicshardwarestill obstruct
thepassageto generalfastnumericalcomputations.Hence
evenminorconsiderationsof graphicshardwareissueswith
respectto numericson the oneside,anddevelopmentof
slightly morehardwaresensitive algorithmson the other,
could result in revolutionary speedupsfor many applica-

tions. We hopethat theforthcomingbenefitswill raisein-
terestin this interdisciplinaryfield on bothsides.
Sinceour approachtriesto bring togetherbothconceptsof
numericalanalysisandgraphicsprogramming,familiarity
with oneof theseareassurelygivesa differentperspective
on the subject.We think thatanalternatingchangeof the
perspectivewould leave everyoneunsatisfiedwith thepre-
sentation,soherewe have chosento focuson thegraphics
perspective. To spanthe bridge from numericsto graph-
ics programmingwe must,however, utilize mathematical
languagedealingwith partialdifferentialequationsandits
numericaltreatment.
The presentpapercomplementsand greatly expandsour
recentpresentationat VisSym’01([14]). In [14] we hadto
restrictourselvesto a preliminarystudyof possibilitieson
oldergraphicshardware,andhavedealtonly with thebasic
PeronaMalik diffusionmodel.Herewepresenta thorough
exposition of graphicsfeatureexploitation for numerical
computations,andhave expandedthe imageprocessingto
thefull anisotropicdiffusionmodel.Finally, thenew hard-
waresupportedmultitexturebasedimplementationherere-
deemstheformerlydrawn upprospectof effectivespeedup
resultsonnowadaysPCs.

2. Computational Setting

Herewe explain roughly in which wayswe intendto use
the graphicscardfor computations.The implementations
of ourapplicationsarebasedontheOpenGLAPI [12], and
to provideaccuracy wewill referto OpenGLcommandsin
thetext, but naturallytheframework presentedis indepen-
dentof theAPI.
Weassumeamoderngraphicscardwith designatedtexture
memoryof high memorybandwidthand an equally fast
GPU.In theGPUeffectively only the rasterizationengine
is strained,sincenootherprimitivesthantexturedquadsof
fixed sizearedrawn. The texture memoryshouldbe able
to storethealgorithmdependentnumberof auxiliaryimage
operandsof therequestedsize,e.g. �������	��
�����
�������� � MB
of texture memory for ������� RGB imagesin caseof the
anisotropicdiffusion,discussedin Section7..
Thebasicideaof thecomputingis to usetheblendingca-
pacitiesandtheimagingsubsetor thetextureenvironment
functionsanditsextensionsto performalgebraicoperations
on images. We will call the first approachthe fragment
based implementation andthe secondthe texel based im-
plementation. In bothcasesthetexturememoryis usedto
containanarrayof images,whichhold theinitial, interme-
diateandfinal dataof thecalculations.
In the fragmentbasedimplementationthe back buffer is
usedto combineintermediateresultsthroughblendingand
to apply extendedimageoperationsvia glCopyPixels. In
the texel basedimplementationthe multitextureextension
is neededto enablethecombinationof severaltexturesand
theresult is storedin anothertexture. Sincecurrentlyone
cannotrenderdirectlyto atexture,thebackbuffer is usedas
a temporarytarget,from which glCopyTexSubImage trans-



ferstheresultto thetargettexture.Figure1 givesanvisual
overvie� w of thesettings.

Figure 1. On the left the settingof the fragmentbased
implementationusingblendingfunctionsandthe imaging
subset. On the right the texel basedimplementationus-
ing multitextureswith texture environmentfunctionsand
its extensions.

Let us still sketch the overall data flow during program
execution. In the beginning initial datais loadedto main
memoryandthentransferedto texturememory. Oncethe
computationhasstartedall operationstake placeon the
graphicscard and there is no image transferto or from
the main memorywhatsoever. The programonly sends
graphicscommandsand parametersto the graphicscard,
of whichthelargestareonedimensionaltexturesor lookup
tables,necessaryto codenonlinearfunctions. The only
datasentbackto themainmemoryarethe intensitiespro-
vided by glGetMinMax or glGetHistogram if the applica-
tion choosesto exerciseadaptivecontrol.

3. Vector Operations

This sectiondescribesthe key issuesof representingnu-
mericaldatain imagesandnumericalvectoroperationsby
graphicsoperationson images.

3.1 Vector Representation

In what follows we will discussnumericalschemesfor
solving partial differential equations. Thesenumerical
schemes,however, operateonvectorswhichdescribefunc-
tions on a given grid, whereasour graphicscardoperates
on images.We thereforehave to explain how our images
representthesevectorsandhow ourgridslook like.
In generalthe componentsof the vectors,which describe
discretefunctionsoveragrid, arenotnecessarilythevalues
of thecorrespondinganalyticalfunctionsat thegrid nodes.
But herewe dealwith the simplestcaseof an equidistant
2D grid andbilinearFinite Elementdiscretizations,where
this is thecase.
So our domainof interest � is coveredby an equidistant����� grid. An analyticalfunction � over this domainis
approximatedby a discretebilinear function � , which is
describedby the � � valuesat the grid-nodes. Theseval-
uesarestoredin a nodalvector �� on which thenumerical

schemesoperate.Throughoutthe paperwe will continue
to denotethe analytical functionsby small romanletters
( � ), the discreteby capital romanletters( � ) andthe cor-
respondingvectorswith an additionalbar ( �� ). Matrices
operatingon thesevectorswill bemarkedby two bars( ��� ).
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Figure2. On theleft anequidistant��� � grid enumerated
by a tuple,on theright theneighboringelementsof a node
andthelocaloffsetsto neighboringnodes.

Our goalnow is to representthe � � valuesof thevector ��
in animage.For this purposewe choosetheimageto have
thesamewidth andheightin pixelsasourgrid in nodesand
we enumeratethe grid-nodeswith a 2-dimensionalindex! �#" !%$�&'!)(+*-, ".� & �/�0� &1�32 � *4� "5� & �/�0� &6�72 � * according
to their 8 and 9 coordinates(Fig. 2). This way our image
representsthe vector �� , suchthat the vector’s component��;: is simply the intensityof the pixel at the coordinates" ! $ &'! ( * in theimage.If we dealwith vector-valuedfunc-
tionsthenthevectorcomponent��;: is itself asmallvector,
which we representasthe RGBA color vectorof the cor-
respondingpixel in a color image.For vector-valuedfunc-
tionswith morethan4 componentswe have to useseveral
images.
To somereadersthis representationmay at first seemlike
anobsoletetautology. In fact,onecouldreinterpretall the
needednumericalresultstalking about imagesand pixel
coordinatesinsteadof vectorsandtheir components,but in
thelongrun thisminglingof implementationalaspectsand
numericalnotationobscuresmorethanit reveals.
In imageprocessingapplications,like the anisotropicdif-
fusionpresentedin Section7., the input andoutputdatais
often itself an image. But in general,the input andoutput
imagesin suchmodels,arefirst interpretedasa function
overadomainandthenagaindiscretized,leadingto vectors
andtheir imagerepresentationsdifferentfrom theoriginal
image.

3.2 BasicOperations

After establishinga firm connectionbetweenvectorsand
images,we may now turn towardsthe issueof hardware
supportedvectoroperations.
First let us considerthe componentwisealgebraicopera-
tions, i.e. operationswhich act in thesamemanneron ev-
erycomponentof thevectorindependentlyof theothervec-
tor components.Thesecompriseaddition,multiplication,



linear transformationand arbitrary componentwisefunc-
tions.< We have alreadymentionedthe two basicallydif-
ferentimplementationalapproachesto realizetheseopera-
tionson images.Thefragmentbasedimplementationuses
theblendingcapacitiesandtheimagingsubset,whereasthe
texel basedimplementationassumesa multitextureexten-
sionandusesthetextureenvironmentfunctionsandits ex-
tensions.
Table 1 lists the correspondenceof the vectoroperations
to OpenGLfunctionalityfor thefirst implementationalap-
proach. The OpenGLfunction given in the right column
of thetablenaturallyonly indicatestherelevantpartof the
API, usuallyadditionalcalls to other functionsfor execu-
tion and further parameterspecificationarenecessaryfor
the implementationof the desiredoperation. The upper
half of the table dealswith unextendedfunctionality and
we seethatevenin OpenGL1.0wemayimplementall the
basicoperations,althoughhardwaresupportis veryrarefor
thepixel transferoperations.Thelowerhalf listsadditional
andalternativefunctionswhile usingtheimagingsubsetof
OpenGL1.2 or equivalentextensions.Thesealsoinclude
not componentwisefunctions: the convolution, the vector
normsandthe color matrix multiplication which operates
independentlyon the vectorcomponentsbut intermingles
thecomponents’color-components.We shalldiscussthem
in moredetail laterin Sections3.4and4.
In Table2 we give the correspondenceof thevectoroper-
ationsto OpenGLfunctionality for the texel basedimple-
mentationalapproach.In theright columnthis timewe list
thenamesof theextensionsproviding thenecessaryfunc-
tions. The upperhalf of the table is a subsetof the func-
tionsfrom Table1, whereasthelowerhalf introducesfunc-
tionsof severalvariablesthroughmultidimensionaldepen-
denttexturelookups,whichwewill considerin moredetail
in Section3.4.

3.3 Number Formats

Thenumberformatsprocessedin graphicscardshavebeen
designedto describeintensitiesof colors,soin generalthey
only representtherange= � & �0> . Althoughabsolutevaluesin
scientificcomputationsarenot relevantfor theprocessing,
after rescalingthemwe will usuallystill have to dealwith
a bigger value range,say = 2@?BA�&1?DC > . Thereforewe must
explain how to emulatenumberoperationson this interval
usingonly intensitiesfrom = � & �0> .
For finite ? A &6? C thereis a canonicallinearcorrespondenceEGF = 2@? A &6? C >@HI= � & �0> &DE "J8 *KF � CL'M'NOLQP "J8SR ? A * , which we
canuseto representnumbersfrom = 2@?BA�&6?�C > by intensities
from = � & �Q> . We have to keepin mind that the intensities
from = � & �Q> aretypically resolvedby only � bits in graphics
hardware,so that thenumbersfrom = 2@? A &6? C > will alsobe
resolved by only � bits throughour correspondence.It is
thereforevery importantto choose? A and ? C assmall as
possible,potentially throughthe expansionor collapseof
formulasandtheir rearrangementin thealgorithm.

Table1. Correspondenceof theblendingandimagingsub-
setoperationsof OpenGLto vectoroperations,wherevec-
torsarerepresentedby images.

operation formula OpenGL

OpenGL1.0

addition �T RU�V BlendFunc

multiplication �TXW �V BlendFunc

scalaradd. �T RZY �� BlendFunc

scalarmult. [@�T BlendFunc

lin. trans. [ �T RZY �� PixelTransfer

function \]" �T * PixelMap

imagingsubsetof OpenGL1.2

subtraction �T 2 �V BlendEquation

lin. trans. [ �T_^ Y � � BlendFunc

function \]"B�T * ColorTable

maximum max"B�T & �V * BlendEquation

minimum min "B�T & �V * BlendEquation

convolution `a�b�T ConvolutionFilter

vectornorms c �T c/dKe CKfhghghg f i Histogram

colormatrix jXk �T MatrixMode

To clearly expresswhich entitieswe mean,we will con-
tinue to refer to the elementsof = 2@?lAl&6?�C > asthe numbers
or values in a texture or framebuffer, andthe elementsof= � & �0> astheintensities in atextureor framebuffer. Similarly
wewill call thetransformationfrom numbersto intensities
the encoding andthe inversetransformationfrom intensi-
tiesto numbersthedecoding. Soby thesetransformations
we obtainencodednumbersanddecodedintensities.

Now we know how to representnumbersin a biggerinter-
val but sincetheGPUwill only performoperationson the
intensities,we have to defineformulaswhich performthe
desiredoperationon numbersby combiningtheintensities
of theoperandsinto an intensitywhich representsthecor-
respondingnumberresult. In Table3 we list exactly these
formulasfor the symmetricinterval = 2@?m&6? > . The left col-
umn shows the operationto be performed,and the right
columnshows which operationmustbe performedon the
encodedoperandsto obtaintheequivalentencodedresult.

The formulas must be build up and evaluatedin a way
which guaranteesthat any intermediateresultsin intensi-
tiesdo not transcendtherange = � & �Q> , althoughwithin cer-
tain stagesof the graphicspipelinethis may happen.For
example:

L � is representedby no ; theresultof theoperation
on numbers

L � R L � � ? is thusobtainedby first comput-



Table2. Correspondenceof themulti-textureenvironment
functionsand its extensionsin OpenGLto vector opera-
tions,wherevectorsarerepresentedby images.

operation formula OpenGL

addition �T R �V texture env add

multiplication �T�W �V standard

lin. trans. [@�T RZY �� texture env add

lin. trans. [@�T RZY �� texture scalebias

function \]"B�T * texture color table

function \]" �T A�& �T C+& �T � * texture shader(2)

function \]" �T A�& �T C+& �T � & �T n * pixel texture

ing p F � C� k no R C� k no � no which is still in = � & �0> andthen��p 2 C� �q� which in factrepresentsthecorrectnumberre-
sult ? . For someoperationswe possiblycannotguarantee
the final result in intensitiesto fit into = � & �0> , asfor exam-
ple the productof two numbersfrom = 2@?m&6? > &6?�r � may
alwaystranscend= 2@?s&1? > . Thereforeit is importantto an-
alyze the underlyingalgorithm in advanceand choose?
appropriately.
We have confinedourselves to a symmetricinterval be-
causethis is the typical numberrangeof many numerical
schemes,and more importantly we may always multiply
with 2 � without exceedingour interval. Moreover, theen-
codedoperationson intensitiesbecomesimpler and thus
fasterwith thesymmetricencoding.
Finally, wewantto emphasizethatnootheroperationsthan
thosealreadydiscussedin the last Section3.2 areneeded
to evaluatetheaboveformulas.

3.4 Optimized Operations

Althoughwedonotneedany additionaloperationsto eval-
uatethe formulasfrom Table3, which insurethe correct
functionality for the encodednumbers,we may want to
makeuseof specialgraphicsfeaturesto reducethenumber
of passesnecessaryfor their evaluation. We have several
optionsavailable.
The form in which the formula for the multiplication has
beenwritten in Table 3, for example, alreadysuggests,
thattheuseof appropriateblendingsourceanddestination
factors,will evaluate" E ".[ * "6� 2�E "tY *6* R E "5Y * "u� 2�E ".[ *1*6* at
onceandsoreducethenumberof renderingpassesto two.
As demonstratedin thelastSection3.3in theexample,the
formulafor theadditionmusthave a ratherawkwardform
to ensurethat the intermediateresultafter the first blend-
ing remainswithin the range = � & �0> . However, the avail-
ability of theEXT texture env combine extensionswith the
ADD SIGNED EXT texture environment function allows
usto perform �wv C� E ".[ * R C� E "tY *6x42 C� � E ".[ * R E "tY *m2 C� in

Table3. Correspondenceof operationsin numbersandin-
tensities.Numbers referto therealvaluesfor whichacom-
putationshouldtake place,whereasintensities refer to the
encodedrepresentationsof thesenumbersin the graphics
internalnumberformats.

Numbers Intensities2 H EyF 8SH C� L ".8zR ?D* 2 H[ , = 2@?m&6? > E "5[ *-, = � & �Q>[{R|Y �wv C� E ".[ * R C� E "tY *6x}2 C�[	Y P.~l���� L/���0���K��� C � �Q���t�J�.NO�Q���5��� C � �Q���K�J�J�! [wR�� !�E ".[ * R�"��� L R C � :� *
max"5[ & Y * max" E ".[ *K&1E "tY *6*\]".[ A�& �0�0� & [	� * " E}� \ ��E � C * " E ".[ A+*K& �/�0� &6E ".[	� *1*� : ! [ : � : !)E ".[ : * R C� "u� 2 � : !%*� 2 ? "t��9 2 � * � 9 F+E � C � 2

a singlepass.
A more universally applicable extension is
NV register combiners, becausebetween the combin-
ers intermediate values can range in = 2 � & �Q> without
encoding. So not only addition, but even the linear
combinationandthe multiplication requireonly onepass,
if thescalingandbiasingfactorsaresmallenough.
Sometimes,not only single renderingpassesbut entire
computationscouldbesaved,if, for example,weknew that
we have alreadyapproximatedthesolutionof our problem
up to the given precision,so that any further calculations
would not lead to a better result. The idea would be to
calculatetheerrorvectorin graphicshardwareandthenex-
amineits values,for exampleby computinga vectornorm
of it. But readinganentireimagefrom thegraphicsmem-
ory to the main memoryfor this purposeis, in compari-
son to internal graphicsoperations,a very slow process.
Instead,the histogramextensionoffers the possibility to
obtain a histogramof pixel intensitiesfor an image, re-
quiring to transferfar lessdata. Given suchan histogram� F�� � & �0�/� & � ���	� H�� which assignsthe numberof ap-
pearancesto every intensityof an image �T , the different
vectornormswith coefficient exponents����� & � & �0�0� can

be computedby c)�T c d �¡  � �'¢'¢( e A v E � C ".9 *6x d k � "J9 *6£ Cd &
andfor �3�_¤ wesimplypick upthelargest ¥ E � C ".9 * ¥ with� ".9 *¦r � , where E � C is the inversetransformationfrom
intensitiesto numbers.
The color matrix offers anotherway to save rendering
passes.Becausefasttexturecopy from theframebuffer re-
quiresbothto have thesameformat,we usuallyhave three
color-componentsRGB availablefor storageandprocess-
ing. As all color-componentsare processedin eachop-



eration we may perform parallel computationson them.
Howe§ ver, to obtain the final result,we needa possibility
to mergethedifferentcolor values,andthis is givenby the
colormatrix.
Finally, we shoulddiscussprecisionissueswhen dealing
with nonlinearfunctions. Certainlywe cannotresolve the
resultof anonlinearfunctionbetterthanthefixedprecision
permits,but in many caseswe areboundto do it far worse
thanthat. Whenevaluatingtermsof the form

$ ( or "J8 d R9 d * P¨ we mayobtainvery erroreneousresults,becausewe
mustcomputethemsequentially. So for sufficiently small
numbers9 theapplicationof theinversefunctionwill result
in a very largenumber, which cannotbe encodedin = � & �0>
anymore;andsoevenif 8b�©9 r � andthus

$ ( �q� wewill

obtain 8 , since
C( will have beenclampedto � . In such

casesthe applicationof a function of several variablesis
recommended.The lower half of Table2 lists therelevant
functions.

4. The Matrix Vector Product

One of the most commonlinear algebraoperations,re-
quiredespeciallyin our Finite Elementdiscretizations,is
thematrix vectorproduct.We thereforemustexplain how
it canberealizedin graphicsoperations.
Our aim is to expressthe productof a matrix with ª non-
vanishingbandsanda vector, in termsof a shortseriesof
vectoroperations,of which we have alreadyseenthatthey
canbeimplementedin graphicshardware.Weexaminethe
bandmatrices,becausethey representthe typical matrix
form occuringin FiniteElementdiscretizations
We will use !�& � as indicesfor matricesandvectorsand« �¬� 2|! asan index offset. The generalreformulation
makesno referenceto thevectorimagecorrespondenceof
Section3.1, so first we may think of !�& � as’normal’ in-
dices.
We aregivena matrix ��� �­" ��� : f � * : f � anda vector �® �"]�® : * : andareinterestedin theresultingvectorof thema-
trix vectorproduct " ��� �® * : � � � ��� : f � �® � . Thesubdiag-

onalsof ��� aregivenby ��°¯ F �±" ��� : � ¯ f : * : andarevectors.
Let ²�³ be the setof the « -indicescorrespondingto the ª
nontrivial subdiagonalsof ��� . Moreover, we definethe in-
dex shift operatorś ¯ " �T *KF �#" �T : � ¯ * : . The index differ-
encesin theabovedefinitionsmayevaluateto indicesout-
side of the index rangeof the matrix or vector. For this
caseswedefinethevalueof thematrixor vectorto bezero.
Now we mayreformulatethematrixvectorproduct:

" ��� �® * : � µ � ��� : f � �® � �¶µ¯B·+¸l¹ "��� ¯ * : N ¯ �® : N ¯ &��� �® � µ¯B·+¸l¹ ´ � ¯ v%�� ¯ W �® x � (1)

In Finite Element discretizationsof partial differential
equationsthenumberof nontrivial subdiagonalsªy�º¥ ²)³-¥

is fairly small,sothatthereareonly few subdiagonalsto be
storedandtheabovesumcanquickly beevaluated.
For the implementationlet us recall from Section3.1 that
our vectors �® �¬"]�® : * : areenumeratedby 2-dimensional
indices !», ".� & �/�0� &1�a2 � *}� "5� & �/�0� &6�a2 � * (cf. Fig. 2).
Thusa matrix in our context ��� is definedby the � o val-
ues " ��� : f � * : f � . Thepopularperceptionof a matrix asa 2-
dimensionalnumberagglomerationmayleadhereto some
confusion.In fact,we would needa 4-dimensionaltexture
for an equivalent representationof a full matrix. But as
alreadyindicated,wewewill only needto storefew subdi-
agonalswhich arevectorsandthusrepresentedby images.
As wealreadyknow how to performadditionandmultipli-
cationonvectors,in view of (1) weonly needto saywhich
graphicsoperationcorrespondsto the index shifts ´ ¯ for«¼,�� " 2 " �@2 � *Q& �/�0� &6�@2 � *D� " 2 " �@2 � *Q& �/�0� &6�@2 � * � . From
Section3.1we recall that theindex of a vectorcomponent
correspondsto the 8 & 9 pixel positionin its imagerepresen-
tation. Thusanindex shift by « �½" « $ &u« ( * correspondsto
an imageshift by « $ pixels in 8 -directionand « ( pixelsin9 -direction. This canbesimply accomplishedby drawing
a " «D$�&6«	(+* -shiftedcopy of theimageinto theframebufferor
by offsettingthetexturecoordinatesby " 2-«D$D&/2-«	(+* , while
accessingit from thegraphicsmemory.
We may summarizethe matrix vectorproductasfollows.
The nontrivial subdiagonalsof the matrix in our numeri-
calschemearecomputedfrom theinitial dataandstoredin
textures.Whenamatrixvectorproductis required,thetex-
turesrepresentingthe subdiagonalsaresubsequentlymul-
tiplied with thetexturerepresentingthevector, thenshifted
andadded.The resultingsumis the representationof the
resultingvectorfrom thematrixvectorproduct.

5. Solving a Linear Systemof Equations

With the availability of a matrix vectorproductrealizable
in graphicshardwarewe cannow implementan iterative
solver for a linear systemof equations. This is the core
componentof mostFiniteElementcodes.
We aregivena sparselinearsystemof equations��� �� � �¾ & (2)

with the matrix ��� ,X¿ � f � andthe right handsidevector�¾ ,�¿ � andwant to obtainthe vector �� ,�¿ � approxi-
matingthe exact solution,by applyingan iterative solver:�®aÀ N C �ÂÁ3"4�®aÀ *K& �® A � �¾ � Typical solversarethe the
JacobiiterationÁ3" �® * � ��Ã � C " �¾ 2 " ��� 2 ��Ã * �® *K& ��Ã F � diag" ��� *
andtheconjugategradientiteration

Á3" �® À * � �® À R �E À k �Ä À��� �Ä À k �Ä À �Ä À &�Ä À � �E À R �E À k �E À�E À � C k �E À � C �Ä À � C & �E À � �¾ 2 ��� �® À �



Weseethatall theoperationsneededareavailablein graph-
ics hardw
Å

are (cf. Table 1, Equation1). The so far un-
mentionedscalarproductof two vectorscanbe rewritten
as �T kÆ�V �Çc)�T_W �V c C , andthe inversionof thematrix ��Ã
is simply theapplicationof acomponentwiseinversefunc-
tion to a vector, because��Ã is a diagonalmatrix compris-
ing only a nontrivial maindiagonalvector. For theJacobi
solver even the smallerset of operationsavailable in the
texel basedimplementationsuffices(Table 2 upperhalf).
Of course,duringthecalculationswemustalwaysobserve
the encodingof numbers,by replacingany operationson
numbersby thetransformationformulasfor operationson
imageintensitiesgivenin Table3.

6. Linear Heat Equation

In this sectionwe presenta graphicshardwaresolver for
thelinearheatequation.Thediscussionof thiswell known
partial differentialequationwill help us to understandthe
morecomplex modelof the anisotropicdiffusion derived
from it in thenext Section7..
We considerthe time dependenttemperaturedistribution� F}¿ N � �ÈH ¿ in the domain � F �q= � & �Q>É� . The ini-
tial temperaturefunction � A at thepoint in time Ê°�q� and
staticheatersrespectively coolersin form of the function\ F �ËH ¿ aregiven. For simplicity, let the temperature
of thebordersbeconstantlyzero.Thentheevolutionof the
temperaturedistribution � is governedby the linear heat
equation:ÌÌ/Í � 2�Î � � \ & in ¿ N � � &�]".� & k * � � A;& on ��� (3)

Wediscretizethedomain� with anequidistant� �y� grid,
andtheanalyticalfunctionsover � with discretefunctions
representedby nodalvectorsconsistingof thevaluesof the
analytical functionsat the grid nodes. Thesenodal vec-
tors are representedin graphicshardware by imagesof
equivalentsize. A detaileddescriptionof the correspon-
dencebetweenthe nodalvectorsandthe representingim-
agesis givenin Section3.1. Furthermorewe discretizethe
time parameterÊ into anascendingseriesof pointsin timeÊ A �Ï�ÑÐ©Ê C Ð©Ê � Ð±�0�/� . For eachpoint in time � , thereis
acorrespondingsolutionvector �� d to befound,apartfrom
the first vector �� A which is given as initial data. The fol-
lowing linearsystemof equationsallowsusto computethe
next solutionvector �� d N C for thepoint in time �ÒR©� from
thecurrentsolutionvector �� d  ��Ó RÕÔ dp � ��Ö £× ØKÙ Ú �� d N C � �� d R Ô d �Á× ØKÙ Ú

��� �� d N C � �¾ "	�� d *Q&
where Ô d �ÛÊ d N C 2 Ê d is the current timestepwidth,p¦� C� � C thegrid specificdiameter, �Á thenodalvectorcor-

respondingto the given function \ , ��Ó the identity matrix,

and ��Ö thestiffnessmatrix relatedto theLaplacian.Strictly
speaking,we have discretizedthe problemwith bilinear
conformingFiniteElementsonanequidistantquadrilateral����� grid andan implicit first orderEuler time scheme,
usinga lumpedmassmatrix [15].
Thestiffnessmatrix ��Ö in thiscasehasa fairly simplestruc-
ture,becauseall of its subdiagonalsareconstant.Theval-
uesof theseconstantsarisefromthespecificFiniteElement
discretizationwe use.Theconstantvaluesof themaindi-
agonalandthe8 subdiagonalsarearrangedin thefollowing
stencil:

`OÜ �
ÝÞÞÞ
ß
2 Cn 2 Cn 2 Cn2 Cn àn 2 Cn2 Cn 2 Cn 2 Cn

á0âââ
ã �

The ! -component" ��Ö �® * : of theresultingvector " ��Ö �® * in a
matrix vectorproductthusis the sumof àn times �® : plus2 Cn timesall the valuesof �® at the neighboringnodesof! . Therefore ��Ö �® is nothingelsethana convolution of the
imagerepresenting�® with thestencil `�Ü .
Although at first it may seemthat we have departedfar
awayfrom animplementationin graphicshardwaretalking
solelyaboutvectorcomponentsandoperations,wehavein
fact almostspecifiedthe concreteimplementationfor the
linearheatequation.
If welook closely, weseethatby knowing thesubdiagonals
of ��Ö , we alsoknow thoseof ��� � ��Ó R­ä ¨å � ��Ö , andwith �Á
beingthenodalvectorof theuserdefinedfunction \ wecan
easilyidentify the right handsidevector �¾ �æ�� d R Ô dç�Á .
Hence,we have a definedlinear systemof equationsjust
like in Section5.,wherewehaveshown to beableto solve
it in graphicshardware. Below we have summarizedthe
wholeprocessin pseudocodenotation:

linear heat equation è
load the images related to éDê , ë and the parameters ì , íQî ;
encode the images in graphics memory ïð ê , ïñ ;
(From now on perform all operations on image intensities
according to the transformation formulas from Table 3.)
for each timestep òwè

store the right hand side image ïó î-ô ïð î;õ íQî;ïñ ;
initialize the iterative solver ïö ê ô ïó î ;
for each iteration ÷

calculate a step of the iterative solver ïö3ø�ù�ú ô ñ{û ïö7øÉü ;
(Each time a matrix vector product is needed, apply
the subdiagonal reformulation (1) to compute it.)

store the solution ïð î ù�ú ô ïö3ø�ù�úýý
7. Anisotropic Diffusion in ImageProcessing

In this sectionwe presenta graphicsbasedaccelerationof
theanisotropicdiffusionmodelin imageprocessing,which
is afull grownapplicationusedfor advancededgesensitive
denoisingof images.



The nonlineardiffusion modelswere first introducedby
a workþ of Peronaand Malik [13], who createda model
that allows for denoisingof imageswhile retaining and
enhancingedges. The regularizedmodelwasderived by
Catt̀eet.al. [1] andWeickert [17] introducedananisotropy
dependingon the so called structuretensor of images,
that steersa nonlinear diffusion processtaking care of
tangentialand normal directionson edges. Concerning
the numericalimplementationKac̆ur andMikula [9] sug-
gesteda semi-implicit Finite Elementimplementationfor
the isotropicdiffusion, on which our presentationhereis
based.
We considerthe unknown � F-¿ N � ��H ¿ in the do-
main � F �q= � & �Q>É� . An initial noisy imageasa function � A
at the point in time ÊÆ�º� anda contrastenhancingfunc-
tion \ F�¿ H ¿ which dependson � aregiven. The idea
is to evolve the initial imagethrougha partial differential
equationsuchthatin themultiscaleof theresultingimages�]"JÊ & � *K& Ê r � thenoisedissolvesandthecontrastandedges
enhancewith progressingtime. This maybecomparedto
theevolutionof thetemperaturedistribution in thelastsec-
tion, wherestartingwith an inhomogeneousinitial distri-
bution � A , we obtaina multiscaleof temperaturefunctions�]"JÊ & � *K& Ê r � in which the initial unevennesslevelsout in
time. However, herewedonotusetheLaplacianÎ , which
is responsiblefor thehomogeneousdiffusionof thetemper-
ature,but themodifiedtermdiv v5ÿ���� "��y��� * ÿ �y� x , which
steersthe diffusion both in force anddirectiondepending
on �y��� , a mollification of the gradient �y� , for example
throughthe convolution with a Gaussiankernel. Thuswe
candetectedges,diffuse them in the tangentialdirection
and protect them from diffusion in the normal direction.
The � � � matricesÿ and � aredefinedby

ÿ "��y� *KF � Ýß � $ � � ( �2 � ( � � $ �
áã & (4)

� "1c	�y� � c *KF � Ýß � C "1c	�y� � c * �� � � "'c
�y� � c *
áã &

wheretypical functionsin � are � C ".8 * � � and � � ".8 * �CC N���
 $ � . Hencethe modified partial differential equation
hasthefollowing form:ÌÌ/Í � 2 div vtÿ���� "��y��� * ÿ �y� x � \]"J� *�& in ¿ N � � &�%"5� & k * � � A & on � &ÿ���� "��y� � * ÿ �y�¦k	� � � & on ¿ N � � ���
WeuseagainthebilinearFiniteElementsanddeviatefrom
the linear heatequationdiscretizationmainly in the time
scheme,wherewe now usea semi-implicitscheme,evalu-
atingthelinear �y� atthecurrenttimestepandthenonlinearÿ���� "��y��� * ÿ and \]"J� * explicitly at theprevioustimestep.
Hence,we formally obtainthesamelinearsystemof equa-
tions   ��Ó R Ô dp � ��Ö "��� d * £ �� d N C � �� d R Ô dç�Á3"D�� d * (5)

with thecurrenttimestepwidth Ô dw��Ê6d N C�2 Ê6d andthegrid
specificdiameterp�� C� � C , but with a differentstiffness

matrix ��Ö , which stronglydependson �� d .
Here,thecomponentsof ��Ö "D�� d * varygloballywith their in-
dex, i.e. the representingsubdiagonalimageshave differ-
entvaluesacrossall its pixels,unlikethestiffnessmatrixof
the linear heatequation(4) whereall pixelshadthe same
value.Therefore,wecanspecifythesubdiagonals�Ö ¯ only
locally, in dependenceon the local �� d values. The key
point to rememberis, thatthestiffnessmatrix ��Ö " �� d * inher-
its thepropertyof locally steeringthediffusionin forceand
direction,from theweightmatrix

� F � ÿ � � "��y��� * ÿ � (6)

To specify ��Ö first wehaveto evaluatethis � � � weightma-
trix

�
. This is accomplishedby substitutingthe discrete

gradient�3� d , evaluatedat thecenterof eachgrid-element�
(cf. Fig. 2), for the analyticalgradient �y� in the defi-

nitions(4). Thuswe obtainthediscreteweightmatrix
� d�

for eachelementof thegrid.
With

� d� we canidentify thesubdiagonals�Ö ¯ of thestiff-
nessmatrixas�Ö ¯ : � µ� · � � : � µ� f � ·�� $+f (	� " � d� * � f � "t` ¯ * � f � & (7)

where
� " !]* is definedasthesetof the4 elementsaround

thenode ! , theindices� &��7,�� 8 & 9 � addressthe � � � ma-
tricesand

"t` ¯ * � f � F � �
� � C f C� � � ��!" "J8 & 9 * � A/f A � k � � !" ".8 & 9 * ¯ d8 d9

arefactorswhich canbeprecomputedanddependon spe-
cific Finite Elementbasisfunctions. We cananalyzethe
whole term (7) as follows:

� d� containsthe right weight
distribution to steerthe diffusion alongthe edgesbut not
acrossthem; ` ¯ containsthediscretizationdependentfac-
torswith which to assigntheweightsto thenodes;thesum� � f � ·�� $�f (	� summarizesthe effects calculatedseparately
for thedirectioncombinationsandthesum

� � · � � : � lets
all theneighboringelementscontributeto theentryof this
node.
For theimplementationwe mustexplain how we canbuild
up the right handsidevector �Á3"D�� d * andthe subdiagonal
vectors �Ö ¯ "D�� d * of thestiffnessmatrix from thevector �� d
in graphicshardware.
A typical choicefor \ is \]"J8 * �$#
%s¥ � A "J8 *;2 � d "J8 * ¥ , from
whichwededucethenodalvector �Á3" �� d * �&#
%m¥ �� A 2 �� d ¥ ,
with ¥ �É¥ operatingon components.Obviously, we caneas-
ily implementthis in graphicshardware.For theconstruc-
tion of �Ö ¯ "D�� d * we mustcalculatethe values " � d� * � f � and"5` ¯ * � f � for all grid-elements

�
, indices � &���,Ï� 8 & 9 � and

offsets«¼,�� � & ^ � � ��� � & ^ � � (cf. 7).
As "5` ¯ * � f � do not dependon thegrid-element,they canbe
precomputedas 'y�)(��­
l� differentvalues. The weight
values " � d� * � f � aremoredifficult to handle. We organize



themin 4 images
� d � � f � � F �#" � d� f � � f � � * � , eachcontainingthe

valueson all elementswith common "*� &��	* -index.
Before invoking the solver for the linear equationsys-
tem, we compute the images

� $ �� d F �#" � $�f � �� d * � and� $ �� d F �#" � ( f � �� d * � by differencingthe valuesof �� d on
the nodesof eachelementin the 8 and 9 direction re-
spectively. From thesewe computethe image c	�3� d c¦�+ " � $ �� d * � RX" � ( �� d * � andthenconvoluteit with a Gaus-
siankernel,representedbyastencil,to c	�3� d� c . Finally, we
evaluatethefunction � � to obtaintheimage� � "'c
�3� d� c * .
Thenwe have all thediscreteequivalentsof theentriesof
thematricesÿ and � (4) by which

�
hasbeendefined(6).

Henceweobtainthe4 images
� d � � f � � asthe4 entriesresult-

ing from thecomputationÿ � "��3� d * � "1c	�3� d� c * ÿ "��3� d * .

Figure 3. One step of the anisotropicdiffusion model
apllied to noisy � �+�l� images.The computationin graph-
ics hardwaretakesabout ��� � � s ensuringreal time perfor-
mance.

Theexamplesin Fig. 3 underlinetheedgeconservingprop-
ertyof theanisotropicdiffusionmodel.Performanceissues
arediscussedin thefollowing Section8..

8. Performance Measurementsand Conclu-
sions

All computationshave beenperformedon anELSA Glad-
iac Ultra graphicscard poweredby NVIDIA ’s GeForce2
Ultra chip. We have usedthe texture environmentbased
implementation(Table2) with the NV registercombiners
extension(cf. Section3.4) andRGB8 texturesunderthe= 2 � & �0>@HÛ= � & �0> encodingrepresenting������� vectors. All
matrix vector productshave beencomputedby applying

the subdiagonalreformulation(1), even wherea convolu-
tion would have sufficed, and the Jacobisolver with the
fixednumberof 10 iterationshasbeenusedfor solvingof
thelinearsystemsof equations.
In the caseof the linear heatequationoneiterationof the
Jacobisolver takesapproximately�l� 
 ms. This equivalents
more than 300 MOP/s, a value hardly reachableby pure
softwareimplementationsonnowadaysPCs.Thesameap-
pliesto theanisotropicdiffusion. Hereoneiterationof the
Jacobisolver took approximately

�
ms,thuscomputingthe

imagesof Fig. 3 in about� � � � s.
Besidesthesepromisingresults,thereare however some
important issuesto discuss. We have beenusing a very
restrictedset out of the introducedoperations. This is
because,only theseoperationsactually exploit the main
advantageof the graphicshardware,namelythe superior
memorybandwidth. Activating an operationwhich does
not do that, hits performanceby a hugefactor. Therefore
we hadto approximateall involvednonlinearfunctionsby
linear in the implementationof the anisotropicdiffusion.
Thisleadstoandeteriorationin imagequalityin thefollow-
ing timesteps.The feedbackfunction glHistogram which
enablesadaptive iterationabortis alsotoo slow to beused.
Moreover, largernumberintervalsthan = 2 � & �0> , costmany
morepasses,becauseunliketheslow glPixelTransfer, scal-
ing andbiasingwith intensities ¥ [�¥ r � is very restricted.
Finally, the restrictedprecisionof � bits percolor compo-
nent leadsto unsatisfyingresultsfor the linear heatequa-
tion, becausesmoothtransitionsin temperatureproduce
very small valuesin the convolution, with very high rel-
ativeerrors.
But the remainingrestrictionsdo not distractus from the
loomingpossibilities.Therefore,we wantto considerhere
a few graphicshardware developmentswhich would be
very beneficial to numerical implementations. Someof
theseare alreadyon the way, othersalreadystronglyad-
vocatedby thegraphicscommunity, but let uslist themall
to point out theneeds:W

Numbers

– Signedtextures,signedcolorbuffer values.

– Exact representationof 2 � & � & � in the fixed
point numberformat (very importantfor itera-
tions).

– CumulatinghighprecisionformatslikeLA16 or
L32 in additionto RGBA8.

– Fastscale,biasoutof " 2 ¤ & ¤ * .W
Operations

– Direct renderingto arbitrarytextures.

– Fastdependenttexturelookup.

– 3D texturehardwaresupport(greatlysimplifies
computationson 3D data).

– Volumetricrenderingto 3D textures.



Obviously, this list is by no meanscomplete.Instead,we
have� concentratedon graphicsfeatureswithin reachof the
forthcomingGPU generationandhopethat they canbe a
startingpoint for further considerationsof graphicshard-
wareapplicationsin scientifccomputations.
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